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Abstract 


We review physical motivations, phenomenological consequences, and open problems 
of the so-called pre-big bang scenario in superstring cosmology. 
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1 Introduction 


During the past thirty years, mainly thanks to accelerator experiments of higher and higher 
energy and precision, the standard model of particle physics has established itself as the 
uncontested winner in the race for a consistent description of electroweak and strong inter- 
action phenomena at distances above 10~!° cm or so. There are, nonetheless, good reasons 
(in particular the increasing evidence for non-vanishing neutrino masses B83, 56g, 569) 
to believe that the standard model is not the end of the story. The surprising validity of 
this model at energies below 100 GeV, as well as the (in)famous Higgs mass fine-tuning 
problem, suggest some supersymmetric extension of the standard model (for a review see 
5Oi])) as the most likely improved description of non-gravitational phenomena over a few 
more decades in the ladder of scales. It is however quite likely that other questions that are 
left unanswered by the standard model, such as the peculiarities of fermionic masses and 
mixings, the family pattern, C, P, CP, B violation, etc., will only find their answers at —or 
around— the much higher energies at which all gauge interactions appear to unify Pi. This 
energy scale appears to be embarrassingly close (on a logarithmic scale) to the so-called 
Planck mass, Mp ~ 10!" GeV, the scale at which gravity becomes strong and needs to be 
quantized. 


The situation with gravitational phenomena is completely different. Even the good old 
Newton law is known to be valid only down to the 1 mm scale B80}, so that much interest 
has been devoted to the possibility of large modifications of gravity below that distance, 
either from new forces mediated by light scalars such as the dilaton of string theory 677, 
or from the existence of large extra dimensions felt exclusively by gravity Ba, 530). General 
relativity is well tested at large scales; nevertheless; present evidence for a (small) vacuum 
energy density 535, suggests that, even on cosmologically large distances, the strict 
Einstein theory might turn out to be inadequate. Evidently, the construction of a standard 
model for gravity and cosmology lags much behind its particle physics counterpart. 


The hot big bang model (see for instance (618}), originally thought of as another great 
success of general relativity, was later discovered to suffer from huge fine-tuning problems. 
Some of these conceptual problems are solved by the standard inflationary paradigm (see 
41], for a review), yet inflation remains a generic idea in search of a theory that 
will embody it naturally. Furthermore, the classical theory of inflation does not really 
address the problem of how the initial conditions needed for a successful inflation came 
about. The answer to this question is certainly related to even more fundamental issues, 
such as: How did it all start? What caused the big bang? Has there been a singularity at 
t = 0? Unfortunately, these questions lie deeply inside the short-distance, high-curvature 
regime of gravity where quantum corrections cannot be neglected. Attempts at answering 
these questions using quantum cosmology based on Ejinstein’s theory has resulted in a lot 
of heated discussions 243, 59g], with no firm conclusions. 


It is very likely that both a standard model for gravity and cosmology and a full under- 





lambda P = 10 *(-33) cm 


standing of the standard model of particle physics will require our understanding of physics 
down to the shortest scale, the Planck length ‘cm. Until the Green-Schwarz 
revolution of 1984 [B46], the above conclusion wo have meant postponing indefinitely 
those kinds of questions. Since then, however, particle theorists have studied and devel- 
oped superstring theory (see for a recent review, as well as [B47 for a non-specialized 
introduction), which appears to represent a consistent framework not only for addressing 






(and possibly answering) those questions, but even for unifying our understanding of grav- 
itational and non-gravitational phenomena, and therefore for relating the two classes of 
questions. 


The so-called “pre-big bang” scenario described in this report has to be seen in the above 
perspective as a possible example, even just as a toy model, of what cosmology can look like 
if we assume that the sought for standard model of gravity and cosmology is based on (some 
particular version of) superstring theory. Although most string theorists would certainly 
agree on the importance of studying the cosmological consequences of string theory, it is a 
priori far from obvious that the “state of the art” in this field can provide an unambiguous 
answer to this question. Indeed, most of our understanding of superstring theory is still 
based on perturbative expansions, while most of the recent progress in non-perturbative 
string theory has been achieved in the context of “vacua” (i.e. classical solutions to the 
field equations) that respect a large number of supersymmetries 24). By contrast, our 
understanding of string theory at large curvatures and couplings, especially in the absence 


of supersymmetry, is still largely incomplete. (A cosmological background, and a fortiori one 
‘that evolves rapidly in time, breaks (albeit spontaneously) supersymmetry. This is why the 


Planckian regime of cosmology appears to be intractable for the time being. 


It is very fortunate, in this respect, that in the pre-big bang scenario the Universe is 
supposed to emerge from a highly perturbative initial state preceding the big bang. There- 
fore, early enough before (and late enough after) the big bang, we may presume to know 
the effective theory to be solved. The difficult part to be dealt with non-perturbatively 
remains the transition from the pre- to the post-big bang regime, through a high-curvature 
(and/or possibly a large-coupling) phase. Thus, from a more phenomenological standpoint, 
the relevant question becomes: Are the predictions of the pre-big bang scenario robust with 
respect to the details of the non-perturbative phase? 


It is difficult of course to give a clear-cut answer to this question, but an analogy with 
QCD and the physics of strong interactions may be helpful. Because of asymptotic freedom, 
QCD can be treated perturbatively at short distance (high momentum transfers). However, 


+e~ — hadrons are not fully within perturbative control. 


even “hard” processes such as e 
Some soft non-perturbative physics always gets mixed in at some level, e.g. when partons 
eventually turn into hadrons. The reason why certain sufficiently inclusive quantities are 
believed to be calculable is that large- and short-distance physics “decouple”, so that, 
for instance, the hadronization process does not affect certain “infrared-safe” quantities, 


computed at the quark—gluon level. 
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In the case of string cosmology the situation should be similar, although somehow re- 
versed [600]. For gravity, in fact, the large-distance, small-curvature regime is easy to deal 
with, while the short-distance, high-curvature is hard. Yet, we shall argue that some con- 
sequences of string cosmology, those concerning length scales that were very large with 
respect to the string scale (or the horizon) in the high-curvature regime, should not be 
affected (other than by a trivial kinematical redshift) by the details of the pre- to post-big 
bang transition. The above reasoning does not imply, of course, that string theorists should 
not address the hard, non-perturbative questions now. On the contrary, the “easy” part 
of the game will provide precious information about what the relevant hard questions are, 
and on how to formulate them. 


Finally, possible reservations on a “top-down” string cosmology approach may naturally 
arise from a cosmology community accustomed to a data-driven, “bottom—up” approach. 
We do believe ourselves that a good model of cosmology is unlikely to emerge from theo- 
retical considerations alone. Input from the data will be essential in the selection among 
various theoretical alternatives. We also believe, however, that a balanced combination of 
theoretical and experimental imput should be the best guarantee for an eventual success. 


Insisting on the soundness of the underlying theory (e.g. on its renormalizability) was 
indeed essential in the progressive construction of the standard model, just as were the 
quantity and the quality of experimental data. Cosmology today resembles the particle 
physics of the sixties: there is no shortage of data, and these are becoming more and more 
precise but also more and more challenging while, theoretically, we are still playing with 
very phenomenological (even if undoubtedly successful) models, lacking a clear connection 
to other branches of fundamental physics, and therefore remaining largely unconstrained. 


1.1 Coping with a beginning of time 


Both the standard Friedmann—Robertson—Walker (FRW) cosmological scenario [618] and 
the standard inflationary scenario [B60, /20, assume that time had a beginning. Many 
of the problems with the former model simply stem from the fact that, at the start of the 
classical era, so little time had elapsed since the beginning. Indeed, in the FRW framework, 
the proper size of the (now observable) Universe was about 10~° cm across at the start of 
the classical era, say at a time of the order of a few Planck times, tp ~ 10~* s. This is of 
course a very tiny Universe with respect to its present size (~ 10” cm), yet it is huge with 
respect to the horizon (the distance travelled by light) at that time, Ap = ctp ~ 107°? cm 


In other words, a few Planck times after the big bang, our observable Universe consisted 


(of about (10)? = 10° Planckian-size, causally disconnected regions. Simply not enough 
time had elapsed since the beginning for the Universe to become homogeneous (e.g. to 


thermalize) over its entire size. Furthermore, soon after t = tp, the Universe must have 
been characterized by a huge hierarchy between its Hubble radius, on the one hand, and 
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its spatial-curvature radius, on the other. The relative factor of (at least) 10°° appears as 
an incredible amount of fine-tuning on the initial state of the Universe, corresponding to a 


huge asymmetry between space and time derivatives, or, in more abstract terms, between 
intrinsic and extrinsic curvature, Was this asymmetry really there? And, if so, can it be 


explained in any, more natural way? 


The conventional answer to the difficulties of the standard scenario is to wash out 
inhomogeneities and spatial curvature by introducing, in the history of the Universe, a 
long period of accelerated expansion, called inflation B6d, 42d, [44]}. It has been pointed 
out, however, that standard inflation cannot be “past-eternal” (p4] (and cannot avoid the 
initial singularity (612) O5]), so that the question of what preceded inflation is very relevant. 
Insisting on the assumption that the Universe (and time itself) started at the big bang 
leaves only the possibility of having post-big bang inflation mend an insufficiently smooth 


and flat Universe arising from the big bang. inflation solution 


Unfortunately, that solution has its own problems, for instance those of fine-tuned initial 





conditions for the inflaton field and its potential. A consistent quantum cosmology approach 
giving birth to a Universe in the “right” initial state is still much under debate B74, 609), 
1440, |633), 64]. Furthermore, the inflaton is introduced ad hoe and inflation is not part of 
a grander theory of elementary particles and fundamental interactions such as superstring 
theory. In spite of its possible importance, and of repeated motivated attempts P34, H6ll, 
BQ}, a conventional realization of an inflationary phase in a string theory context is in fact 
problematic [141], in particular because 





cannot be (at least trivially) identified with the inflaton —the fundamental scalar of the 


standard inflationary scenario [125]. 


Here we shall argue that, instead, superstring theory gives strong hints in favour of a 
totally different approach to solving the problems of the standard cosmological scenario. 
This new possibility arises if we assume that, in string theory, the big bang singularity is 
fictitious and that it makes therefore sense to “continue” time to the past of the big bang 
itself. 


1.2 Inflation before the big bang 


If the history of the Universe can be continued backward in time past the big bang, new 
possibilities arise for a causal evolution to have produced a big bang with the desired char- 
acteristics. The actual pre-big bang scenario presented in this report is just one possible 
realization of the above general idea. Since, as we shall see, it is easy to generate a phase 
of pre-big bang inflation driven by the kinetic energy of the dilaton (somewhat in analogy 

ith kinetic-inflation ideas 29), we will discuss, as the simplest possibility, a minimal 
cosmelogical scenario, which avoids making use of standard (i.e. potential-energy-driven) 
post-big‘yang inflation. 


PBB inflation 
driven by DILATON 6 








This does mr alin that pre- and post-big bang inflation are mutually exclusive 
or incompatible. Should near-future high-precision experiments definitely indicate that 
an inflation that is exclusively of the pre-big bang type is disfavoured with respect to 
conventional, post-big bang, “slow-roll” inflation, one should ask whether a pre-big bang 
phase can naturally lead to “initial” conditions suitable for igniting an inflationary epoch 
of the slow-roll type, rather than a standard, non-inflationary, FRW cosmology. 


One model-independent feature of pre-big bang cosmology is clear: by its very definition 
the pre-big bang phase should be an evolution towards —rather than away from— a high- 
curvature regime. As we shall see in Section this is precisely what the symmetries 
of the string cosmology equations suggest, an unconventional realization of the inflationary 


The main difference between the string cosmology and the standard inflationary scenar- 
ios can therefore be underlined through the opposite behaviour of the curvature scale as a 
function of time, as shown in Fig. [1.1 As we go backward in time, instead of a monotonic 
growth (predicted by the standard scenario), or of a “de-Sitter-like” phase of nearly con- 
stant curvature (as in the conventional inflationary picture), the curvature grows, reaches 
a maximum controlled by the string scale Ms = A; ~, and then starts decreasing towards 


an asymptotically flat state, the String perturbative vacuum “The big bang singularity is 


We should warn the reader, from the very beginning of this review, that this scenario 





is far from being complete and understood in all of its aspects, and that many important 
problems are to be solved still. Nevertheless, the results obtained up to now have been 
encouraging, in the sense that it now seems possible to formulate models for the pre-big 
bang evolution of our Universe that fit consistently in a string theory context, and which are 
compatible with various phenomenological and theoretical bounds. Not only: the parameter 
space of such models seems to be accessible to direct observations in a relativiely near future 
and, at present, it is already indirectly constrained by various astrophysical, cosmological, 
and particle physics data. 


To close this subsection we should mention, as a historical note, that the idea of a phase 
of growing curvature preceding that of standard decelerated expansion, is neither new in 
cosmology, nor peculiar to string theory. Indeed, if the growth of the curvature corresponds 
to a contraction, it is reminiscent of Tolman’s cyclic Universe 78), in which the birth of our 
present Universe is preceded by a phase of gravitational collapse (see also (25), (92, 50q]). 
Also, and more conventionally, the growth of the curvature may be implemented as a phase 
of Kaluza-Klein superinflation (563, [I], #19], in which the accelerated expansion of our 
three-dimensional space is sustained by the contraction of the internal dimensions and/or 
by some exotic source, with the appropriate equation of state (in particular, strings [B15] 
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Figure 1.1: Qualitative evolution of the curvature scale in the standard cosmological model, 
in conventional inflationary models and in string-cosmology models. 


and extended objects). 


In the context of general relativity, however, the problem is how to avoid the curvature 
singularity appearing at the end of the phase of growing curvature. This is in general impos- 
sible, for both contraction and superinflationary expansion, unless one accepts rather drastic 
modifications of the classical gravitational theory. In the contracting case, for instance, the 
damping of the curvature and a smooth transition to the phase of decreasing curvature can 
be arranged through the introduction of a non-minimal and gauge-non-invariant coupling of 
gravity to a cosmic vector or scalar (B55, Bd field, with a (phenomenological) modifi- 
cation of the equation of state in the Planckian curvature regime 540}, 621), or with the use 
of a non-metric, Weyl-integrable connection bo3}. In the case of superinflation, a smooth 
transition can be arranged through a breaking of the local Lorentz symmetry of general 
relativity 64, 28%], a geometric contribution of the spin of the fermionic sources [267], or 
the embedding of the space-time geometry into a more fundamental quantum phase-space 
dynamics (134, Reg]. In the more exotic context of topological transitions, a smooth evolu- 


tion from contraction to expansion, through a state of minimal size, is also obtained with 


the adiabatic compression and the dimensional transmutation of the de Sitter vacuum [316]. 





associated to the growth of the dilaton and of the coupling constants (see for instance 


Section Y). This effect, on the one hand, sustains the phase of superinflationary expansion, 
with no need of matter sources or extra dimensions. On the other hand, it necessarily leads 
the Universe to a regime in which not only the curvature but also the couplings become 
strong, so that typica 

‘the curvature singularity. This means that there is no need to look for more or less ad hoc 
modifications of the theory, as string theory itself is expected to provide the appropriate 
tools for a complete and self-consistent cosmological scenario. 


r, spatial curv term 


1.3. Pre-big bang inflation and conformal frames 


While postponing to the next section the issue of physical motivations, it is important 
to classify the various inflationary possibilities just from their kinematical properties. To 
be more precise, let us consider the so-called flatness problem (the arguments are similar, 
and the conclusions the same, for the horizon problem mentioned in Subsection [1.1]). We 
shall assume, on the basis of the approximate isotropy observed at large scale, that our 
present cosmological phase can be correctly described by the ordinary Einstein—Friedmann 
equations. In that case, the gravitational part of the equations contains two contributions 
from the metric: k/a?, coming from the spatial (or intrinsic) curvature, and H?, coming 
from the gravitational kinetic energy (or extrinsic curvature). Present observations imply 
that the spatial curvature term, if not negligible, is at least non-dominant, i.e. 
9 k; 


Tr =S= 
a2 H2 ~ 


(1.1) 
On the other hand, during a phase of standard, decelerated expansion, the ratio r grows 

with time. Indeed, if a ~ t°, 
peg wat, (1.2) 


so that r is growing both in the matter-dominated (@ = 2/3) and in the radiation-dominated 
(8 = 1/2) era. Thus, as we go back in time, r becomes smaller and smaller. If, for instance, 


we wish to impose initial conditions at the Planck scale, we must require a fine-tuning 


HIIIII[[[| Suppressing by 30 orders of magnitude the spatial curvature term with respect to the other 


terms of the cosmological equations. Even if initial conditions are given at a lower scale 
(say the GUT scale) the amount of fine-tuning is still nearly as bad. 


This problem can be solved by introducing an early phase during which the value of 


r, initially of order 1, decreases so much in time that its subsequent growth during FRW 
evolution keeps it still below 1 today. It is evident that, on pure kinematic grounds, this 
requirement can be implemented in two classes of backgrounds. 


(I): a~t®, B>1, t + +00. This class of background corresponds to what is conven- 
tionally called “power inflation” 447], describing accelerated expansion and decreasing 
curvature scale, ad > 0, @ > 0, H < 0. It contains, as the limiting case (@ — 00), 
exponential de Sitter inflation, a ~ e#*, H = 0, describing accelerated expansion with 


constant curvature. 
(II) : a~ (-t)®, B <1, t > 0_. This case contains two subclasses. 


(IIa) : 3 <0, corresponding to “superinflation” or “pole inflation” [563} fll, 419], and 
describing accelerated expansion with growing curvature scale, a > 0, a@ > 0, 
H > 0; 

(IIb) : 0 < 8 < 1, describing accelerated contraction and growing curvature scale 
B2d),a<0,4<0,H <0. 


STRING AND EINSTEIN 


FRAMES 





In the first class of backgrounds, corresponding to post-big bang inflation, the Universe is 
driven away from the singularity /high-curvature regime, while in the second class inflation 
drives the Universe towards it, with the typical pre-big bang behaviour illustrated in Fig. [1.7]. 


We may thus immediately note a very important “phenomenological” difference between 
‘post- and pre-big bang inflation. In the former case the Planck era lies very far in the past, 


and its physics remains screened from present observations, since the scales that probed 
Planckian physics are still far from re-entering. By contrast, in the pre-big bang case, the 
Planck/string regimes are closer to us (assuming that no or little inflation occurs after the 
big bang itself). Scales that probe Planckian physics are now the first to re-enter, and to 

(see, for instance, the case of a stochastic background 


of relic gravitational waves, discussed in Section Bh). the grand trick !! 


The inflationary character of Class Ha backgrounds is well known, and recognized since 








the earlier studies of the inflationary scenario (47. The inflationary character of Class IIb 
is more unconventional —a sort of “inflation without inflation” 73], if we insist on looking 
at inflation as accelerated expansion— and was first pointed out only much later (B20). It is 
amusing to observe that, in the pre-big bang scenario, both subclasses Ila and Ib occur. 
However, as discussed in detail in Subsection B45, they do not correspond to different models 
of pre-big bang inflation, but simply to different kinematical representations of the same 
scenario in two different conformal frames. 


In order to illustrate this point, which is important also for our subsequent arguments, we 
shall proceed in two steps. First we will show that, through a field redefinition g = g(g, ¢), 


6 = 6(4), it is always possible! to move from the string firamie(Seframie)) in which the lowest 
order gravidilaton effective action takes the form conformal factor 
== fa ay/igl [FUR + 90,00, Cap 


‘to the Einstein frame (E-frame), in which the dilaton ¢ is minimally coupled to the metric 


and has a canonical kinetic term: 


== [atey/g [—5a""9,60,9] (14) 


(see Subsection f.4 for notations and conventions). Secondly, we will show that, by ap- 


plying such a redefinition, a Siperinflationary solution obtained in the S-frame becomes an 
accelerated contraction in the E-frame, and vice versa. 





We shall consider, for simplicity, an isotropic, spatially flat background with d spatial 


dimensions, and set: 

dw = diag (N?,-a75;;), = 4(t), (1.5) 
where go9 = N? is to be fixed by an arbitrary gauge choice. For this background the S-frame 
action (1.3) becomes, modulo a total derivative, 


d 
(9,4) =~ f do [6% — 2an6 + ald — V4, (16) 


10 


EandS 
frames 


where, as expected, N has no kinetic term and plays the role of a Lagrange multiplier. In 
the E-frame the variables are N,a,@, and the action (1.4), after integration by parts, takes 


the canonical form 
pe . a? 7 12 
S(9,¢) = -fa Vee |-56 + d(d— DH| (1.7) 


A quick comparison with Eq. ({f.-4) finally leads to the field redefinition (not a coordinate 
transformation!) connecting the Einstein and String frames: 


(1.8) 





Consider now an isotropic, d-dimensional vacuum solution of the action (1.4), describing 


a superinflationary, pre-big bang expansion driven by the dilaton (see Section 9) [189, 599}, 


of Class Ila, with a >0,4>0,H >0,¢>0: 
to ae ef = (-t) VHD, t <0, ‘0, C- 


and look for the corresponding E-frame solution. Since the above solution is valid in the 
synchronous gauge, N = 1, we can choose, for instance, the synchronous gauge also in the 
E-frame, and fix N by the condition: 


Ndt = Ne~*/( dt = df, (1.10) 
which defines the E-frame cosmic time ¢ as: 
dt = e~ P/(-) de, (1.11) 


After integration 





adi 
t~ bara; (1.12) 
the transformed solution takes the form: 


~ 2(d—1) 


a = (-#)"/", &=(-t Ve, i<0, i-o.. CZ 
It can easily be checked that this solution describes accelerated contraction of Class IIb, 


with growing dilaton and growing curvature scale: 





da Pa dH dd 

— <0, — — <0, lg > 0: (1.14) 

dt ai dt dt 
The same result applies if we transform other isotropic solutions from the String to the 
Einstein frame, for instance the superinflationary solutions with perfect fluid sources [820], 
presented in Section Bh. 


To conclude this section, and for later use, let us stress that the main dynamical differ- 


ence between post-big bang inflation, Class I metries, and pre-big bang inflation, Class IT 


11 


lla and Ilb are related by transfo E/S_ due to dilaton 


‘metrics, can also be conveniently illustrated in terms of the proper size of the event horizon, 
relative to a given comoving observer. 


Consider in fact the proper distance d-(t) of the event horizon from a comoving observer, 


at rest in an isotropic, conformally flat background [536]: 
tm 
d.(t) = a(t) dea “@). (1.15) 


Here ty is the maximal allowed extension, towards the future, of the cosmic time coordinate 
for the given background manifold. The above integral converges for all the above classes 
of accelerated (expanding or contracting) scale factors. In the case of Class I metrics we 
have, in particular, 


oe) t B 7 
dt)= 0 f dt't’-° = -—_ =$ —"_H l(t 1.16 
=e | sag (1.16) 
for power-law inflation (3 > 1,t > 0), and 
a(th= ett f dt'e~#¥ — HO! (10%) 
t 
for de Sitter inflation. For Class IT metrics (3 < 1,t < 0) we have instead sign error!!!!! 
(—t) B 
de(t) = (-t)® | dt’(-¢) 8 = + = ——_H (0). 1.18 
= (0)? fairy? = = i (1.18) 


In all cases the proper size d-(t) evolves in time like the so-called Hubble horizon (i.e. the 


inverse of the modulus of the Hubble parameter), and then like the inverse of the curvature 


scale. The size of the horizon is thus constant or growing in standard inflation (Class I), 
decreasing in pre-big bang inflation (Class II), both in the S-frame and in the E-frame. 





Such an important difference is clearly illustrated in Figs. and where the dashed 
lines represent the evolution of the horizon and the solid curves the evolution of the scale 
factor. The shaded area at time to represents the portion of Universe inside our present 
Hubble radius. As we go back in time, according to the standard scenario, the horizon 
shrinks linearly (H~! ~ t); however, the decrease of the scale factor is slower, so that, at 

horizon _ the beginning of the phase of standard evolution (t = t,), we end up with a causal horizon 
much smaller than the portion of Universe that we presently observe. This is the “horizon 
problem problem” already mentioned at the beginning of this section. 


In Fig. the phase of standard evolution is preceded in time by a phase of standard, 
‘post-big bang (in particular de Sitter) inflation. Going back in time, for t < t1, the scale 
factor keeps shrinking, and our portion of Universe “re-enters” the Hubble radius during a 
phase of constant (or slightly growing in time) horizon. 


In Fig. [1.3 the standard evolution is preceded in time by a phase of pre-big bang 
inflation, with growing curvature. The Universe “re-enters” the Hubble radius during a 
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Figure 1.2: Qualitative evolution of the Hubble horizon (dashed curve) and of the scale 
factor (solid curve) in the standard, post-big bang inflationary scenario. 





phase of shrinking horizon. To emphasize the difference, we have plotted the evolution of 


the scale factor both as expanding in the S-frame, a(t), and as contracting in the E-frame, 


a(t). Unlike in post-big bang inflation, the proper size of the initial portion of the Universe 
may be very large in strings (or Planck) units, but not larger than the initial horizon itself 
psd), as emphasized in the picture, and as will be discussed in a more quantitative way in 
Section p.4,. The initial horizon H; | is large because the initial curvature scale is small (in 
string cosmology, in particular, H; < 1/s). 


This is a basic consequence of the choice of the initial state; in the context of the string 
cosmology scenario, this approaches the flat, cold and empty string perturbative vacuum, 


(see the discussion of Section Bh). This initial state has to be contrasted with the extremely 
curved, hot and dense initial state of the standard scenario, characterizing a Universe that 
starts inflating at (or soon after) the Planck scale, Hj ~ 1/Ap (see also for a more 
detailed comparison and discussion of pre-big bang versus post-big bang inflation). 


1.4 Outline, notations and conventions 


We give here a general overlook at the material presented in the various sections of this 
report. Furthermore, each section will begin with an outline of the content of each of its 
subsections, and will try to be as self-contained as possible, in order to help the reader 
interested only in some particular aspects of this field. 


In Section A, after a very quick reminder of some relevant properties of superstring 
theory, we review the string-theoretic motivations behind the pre-big bang scenario, and 
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Figure 1.3: Qualitative evolution of the Hubble horizon (dashed curve) and of the scale 
factor (solid curve) in the pre-big bang inflationary scenario, in the S-frame, a(t), and in 


the Bstrame, a(t). 





pre-big bang 
inflation 





outline the main ideas. In Section BL after formulating on the basis of the previous discussion 


a postulate of “ asymptotic past triviality” , we discuss, within that framework, the problem 


of initial conditions and fine-tuning. 


As a preliminary to the discussion of the observational consequences of the pre-big bang 
scenario, Section YW presents some general results on the evolution of quantum fluctuations. 
Section [| will deal with the specific case of tensor (metric) perturbations and Section [ with 
scalar (dilatonic) ones, while Section [7d will consider gauge (in particular electromagnetic) 
and axionic perturbations, and their possible physical relevance to galactic magnetic fields 
and large scale structure, respectively. 


The last part of this report is devoted to various open problems, in particular to the 
possibility of a smooth transition from the pre- to the post-big bang regime, the so-called 


EXIT “exit problem” (Section fg). Several lines of approach to (and partial solutions of) this 
problem are presented, including a discussion of heat and entropy production in pre-big bang 
PROBLE we 
cosmology. A possible minisuperspace approach to the quantum regime will be illustrated 
in Section (oh Finally, Section {10 contains the discussion of a possible dilatonic interpretation 
of the quintessence, a short presentation of other open problems, and an outlook. 


For further study of string cosmology and of the pre-big bang scenario, we also refer the 


interested reader to other review papers 37, bsg, 63, p44, , as well as to two recent 


introductory lectures B89, (605). A regularly updated collection of selected papers on the 
pre-big bang scenario is also available at [R65]. 


We finally report here our conventions for the metric and the curvature tensor, together 


14 


phibar 


lambda s 


Gp 


with the definitions of some variables frequently used in the paper. 


We shall always use natural units h = c= kg = 1. Unless otherwise stated, the metric 
signature is fixed by goo > 0; the Riemann and Ricci tensors are defined by 


ug 2 Ole’ ele HS), Ibe = igs (1.19) 
In particular, for a Bianchi-I-type metric, and in the synchronous gauge, 
Juv = diag i —a} (t)6,;) ; (1.20) 
our conventions lead to 


ro =-So (i+w), Rs = — a 
i k 


R=—)> (2H; + H?) - (=: i) ; (1.21) 


where H; = dlna;/dt. Ina D=d+1 space-time manifold, Greek indices run from 0 to d, 
while Latin indices run from 1 to d. 


The duality invariant dilatonic variable, the “shifted dilaton” @, is referred to a d- 


dimensional spatial section of finite volume, (f d@ax./Jg])+=const < 00, and is defined by 


<3 de 7 
e?= 7x4 /Igale-?. (1.22) 


In a Bianchi-I-type metric background, in particular, we shall absorb into ¢ the con- 
stant shift —In(Ay?@ { d¢x) (required to secure the scalar behaviour of ¢ under coordinate 


reparametrizations), and we shall set 


Finally, Ag i8 the fundamental length scale (of string theory) related to the string mass 


M, and to the string tension T (the mass per unit length) by 





2 = My?T7! = Qn’. (1.24) 


At the tree level (i.e. at lowest order) in the string coupling gs, the string length is related 
to the Planck length Ap, and to the gravitational constant Gp in d+ 1 dimensions, by 


8nGp = AS 1 =F 1%, (1.25) 


In d = 3, in particular, the relation between the string and the Planck mass Mp = Ap ’ 
reads 
(Ap/As)? = (M,/Mp)? = e®, (1.26) 


We shall often work in units such that 2\¢~! = 1, ie. 167Gp = 1, in which exp(@) 
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2 String theory motivations 


A very important concept in string theory, as well as in field theory, is that of moduli 


‘space, the space of vacua. In field theory, and in the absence of gravity, the coordinates 
of moduli space label the possible ground states of the theory. It is very important to 
immediately distinguish classical moduli space from its exact, quantum counterpart. The 


two are generally different, since a classical-level ground state can fail to be a true ground 


state when perturbative or non-perturbative quantum corrections are added (consider for 


instance @ynamical symmetry breaking’ la Coleman= Weinberg, or the double-well potential 


in quantum mechanics). 


When gravity is added to the picture (and this is always the case in s tring theory) the 


concept of a lowest-energy state becomes less well defined, since total energy is always zero in 
‘a general-covariant theory. It is therefore better, in string theory, to extend the definition of 
moduli space to include all string backgrounds that allow a consistent string propagation, i.e. 
those consistent with world-sheet conformal invariance [346]. Such backgrounds correspond 


to the vanishing of the two-dimensional o-model -functions [145] and, at the same time, 
they can also be shown to satisfy the field equations of an effective action living in ordinary 


space-time. The most famous example of a consistent background is, for superstrings, 
D = 10 Minkowski space-time with trivial (i.e. constant) dilaton and antisymmetric tensor 


potentials. Unfortunately, even if quantum (i.e. string-loop) corrections are neglected, 


our knowledge of moduli space is very limited. Basically, apart from a handful of exact 
conformal field theories, such as the Wess-Zumino—Witten models, only low-energy solutions 
(i.e. classical solutions of the effective low-energy field theory) are known. 


The known solutions are, at the same time, too many and too few. They are too many 
because they typically leave the vacuum expectation values of a few scalar fields completely 
undetermined. Such fields correspond to gravitationally coupled massless scalar particles 
that mediate dangerous long-range forces, badly violating the well-tested equivalence prin- 
ciple. The way out of this problem is clear: these flat directions should be lifted by quantum 
corrections, typically (in the supersymmetric case) at the non-perturbative level. The known 
solutions are also too few, because some of them, which we would like to see appearing, are 
missing: notably those describing gravitational collapse or cosmological backgrounds, which 
evolve as a function of time from a regime of low curvature and/or coupling to one of high 
curvature and/or coupling (and vice versa). These solutions are very hard to analyse for 
two reasons: first, because time evolution spontaneously breaks supersymmetry, rendering 
the solutions unstable to radiative corrections; secondly, because the solutions go out of 


theoretical control, as they enter the non-perturbative regime. 


For the purpose of this section, (eiiiiyortait property of SUpersbrinig’s mIoduli'Spacelis 
‘that it exhibits duality symmetries. Generically, this means that points in moduli space that 


seem to describe different theories actually describe the same theory (up to some irrelevant 
relabelling of the fields). Let us illustrate this in the simplest example of T-duality (for a 
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eas 


physical lower limit to dim of compact 


review see, for instance, [840]). 


Consider a theory of closed strings moving in a space endowed with some compact 
dimensions, say, for the sake of simplicity, with one extra dimension having the topology of 
a circle. Let us denote by R, the radius of this circle. In point-particle theory, momentum 
along the compact dimension is quantized, in units of h/R,. This is also true in string 
theory, as far as the motion of the string’s centre of mass (a non-oscillatory “zero mode” ) 
is concerned. However, for closed strings moving on a compact space, like our circle, there 
is a second zero mode: the string can simply wind around the circle an integer number of 
times. By doing so it acquires winding energy, which is quantized in units of (27T)R,, if 







T = (2ra’)~' is the string tension. 
Something remarkable does happen if we lace iy by Ge aD A point 
particle would certainly notice the difference between R, and R, (unless R. = R. = ds), 


since the new momenta will be different from the old ones. A closed string, instead, does not 
‘feel the change of R since the role of the momenta in the original theory will mow be played 


by the winding modes, and vice versa. This symmetry of closed string theory has been 
called T-duality and is believed to be exact, at least to all orders of perturbation theory, 
‘provided a suitable transformation of the dilaton accompanies the one on the radius (it also 
has interesting extensions to discrete groups of the O(d,d; Z) type [B40]). It is important 


to stress, in our context, that 7-duality actually implies that there is a physical lower limit 


When applied to open strings, T-duality leads to the concept of Dirichlet strings, or 


D-strings. In other words, while closed strings are self-dual, open strings with Neumann 


and vice 
versa. These developments [523] have led to the study of D-branes, the manifolds on which 
the end-points of open D-strings are confined; they play a major role in establishing the 





basic unity of all five known types of 10-dimensional superstring theories (Type I, Type 
IIA, Type IIB, HETSO(32), HETES) as different limits of a single, more fundamental “M- 


theory” ; 


In order to briefly illustrate this point we start recalling that all superstring theories are 
actually defined through a double perturbative expansion in two dimensionless parameters: 
the first, the string coupling expansion, can be seen as the analogue of the loop expansion 
in quantum field theory, except that the coupling constant gets promoted to a scalar field, 
the dilaton. Consequently, the range of validity of the loop expansion depends on the 
value of the dilaton, and can break down in certain regions of space-time if the dilaton is 
not constant. The second expansion, which has no quantum field theory analogue, is an 
the dimensionless parameter being \20?, with \; the fundamental 
length scale of string theory (see Subsection 2.1). Obviously, the validity of this second 
expansion breaks down when curvature or field space-time derivatives become of order 1 in 
string-length units. 
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D=11 SUGRA 









One of the most amazing recent developments in string theory [626] is the recognition 


Witten that the above five theories, rather than forming isolated islands in moduli space, are con- 
nected to one another via a web of duality transformations. In the huge moduli space, they 
represent “corners” where the above-mentioned perturbative expansions are, qualitatively 
at least, correct. A sixth corner actually should be added, corresponding to 11-dimensional 

Townsend supergravity 79). The mysterious theory approaching these six known theories in appro- 


priate limits was given the name of M-theory. It might seem curious, at first sight, that one 


is able to flow continuously from 10 to 11 dimensions, within a single theory. The puzzle 


was solved after it was realized that the 


‘no free coupling. In other words, the dilaton of the five 10-dimensional superstring theories: 
‘becomes (at large coupling) an extra dimension of space (626, B76]. At weak coupling, this 


extra dimension is so small that one may safely describe physics in 10 dimensions. 





In spite of the beauty of all this, the previous discussion shows that the moduli-space 
diagram connecting the five superstring theories can be quite misleading. Since each point 
in the diagram is supposed to represent a possible solution of the 6-function constraints, 
and the diagram itself is supposed to show how apparently different theories are actually 
connected by moving in coupling constant (or other moduli-) space, it necessarily includes 
the flat directions we have been arguing against. At the same time, cosmological solutions of 
the above-mentioned type, i.e. evolving in different regions of coupling constant /curvature, 
cannot be “localized” in the diagram. A single cosmology, for instance, may indeed corre- 
spond to an initial Universe, well described by heterotic string theory, ending in another 
Universe better described by perturbative Type I theory. Yet, such a cosmological solution 
should be only a point, not a curve, in moduli space. As we shall argue below, thanks 
to some gravitational instability, solutions of the above type are rather the rule than the 


exception. DIFFICULT POINT 


It seems appropriate, at this point, to comment on the fact that modern research in 





string/M-theory looks to be strongly biased towards analysing supersymmetric vacua, or at 
least solutions that preserve a large number of supersymmetries 24). While the mathemat- 
ical motivation for that is quite obvious, and physically interesting results can be rigorously 
derived in special cases (concerning, for instance, BPS states and black holes), it is quite 


clear that cosmology, especially inflationary or rapidly evolving solutions, requires extensive 
‘breaking of supersymmetries. Given their phenomenological importance, we think that more 


effort should be devoted to developing new techniques dealing with non-supersymmetric so- 
lutions and, in particular, with their high-curvature and/or large-coupling regimes. 


In this section we will emphasize the role of the duality symmetry for the pre-big bang 





scenario, starting from the short- and large-distance properties of string theory (Subsection 
B.1)), and from the related invariance of the classical cosmological equations under a large 
group of non-compact transformations (Subsections 2.3). We will discuss the inflation- 
ary aspects of families of solutions related by such groups of transformations in Subsection 
and will end up with a discussion of the relative merits of the so-called Einstein and 
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String frames (in Subsection 2.5), in spite of their ultimate equivalence. 


2.1 Short- and large-distance motivations 


Since the classical (Nambu-—Goto) action S of a string is proportional to the area A of the 
space-time surface it sweeps, its quantization requires the introduction of a fundamental 
“quantum” of length A;, through the rlation: 


As discussed in 97, ogi, the appearance of this length in string theory is so much tied to 


quantum mechanics that, after introducing Ay, we are actually dispensed from introducing 








E by a’E, the classical length of a string of energy E. For instance, the Regge trajectory 
relation between angular momentum and mass, J = a’M? + a(0)h (c = 1 throughout), is 
rewritten in string units as J = M? + a(0)A?, where h has neatly disappeared. 


One of the most celebrated virtues of string theory is its soft behaviour at short distances. 
This property, which is deeply related to the extended nature of fundamental particles in 


POIChINSKi the theory, makes gravity and gauge interactions not just renormalizable, but finite, at least 
string set order by order in the loop expansion [524]. At the same time, the presence of an effective 


short-distance cut-off in loop diagrams should have a counterpart in a modification of the 
theory, when the external momenta of the diagram approach the cut-off itself. 


An analogy with the standard electroweak theory may be of order here: the Glashow— 
Weinberg—Salam model makes Fermi’s model softer at short distances, turning a non- 
renormalizable effective theory into a fully-fledged renormalizable gauge theory. At the same 
time, the naive predictions of Fermi’s model of electroweak interactions become largely mod- 
ified when the W/Z-mass region is approached. Note that this mass scale, and not a . 
is where new physics comes into play. 


At present, there are not so many available 
tests of this idea: one comes from the study of trans-Planckian energy collisions in string 
theory (Ba, 23. When one prepares the initial state in such a way as to expect the formation 


of tiny black holes, having radius (or curvature) respectively smaller (or larger) than the 
fundamental scale of string theory, one finds that such objects are simply not formed. 


Arguments based on entropy considerations also suggest that the late stage of black 
hole evaporation ends, in string theory, into a normal non-collapsed string state of radius 
equal to the string length, rather than into a singularity. Finally, we recall the arguments 
from T-duality for a minimal compactification scale, given at the beginning of this section. 


This considerable amount of circumstantial evidence leads to the conclusion that As. 
NO BH of 
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string/BH correspondence 


plays) in String theory, the role of a minimal observable length, i.c. of an ultraviolet cut- 


off. Physical quantities are expected to be bounded (in natural units) by the appropriate 


powers of As, e.g. the curvature scale R ~ H? ~ Gp < d;*, the temperature T < A>", 


the compactification radius R. > As, and so on. It follows, in particular, that space-time 


singularities are expected to be avoided (or at least reinterpreted) in any geometric model 
of gravity which is compatible with string theory. 





In other words, in quantum string theory, relativistic quantum mechanics should solve 
the singularity problems in much the same way as non-relativistic quantum mechanics solves 
the singularity problem of the hydrogen atom, by keeping the electron and the proton a 
finite distance apart. By the same token, string theory gives us a rationale for asking 
daring questions such as: What was there before the big bang? Even if we do not know 
the answer to this question in string theory, in no other currently available framework can 
such a question be meaningfully asked. 


To answer it, we should keep in mind, however, that even at large distance (i.e. low 
energy, small curvatures), superstring theory does not automatically give Einstein’s general 
relativity. Rather, it leads to a scalar—tensor theory (which in some limit reduces to a theory 
of the Jordan—Brans—Dicke variety). In fact, the conformal invariance of string theory (see dilaton 
Witten, for instance [f4q]) unavoidably requires a new sealar particle/field ¢, the dilaton, which, as 


Horava/ already mentioned, gets reinterpreted as the radius of a new dimension of space in M-theory required 


(62d, B74). for Cinvar 


By supersymmetry, the dilaton is massless to all orders in perturbation theory (i.e. as 
ong as supersymmetry remains unbroken) andcan thus give rise to dangerous violations of 
the equivalence principle. This is just one example of the general problem with classical 
moduli space that we mentioned at the beginning of this section. Furthermore, ¢ controls 
the strength of all forces (624), gravitational and gauge alike, by fixing the grand-unification 


coupling through the relation L03}: 


"mass breaks agut & (Ap/As)” ~ exp(¢) , (2.2) 
SUSY” 


Witten 








showing the basic unification of all forces in string theory and the fact that, in our conven- 
tions, the weak-coupling region coincides with ¢ < —1. 


The bottom line is that, in order not to contradict precision tests of the equivalence prin- 
ciple and of the constancy (today and in the “recent” past) of the gauge and gravitational 
couplings, we require [677] the dilaton to have a mass and to be frozen at the bottom of its x 
own potential today (see, however, [197 for an ingenious alternative, whose possible 
consequences will be discussed in Sections. 6 and (10). This does not exclude, however, the 
possibility of the dilaton having evolved cosmologically in the past (after all, the metric 
did!), within the weak coupling region (¢ — —oo) where it was practically massless. The 
amazing (yet simple) observation is that, by so doing, the dilaton may have inflated 
the Universe. 
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A simplified argument, which, although not completely accurate, captures the essential 
physical point, consists in writing the Friedmann equation 3H? = 87Gp, and in noticing 
that a growing dilaton (meaning through Eq. (2.2) a growing G) can drive the growth 
of A even if the energy density of standard matter decreases (as typically expected in an 
expanding Universe). This particular type of superinflation, characterized by growing H 


and @, has been termed dilaton-driven inflation, 
The basic idea of pre-big bang cosmology {599}, B19, B20, can then be illustrated 


as in Fig. B. 1, where the dilaton starts at very large negative values, rolling up a potential 
which, at the beginning, is practically zero (at weak coupling, the potential is known to be 
instantonically suppressed [89], V(¢) ~ exp[— exp(—¢)]). The dilaton grows and inflates the 
Universe, until the potential develops some non-perturbative structure, which can eventually 
damp and trap the dilaton (possibly after some oscillations). The whole process may be 
seen as the slow, but eventually explosive, decay of the string perturbative vacuum (the 
flat and interaction-free asymptotic initial state of the pre-big bang scenario), into a final, 
sadiation-dominated state typical (of standard cosmology Incidentally, as shown in Fig. 


the dilaton of string theory can easily roll-up —rather than down~ potential hills, as a 


backgrounds) is not just possible: it does necessarily occur in a class of (lowest-order) 


cosmological solutions based on a cosmological variant of the (previously mentioned) T- 


duality symmetry 599, 680, 479, 660, B67, 681], B19]. In such a way duality 
provides a strong motivation for (and becomes a basic ingredient of) the pre-big bang 





The importance of duality for a string-motivated cosmology was indeed pointed out 
already in some pioneer papers fs. 428, 20, based on superstring thermodynamics; 
the fact that our standard Universe could emerge after a phase of inflation with “dual” 
cosmological properties was also independently suggested by the study of string motion 
in curved backgrounds B15). For future applications (see Section 8) we wish to recall 


discussed in Df 


(see also [878]), in which all nine spatial dimensions are compact (with similar radius), 





here, in particular, the 


and the presence of winding strings wrapped around the tori prevents the expansion of the 
primordial Universe, unless such winding modes disappear by mutual annihilation. 


The probability of annihilation, however, depends on the number of dimensions. In 
d= 9 it is so small that strings prevent the nine dimensions from expanding. If n < 6 
dimensions contract to the string size, string annihilation in the other 9 — n is still so 
small that even they cannot expand. Only i“ o- 
remaining dimensions large enough, and the expansion becomes possible: this would give 
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Figure 2.1: According to the pre-big bang scenario, the dilaton starts in the asymptotic past 
of our Universe at very large negative values, and grows through a flat potential towards 
the strong-coupling regime. At present, it is either trapped at a minimum of the potential, 
or keeps growing monotonically towards +00 (see Section [1). 


extended also to a more general brane—gas context, see Subsection B.5). 


This as well as the other, early attempts were based on Einstein’s cosmological equations, 
i.e. on gravitational equations at fixed dilaton. Taking into account the large-distance 
modifications of general relativity required by string theory, and including a dynamical 
dilaton, the target-space duality typical of closed strings moving in compact spaces can be 
extended (in a somewhat modified version) even to non-compact cosmological backgrounds 
99, 79, 580, 581], 582]. Consider in fact a generic solution of the field equations of string 
theory (hence a point in our moduli space), which possesses a certain number n of Abelian 
isometries (the generalization to non-Abelian isometries is subtle, see 20q)). Working in an 
adapted coordinate system, in which the fields appearing in the solution are independent 
of n-coordinates, it can then be argued that there is an O(n,n; R) group that, acting 
on the solution, generates new ones (in other words, this group has a representation in that 
part of moduli space that possesses the said isometries). 


Note that, unlike strict T-duality, this continuous O(d,d;R) extension is not a true 
symmetry of the theory, but only a symmetry of the classical field equations. The corre- 


sponding transformations can be used to generate, from a given solution, other, generally 
‘inequivalent ones, and this is possible even in the absence of compactification. In the next 
subsections we will show in detail that such transformations, applied to a decelerated cos- 
mological solution (and combined with a time-reversal transformation) lead in general to 
inflation, and we shall present various (low-energy) exact inflationary solutions, with and 
without sources, which may represent possible models of pre-big bang evolution. We shall 
consider, in particular, both scale-factor 599, 58, 58] and O(d,d) E74, 79, 560, B67, 


, and we will discuss some peculiar kinematic aspects of such pre-big 


scale factor / 
O(d,d) Dualities 
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2.2 Scale-factor duality without and with sources 


We start by recalling that, in general relativity, the Einstein action is 
reflections. It follows that, if we consider an isotropic, spatially flat metric pakametrized by 
the scale factor a(t), 

ds? = dt? — a?(t)dz?, 
and if a(t) is a solution of the Einstein equations, then a(—t) is also a solutioh. 


other hand, when t + —t the Hubble parameter flips sign; 


H =4a/a— —-H. 


ries are expected to be only a tiny subset of a much larger symmetry group, which showd 
characterize the effective action even at lowest order. The string effective action that 
shall use in this section, in particular, is determined by the usual requirement that thd 

GSW string motion is conformally invariant at the quantum level B46]. The starting point is the 
(non-linear) sigma model describing the coupling of a closed string to external metric (gj), 
scalar (#), and antisymmetric tensor (B,,) fields. In the bosonic sector the action reads: 





1 ag y ag V al 
S= Sr, jee Regmaenee Gu (Zz) + €4 O;x"O;2" Buy (Z) + a V~7R 6(a) 


(2.5) 
He Sra) =e | 0; = 0/0€', and £' are the coordinates spanning the two-dimensional 
string world-sheet (7,7 = 1,2), whose induced metric is 7;;,(€). The coordinates #" = «(€) 
are the fields determining the embedding of the string world-sheet in the external (also 
called “target”) space, €; is the two-dimensional Levi-Civita tensor density, and R®) (7) 
is the scalar curvature for the world-sheet metric y. We have included the interaction of 
the string with all three massless states (the graviton, the dilaton and the antisymmetric 
tensor) appearing in the lowest energy level of the spectrum of quantum string excitations 
(the unphysical tachyon is removed by supersymmetry (B46). We note, for further use, 
that the antisymmetric field B,, is often called the Neveu-Schwarz/Neveu-Schwarz (NS- 
NS) two-form. 


If we quantize the above action for the self-coupled fields 7“(€), we can expand the loop 


corrections of the corresponding non-linear quantum field theory in powers of the curvature 
(i.e. in higher derivatives of the metric and of the other background fields) [B46]. Such 1 


a higher derivative expansion is typical of an extended object like a string, and is indeed 
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controlled by the powers of a/, i.c. of the string length parameter A,. At each order in a’, 
however, there is an additional higher genus expansion in the topology of the world-sheet y 
metric, which corresponds, in the quantum field theory limit, to the usual loop expansion, 
controlled by the effective coupling parameter g? = exp(¢). 


The conformal invariance of the classical string motion in an external background can 
then be imposed, at the quantum level, at any loop order: we obtain, in this way, a set of 
differential conditions to be satisfied by the background fields for the absence of conformal 
anomalies, order by order. At tree level in g,, and to lowest order in a’, such differential 
equations (in a critical number of dimensions) are [B46]: 


1 

Rv + VuVve- q Fue Hy a8 _() (2.6) 
1 

R+2V76—- (Vud)? — ee =0, (2.7) 


where Hyya = O,Bya+ cyclic permutations. By introducing the Einstein tensor, Gy, = 
Rw — Gu (R/2), the first equation can be rewritten in a more “Einsteinian form” as 
1 1 


1 
Gu» + VuVie+ 5 Iu (vo)? _ 2V7¢ re o He, — qAnap He a8 0, (2.8) 


and it can be easily checked that Eqs. (B.7), can be derived by the (d+ 1)-dimensional 


effective action 


1 = 1 
8 = ay [al ayia? [+ (V0)? - Aa. (2.9) 


This action (possibly supplemented by a non-perturbative dilaton potential, and/or by a 


cosmological term in non-critical dimensions [B44]) is the starting point for the formulation 








a’R <1, g? «1 (see Section § for higher-order corrections). 


For an illustration of scale factor duality it will now be sufficient to restrict our attention 
to the gravidilaton sector of the action (2.9) (setting e.g. Hyva = 0). We will consider an 
anisotropic Bianchi-I-type metric background, with homogeneous dilaton ¢ = ¢(t), and we 
will parametrize the action in terms of the “shifted” scalar field ¢ (see Section for the 
notation). The field equations (2.7), then provide a system of d+ 2 equations for the 
d+1 variables {a;, 4}: 


C=O (2.10) 
H, — Hid =0, (2.11) 
26-6 —S\H? =0. (2.12) 


In the absence of sources only d+ 1 equations are independent (see for instance [307]; Eq. 
(2.10), in particular, represents a constraint on the set of initial data, which is preserved by 
the evolution). 


1 tree levelgs 
2 lwst order alpha’ 
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The above string cosmology equations are invariant not only under a time-reversal trans- 
formation, 
t— -t, H = —HdH, o—- -¢, (2.13) 


but also under a transformation that inverts any one of the scale factors, preserving the 


shifted dilaton, 
a, + Gj =a;", $— ¢, (2.14) 
and which represents a so-called scale-factor duality transformation 99, 580. Note that 


the dilaton @ is not invariant under this transformation: if we invert, for instance, the first 


k <d-scale factors, the transformed dilaton ob is determined by the condition 


d k d 
d=¢- > Ina =¢- > na; — x In aj. (2.15) 
i=l 


i=1 i=k+1 


Thanks to scale-factor duality, given any exact solution of Eqs. (B.10)—(B.19), represented 
by the set of variables 


4 iy cung he o}, (2.16) 


the inversion of k < d scale factors then defines a new exact solution, represented by the 
set of variables 


k 
fate ast o-2y mel, (2.17) 


i=1 


Consider in particular the isotropic case a; = a, where|all]the scale factors get inverted, 
and the duality transformation takes the form: 


(2.18) 





When a — a~! the Hubble parameter H = d(Ina)/dt goes into —H so that, to each of the 
two solutions related by time reversal, H(t) and H(—t), is also associated a dual solution, 
H(t) and H(-t), respectively (see Fig. 2.9). The space of solutions, in a string cosmology 
context, is thus richer than in the standard Einstein cosmology, because of the combined 


invariance under duality and time-reversal transformations. In string cosmology, a solution 
‘has in general four branches: a(t), a(—t),a~+(t),a~'(—t). Two branches describe expansion 
(H > 0), the other two branches describe contraction (H < 0). Also, as illustrated in Fig. 
for two branches the curvature scale (~ H?) grows in time, so that they describe a 
Universe that evolves towards a singularity, with a typical “pre-big bang” behaviour; for 
the other two branches the curvature scale decreases, so that the corresponding Universe 


1 time 
reversal 


2 scale factor 
inversion 





es from a singularity, with a typical “ i ” behaviour. 


What is important, in our context, is that to any given decelerated, expanding solu- 
tion, H(t) > 0, with decreasing curvature, H(t) < 0 (typical of the standard cosmological 
scenario), is always associated an inflationary “dual partner” describing accelerated expan- 


sion, H(—t) > 0, and growing curfature, H(—t) > 0. This pairing of solutions (which has 


25 





inflation not in 
"classical' meaning 


Expanding Expanding 
post-big bang pre-big bang 


H(-t) 


H(-t) H(t) 
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Figure 2.2: The four branches of the low-energy string cosmology backgrounds. 


no analogue in the context of the Einstein cosmology, where there is no dilaton, and the 
duality symmetry cannot be implemented 
standard cosmology, in which the Universe smoothly evolves from the inflationary pre-big 


bang branch H(—t) to the post-big bang branch H(t) (after an appropriate regularization 





of the curvature singularity appearing in the lowest-order solutions). 
As a simple example of the four cosmological branches, we may consider here the par- 
ticular isotropic solution defined in the positive range of the time coordinate, 


a = (t/to)/¥4, $ = —In(t/to), t>0, (2.19) 


which is singular at ¢ = 0 and satisfies identically the set of equations (2.10) — (2.13). 
By applying a duality and a time-reversal transformation we obtain the four inequivalent 
solutions 








a(t) = tt/V4, a(t) = —Int, PS, 
ax(—t)=(-t)*¥/¥4, G(-t) =-In(-1), t< 0, (2.20) 


corresponding to the four branches illustrated in Fig. p.2 These solutions are separated by 





a curvature singularity at t = 0; they describe decelerated expansion a(t), decelerated con- 
traction a_(t), accelerated contraction a,(—t), accelerated expansion a_(—t) (the solution 
is accelerated or decelerated according to whether a@ and @ have the g4me or opposite signs, 


r ax(t). Note that the 





respectively). The curvature is growing for a.(—t), decreasing 








26 expanding metric: 


a- (-t) 












1 isotropy =====> 
2 expanding inflationary sol 
3 dilaton away from VAC 


growi Ou 
growing So ion PIN. ting two differeyt branches represents in this case not really a sym- 


, transforming non-equivalent con- 


formal backgrounds into each other, Jike in the case of the Narain transformations [498}, [99]. 


For further applications, it is Also important to consider the dilaton evolution in the 
various branches of Eq. (2.2q). Using the definition ((1.23), 


o4(+t) = ffJ 


metry, but rather a 























+t) + dInas(4t) = (+Vd— 1) In(+#). (2.21) 














It follows that, in a phase ofjZrowing curvature (t < 0,t — 0_), the dilaton is growing only 
for an expanding metric, a_(—t). This means that, in the isotropic case, the expanding 
inflationary solutions describe a cosmological evolution away from the string perturbative 
vacuum (H = 0,¢ = —ovo), ie. are solutions characterized by a growing string coupling, 
gs = (exp 6/2) > 0. The string perturbative vacuum thus naturally emerges as the initial 








eXpyrOtic= state for a state of pre-big bang inflationary evolution. This is to be contrasted with the 
recently proposed “ekpyrotic” scenario 419), where the “pre-big bang” configuration (i.e. 
brane the phase of growing curvature preceding the brane collision that simulates the big bang 


collision explosion) is contracting even in the S-frame and indeed corresponds to a phase of 


NOT Note that in a more general, anisotropic case, and in the presence of contracting dimen- 

Venel!!! sions, a growing-curvature solution is associated to a growing dilaton only for a large enough 
number of expanding dimensions. To make this point more precise, consider the particular, 
exact solution of Eqs. (2.10)—(2.12), with d expanding and n contracting dimensions, and 
scale factors a(t) and b(t), respectively: 


decreasing dilaton. 


a=(—)-e™, pave, C=-li-o, £30. (2.22) 


This gives 
¢=$+dlnat+ninb =~" ** = In(—#), (2,23) 


a 
so that the dilaton is growing if 
d+Vd+n>n. (2.24) 


We note, incidentally, that this result may have interesting implications for a possi- 
ble “hierarchy” of the present size of extra dimensions, if we assume that our Universe 
starts evolving from the string perturbative vacuum (i.e. with initial b> 0). Indeed, in a 
superstring theory context (d+n = 10), it follows that the initial number of expanding di- 
mensions is d > 3, while only n < 6 may be contracting. A subsequent freezing, or late-time 
contraction (possibly induced by quantum effects (i3q)), of d—3 dimensions will eventually 
leave only three expanding dimensions, but with a possible huge asymmetry in the spatial 
sections of our Universe, even in the sector of the “internal” dimensions (see Refs. (Lo9} {LO}, brandenberger 


and the discussion of Section 6-4, for a (possible mechanism Selecting d= 3 as the maximal, 
nae Here 
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d=3 


The invariance of the gravidilaton equations (2.10)—(2.12) is in general broken by a 
dilaton potential V(#), unless V is just a function of ¢. The invariance, however, is still 
valid in the presence of matter sources, provided they transform in a way that is compatible 
with the string equations of motion in the given background (see the next subsection). 
In the perfect-fluid approximation, in particular, a scale-factor duality transformation is 
associated to a “reflection” of the equation of state [99]. 


Consider in fact the addition to the action (2.9) of a matter action S;,, minimally coupled 
to the S-frame metric (but uncoupled to the dilaton), and describing an anisotropic fluid 
with diagonal stress tensor, 


2 Oo . 
Ty = T,” = diag(p, —pi 57), i/o=% =const, p=plt). (2.25 
He =o OQ Lb iag(p Pi ;) pil p i = cons p p( ) ( ) 





The field equations p.8) are now completed by a source term 


1 1 1 1 
Gu + VuaVud + 59 (vo) —2V7o+ aMs,| ~ FAnop Hy BP diet (2.26) 


(in units in which 2A¢~! = 1), and the cosmological equations (2.10)—(R.19) become 


22 = 

) > bP H} = cD, (2.27) 
‘ =s 1 g 

H, — Ho= g° Pir (2.28) 
Be gi 

26-6 —S>H? =0, (2.29) 


where we have introduced the “shifted” density and pressure 
B= pV—g = pl Ja, P= pV—-g = vl au. (2.30) 
i i 


They are a system of d+ 2 independent equations for the d+ 2 variables {a;,¢,p}. Their 
combination gives 


3+ Do HB; = 0, (2.31) 
a 


which represents the usual covariant conservation of the source energy density. The above 
equations with sources are invariant under time reflection and under the duality transfor- 
mation 

ai a;", 6-4, PP, Di > —Pi, (2.32) 
which preserves 7 but changes p in a non-trivial way, and “reflects” the barotropic equation 
of state, y, — — yi. Thus, a cosmological solution is still characterized by four distinct 
branches. 


We will present here a simple isotropic example, corresponding to the power-law evolu- 
tion 
a~ t®, o~ —Blnt, p= (2.33) 
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(see the next subsection for more general solutions). We use (2.27), (2.29), @-3]]) as inde- 
pendent equations. The integration of Eq. (2.31) immediately gives 


B= por; (2.34) 
Eq. (2.27) is then satisfied, provided 
dya + 3 = 2. (2.35) 
Finally, Eq. leads to the constraint 
29 — 6* =do* = 0. (2.36) 


We then have a (quadratic) system of two equations for the two parameters a, 3 (note that, 
if a is a solution for a given y, then also —a is a solution, associated to —y). We have in 
general two solutions. The flat-space solution, G = 2,a = 0, corresponds to a non-trivial 
dilaton evolving in a frozen pseudo-Euclidean background, sustained by the energy density 
of dust matter (y = 0), according to Eq. (2.28). For 7 4 0 we obtain instead 


= 6= (2.37) 
which fixes the time evolution of a and ¢: 
onda B= yagi. (2.38) 
and also of the more conventional variables p, ¢: 
pega =p, ¢=¢+dlna= Aor nt (2.39) 


This particular solution reproduces the small-curvature limit of the general solution 
with perfect fluid sources sufficiently far from the singularity, as we shall see in the next 
subsection. As in the vacuum solution (B.19), there are four branches, related by time- 
reversal and by the duality transformation (B-32), and characterized by the scale factors 





a(t) ~ (4t)22/ 044"), (2.40) 

















For d = 3, y = 1/3 andt > 0 we recover in particular the standard, radiation-dominated 
solution with constant dilaton: 


ane, p=3p~a", @ = const, t — +00, (2.41) 
describing decelerated expansion and decreasing curvature: 


a> 0, a <0, H <0, é=0, (2.42) 
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Figure 2.3: Qualitative time evolution of the curvature scale and of the string coupling for 
a typical self-dual solution of the string-cosmology equations. 


typical of the post-big bang radiation era. Through a duality and time-reversal transfor- 
mation we obtain the “dual” complement: 


aw~(-t)-’?, ¢~-3In(-t), p=-3p~a’*, t—+ -ov, (2.43) 


which is still an exact solution of the string cosmology equations, and describes accelerated 
(i.e. inflationary) expansion, with growing dilaton and growing curvature: 


a>0, a>0, H>0, d>0 (2.44) 


(the unconventional equation of state, y = —1/3, is typical of a gas of stretched strings, see 


B14, B19] and the next subsection). 

This confirms that, if we start with our present cosmological phase in which the dilaton is 
constant (in order to guarantee a constant strength of gravitational and gauge interactions). 
and we postulate for the early Universe a dual complement preceding the big bang explosion, 
then string theory requires for the pre-big bang phase not only growing curvature, but also 


n other words, guration 
of our Universe with a state asymptotically approaching the flat, cold and empty string 
‘perturbative vacuum, H? — 0, exp(¢) — 0. As a consequence, the initial cosmological 
evolution occurs in the small curvature (H?/M? «< 1) and weak coupling (g, < 1) regime, 


and can be appropriately described by the lowest order effective action (2.9) (see Fig. B.3). 
The solutions (2.41) and (B.43)) provide a particular, explicit representation of the scenario 
represented in Fig. for the two asymptotic regimes of t large and positive, Eq. (2.4])), 
and ¢ large and negative, Eq. (2.43). 


It should be mentioned, to conclude this subsection, that the invariance under the 
discrete symmetry group Z%, generated by the inversion of d scale factors, can be generalized 
so as to be extended to spatially flat solutions of more general scalar—tensor theories [142 
434], with the generic Brans—Dicke parameter w, described by the action 


oS - fats —ge? [R —w(V¢)? — 2A (2.45) 


30 present state initial 
conditions 


The case w = +1 corresponds to the string effective action. For w # —(d + 1)/d, the 


equations of an isotropic and spatially flat background (with scale factor a(t)) are invariant 
under the transformation a — a, ¢ — ¢, where a = Ina, and 








d-l+dw. 2(1+w) + 2d ~ d—-1+dw ~ 
= = : a ——__—_ 2.46 
Oat” d4l¢a” ©" "“apine “tT apica® PY 
(when w = —1 one recovers the transformation (2.18)). Similar symmetries are also present 


in a restricted class of homogeneous, Bianchi-type models [[L69] (but the presence of spatial 
curvature tends to break the scale-factor duality symmetry); for the Bianchi-I-type met- 
rics, in addition, the discrete transformation (2.4d) can be embedded in a continuous O(3) 
symmetry group. 


It should be stressed, however, that when w # —1 such generalized transformations 
do not necessarily associate, to any decelerated solution of the standard scenario, an infla- 
tionary solution with growing dilaton. In this sense, a self-dual cosmological scenario in 
which inflation emerges naturally from the perturbative vacuum seems just to be a peculiar 


In the next subsection we will extend the discussion of this section to more general 
models of background and sources. 


2.3  O(d,d)-covariance of the cosmological equations Narain O(d,d) 


The target-space duality introduced in the previous subsection is not restricted to the gra- 
vidilaton sector and to cosmological backgrounds, but is expected to be a general property 
of the solutions of the string effective action (possibly valid at all orders 560, B67, with 
the appropriate generalizations | a Bo7)). 


Already at the lowest order, in fact, the inversion of the scale factor is only a special 
case of a more general transformation of the global O(d, d) group which leaves invariant the 
action (2.9) for all background characterized by d Abelian isometries, and which mixes in 
a non-trivial way the components of the metric and of the antisymmetric tensor B,, (see 


[B40] for a general review). 


Such an invariance property of the action can also be extended to non-Abelian isometries 
206], but then there are problems for “non-semisimple” isometry groups [313]. Here we shall 


restrict ourselves to the Abelian case, and we shall consider (for cosmological applications) a 
set of background fields {¢, 91, Buv } which is isometric with respect to d spatial translations 
and for which there exists a synchronous frame where go9 = 1, go; = 0, Bo, = 0, and all the 
non-zero components of g;;, Bi; (as well as the dilaton itself) are only dependent on time. 


In order to illustrate the invariance properties of such a class of backgrounds under global 
O(d,d) transformations, we shall first rewrite the action (2.9) directly in the synchronous 
gauge (since, for the moment, we are not interested in the field equations, but only in the 
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gamma defined 





symmetries of the action). We set gig = — Vij] and find, in this gauge, 


Le si, Toi? = Eggi = (9-"9), i= (774). j 


2 2 
il _1.\2 1 1. 1 --1- 
Ry a) (v4) - oi (1774) - 5 (7), 
1 1 . 
Das fal j -1;\ j 1 t(-1..-12\ 5 
Ri = AG: ¥) (7 7) Tr (7 y+5(7 Vv 7), , (2.47) 
where . vii. 7 
Tr (yy) = (97) wi = 9 oy, (2.48) 
and so on [note also that ~~! means d(y~!) /dt]. Similarly we find, for the antisymmetric 
tensor, 
ae ae ae _ayig 
Aoij = Bij, HOS = gg By = (7 ‘By ') 
ake i 
Hyp gH? S32 AY = oir ig By 2.49 
be U 


Let us introduce the shifted dilaton, by absorbing the spatial volume into ¢, as in Section 


spatial volume det gij|e~? = e~®, (2.50) 


from which ld ; 
ee Le oe 42 
d= 5 a In (det y) = @ 5 it (7 7) (2.51) 


By collecting the various contributions from ¢, R and H fis 


the action (2.9) can be rewritten 
as: 


5 =— 5 f aie Fle + (4) - (7) 





— 51 (4714) + 6m (714) + 7 (2)']. (2.52) 


We can now eliminate the second derivatives, and the mixed terms containing oH, by noting 
that 
“ le oTr (714)| =e? [tr (14) 4Tr (714) — $Tr (v44)| (2.53) 


Finally, by using the identity (y~!)’ = —y~!4yy1 


, we can rewrite the action in quadratic 


form, modulo a total derivative, as 
ase 1 2 J] .\2 
_ _”s -$ = sis * = 
p= 5 [ate [6 qi (7 7) of qi (7 B) | (2.54) 


This action can be set into a more compact form by using the 2d x 2d matrix M, defined 
in terms of the spatial components of the metric and of the antisymmetric tensor, 


Gt —G'B 
ors = G- vary 
Caigs—\% C=, BSB (2.55) M 
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and using also the matrix 7, representing the invariant metric of the O(d,d) group in the 


off-diagonal representation: 
I 
ne ¢ ) (2.56) 


I O 
(I is the unit d-dimensional matrix). By computing Mn, Mn and (Mn)? we find, in fact, 


Tr (14) = 2Tr ny + (77B) | = 2Tr - (v4) + (77B) | ; (2.57) 
so that the action can be rewritten as E77, 79) 
S= -% f ate? [fe + =m (xm)’| : (2.58) 


We may note, at this point, that MM itself is a (symmetric) matrix element of the pseudo- 


orthogonal O(d,d) group, since 
M"nM =n, M=M", (2.59) 
for any B and G. Therefore: 
Mn=nM, (140) =n(M~") ‘Mn, (2.60) 
and the action can be finally rewritten in the form 
Ve -% fate e # am M (u-)] (2.61) 


which is explicitly invariant under global O(d,d) transformations preserving the shifted 
dilaton ¢: 

o— ¢, M—+M=A'TMA, A nA = 7. (2.62) 
When B = 0, the matrix M is block-diagonal, and the special O(d,d) transformation 
represented by A = 7 corresponds to an inversion of the metric tensor: 


M = diag(G"!,G), M = A7MA = nMn = diag(G,G"), (2.63) 


so that G = G™!. Fora diagonal metric, in particular, G = a?J, and the invariance under 
the scale factor duality transformation (2.18) is recovered as a particular case of the global 


O(d,d) symmetry (as already anticipated). 


matter B19), namely sources evolving consistently with the solutions of the string equations 
of motion in the background we are considering. A distribution of non-interacting strings, 
minimally coupled to the metric and the antisymmetric tensor of an O(d, d)-covariant back- 
ground, is in fact characterized by a stress tensor (source of g,,) and by an antisymmetric 


current (source of B,,), which ar¢ automatically O (d;d)-covariant). 
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eta 


In order to illustrate this important point we add to Eq. (2.9) an action S,, describing 
matter sources coupled to g and to B, and we define 


1 65m 


QV Ti = Sain 


65m 


1 
Bay fle a, 2 2.64 
gv 9" = 5B ee 


The variation with respect to the dilaton, to g,, and By, gives then, respectively, Eqs. 


(2.7), Eq. (2.24) and the additional equation 
Vile ne) Som, (2.65) 
For a background with d spatial isometries, and in the synchronous gauge, such field equa- 


tions can be written in matrix form using M, ¢, and a new set of “shifted” variables defined 
as follows: 


Pp aa V—gTo ° 0 = J/—-gT", a =v =9J", (2.66) 


where 0 and J are d x d matrices. In particular, the dilaton equation (2.7) takes the form 
2 2 ol “9 
@ ~26— = Tr (Mn)? = 0, (2.67) 


the (0,0) component of Eq. (2.26) gives 


ed 1 ‘ 
6 +2 Tr(Mn)* =pe®, (2.68) 


while the spatial part of Eq. (B.24), combined with Eq. (2.69), can be written in the form 


d = ‘ = 
= (e *MnM) =F, (2.69) 


where T is a 2d x 2d matrix composed with @ and J: 
= ( =, —-0G+ JB ) (2.70) 
~\GO=BI, GIG+BIB=GEB — BEG , 


(see [B18] for an explicit computation). By differentiating Eq. (2.68), using Eqs. (2.67), 
(2.69), and the identity 
(MnMn)* = —(Mn)°, (2.71) 


we obtain the generalized energy conservation equation, written in matrix form as 


Bp hee ge : 
p+ ri Tr (T'7MnMn) = 0. (2.72) 


The O(d;d) covariance of the string’ cosmology equations is thus preserved even in the 


presence of matter sources, provided T transforms in the same way as M. In that case, the 
whole set of equations (2.67)—(2.69)) is left invariant by the generalized transformation 


b— @, DD, M—-ATMA, T-A'TA, (2.73) 
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where A77A = 7. This is indeed what happens if the sources are represented by a gas of 
non-self-interacting strings. 


Suppose in fact that the matter action is given by the sum over all components of the 
string distribution, Sm, = >); Bees where we use the action (2.4), and we choose the 
conformally flat gauge for the world-sheet metric (ie. yj = 0, R®) = 0): 


1 
Ata! 


x | (xexe = xx”) Gu(t) + (oe? — XX”) By (2)| . (2.74) 





Sstring jars 641 (4 — X(0,7)) dodr 


Here o and 7 are the world-sheet coordinates, X = dX/dr and X' = dX/do. The variation 
with respect to g and B gives the tensors (2.64), which depend on the world-sheet integral of 
a form bilinear in X"(o,7). The variation with respect to X/ gives the string equations of 
motion, the variation with respect to yi; (before imposing the gauge) gives the constraints. 
If we have a solution X” of the equations of motion, in a given background M(t), and we 
perform an O(d,d) transormation M — M = ATMA, the new solution X“ is found to 
correspond to transformed matrices @ and J, which combine to give T = A?TA Big. The 


Let us now exploit this O(d, d) covariance to find more general solutions of the string cos- 


mology equations, and more general examples of duality-related backgrounds corresponding 
to possible models for the pre-big bang scenario. Let us introduce a convenient (dimension- 


less) time-coordinate x, such that 
di= Lp dt (2.75) 


(LZ is a constant length). Assuming that the equation of state can be written in terms of a 
given 2d x 2d matrix T(a), such that 


pal =Tds, (2.76) 


we can integrate a first time Eqs. (2.67)—(2.69)), also with the help of the identity (2.71). 
The result is [B21] 








¢= “Dw (x + 20), (2.77) 
,_ 40 (x) 
MyM' => OL (2.78) 
where 1 = 
D(x) = (4 + 29)? — gu (['n)? = 4L*pe-? (2.79) 


(a prime denotes differentiation with respect to x, and 2o is an integration constant). 
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By exploiting the fact that M is a symmetric O(d,d) matrix, MnM = n, and that 
Mn = —I'nM, because of the definition of T (see [B18]), the above equations can be 
formally integrated to give 


= dx 
(x) = do — 2 | H (w+ 0); (2.80) 
dx 
M (a) = P, exp [4 / Sra Mo, (2.81) 
where ¢o is a constant, Mo a constant symmetric O(d,d) matrix, and P, denotes the “x- 


ordering” of the exponential. For any given “equation of state” T = T(p), providing an 
integrable relation for I(x), according to Eq. (B.76), the general exact solution of the 









potential) is then represented by Eqs. (2.79)—(2.81). 


Such solutions contain in general singularities for the curvature and the string coupling, 
in correspondence with the zero of D(a). Near the singularity (i.e., for D(z) — 0) the 
contribution of the matter sources becomes negligible with respect to the curvature terms 
in the field equations (as,in general relativity, for the Kasner anisotropic solutions (439)), 
and one recovers the general vacuum solutions presented in 77). This can be shown 
in general for any background M(x), and any kind of matter distribution I(x) B21]; for 
further applications, however, it will be sufficient to report here the case of anisotropic but 
torsionless (B = 0) backgrounds, with diagonal metric g;; = —a?6;,;, and fluid sources with 
a barotropic equation of state, as in Eq. (2.25). 


In this case we obtain, from the previous definitions, 


0 ao, = 0 D; 0%; 
MyM! =2{ al S ). T = ( jae 


—7oiy =O —Pidij 
aa ee 7 a iene 
D=(g£+ 29)" - Soe + 2;)? = a(x —24)(2 —2_), (2.82) 
i 
where 
BR=prvlg, e=1-> ¥, 
i 








is 1/2 
1 
a 2 — Zo = (x Viti — vs) oO (>: i= 2] ; (2.83) 


a 


x4 are the zeros of D, and 2;, xp are integration constants. The general solution (2.79)— 


(2.81]) reduces to [B20] 





: v— mz ; 
aj = agi|( ~ 24)(e — x_)"/4| >|, (2.84) 


x 
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ee 7 a 
e? = e|(x —24)(e — x_)|/ ||" (2.85) 
A= — (ge = = (a-1)/a)% 7 P+ )—o 2.26 
B= sayeth l(a — 24 )(0 — 2) Vet, (2.86) 

where 
c= > OUYVis Q; = AX; =P WX; Viti — x0) (2.87) 


1/2” 
o ((Xy 7881 — 20)? + a(D, 2? — 28)]/ 
and ajo, ¢9 are additional integration constants. 
This solution has two curvature singularities at x. Near the singularity the sources are 


negligible, and one recovers the anisotropic vacuum solution of string cosmology in critical 


dimensions A 89] Indeed, for  — x4, one finds from Eqs. (2.75) and (2-86) that 
oui) 



































|x| ~ |t|0/C+ er the solution reduces to 

aj(t) ~ |t-ta|* , o~ —In|[t— tI, (2.88) 
where 

pf = ae (af)? = 1. (2.89) 








o/(2—4) and the solution (2-84)—(2.86) behaves like (for |x| + +00) 





— 2 
s(t) ~ [¢2%/G4+X%) i ——— In| 
aj(t) ~ |e @ ipa ol 
i - = 2 2 
on? a 5 Int, Br lt} 2Ue/+d Ww), (2.90) 


We may note, in general, that the jelative importanice/of the matter sources! with respect 
‘to the curvature is measured by the ratio (see Eq. (2.68), 
Spe? >. 2 $ 
Ar) = — per a (2.91) 
(d—1)Tr(Mn)2 d-1Tr([n)? ~(d-)Y; Hj 

(normalized in such a way that one recovers the usual critical energy—density ratio, 0 = p/p, 
when ¢ is constant and the metric is isotropic). It follows that Q — 0 when x —> r+, while 
in the opposite limit |x| — oo, dominated by the matter sources, 2 goes to a constant, 





l= 
SE EDP = 


which is obviously 0... = 1 for the isotropic, radiation-dominated background with y; = 1/d 
and constant dilaton. 


Now it can easily be checked that, in the isotropic case a; = a, 7; = y, the vacuum 
Sohition!|2]) and the iiatterdominated Solutions (238), (239) presented in the previous 
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subsection can be directly recovered from Eqs. (2.88) and (2.9d), respectively. As before, 


we have invariance under time reflections and under the duality transformation a; —> a; . 


7% — —7%. In addition, we can now perform more complicated O(d,d) transformations 
fo) ind anisotropic "and non-diagonal pre-big bang’ backgrounds [03] (the possibility of 
singularity-free solutions, in this context, will be discussed in Section BR). It should be 
stressed, however, that the “O(d,d) complement” of a standard cosmological solution is in 
general associated to the introduction of an effective viscosity in the matter stress tensor, 


as pointed out in B18). C time & cf time 


To conclude this subsection let us finally report the cosmic-time and conformal-time 
parametrization of the isotropic solutions, in the asymptotic limit of large and small curva- 
ture, both in the S-frame and in the E-frame. 


The small-curvature limit, dominated by a perfect fluid with p/p = 7, has been given 


in cosmic time in Eqs. (2.38), (2.39). In the ¢onformal time gauge, defined by dt = adn, we 1 


obtain 





a(n) ~ |n 


|2/G-27+d"") bw aes Ina, pratt) (2.93) 
Y 


Instead, the vacuum, dilaton-dominated limit (2.20) becomes, in conformal time, 

















ax(m) ~ IgA), ga ~ Vd(Vd #1) Imag. (2.94) 


In the E-frame, the scale-factor and the curvature parameters are obtained through the 
transformation ({.8), (1.11) (the conformal time is obviously the same in both frames). The 


small-curvature limit (2.38), (2.39) becomes, in cosmic time, 
2 (d—1)(1- dy) 





a(t) ~ |’, ox 7 a ae es go, (2.95) 
where 7 
~ VIG o(d+1)/(d—1) _ 2(1— ¥ 
p = p— = = pe , p=erooowr 2.96 
a @-Dat+dy)-yay-yp 20) 
In conformal time, 
| 2 
ag(n) ~ |n\-20-D/G-DG-27 447"), (2.97) 


The vacuum, dilaton-dominated limit (2.20) becomes, in Cosmie time, 


a(t) ~ [é/4, bs ~ +y/2d(d— 1) naz, (2.98) 


a(n) ~ |n[t/e- (2.99) 

















and 





in Conformal time. 
The above solutions will be used to discuss the kinematics of the phase of pre-big bang 
inflation (in the next subsection), and to compute the corresponding amplification of the 
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Why does PBB 
begin? 


quantum fluctuations (see Section fA). For the discussipn of more general homogeneous so- 
lutions (see for instance [60, 57, B9]), we refer the r¢ader to the existing literature, and 
in particular to the detailed phase-space analysis of jthe string cosmology equations per- 
formed including non-trivial two-form potentials (B,, |4 0), moduli fields, spatial curvature, 
anisotropy, and a cosmological constant in both the/matter and the gravidilaton parts of 


the action (B4, 85), Bd). 


2.4 Kinematics of pre-big bang inflation 


The symmetry properties of the string effective action suggest a “self-dual” cosmological 
scenario, in which the Universe evolves from an initial configuration approaching (asymp- 
totically) the string perturbative vacuum (H — 0, ¢ — —oo). Such a state, on the other 


hand, is particularly appropriate to provide the initial conditions, because it is unstable 


with respect to the decay into an inflationary phase eventually driven by the dilaton kinetic 


energy. A small inhomogeneity of the perturbative vacuum is indeed sufficient to trigger 
inflation, as we shall discuss in Section |. Or, keeping homogeneity, a small perturbation 





represented by a constant non-zero energy density is also sufficient. 


In the first models of pre-big bang evolution Big, B2i}, such a perturbation was gener- 
ated by a (sufficiently diluted) gas of fundamental strings, as its presence tends to enhance 
the instability of the full system (background fields plus mattere sources). Suppose in fact 
that we look for self-consistent, simultaneous solutions of the gravidilaton background equa- 
tions (2.27)—(B.29) and of the string equations of motion (in the same background), obtained 


from Eq. (2.74) with B,,, = 0: 


Xe XM PH (x Zz x") (x? = x) =0, 





Guy (X#X” + X#X™) =O, Gu X"X” = 0. (2.100) 
Given a consistent embedding X“(a,7), the sum over all the stress tensors of each individual 
string, 
il — 
V=5T"" (0) = 5 / ddr (X#X” — XX”) 5+(n — X(o,7)) (2.101) 
TOL 


(after an appropriate averaging procedure) provides the effective sources to be inserted into 
the background equations. 


The above system of string and background equations can be solved in a perturbative 


way [B02, B03), by imposing the string perturbative vacuum as asymptotic initial conditions 
at t |i To zeroth order, the background manifold is flat, and the string solutions are 
char d by |X°| >> |X|, |X*| = |X|, corresponding to a pressureless effective stress 


tensor, 7) = const, T? = 0 (dust matter, in the perfect-fluid approximation). 


To first order, the background solution thus corresponds to the case 7; = 0 and to the 
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constant string 
energy condition 
negative branch (x < x_) of Eqs. (2.84)—(2.86)), namely 


—Bi = 16L72e—%0 e?0 
e® = P= a5 
j 4D 

0 









t — 2te 
t 


mn 1/2 
as ig= bs a) ; = 
e i 


(t; are integration constants). Note that t ~ x since p = const, and that we have performédd 





a(t) = ap = const, 








~ [t(é= 2te)) 






a time translation to shift the singularity from « = x_ to the qgyigin. Note also that, at 





initial conditions). 


| The string equation of state keeps unchanged Juntil a ~ const, namely for 


When ¢ approaches the critical scale —t,, however, the scale factors start rolling and evolve 
2 towards a final (expanding or contracting) accelerated configuration 


ag(t) ~ (—t)*, |i < 1, > = 1, (2.103) 


3 reached asymptotically for |t| < te. When|t ~ +t, therefore, the horizon |H|~' starts 
shrinking (see Section f1.3) and we know, in t regime, that extended objects become 
Sanchez “unstable” 551} 6g, P70). In the case of string matter, in particular, we know that the 
Vene asymptotic solutions of the string equations of motion, outside the horizon 14, B15], are 
characterized by |X°| >> |X|, |[X"| < |X”| for accelerated expansion (3; < 0), and by 
|X| >> |X|, |X*| >> |X” for accelerated contraction (0 < 3; < 1). As a consequence, the 

string stress tensor (B.101) satisfies, respectively, the conditions 


+ 


i > TT, (i < 0, 
Ts oy, 027 <1, (2.104) 


corresponding to the radiation equation of state (y = 1/d) for accelerated contraction, 
and to its dual (y = —1/d) for accelerated expansion. In both cases, the string pressure 


‘triggers a regime of positive feedback, which enhances the instabilitys and pushes the system 


ground fields plus sources) even further away from the string perturbative vacuum 


B19, B19, BOA, Bod. 









4 —_— the contribution of the matter sources becomes negligible in 
the field e ns: a first differentiation of Eq. (2.102) gives in fact 
2t; = 2(t — te) = 4 
es pers wah pe? = —___ = pe? 2.105 
‘aaa? «| ay OC er) 


2 
and then pe? < H? ~ @ for t > 0_. So, even if the string pressure tends to deviate 
from its initial vanishing value, its dynamical effects eventually become negligible when 
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the background enters the dilaton-dominated regime. The solution (2.102) thus represents 


a reliable description of the coupled system background plus string sources, both in the 


|t| >> t- and |t| < t- limits, namely in the initial and final regimes, sufficiently far from the 
critical time scale t = t, [BO3}. 


What is important, for the purpose of this section, is that the phase of pre-big bang 


inflation, at low energy, is in general characterized by two possible (connected) branches: an. 


| initial (model-dependent) phase in which matter (like string, or other sources) are possibly 





2 important, and a second “vacuum” phase dominated by the dilaton kinetic energy. The 


validity of the low energy solutions stops of course at the string scale, |t}| ~ A;. At that 


point the higher order (loop and a’) quantum corrections come into play, but inflation 
can nonetheless continue during a phase of constant curvature and linearly growing dilaton 
B07. appearing as late-time attractor in the high-curvature regime (see Section R). 


So, in spite of the fact that the inflationary epoch of the pre-big bang scenario is often 
referred to as the vacuum, dilaton-driven phase appearing in the low energy solutions, it is 
important to stress that the total pre-big bang inflationary period possibly contains also a 


phase of “late inflation” at high curvature (as also stressed in [6G]), and a phase of “early 


inflation” driven by matter sources (as also stressed in [B24]). To discuss the main kinematic 
aspects of pre-big bang inflation, however, it will be sufficient to concentrate our attention 
on the dilaton-driven, isotropic vacuum solutions given by Eq. (R.2q) (or by Eq. (2.94), in 


the conformal-time parametrization). 





For a quantitative estimate of the duration of the inflationary period we observe that 
the ratio r, determined by the flatness problem as in Eq. ({1.2)), also controls the solution 
of the horizon problem through the ratio 


proper size horizon scale H-V(t) 





ee r(t 2.106 
proper size homogeneous region a(t) ), ( ) 
and that, for a power-law metric a ~ t%, such a ratio scales linearly with respect to the 


conformal time coordinate, 


rvth®an fora ~ 1). (2.107) 


Also, we shall assume that the standard radiation era can be extended back in time down to 
the Planck scale, and that it is immediately preceded by a phase of accelerated expansion. 
At the beginning of the radiation era the horizon size is then controlled by the Planck 
length Ap, while the proper size of the homogeneous and causally connected region inside 
our present Hubble radius, rescaled down according to the decelerated evolution of the 
standard scenario, is unnaturally larger than the horizon by the factor ~ 10°°\p (as already 


remarked in Subsection [Li). During the inflationary epoch the ratio r must thus increase 

‘by at least a factor 10%, so as to push the homogeneous region outside the horizon, by he 

amount required by the subsequent decelerated evolution. This determines the condition 
10430 


Ing\/Iml S 107°, (2.108) 


Al 






where 7; and n¢ mark, respectively, the beginning and the end of the inflationary period. 


Let us now suppose, for simplicity (and for a more direct comparison between the pre- 


big bang and the standard inflationary scenarios), that at the end of inflation the dilaton 


and that the string and Planck lengths have already comparable 
Sizes at) =P (which means exp(¢;) ~ 1, according to Eq. (2.9)). 


If we go back in time during a dilaton-dominated phase of isotropic superinflation, 


an (MVE 0 (<n) “VED, (2.109) 


starting from the string/Planck scale (ty ~ As), it follows from (2.108) that the scale factor 
is at most reduced by the factor a;/af ~ 10730/ (1+Vd)_ corresponding to a homogeneous 
region, which, at the beginning of inflation, is still very large in string units, i.e. at least 


1030V4/(+-V4) y . (2.110) 


(ie. ~ 1019), for d = 3). This is to be contrasted with the case of standard (although not 


fully realistic) de Sitter inflation, a ~ (—n)~!, where, going back in time, the scale factor 
during inflation is reduced by the factor 107°, so that the size of the initial homogeneous 
region is just Ap, like the horizon, which stays frozen during inflation. 


The contrast is even more striking if the initial size (2.110) is expressed in Planck units, 
since, at the beginning of inflation, the string coupling g, = exp(¢/2) —and thus the Planck 
length Ap— is reduced with respect to its final value (Ap ~ Ags) by the factor 





gs(m) _ Av(m) _ i < 19-15va (2.111) 


gs(np)  AP(nr) Xm 


so that the lower bound (2.110) for the size of the initial region can be written as 


190V445+15V4)/(1+V4) y,, (2.112) 


(i.e. ~ 10*\p for d = 3). This, by the way, is exactly the initial size evalued in the E- 


frame where \p is a constant, and the pre-big bang phase is represented as a contraction, 
according to Eq. (2.99). 

One might think that, in such a case, the situation is not much better than in the case 
of non-inflationary cosmology, where one finds that the initial size of the homogeneous part 
of our Universe is greater than 10°°\p (B94). It should be noted, however, that without 
inflation the initial homogeneous region has to be much bigger than the horizon. In the 





horizon scale shrinks linearly in cosmic time. As we go backwards in time, in the particular 
example that we are considering, the horizon increases by the factor H; */ H;* = (i/t,) = 


(ni/ngV¥U V9, so that, at the beginning of inflation, Hy! ~ 103°V4/A+V4))5, ie. the 
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THE question: 


initial horizon size is just the same as that of the homogeneous region (2.110) (as also 
illustrated in Fig. [I.3). 


inflationary scenario. In one case, however, the initial horizon is large in Planck units; in 
the other case it is of order 1, as an obvious consequence of the different|curvature scales 


at the beginning of inflation. The question about the naturalness of the initial conditions 
(see the next section) thus seems to concern the initial unit of length used to measure the 
size of the initial homogeneous domain: Should we/use the Planek (or/string)/lengthyjor the 





exit 
problem 


The Planck length certainly provides natural units for the size of the initial homogeneous 
patches when initial conditions are imposed on a cosmological state approaching the high- 
curvature, quantum-gravity regime. In the pre-big bang scenario, however, initial conditions 
are to be imposed when the Universe is deeply inside the low-curvature, weak-coupling, 
classical regime. In that regime, the Universe does not know about the Planck length, and 
the ¢asal horizon H—' seems to provide a natural candidate for the initial homogeneity 
scale. It should be noted, to this purpose, that the formation of a large homogeneous 
domain is not prevented by the amplification of quantum fluctuations B43). However, 
classical inhomogeneities, not normalized to a vacuum fluctuation spectrum, may require a 





Note also that a large (homogeneous) Hubble horizon, if we assume the saturation of 
the holographic bound [B75] applied in a cosmological context [604], implies a large initial 
entropy S ~ (horizon area in Planck units) and corresponds, in a quantum context, to 


a small probability that such configuration be obtained through a process of quantum 
tunnelling (proportional to exp|—$]). In the context of the pre-big bang scenario, however, 
quantum cosmology effects, such as tunnelling or reflection of the Wheeler—-De Witt wave 


function, are expected to be important towards the end of inflation, and not the beginning, 
as they may be effective to/exit, eventually, from the inflationary regime (see Section [)), not 


to enter it, and to explain the origin of the initial state. A large entropy of the initial state, 
in the weakly coupled, highly classical regime, can only correspond to a large probability of 
such a configuration (proportional to exp[+]), as expected for classical and macroscopic 
configurations. 


The naturalness of the initial conditions will be discussed in Section B. Here we note, 


to conclude this subsection, that an initial state characterized by a set of large (or small) 
dimensionless parameters, determined by a large initial horizon scale H~', is an unavoidable 
aspect of all models in which inflation starts at scales smaller than Planckian. In the 
standard scenario, where observational tracks of what happened before the Planck epoch 
are washed out, one may regard as unnatural p94] having an initial homogeneity scale of 
order H~! whenever H is very small in Planck or string units. In the context of the pre-big 
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bang scenario, however, the phenomenological imprint of the Planck epoch is not necessarily 


washed out by a long and subsequent inflationary phase. The pre-Planckian history may 
become visible, and the sub-Planckian initial conditions are accessible, in principle, to 
observational tests, so that their naturalness can also be analysed with a Bayesan approach, 


in terms of “a posteriori” probabilities, as in [129] (see also [170 (71, for a discussion 
of “generic” initial conditions in the pre-big bang scenario). 


2.5  Frame-independence: Which is the “right” metric? 


As already stressed in the previous discussion, and explicitly computed in Section [1.3, an 


JL [Same inflationary solution of the string cosmology equations, when transformed to the 


E-frame, tends to describe a phase of accelerated contraction. This is strictly true only 
- | ated: contracts : 





number of (S-frame) contracting dimensions, the other dimensions may keep expanding 
(and accelerated) in both frames. 


Consider, for instance, the S-frame vacuum solutions (2.29), corresponding to d expand- 
ing and n contracting dimensions. When expressed in terms of the E-frame metric g, and 
in the cosmic time gauge, through the transformation 


2 “ 1/2 
Gi, = Dip e 2¢/(d+n—1) dt = dt e ¢/(dtn-I) o=¢ (<—) (2.113) 
n _ 


(which generalizes to the anisotropic case the transformations of Eqs. (1.8), (L.1i))), the 
solution becomes 


x ___2n-1-Vdtn _ a. _ aot ae 
a(t) = (-?) ae ae b(t) = (-i Vitn(dtn)td—n 
a(t) = ()' * (n=d=VdFn)(d+n=1) 





In(—t). (2.114) 








The expanding part of the solution thus remains expanding (and inflationary a>0,a> 0) 


even in the E-frame, provided 2n > 1+ Vd+n. | 
compatible with the condition of growing dilaton, n < d+ Vd+n, only for n = 1. 


However, isotropic (n = 0) metrics in the E-frame are contracting. This does not 
represent a difficulty for the pre-big bang scenario because the contraction is accelerated, 
@ <0, @ < 0, and thus corresponds to a phase in which the ratio r decreases in time, as 
required for the solution of the horizon/flatness problems (see Sections and B.4). In 
particular, if the phase of accelerated expansion is long enough to solve the problems in the 
S-frame, according to Eq. (2.108), then the problems are also solved in the E-frame B20], 


xX since the conformal time is the samel]in both: 












(2.115) 


Furthermore, as we will see in Section 4. the spectral distribution of the metric fluctuations 
amplified by inflation is also the same in both frames |B20, B2i]. 


Such a frame independence of the inflationary aspects of the pre-big bang solutions also 
‘extends to the string-driven (and, more generally, matter-dominated) solutions presented 


in the previous subsection. 


Suppose, in fact, that we start, at some initial time t;, with a distribution of strings 
characterized in the S-frame by a packing factor (average distance/average size) of the order 
of unity, and with sufficiently small interactions to represent a perfect fluid source for the 
superinflationary solution (2.38), (2-39), with 7 = —1/d. In the S-frame, where the metric 
a is expanding, the perfect-fluid approximation is also valid at any subsequent time t > t;, 
as the number of strings per unit of string volume n(t) is diluted in time by the factor 
n/n = (a;/a)4 < 1. In the Eframe the metric @ is contracting, but the string’s proper size 
L(t) shrinks with time as L = (@/a)\y. As a consequence, the number of strings per unit of 
string volume scales as 7i(t) = (L/As)" a@~¢ = a~“, and it is again diluted as time goes on, 
exactly by the same amount as in the S-frame B21]. 


With similar arguments it can be shown that the heating up of the string gas with 
respect to the radiation, which is easy to understand in the S-frame where the metric is 
expanding and the radiation is redshifted, also occurs in the E-frame, in spite of the fact 
that the radiation is blueshifted because of the contraction [820]. 


Using the standard thermodynamical arguments (see for instance (618) we find indeed, 
for the perfect-fluid sources with p/p = y, generating the solution (2.39), that their tem- 
perature T, satisfies T, ~ a7, On the other hand, py ~ a~4+7)_ In the S-frame the 
radiation (y = 1/d) is thus supercooled and diluted with respect to the (string) sources that 
drive inflation (y < 1/d), 

Mca git, (2.116) 
T, Pr 


since the metric is expanding. 


In the E-frame the fluid sources satisfy a modified conservation equation, 


p+dH(p+p)- d(f — dp) =0 (2.117) 


il 
2(d — 1) 
(the dots refer to the E-frame cosmic time ¢), obtained from Eq. (2.31), with p defined 
in Eq. (B.96). The radiation, which has a traceless stress tensor, still evolves adiabati- 
cally, but now its temperature is blueshifted because of the contraction: T. ~&@!, The 
effective temperature of the other matter sources is also blueshifted, however, and using 


thermodynamical arguments we obtain [B20], from Eq. (2.117): 


Ty _ Py. alate 1)/ 9-0), (2.118) 
T; Pr 
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conformal transfos of metric/frame 


For the sources of the inflationary S-frame expansion we have y < 0, so that even in the 
E-frame the above ratio is growing, with a corresponding cooling down and dilution of the 


radiation density (with respect to the density of the inflationary sources). 


‘solutions of the pre-big bang scenario. This can also be understood as an invariance of 


physics under a local field redefinition. Different frames are just related by a local (field- 
dependent) conformal transformation of the metric. No physical observables should depend 
on it, and this is what we shall find whenever we push a calculation to its very end (see also 





for a recent discussion of this point). Further help is provided by the fact that, at late 
9992999999999 





(see the next eenon, We think that the S-frame (whose metric coincides with the sigma- 


model metric to which fundamental strings are directly coupled, see Section (2.9) is the one 
offering the simplest intuitive picture of how things evolve and work. The following three 
main points support this attitude. 


1 The first point concerns the ultraviolet cut-off. The string metric is the one in which 


the ultraviolet cut-off of string theory is kept fixed, i.e. does not depend on the dilaton (at 


UV cut least in perturbation theory). This can be easily seen from the form of the tree-level action 
off in the S-frame, in d = 3, in which we include a typical higher-derivative correction, a’ R?: 


Fo 1 A —o@ pV 1 p2 
= are d°x \/\g\e (R+g Ono, +aR ). (2.119) 


Obviously, higher-derivative corrections become relevant, in this frame, as soon as R ~ AZ? 
and independently of ¢. By contrast, the equivalent E-frame action would read: 


=—39 =/ d*a vial (2 a sot ybdv0 a ale ¢#?) (2.120) 


indicating that higher-derivative corrections become relevant at Rw Az7e?, which is again 
the (dilaton-dependent) string scale expressed in Planck units. 

2 The second point concerns masses. Tree-level string masses are dilaton-independent in 
the S-frame, but depend on ¢ in the E-frame since the S-frame relation g!”pypy = m? 


becomes g#” py py = m?e® in the E-frame. 


3 The third point concerns couplings. It is only an illusion that, by going to the E-frame, 


we make the Newton constant Gy dilaton-independent. The physical quantity is not so 
much Newton’s constant but the gravitational force, say between two heavy strings. The 
force will be proportional to Gym my. In the S-frame, masses are dilaton-independent 
and Gy ~ e®, while, in the E-frame, Gy is fixed but all masses scale like e?/2. The same 
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dilaton (in)dependent parameters 


APT 


time 


physical result is obtained for the gravitational force but, clearly, it is much more economical 
to attribute the dilaton dependence of Newton’s force to Newton’s constant rather than to 
a universal dilaton dependence of all masses. We think that this is a good example of how 


other. 


For all these reasons we shall interpret our results mainly in the string frame. Nonethe- 
less, we shall often use other frames at intermediate stages of the calculation, to make it as 
simple as possible. 


3 Initial conditions 


We have already mentioned that, in standard non-inflationary cosmology, initial conditions 


have to be fine-tuned to an incredible accuracy in the far past (ie. at t ~ tp ~ 10~* s), 
or else it is impossible to explain some of the most striking properties of today’s Universe, 
such as its homogeneity and flatness. 


In the pre-big bang scenario, having extended time to the past of the big bang event can 
certainly help solving the fine-tuning problems of standard cosmology: after all, most of 
these come from a “shortage of time” for things to happen early on after the big bang. Yet 
it is important to discuss the conditions under which a pre-big bang phase can naturally 
generate a patch that can evolve into the Universe we live in. In other words: What does 
the fine-tuning problem look like if, accepting hints from scale-factor duality, we assume 
perturbative, yet generic, initial conditions? 


In this section we shall address this kind of questions by considering, for simplicity, a class 
of space-times endowed with a regular (time-like and null) asymptotic past, and by imposing 
on these geometries a condition of asymptotic-past-triviality (APT) (see Subsection B.2)). 
We are aware of the fact that this is already a schematization of a more general set-up 
where one would simply assume that the Universe, almost everywhere and almost all the 
time, is in a chaotic, highly entropic perturbative state in which the arrow of time itself is 
ill-defined. Within such a more general set-up a mechanism for generating a low-entropy 


subsystem has to be found, so that, within this subsystem, a time arrow (the direction of 
‘increasing entropy) can possibly be identified, and the organized Universe we happen to be 


living in can develop. 


We shall argue in Subsection that such a mechanism can be identified in the well- 


known phenomenon of gravitational collapse, and that the low-entropy region corresponding 


symmetry, comment on the problem of chaotic oscillations in Subsection and finally 
present our conclusion on the fine-tuning problem in Subsection B.6. 
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In our simplified approach we will treat one of these regions as representing, by itself, 
the full space-time manifold. Such a simplifying procedure is by no means new in general 
relativity: asymptotic flatness (asymptotic spatial triviality, in our terminology) is often 
assumed in order to prove rigorous theorems. Yet, causality guarantees that the collapse of 
a star within our galaxy can only depend on local conditions, and this allows for a simplified 
treatment of the problem. 


In a similar spirit we shall assume that the dynamics that gave rise to our Universe can 
be approximately described by a space-time with an asymptotically trivial past. Thanks 
to gravitational instability, this evolved towards the formation of a closed trapped surface 
and of a space-like singularity of the big bang type. Assuming that the actual singularity is 
avoided, thanks to string corrections to general relativity, this process may give rise, even- 
tually, to a (post-big bang) phase resembling the one of standard hot big bang cosmology. 


In the next subsection, to approach the question of whether our present Universe may 
arise from generic initial conditions, we will relax the homogeneity assumption adopted in 
Section [2] and consider more general solutions of the string cosmology equations. 


3.1 Quasi-homogeneous and inhomogeneous solutions 


If we want to explain the large-scale homogeneity and isotropy of our Universe out of a cos- 
mological phase preceding the big bang, we have to consider the case of non-homogeneous 
cosmologies with the hope to find homogeneity, isotropy, and flatness as asymptotic features 
of late-time attractors. The question, in particular, is how to obtain space-time manifolds 
where spatial gradients are subdominant with respect to time derivatives, starting from 
initial conditions in which they are of the same order. In a rather commonly used ter- 
minology, we would like to see “velocity-dominated” cosmologies emerge, at late times, 
from non-velocity-dominated initial conditions. This is what ordinary, slow-roll inflation 
supposedly does. 


If we start from very generic inhomogeneous conditions, it is conceivable that, as in the 
case of chaotic inflation [439], only some spatial patches will end up exhibiting the required 
homogeneity and flatness to be consistent with our Universe, while inhomogeneity and 
anisotropy will prevail almost everywhere else. In the context of such a type of background 
evolution it is clear that, as a necessary preparatory exercise, we need to understand the 
nature of solutions that are not too inhomogeneous, leaving momentarily aside the problem 
of showing how patches of this kind may emerge at late times. 


Such a program was started in [603] and further extended in [134]. The analysis per- 
formed in [603] was based on the general equations for the gravidilaton system in D = 4, 
together with the assumption of regularity at past infinity. It was shown that, on a constant- 
time hypersurface (defined in the synchronous gauge), sufficiently isotropic initial patches 
with Vg ~ g and with a growing dilaton would inevitably expand, in the S-frame, and evolve 
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towards homogeneity and strong coupling. Within those patches, a reliable expansion in 
spatial gradients can be justified, the evolution quickly becomes velocity-dominated, 
and a Kasner-like singularity is approached according to the following generalization of the 
solution (2.88), (2.89): 


ds? = dt? — S~ e9(x) e9(a) (-t)?°* da' da? , 


a 


o= I~ a; (x) — J log(—t), i= oe ale), Peo. (3.1) 


If the above equations represented a general quasi-homogeneous solution, the Z% gener- 
alization of scale-factor duality would be explicitly respected in the form a;(a) — —a;(x) 
(for any subset of indices i), while keeping all e%(x) and ¢ fixed. However, the momentum 
constraints still have to be imposed on Eq. (B.1): they are trivial in the homogeneous case, 
but quite non-trivial in the presence of spatial gradients. These constraints preserve the 
simplest scale-factor duality [a;(x) — —a;(a) for all i], but explicitly break its 7% general- 
ization [134]. The full symmetry is expected to be recovered as the solution approaches the 
singularity. 


The (S-frame) local expansion rate, for the above metric, is given by the trace © of the 
volume expansion tensor O,,, , 
i oi(2) 


Ope = FER Viana, Aw = Gus — Nyy, O= hy ==, t<0, (3.2) 


where n,, is the unit time-like vector normal to the (space-like) homogeneity hypersurfaces. 
Under the Kasner constraint of Eq. (B.1), it is clear that the maximal rate of expansion 
is reached where all a; are equal and negative (603). Hence the most isotropic patches are 
inflated most during this Kasner-like phase, suggesting that most of the space becomes 
fairly homogeneous and isotropic. This is true in spite of the fact that, unlike in ordinary 
inflation, the modulus o? of the shear tensor (615, 


1 1 
= yoo Cy = Opp — 3 Oh (3.3) 


is not washed away as a Kasner-like singularity is approached (unless higher-order 
corrections play an important role in this respect B34). 


In a subsequent work [34 these arguments were generalized in several directions. First, 
the equations were extended to an arbitrary number of dimensions, showing that in D 4 4 
no qualitatively new results emerge: in particular there is no critical value of D below 
which the phenomenon of BKL oscillations (to be described in Subsection B.5)) takes place. 
Secondly, quasi-homogeneous solutions were constructed with the inclusion of the NS-NS 
two-form B,,: again, they look very similar to the known homogeneous solutions, provided 
the exponents are allowed to depend on space. The only non-trivial point consists, again, 
in imposing the momentum constraints that explicitly break O(d,d) symmetry. 
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The case of a quasi-homogeneous axion field in D = 4 was also considered in [134]. 
Since the axion and B,,, are related by a (Poincaré) duality transformation that mixes 
‘space and time, this case is genuinely different from the one discussed above. Actually, 
the case of a homogeneous axion shows interesting new features, such as the blowing up of 
the dilaton both at very late and at very early times. These results, however, have to be 
taken with much precaution since some of the approximations may break down before such 
strong-coupling regimes are entered. 


In a conjecture was made that, as one approaches past infinity, there is a wide basin 


of attraction towards a trivial Milne geometry, which is nothing but a wedge of empty, 
‘lat Minkowski space in convenient ‘coordinates. If this conjecture were true, we would 
conclude that the asymptotic past of pre-big bang cosmology is indeed trivial. However, 
the conjecture was proved not to be quite correct [167, #23], through the construction of 


exact inhomogeneous solutions of various kinds. Only some of them exhibit a Milne-like 
behaviour at very early times, while, more often than not, the asymptotic past consists of 
weakly interacting waves, endowed with the symmetries of the solutions, travelling on top 
of a trivial background 423}, 629]. Examples of this kind were constructed by various 
techniques. 


In the case of cylindrical symmetry, exact, non-homogeneous and anisotropic solutions, 
containing both a dilaton and an axion fields, were already discussed in [61]. Up to a 
trivial time-reversal transformation, those solutions approach, near the late-time, a special 
case of the background (6.1), while, at very early times, an oscillatory behaviour prevails. 
The authors of have also discussed symmetry properties of the solutions under O(d, d) 
duality transformations. 


Inhomogeneous, cylindrical backgrounds for the bosonic massless modes of heterotic and 
type-IIB superstrings have also been obtained by applying T- and S-duality transfor- 
mations (as well as the usual Geroch transformations) to vacuum solutions of the Einstein 
equations exhibiting a two-dimensional group (G2) of Abelian isometries. The inhomoge- 
neous, string theory version of the Mixmaster (Bianchi-IX-type) cosmology, in particular, 
has been presented in 247]. Other inhomogeneous Einstein—Rosen string cosmologies were 
studied with a similar technique in (67, by applying the global duality symmetries of 
the superstring effective action to homogeneous models of Bianchi-V Jp-type. Again, in 
these solutions, the conjecture of an asymptotic-past Milne metric is not usually satisfied. 
New inhomogeneous string cosmologies were also obtained in by applying a discrete 
(mirror-like) symmetry of the string effective action to D = 4 to vacuum solutions of general 
relativity. 


On a more phenomenological ground, an interesting model containing a spherically sym- 
metric inhomogeneity was studied at the non-perturbative level in (62. Such a treatment 
allows the investigation of primordial black hole formation in string cosmology, an issue 
that we shall reconsider in the context of tensor perturbations in Section fj (see also [437]). 
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The question of how robust the existence of inflationary solutions is, in the presence of 
various axion-like backgrounds, was addressed in [248]; it was shown that in some cases the 
parameter space leading to inflation shrinks down to the empty set. Such a phenomenon 


may well be related to the generic existence of chaos and BKL oscillations, which will be 
discussed later, in Subsection B.59. 


The question of the asymptotic-past behaviour of inhomogeneous string cosmology was 
addressed in general in within G2 space-times, admitting two Abelian space-like Killing 
vectors. Once more, the asymptotic past, rather than empty and Milne-like, was found to 
contain weakly interacting waves. The inclusion of a Maxwell field was finally considered 
in [629]: even in this case, while the behaviour near the singularity is Kasner-like, the 
asymptotic past is filled with weakly interacting gravitational, dilatonic, and electromag- 
netic waves. 


As a general remark all these special, exact, non-homogeneous solutions (and general, 
quasi-homogeneous solutions) can shed important light on the evolution of perturbations 
discussed in Sections Ya, in particular when perturbation theory becomes inadequate. We 
shall occasionally make use of this connection later in this report. The conclusion that we 


wish to draw, for the time being, is that a simple structure in the asymptotic past (although 
‘not necessarily as trivial as Milne’s) can be consistently assumed for the generic solution. 


This suggests to replace the assumption of past regularity by a somewhat stronger postulate, 
that of asymptotic past triviality. Such a concept will be introduced and developed in the 
rest of this section. 


3.2. Asymptotic past triviality and symmetries 


We start from the general postulate that the pre-collapse, pre-big bang evolution of the 
Universe can be described in terms of the low-energy, tree-level action of string theory. 


Taking a generic closed superstring theory, this reads (see Section )): 
1 1 
S= 5x4 f dt+1z 4/|g|e~? [R + gt” O.ed,6 — 7 (4B) 23 Al ; (3.4) 


where dB is the (three-form) field strength associated with the antisymmetric tensor By. 
A further simplification comes from assuming that we are dealing with so-called critical 
superstring theory, the case in which the tree-level (and actually the all-order-perturbative) 
cosmological constant A vanishes. This requires a total of D = 10 space-time dimensions 
(B46). If D # 10 there will indeed be an effective cosmological constant O(Ay?) preventing 
the existence of any low-curvature solution of the field equations. 


Equation (B.4) receives corrections either when curvatures become O(A;7), or when the 
coupling e? becomes O(1). If such corrections are both negligible, it sometimes becomes 
useful to perform a change of variable by going to the E-frame, already introduced in the 
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previous sections. In general, this is done by defining [575 615]: 


Qu» = GwvemT O-%) E frame 


Using the Einstein metric g (and dropping the tilde), the result for the action (6.4) is simply: 
Lia f aati 1 1 A642 
s=-s\64 f ate ig) |R-a,00"6- Ge ™9(aB)| , (B16) 


where aa = e% 4! is the present value of the Planck length, if we take do to coincide 
with the present (constant) value of the dilaton. 


Although the use of the E-frame could simplify some calculations, and we shall see ex- 
amples of this below, it should be kept in mind that the form of the corrections is no longer 
so simple. For instance, as already stressed at the end of Secon higher-derivative cor- 
rections become important when the E-frame eurvature is O(\p7e7- 71% — )=2), ie. when it 
reaches a dilaton-dependent critical value. Similarly, having a constant Newton “constant” 
in this frame is a mere illusion, because (even tree-level) string masses now depend upon @ 
(as already illustrated in Subsection 2.5). For these reasons, although physical results are 
frame-independent, we shall always describe them with reference to the original S-frame 
metric in which the string length A, is constant. 


Let us finally remark that the two frames coincide today if the dilaton is eventually 
GED ED Sinilacly, 2s we shall sco, the CMD leads to 


a very large and negative value of the initial dilaton which, if finite, would also allow the 





identification of the two frames in the far past. However, the two E-frames that coincide 





with the S-frame at ¢ = too differ from each other by an enormous conformal factor, i.e. 
by a huge blowing-up of all physical scales. 


The classical equations that follow from varying (6.4) or (6.4), besides being generally 
covariant, are also invariant under a two-parameter group of (global) transformations acting 
as follows: 

e—>ote, Guv Mois (3.7) 


where \ and c are constant parameters (using general covariance, the latter symmetry is 
also equivalent to an overall rescaling of all the coordinates). Indeed, both actions are 
simply rescaled by a constant factor under this group. Note that these two symmetries 
depend crucially on the validity of the tree-level, approximation, and on the 
‘absence of a cosmological constant. Loop corrections clearly spoil invariance under dilaton 
shifts, while lower-derivatives (a cosmological constant) or higher-derivatives (a’) corrections 
spoil invariance under a rescaling of the metric. The importance of dealing with critical 
superstring theory now becomes evident: if wewould consider non-supersymmetric string 
theories, a cosmological constant would almost certainly be generated at some finite order 
of the loop expansion, which would change completely the large-distance properties and 
would spoil the symmetries of the field equations. 
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The immediate consequence of the above two symmetries is that solutions of the field 
equations depend on two free parameters, a dimensionless one related to the overall value 
of ¢, and a dimensionful one corresponding to an overall length scale. As a consequence, 


neither the value of the fundamental string length nor that of the Planck length are of 
‘relevance to the classical solutions. The importance of this point on the issue of fine-tuning 


will become clear later in this section. 


Only if (and when) the solutions are driven into the high-curvature regime will higher- 
derivative corrections (involving the string length) will become relevant and break scale 
invariance. The analysis presented in this section can only be trusted up to this point, or 
until the strong coupling regime is reached. Which of the two limitations will be reached 
first depends, in turn, on the two above-mentioned classical moduli. For sufficiently small 
initial coupling the high-curvature regime is encountered first, while, for sufficiently small 
initial curvature, the opposite is true. Both possibilities will be discussed in the last part 
of this report (see Section f§). 


As already mentioned, the way we now introduce (and exploit) the concept of APT 
in string cosmology parallels the familiar use of “asymptotic flatness” in general relativ- 
ity 3, 645, 613). In both cases some assumption of asymptotic simplicity is made, the 
asymptotic past in our case, spatial infinity in the more familiar case. It seems indeed 
physically (and philosophically) satisfactory to identify the beginning with simplicity. How- 
ever, simplicity should not be confused with complete triviality: a rigorously empty and 
flat Universe, besides being uninteresting, is also very special, i.e. non-generic. By con- 
trast, asymptotically trivial Universes, though initially simple, are also generic in a precise 
mathematical sense that we shall now discuss. 


In the weak-coupling, small-curvature, low-energy regime under consideration, all heavy 
string modes can be integrated out, and one is left with an effective theory of the massless 


fields. Some of these fields, the graviton, the dilaton, and the NS-NS two-form, are always 
present. Others (e.g. gauge fields and higher-order forms) may vary, depending on the 


particular superstring theory under study or, in an M-theory perspective, on the particular 
M-theory vacuum around which the generic solution is looked for. 


axion = Bmn 





For the moment, let us restrict our attention to those three universal massless Telds 
whose low-energy small-coupling dynamics is controlled by the effective action (B.4)). The 
general solution of the field equations, in this regime, will consist of an arbitrary linear su- 
perposition of (long-wavelength) gravitational, dilatonic and axionic waves. From the point 
of view of target space (taken here, for the sake of illustration, to be (3 + 1)-dimensional), 
the generic solution depends upon four arbitrary functions of three coordinates related 
to the metric, plus two more each for the dilaton and for the axion field associated to By. 
We will now see how these arbitrary functions appear in the asymptotic expansion of our 
fields. 


Let us assume, in accordance with APT, the existence, in the far past, of Bondi—Sachs- 
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AXION = KR!!! 


like coordinates r,v,6,y in which our fields, as r — oo, take the asymptotic forms 3, 45] 


Suv (v, 0 
Juv = Nw + fulvi649) pode g (3.8) 
and let us count the number of arbitrary functions needed to specify our initial data up to 
gauge transformations. This problem has been widely discussed in the general relativistic 
literature and the result (up to functions of less than three coordinates) is the one we have 
mentioned: a total of 4+2+2 = 8 functions of three coordinates are needed (see for instance 


B25)). 
Interestingly, there is an exact correspondence between this “target-space” counting and 


a “world-sheet” counting. In the latter, those eight arbitrary functions correspond to eight 
arbitrary functions of three-momentum entering the most general physical (i.e. on shell) 


vertex operator describing gravitons, dilatons, and the antisymmetric tensor field (which, 
in four dimensions, is equivalent to a pseudoscalar, also called Kalb-Ramond axion). It 


is amusing to compare this number with that of marginal operators, able to deform the 
trivial conformal field theory on a flat target space into another conformal theory. These 
are associated with physical vertex operators for the graviton, the dilaton and the NS-NS 
two-form (see for instance B46). It is easy to verify that such (1,1) vertex operators depend 
on the same number of arbitrary functions as our APT data. 


For instance, a physical graviton is associated with a vertex operator depending on two 
physical-polarization vectors, each of which depends arbitrarily upon the three-momentum 
of the on-shell graviton [B4q): 


Vig =e waoxox' es. ¢=1,2. (3.9) 


grav 


Similar considerations apply to the dilaton and two-form vertex operators. They lead to a 


total number of eight functions of space, needed to define the most general deformation of 
the conformal field theory around its flat space-time limit. 


From this point of view we see that APT conditions are generic, in a technical sense. 





Yet APT is not a general property of initial conditions. For instance, it looks as if, by 
choosing APT, we have eliminated the possibility of “white holes”, objects that can emit 
but not absorb matter and that could possibly violate the second law of thermodynamics. 
In a sense, by our APT postulate, we are enforcing the second law, at least in that part of 
space-time that will give rise to our Universe. 


3.3 Pre-big bang inflation as gravitational collapse 


For simplicity, we will only illustrate here the simplest case of gravidilaton system already 
compactified to four space-time dimensions. Through the field redefinition (3.5), our prob- 


lem is reduced to the study of a massless scalar field minimally coupled to gravity. It is 
ell known that such a form of matter cannot give inflation (since it has positive pressure). 
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Instead, it can easily lead to gravitational collapse. Thus, in the E-frame, the problem 


becomes that of finding out under which conditions gravitational collapse occurs, if asymp- 


totically trivial initial data are assigned. Gravitational collapse usually means that the 


However, typically, the dilaton blows up at that same singularity. Given the relation (B.5) 


between the Einstein and the (physical) string metric, we can easily imagine that the latter 
blows up near the singularity, as implied by the phase of dilaton-driven inflation illustrated 
in Section By. 





How generically does a gravitational collapse take place? Let us recall the singularity 
theorems of Hawking and Penrose 14, 372], which state that, under some general assump- 
tions, singularities are inescapable in general relativity. Looking at the validity of those 
assumptions in the case at hand, one finds that all but one are automatically satisfied. The 
only condition to be imposed is the existence of a closed trapped surface (a closed surface 
from which future-directed light rays converge). Rigorous results show that this condi- 
tion cannot be waived: sufficiently weak initial data do not lead to closed trapped surfaces, 
to collapse, or to singularities. Sufficiently strong initial data do. But where is the border- 
line? This is not known in general, but precise criteria do exist for particularly symmetric 
space-times, e.g. for those endowed with spherical or plane symmetry (see Subsection B.4). 


However, no matter what the general collapse/singularity criterion will eventually turn 
out to be, we do know, from the classical symmetries described in the previous subsection, 
that such a criterion cannot depend either on an overall additive constant in ¢, or on an 
overall multiplicative factor in gyp. 


A characterization of APT initial data can be made (129) following the pioneering work 
of Bondi, Sachs, Penrose, and others. Since our initial quanta are assumed to consist of 
‘massless gravitons and dilatons, their past infinity is null: it is the so-called Z~ boundary of 
the Penrose diagram (see Fig. B.1]). APT means that dilaton and metric can be expanded 
near Z~ in inverse powers of r — oo, while advanced time v and two angular variables, 0 
and y, are kept fixed. We shall thus write: 


(2°) = bo + foie) +0 (=) (3.10) 
uw (2?) = Nv + futon) +0 (=) (3.11) 


The null wave data on Z~ are: the asymptotic dilatonic waveform f(v,0,y), and two polar- 
ization components, f+(v,0,y) and fx(v,0,y~), of the asymptotic gravitational waveform 
fuv(v,9,~), whose other components can be gauged away. The three functions f, f,, fx 
of v,@,y are equivalent to six functions of r,0,y with r > 0, because the advanced time v 


ranges over the full line (—oo,+00). This is how the six arbitrary functions of the generic 


solution to the gravidilaton system are recovered. 
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Figure 3.1: Penrose diagram for a possible model of complete string-cosmology scenario. 


Of particular interest here are the so-called News functions, simply given by 
N(v, 0,9) = Ov f(v, 9, 9), Ny = Ov fis, Ny = Ov fr; (3.12) 


and the “Bondi mass” given by: 


WEN) = = | com_e,6,9) ie (1 7 ae +0 (=) (3.13) 


The Bondi mass and the News are connected by the energy-momentum conservation equa- 
tion, which tells us that the advanced-time derivative of M_(v) is positive-semidefinite, and 
related to incoming energy fluxes controlled by the News: 


or) = : [eo (N? + NZ + NZ). (3.14) 

The physical meaning of M_(v) is that it represents the energy brought into the system 

(by massless sources) by advanced time v. In the same spirit, one can define the Bondi 

mass M,(u) at future null infinity Z*. It represents the energy still present in the system 

at retarded time u. If only massless sources are present, the so-called ADM mass is given 
by 

M_(+c00) = M,(—co) = Mapn , (3.15) 


while M_(—oo) = 0, and M,(+00) = Mc represents the mass that has not been radiated 
away even after waiting an infinite time, i.e. the mass that underwent gravitational collapse 


[164]. Collapse (resp. no-collapse) criteria thus aim at establishing under which initial 
conditions one expects to find Mc > 0 (resp. Mc = 0). 
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Since, as we shall see in the particular case of spherical and planar symmetry, collapse 
criteria 7) do not involve any particularly large number, and 72) do not contain any intrinsic 


scale, but just dimensionless ratios of various classical scales, we expect: 


e Gravitational collapse to be quite a generic phenomenon. 


e Nothing to be there to fix either the size of the horizon or the value of ¢ at the onset 
of collapse. 


undergo gravitational collapse and will form horizons and singularities therein. When this 
is translated into the S-frame, regions of space-time within the horizon actually undergo a 


‘period of inflation in which the initial values of both the Hubble parameter and ¢ are left 
arbitrary. In Subsection we shall see that such an arbitrariness provides an answer to 
the fine-tuning allegations that have been moved bss} to the pre-big bang scenario. 
Before dealing with that issue, however, we shall discuss in the following two subsections 
cases endowed with special isometries, for which much more is known than for the general 
case. 


3.4 The case of spherical and planar symmetry 


In the spherically symmetric case, many authors have studied the problem of gravitational 
collapse of a minimally coupled scalar field, both numerically and analytically. In the 
former case we should recall the existence of well-known results pointing at mysterious 
universalities near critical collapse (i.e. at the borderline situation in which the collapse 
criteria are just barely met). In this case, a very small black hole forms. This is not the case 
we are really interested in, for the reasons we just explained. We shall thus turn, instead, 
to what happens when the collapse criteria are largely fulfilled. For this we make use of the 


classical results presented in [163, [165], [L6q]. 


In the case of spherical symmetry there are no gravitational waves, so that null wave 
data consist of just an angle-independent, asymptotic dilatonic waveform f(v), with the 
associated scalar News N(v) = f’(v). A convenient system of coordinates is the double null 
system (u,v), such that 


}= o(u,v), ds? = —0? (u,v) dudv + r?(u, v) dw” , (3.16) 


where dw? = dé? + sin? @dy*. The field equations are conveniently re-expressed in terms 
of the three functions ¢(u, v), r(u,v) and m(u,v), where the local mass function m(u, v) is 


defined by: 


2m 4 Or Or 
ee LV Se ee 
1 ~ =9 (Opr) (Or) 2 du Do’ (3.17) 
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One then gets the following set of evolution equations for m, r and ¢: 











Or Om 2n\ r?2 (Ob? Or Om r? 

rae Ta (.-=) 7 (52) r O55 OG =(1-- =) ry (3) ay 
Or 2m Or Or Oo Or OP 5. Or Od 

"Buby 7r—2m Ou dv’ | dudv carr du Ov Bp ou = eH) 


The quantity 


2m(u, v) 


p(u,v) = " (3.20) 


plays a crucial réle in the problem. If 4 stays everywhere below 1, the field configuration will 
not collapse but will finally disperse at infinity as outgoing waves. By contrast, if the mass 
ratio j4 can reach anywhere the value 1, this signals the formation of an apparent horizon 


__ ge Sanarerenermenaet whose location is indeed defined by the equation p(u,v) = 1. 
e above statements are substantiated by some rigorous inequalities (L664), stating that: 


Or om Or om 
os ae gp Hw) > 9, vn 


Thus, in weak-field regions (4 < 1), we have O,r > 0, while, as w > 1, we have O,r < 0, 


=p) <0: (3.21) 


meaning that the outgoing radial null rays (“photons”) emitted by the sphere r = const be- 
come convergent, instead of having their usual behaviour. This is nothing but the signature 
of a closed trapped surface. 


The emergence of a closed trapped surface implies the existence of a future singular 


boundary 6 of space-time where a curvature singularity occurs [87], [169]. Furthermore, 


the behaviour of various fields near the singularity is just that of a quasi-homogeneous 
phase of dilaton-driven inflation as described by Eqs. (B.1)). This highly non-trivial result 


strongly supports the idea that (pre-big bang inflation in the S-frame is the counterpart of 





Reference [165] gives the following sufficient criterion on the strength of characteristic 
data, considered at some finite retarded time u 


iat E ios (3) 0r8 1 . (3.22) 
r 


T2 


where r; and rg define two spheres, such that r, < rg and ro < 3r)/2, , Ar = 1rg-—1) 
is the width of the “annular” region between the two spheres, and Am = mg —m, = 
m(u,r2)—m(u,7r1) is the mass “contained” between the two spheres, i.e. more precisely the 
energy flux through the outgoing null cone u = const, between r; and rg. Note the absence 
of any intrinsic scale (in particular of any short-distance cut-off) in the above criterion. 
The theorem proved in is not exhausted in the above statement. It contains various 
bounds as well, in particular: 7) an upper bound on the retarded time at which the closed 
trapped surgace (i.e. a horizon) is formed, ii) a lower bound on the mass, i.e. on the radius 
of the collapsing region. 
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The latter quantity is very important for the discussion of the previous subsection since 
it gives, in the equivalent S-frame problem, an upper limit on the Hubble parameter at the 
beginning of the phase of inflation. Such an upper limit depends only on the size of the 
advanced-time interval satisfying the collapse criterion; since the latter is determined by the 
scale-invariant condition (8.22), the initial scale of inflation will be classically undetermined. 


The above criterion is rigorous, but probably too conservative. It also has the short- 
coming that it cannot be used directly on Z~, since u — —oo on Z~. In Ref. a less 
rigorous (or less general) but simpler criterion, directly expressible in terms of the News (i.e. 
on Z~), was proposed on the basis of a perturbative study. It has the following attractive 


form: 
sup Var(V(2))ectosa) > C= O(1/4), (3.23) 
vy <v9 
where: 
Var (N (2) ) eetiniant = CN (2) =) aaa) ef wal (3.24) 


Thus Var (9) jx; ,7) denotes the “variance” of the function g(x) over the interval [vj, v2], i.e. 
the average squared deviation from its mean value. 


According to this criterion the largest interval satisfying (B.23) determines the size of 
the collapsing region and thus, through the collapse inflation connection, the initial value of 
the Hubble parameter. It would be interesting to confirm the validity of the above criterion, 
and to determine more precisely the value of the constant appearing on its r.h.s., through 
more analytic or numerical work. This problem has been studied by two perturbative nu- 
merical analyses 469, and also, more recently, by a numerical approach that takes into 
account the full non-linear evolution AsO], and stresses the possible role of non-linearities 
in triggering the collapse of a long train of low-amplitude waves, even though the criterion 
(8.23) would suggest that they remain perturbative. 


Let us discuss now another toy model example of gravitational collapse, that of the 
collision of plane waves, following closely Refs. and {101}. The advantage of this 
case is that it can often be solved analytically, thereby providing a useful laboratory for 
investigating properties that we would like to be shared by more realistic situations (see 
some comments at the end of this subsection). For this reason we shall treat this example 
in considerable detail. 


In order to include eventually the NS-NS two-form, we will start from the low-energy 
effective action in a form that already exhibits the O(d,d) non-compact symmetry expected 
from the d = D—2 Abelian isometries of the problem} This is achieved by working with a 
“reduced action” living in the non-trivial (two-dimensional) subspace spanned by time and 
by the common direction of propagation of the two waves. Following we write: 


a St al 
S= / de de! /=Ge~* | R+ AG" + ST (2.0~19"m) | | (3.25) 
In this subsection, for simplicity, we have denoted by d what in the rest of the report would be d-— 1. 
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Here the metric g,, is taken to be block-diagonal, with blocks gj; and gag (the Roman 
indices (7,7,...) span the transverse directions, while the Greek indices take the values 0 
and 1). We arranged the components gj; in a d-dimensional matrix G and the non-vanishing 
components B;; in another matrix B. M is then the usual 2d-dimensional matrix containing 
G and B (see Eq. (2.59)), while 6 = ¢ — (1/2) log det G + constant is the corresponding 
shifted dilaton (see Subsection [1.4). The reduced action is manifestly invariant under 
the global O(d,d) transformations (2.62). 


The corresponding equations of motion are written most conveniently by going to the 
conformal gauge for the 2-metric, gag = ef Nog, and by working with “light-cone” coor- 
dinates, V2u = (#° — a!'), V2u = (a° + x!). They take the explicitly O(d, d)-invariant 
form 


AuDvexp(—) =0, Iu (e?M~19)M) + dy (e-®M~10,M) = 0; (3.26) 
- = d 

a6 — Oy FOud + eo (a.M~'d,M) =0, and the same withu—v; (3.27) 

9,5 — IyOyF + =Te (IuM—'yM) = 0. (3.28) 


The two colliding waves are defined as having their fronts at u = 0 and v = 0, and thus to 
collide at u=v =0 (ie. at 2° = x! = 0). The two waves are not assumed to be impulsive, 
i.e. their energy density can have any (finite) support at positive u and v, respectively. 


Space-time is naturally divided in four regions: Region I, defined by u,v < 0, is the 
space-time in front of the waves, before any interaction takes place. It is trivial Minkowski 
space-time with B = 0 and a constant perturbative dilaton (exp(¢o) < 1). It will be 
convenient to fix the constant in the definition of ¢ so that, in region I, ¢ = 0. Region 
II, defined by u > 0, v < 0, represents the wave coming from the left before the collision. 
Metric and dilaton depend only on u: 


dst, = —2dudv + Gi}(u)da'de’, By =Bi(u), ¢=¢4'(u), (3.29) 
and we can consistently set / = 0. Region III can be similarly described up to interchange 
of u and v. Note that we have not assumed any special shape for G, so that our results, 


so far, hold irrespectively of the polarization of the waves. Finally, in region IV (u > 0, 


v > 0), ie. in the interaction region, we write 
ds, = —2e" dudv + Giy dx‘ de’, (3.30) 


and F, G!Y, ¢'V and B'Y are all functions of both u and v. Of course, the metric must be 
continuous along with its derivative on the boundary lines between the four regions. The 
same must be true for the dilaton @ and the antisymmetric field B. 


Let us begin by solving the equations in region II. The only non-trivial equation is (8.27), 
which (dropping the subscripts IT) reads 


6 = ot (mar) '], (3.31) 
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where the dot indicates the derivative with respect to u. It is now useful to change variables 
from u to u, with 


ame a (3.32) 


After some algebra we can rewrite (8.31) as: 


eG/d (<#/e)" _ 59" _ 5 {t (ce) —Tr [(o-1B") i \ (3.33) 


where (1G) is the traceless part of (ca), and the prime denotes the derivative with 
respect to w. 


It can easily be shown that all terms on the r.h.s. of Eq. (8.33) are negative-definite. 
Hence, for any non trivial wave, e~9/ @ which is constant and identically equal to 1 in 
region I, must acquire a non-vanishing, negative, and never increasing derivative in region 
II. Thus, e~#/4 must vanish at some finite @ = &*. Returning now to the coordinate u, we 
see that, if the dilaton is bounded (a necessary assumption if we want to use the tree-level 
effective action), there exists a finite u = u* where e~ 9/4 vanishes. Correspondingly, also 
det G vanishes, and the metric of the transverse space will collapse to zero proper volume, 
thereby producing a (coordinate) singularity. The same arguments can be repeated in region 
III, where det G has to vanish at some finite v = v*, with @ — +00. These conclusions 
generalize a well-known result in D = 4 general relativity 574, to any D and to non 
trivial antisymmetric fields, . 


Let us finally analyse region IV (where the interaction between the two waves occurs) 
dropping, for simplicity, the subscript IV from all functions. We begin by using Eq. (8.24), 
which tells us that e~? is the sum of a function of u and a function of v. The unique function 
of this type that matches the boundary conditions with region I is 


eo P(Usv) — eo Pu(%) ne ee”) — 1]. (3.34) 


We see that e~%”) must vanish on a hypersurface that joins the coordinate singularities 
in regions II and III and is contained in the region u < uo, v < vp within region IV. 


Let us now introduce two new sets of coordinates that simplify the analysis in region 
IV. One set is of the light-cone type: 


f=) = 2e~Fn) — 1, Ss) = Qe~eu) — 4, (3.35) 


while the second set is of the t — x kind: 


1 = 
E — a + Ss) = eur) ~N —t, (3.36) 
oe 5 (s —r) = e7 Pu — ¢-Fm), (3.37) 


Note that the coordinates r, s run from +1 to —1 in region IV, with their sum always positive 
except on the singular boundary where r + s = 0. Going from the original coordinates to 
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either of the new sets changes only the conformal factor of the 2-metric. We may thus write: 
dsty = —ef dé? + efdz* + Gijdx'da) = —2efdrds + Gijda'dx) , (3.38) 

while the shifted dilaton is simply 
o = —logé = — log(r + s)/2. (3.39) 


Let us discuss in some detail the case of B = 0 and parallel polarized waves following 
(P45). In each region, we take a diagonal G with Gy = ertyi where 5+ yy; = 0 and A = 
(1/d) log det G goes to —oo at u = u* in region II, and at v = v* in region III. In the new 
coordinates, Eq. (6.24) becomes trivial, while the equations for the 7; and » are decoupled 
and can be solved separately. They are also formally the same, so the solutions have the 


same structure [574]: 


1 
-(r+ s)3 vy (ia) = [es [a + s)2yi(l, s')| af 4 i iu  ESaITES 
(1 — 8) (r’ — 3 . (3.40) 


1 
+ far’ [a+ryboc a] Py i+ 2g 


iv 
where P_j/2(x) are Legendre functions written in standard notation, and the commas denote 
partial derivatives. The same expression holds for A, with the obvious replacements. At 
this point ¢ can easily be recovered once \ and ¢ are known. 


We see that A and the y; are singular on the hypersurface € = r+ s = 0. So, in 
a very general way, we find that the collision of two plane waves leads to a (curvature) 
singularity in the space-time, whatever the number of dimensions. Although we do not 
have, at the moment, such an explicit solution for the general case, the discussion given in 


the previous section makes us believe that a curvature singularity will always emerge along 
the hypersurface € = 0. 


For the solutions (B.49), the asymptotic behaviour for € — 0 is easily found by taking 
the large-argument limit of the Legendre function [574] (see also {63d]): 


Wi (Sz) ~e(z)logg,  A(E,z)~K(z)logg, — fF (6,2) ~ a(z) logé. (3.41) 


The coefficients multiplying the logarithm are functions of z, whose range, on the singular 
surface, goes from —1 to 1. One easily finds 


= See [ee[aratvan], (2) 








1 1 
tos | ar [a+r)? ven] . (=) (3.42) 
a(Z)= >> e (z)+ on? (z)-1, (3.43) 
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with «(z) given by the same expression as €;, but with 7; replaced by A. The sum of the ¢; 
must be zero according to the definition of the y;. 


The asymptotic form of the metric is 


dst, = —¢9(2) gg? i EU) gz? ey ers(2) S_ Ee) (ax')” (3.44) 
while F 
on — (1 + se(2)) log€ . (3.45) 


2 
Going over to cosmic time € = ¢t#@2 gives the metric in Kasner form with exponents 


pi (2) = 2) 


K(z) + &; (z) 
(z) +2’ ; 


a(z)+2 ee 


pi(z) = 


The following relations are immediately verified: 
D-1 D-1 
o= (> Pa (2) — : loge; Som @a1. (3.47) 
a=1 a=1 


The behaviour of the fields near the singularity is thus of Kasner type, modified, as 
usual, by the presence of the dilaton. Note that, at the two tips of the singularity, ¢€; and k 
diverge in such a way that the Kasner exponents near the tips are simply p; = 1, p; = 0. 
This corresponds to a (contracting) Milne-like metric, which, being non-singular, nicely 
matches the non-singular behaviour in regions II and III. Away from these two points, k 
and ¢; can take any value: it is easy to verify that the whole Kasner sphere can be covered 
by appropriately choosing the initial data. 


It may be interesting to note that, in such a context, it is possible to estimate the 
entropy generated by the non-linear interaction of the incoming waves, before the Universe 
enters the phase of inflation, during the intermediate phase dominated by both the velocity 
and spatial gradients [246]. The total produced entropy is of the order of the product of the 
focal lengths of the two incoming waves (in Planck units), and satisfies the entropy bounds 
that will be discussed in Section (8.4. 


Let us finally perform O(d,d) boosts on our solutions, in order to introduce a non-trivial 
Buy field. We will refer to {ioj] for a full discussion and only summarize here the final result. 
Cosmologies with non-trivial B,, that can be obtained, by an O(d,d) transformation, from 
a metric having Kasner behaviour near the singularity, generally contract in all dimensions. 
In even dimensions, at least one inflates when the original metric has just one inflating or just 
one contracting dimension. In odd dimensions, if the O(d,d) transformation has det Q = 0 
and we start from a full inflating metric or from a metric with one inflating dimension, then 
we are left with one inflating dimension. If det P = 0, then one dimension inflates when we 
start from a full contracting metric or from a metric having just one contracting dimension. 
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We should also recall that none of the O(d,d) transformations affects the gj; component of 
the metric, which, therefore, can either inflate or contract. 


How do these results generalize to more realistic situations such as the head-on collision 
of two plane-fronted waves, with a transverse profile that extends only over a finite range? 
Unfortunately such cases cannot be dealt with analytically, and numerical results are not 
available either, as far as we know. There have been claims [630], however, that black holes 
(and singularities therein) are inevitably formed, provided certain conditions are met. 


Consider, an an example, two identical waves of transverse size L, moving head on 
against each other, and carrying, in the centre-of-mass frame, energy density (per unit 
area) p. The conjecture [630] is that a black hole of mass O(pL?) will form, provided 


L>c(Gp)", (3.48) 
where c is a number O(1). 


This conjecture appears to be confirmed by applying a recently proposed method [228] 
for determining when black holes are formed in point-like particle collisions at finite impact 
parameter. A simple extension of that method to two finite-size massless waves shows 
that Eq. (B.48) is indeed a good criterion for black-hole formation with c < 1/47. 


3.5 Adding p-forms and BKL chaotic behaviour 


We have already mentioned that adding a NS-NS two-form to the background strongly re- 
‘duces the parameter space available for inflating the Universe (in string units). However, 
very generally, a smooth Kasner-like behaviour is still generically valid near the singular- 
ity. Spatial gradients become small with respect to time derivatives, and solutions become 
velocity-dominated, thereby solving, at least in principle, the flatness/homogeneity prob- 
lems. 


This result appears to be in contrast with what is known to happen in a standard general 
relativity context. Indeed, Belinskii, Khalatnikov and Lifshitz (BKL) postulated a long time 
ago [ff] that the approach to a biglerinch singularity’ (the time:reversal (of our Sittation) is 
typically chaotic, in contrast with the naive expectation that, near the singularity, kinetic 
terms should dominate over spatial gradients since 8) R ~ aW2 < R~ t7?, for a scale 
factor going to zero with a small power of t. This would certainly be true for an isotropic 


(general relativistic) Kasner solution, 


oe) oe Hh 
the only non-trivial vacuum cosmologies are anisotropic. 


As a consequence, there are gradient terms that are subdominant and others that, 





instead, grow faster than the extrinsic curvature itself (the expansion contribution to cur- 
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BKL oscillations 


vature), and start dominating at some point. When this happens the Kasner exponents 
suddenly change and a new Kasner epoch starts, until another spatial gradient dominates 
..., and so on indefinitely. One can visualize this behaviour as the motion of a particle in 
a billiard, where the Kasner-like phases are the straight motions while the sudden changes 
in the Kasner exponents correspond to reflections. Unless the “billiard” in question is par- 
ticularly simple, a chaotic behaviour then follows. This phenomenon goes under the name 
of BKL oscillations. 


It was known for some time that BKL oscillations occur in general relativity for any 
D < 11. However, the phenomenon was known to disappear if a massless, minimally coupled 


scalar field is added. The dilaton of string cosmology is just such a field, and therefore BKL 
oscillations do not appear in gravidilaton string cosmology, as explicitly shown in 8]. One 


way to see this is to realize that, in the presence of a dilaton, an isotropic solution is perfectly 
allowed, and therefore all spatial gradients can be kept under control. Thus, possibly after a 
small number of oscillations, the Kasner exponents end up in a region (close to the isotropic 
point) where no more oscillations occur until the singularity. 


‘Adding the NS-NS two-form does not appear to change the situation with respect to 


BKL oscillations, as shown in many of the examples of inhomogeneous string cosmology 
discussed in Subsection B. 1]. The same is true in the presence of various kinds of axion 
fields (see e.g. the case of the Type IIB string cosmology discussed in [248]), or in the 
context of the gravidilaton—axion—Maxwell system giving rise to inhomogeneous Gowdy- 
type solutions (500), 629]. On the basis of these examples it was believed for some time that 
BKL oscillations were the exception, rather than the rule, for string cosmology. 


The surprise came when it was pointed out [199, [L9I] that BKL oscillations reappear 
‘generically if all the massless bosonic background fields of superstring theory (or M-theory) 
‘are turned on. Note that, even under the assumption of asymptotic past triviality, there 
is no reason to artificially put to zero any of these massless backgrounds. According to 
APT, the generic initial state should be an arbitrary superposition of weakly interacting, 
low-frequency waves of all kinds. Setting arbitrarily to zero some of them would amount to 
fine-tuning the initial state, and could even be unstable under quantum effects. 


The emergence of chaos discovered in (190, [197] could have been anticipated, since 
we can view the gravidilaton system in D = 4 as coming from dimensional reduction 
of a pure gravity theory in more dimensions. Upon dimensional reduction, the higher 
dimensional graviton generates both the dilaton and additional gauge fields. The electric 


and/or magnetic components of these fields, unless artificially turned off, will grow and 
cause BKL behaviour. Let us now go in some length into this matter, nevertheless referring 
to the original articles for full details. 


The starting point is the low-energy tree-level bosonic action of a generic string theory 
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(or of M-theory) which, in the Einstein frame, can be written in the form: 


2 / Pag Rta) ++ epee) (3.50) 
Pp 


where the index p labels the various p-forms that are present in a given superstring model, 
and cp, Ap, are numerically coefficients. There are actually possible additional terms, e.g. 
Chern-Simons terms, but these are not relevant to this discussion. One then assumes the 
inhomogeneous-Kasner ansatz of Subsection B. 1] rewritten in the Einstein frame as: 


= dt? — Da Lgyprele dat dx’, = py log(—t), 


r=); — ae (3.51) 
a a 


In order to check whether such a non-chaotic, non-oscillatory ansatz is an asymptotic 
solution one has to check whether all neglected terms remain parametrically small as t > 0. 
Several terms are possibly dangerous. Dilaton gradients are always harmless, but metric 
gradients are “down” with respect to the time-derivative terms by a factor |t|?%*, where 
gijk is the following combination of Kasner exponents, gij, = 1+ pi — pj — pr. In order 
for these terms to be negligible, it is necessary that all jj; be positive. Furthermore, the 
equations of motion for the various forms turn out to imply the constancy of both the 
1..jp4i1 and of the “electric” components, ger re, of the 
field strength F,4, = dA,. When such a result is inserted back in the complete equations of 


“magnetic” components, F; 


motion one finds further constraints on the Kasner exponents and on the “dilaton couplings” 
Xp, which need to be satisfied in order for the solution (B.5])) to hold. 


as well as in D = 11 supergravity (the low-energy limit of M-theoty), the couplings Ap are 


just what is needed to reduce the parameter space for the validity of (6-51) to a set of zero 
measure. The generic case is instead chaotic, and can be described in terms of motion on a 
billiard in a 9-dimensional hyperbolic space (193). The reflection rules in the billiard form a 
group that turns out to be the Weyl group of the hyperbolic Kac—Moody algebras of Eo or 
BE jo, depending on the particular superstring theory under consideration. Similar groups 


were also found to emerge in the case of Kaluza—Klein compactification of pure gravity in 
D=d+1> 4 [194]. The Weyl group is now related to the Kac-Moody algebra AEg, 





Let us finally mention a connection between the BKL chaotic behaviour and the peculiar 
features of some homogeneous string cosmology models, in particular those with a non- 
trivial antisymmetric field B,,,. We have already seen that the presence of such a backgound 
tends to reduce drastically (if not completely) the phase space left for inflationary pre-big 
bang behaviour. In Ref. (92) it was shown that this can be understood again as motion in 
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a billiard. Whenever the initial Kasner exponents are such as to give inflation, some walls 
are hit a certain (finite) number of times until the ensuing reflections bring the S-frame 
Kasner exponents to be positive, thereby stopping the inflationary behaviour and turning 
it into a contraction. 


From the physical viewpoint the implications of all these results are not so obvious, 
also because the conditions for BKL behaviour are just met at the tree level and to lowest 
order in a’. It is possible that the inclusion of either a’ or loop corrections will bring the 
oscillations to a stop (after a relatively small number of them [L90, [[97]}). It is not clear, 
however, which kind of string-scale-curvature hypersurface will be generated by the whole 
process. It is unlikely that it will be very simple and homogeneous, but it is not obvious that 
it will not contain isotropic and homogeneous enough patches for our Universe to emerge 
from. 


3.6 Is pre-big bang cosmology fine-tuned? 


The two arbitrary parameters discussed in the previous subsection are very important, since 
they determine the range of validity of our description. In fact, since both curvature and 
‘coupling increase during the initial phase of dilaton-driven inflation, the low-energy and/or 
tree-level description is bound to break down at some point. The smaller the initial Hubble 
parameter (i.e. the larger the initial horizon size) and the smaller the initial coupling, the 
longer we can follow the phase of low-energy inflation through the effective action equations, 
and the larger the number of reliable e-folds we shall gain. 


This does answer, in our opinion, the objections raised B83} to the pre-big bang scenario 
according to which it is fine-tuned. The situation here actually resembles that of chaotic 
inflation [439]. Given some generic (though APT) initial data, we should ask which is 
the distribution of sizes of the collapsing regions and of couplings therein. Then, only the 
“tails” of these distributions, i.e. those corresponding to sufficiently large and sufficiently 
weakly coupled regions will produce Universes like ours, the rest will not. The question 
of how likely a “good” big bang is to take place is not very well posed and can be greatly 
affected by anthropic considerations [L29]. Furthermore, asking for a long enough period of 
low-energy inflation amounts to setting upper limits on two arbitrary moduli of the classical 
solutions. 


Figure is a (2+ 1)-dimensional sketch of a possible pre-big bang Universe: an origi- 
nal “sea” of dilatonic and gravity waves leads to collapsing regions of different initial size, 
possibly to a scale-invariant distribution of them. Each one of these collapses is reinter- 
preted, in the S-frame, as the process by which a baby Universe is born after a period of 
pre-big bang inflationary “pregnancy”, the size of each baby Universe being determined by 
the duration of the corresponding pregnancy, i.e. by the initial size of (and coupling in) 
the corresponding collapsing region. By using, in particular, the result of Eq. (2.110) one 
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Figure 3.2: Qualitative space-time illustration of the possible birth of pre-big bang Universes 
from a chaotic sea of gravidilaton waves. Each baby Universe is simultaneously represented 
in the S-frame (like an expanding cone) and in the E-frame (like a shrinking hole), and it 
is followed for an increasing time interval as we move upward in the figure. 


finds that, in d = 3, regions initially larger than 10!°A, (namely, larger than 107° cm if 
As ~ Ap ~ 107% cm) can generate Universes like ours, while smaller ones cannot. 


A basic difference between the large numbers needed in (non-inflationary) FRW cosmol- 
ogy and the large numbers needed in pre-big bang cosmology, should be stressed. In the 
former, the ratio of two classical scales, e.g. of total curvature to its spatial component, 
which is expected to be O(1), has to be taken as large as 10°. In the latter, the above 
ratio is initially O(1) in the collapsing/inflating region, and ends up being very large in 
that same region, thanks to the inflation. However, the (common) order of magnitude of 
these two classical quantities is a free parameter, and it is taken to be much larger than the 
classically irrelevant quantum scale. Indeed, the smallness of quantum corrections (which 
would introduce a scale in the problem) was explicitly checked in B43]. 


An example of what we have just said is the case of the collision of two finite-front 
plane waves. It is clear from Eq. (8.49) that all that matters is the ratio of two geometrical 
classical quantities, the transverse size L and the focal distance (Gp)~'. Neither the Planck 
nor the string lengths appear in the collapse criterion. Even the appearance of the Newton 
constant in (8.49) is somewhat misleading: as always in the context of classical general 
relativity, the Newton constant can be removed by a convenient choice of units of energy, 
and then everything reduces to geometrical quantities. 


We can visualize analogies and differences between standard and pre-big bang inflation 
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by looking again at the two cases of Figs. and (1.3). The common feature in the two 
pictures is that the fixed comoving scale corresponding to the present horizon was “inside 
the horizon” for some time during inflation, possibly very deeply inside at its onset. The 


difference between the two scenarios is just in the behaviour of the Hubble radius during 
inflation: inereasing’ in’ standard inflation, decreasing in string cosmology. Thus, while 
standard inflation is still facing the initial-singularity question, and needs a non-adiabatic 


phenomenon to reheat the Universe (a kind of small bang), pre-big bang cosmology faces 


the singularity problem later, combining it with the exit and heating problems (see Section 


i). 





A much more relevant objection to this approach to initial conditions is the one raised 
in [192]. If the initial conditions are to be really generic (although satisfying APT), 
then all massless waves should be allowed. Already with antisymmetric tensor waves the 
phase of dilaton-driven inflation is becoming non-generic, while, when all massless forms are 
included, BKL behaviour seems to be the generic situation, at least before strong curvature 
and/or strong coupling is reached. Understanding the fate of such evolutions calls for 
a deeper understanding of how string effects may resolve the singularity problem (to be 
discussed in Section fg). 


4 Amplification of quantum fluctuations fundamental!!! 


If we accept, at least as a working hypothesis, the idea that the pre-big bang scenario illus- 
trated in the previous sections might represent a possible candidate for a self-consistent rep- 
resentation of the primordial cosmological evolution, we are eventually led to the following 
fundamental questions: Is it possible to find phenomenological effects that can differentiate 
the pre-big bang scenario from other, more conventional inflationary scenarios, and Are 


such differences observable today, at least in principle? 


In order to answer this question we may note that the accelerated evolution of the 
Universe is a process accompanied by the production of an enormous amount of radiation. 
Almost all types of fields are excited, and particles are copiously produced, with an effi- 
ciency that reaches its maximum during the explosive “big bang” regime. By studying the 
properties of the relic cosmic backgrounds we may obtain information about the very early 
state of the Universe, just as by studying the quantum numbers of the particles produced 
in a decay process we can get information on the quantum state of the system before the 
decay. 


From the various mechanisms of radiation production, active on a cosmological scale, we 
will consider here th 
because it is typical of all backgrounds with accelerated kinematics, and it is effective in all 
inflationary scenarios. It thus represents a good “indicator” of the dynamics of the early 
Universe (B49, B50, and an appropriate starting point to discriminate among different 
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inflationary models. 


Although in this section we will mainly concentrate on the study of the metric fluc- 
tuations, our discussion can be easily applied to the evolution of the fluctuations of any 
background field. The convenient formalism to be adopted for the study of this process is 
the theory of cosmological perturbations (see (94, 133] for two excellent and comprehen- 
sive reviews), which provides a straightforward and (in principle) simple approach to the 
problem. According to this approach, given a set of background field equations 


Guy = Tw; (4.1) 
the standard procedure is to perturb (to first order) the metric and the matter sources: 
Guy = g = Bais Tw = 0) = BOT ais (4.2) 


expanding around a given cosmological solution. By using the unperturbed equations for 
the bakground fields, a! = E one easily obtains a system of linear equations describing 
the evolution of the first-order fluctuations of the metric and of the matter fields, 


OG y= OO Ti (4.3) 


and can then discuss, on the basis of these equations, the amount of radiation production. 


This perturbative approach is the same for all cosmological scenarios. There are two 
important differences, however, that characterize pre-big bang models with respect to other 
inflationary models. 


The first difference concerns the higher-dimensional and scalar-tensor (i.e. gravidilaton) 
nature of the string cosmology backgrounds. As a consequence, there are possible contri- 
butions to the amplification of the fluctuations not only from the inflation of the three- 
dimensional space, but also from the dynamics of the extra-dimensions p64, [2071 B96], 
and from the time evolution of the coupling constants (i.e. of the dilaton), as first pointed 
out in [299]. The amplification of the perturbations thus becomes possible also for fields con- 
formally coupled to the 3-dimensional metric, unlike in the standard cosmological scenario 
pd. 

The second difference concerns the growing character of the background curvature and 
of the couplings. In such a background the quantum fluctuations start evolving from an 
asymptotically flat, zero-coupling state, so that they can be naturally normalized to an 
initial vacuum fluctuation spectrum. After the amplification their final configuration thus 
corresponds to a “squeezed vacuum” state (B54, B55), Boil, and not to a “squeezed-thermal 
vacuum” (Bo4], or to other, more complicated states. In addition, since the final energy 
distribution tends to follow (in frequency) the behaviour (in time) of the curvature scale, one 
typically obtains in such a context a growing (or “blue” ) spectrum 67d, Bh B49), B56]. 
As a consequence, the peak amplitude of the produced radiation may be high enough to 
support a picture in which all the radiation filling our present Universe was directly produced 
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from the quantum fluctuations of the vacuum (601, R75. This effect may facilitate the 
detection of a cosmic background of relic gravitational waves (P95), 27d], as will be discussed 
in Section 5b, but it complicates the generation of a scale-invariant spectrum of curvature 
perturbations, eventually producing the observed CMB anisotropy (see Section (7). 


A further consequence of the growth of the curvature scale, however, is that the comoving 
amplitude of the perturbations may even grow outside the horizon, instead of being frozen 
as in standard inflationary models. This effect, implicitly contained in the earlier pioneering 
studies of cosmological perturbations p70}, was first explicitly pointed out in PI. and only 
later independently rediscovered in a string cosmology context [B20] and in the context 
of scalar-tensor gravity 64). Such a growth of the amplitude may require an appropriate 
and non-conventional choice of the gauge in order to restore the validity of the linear 
approximation, and to allow the application of the standard perturbative formalism. 


In the following subsections we will discuss in some detail the above effects, typical of 
the evolution of perturbations in the context of the pre-big bang scenario. 


4.1 “Frame” independence 


The computation of the spectrum according to the theory of cosmological perturbations 
[492] requires a series of formal steps, the first of which is the choice of the “frame”, i.e. of 
the basic set of fields (metric included) used to parametrize the action. Any theory is in 
general characterized by a preferred set of fields, but one might wonder what happens when 
there are more than one preferred choices (this is a typical situation of all scalar-tensor 


models of gravity, as in the case of the gravidilaton string effective action). 


In string theory there is a preferred frame (the so-called S-frame), in which the coupling 


to a constant dilaton is unambiguously fixed (at the tree level) for all fields and to all orders 





in the higher-derivative a’ expansion. Also, the metric of this frame is the one to which 
fundamental strings are minimally coupled [551], (in other words, the world-paths of 
strings freely evolving in a curved background are geodesic surfaces of this metric). In the 
S-frame, and in d+ 1 dimensions, the gravidilaton effective action takes the form 
1 
= ei / d?+1z ,/\g\e7? |-R+w (V,6)"] (4.4) 
Ss 


(for the sake of generality we have included here the Brans—Dicke coefficient w, which in our 





context could represent a dilaton self-coupling possibly arising from higher-loop corrections 
B44); in particular, w = —1 for the lowest-order string effective action). 


For any w, however, this action can always be rewritten in the (more conventional 
in which the graviton and dilaton kinetic terms are diagonalized in the standard 





canonical form, and the dilaton is minimally coupled to the metric. Consider, in fact, the 
field redefinition g — g performed with the help of a new scalar variable w: 


Iuv = Gwe”. (4.5) 
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By expressing the scalar curvature R in terms of g (615, 575], the action (#.4) becomes 


__!} i, Ne oes |_ a 708 BO = .\2 
$= | ry/lgle Or |-R + a? + (9,0) + w (Td) |, 
(4.6 


where the tilde denotes geometrical quantities computed with respect to g. By setting (w = 
const, w > —d/(d—1)): 








NS 


wie =A? 
2d + 2u(d D] | ue 


d—2 


and neglecting a total derivative, we are led eventually to the E-frame action of general 


(d-1w=26, 6 =0| 


relativity for the new variables g, d: 
__!t at ja |oat (Se 3" 
S= yr / ar yg |-R+ 5 (V,.0) | (4.8) 


Please note the “right” canonical coefficient in front of the dilaton kinetic term (we 





remember that we are using the signature go9 > 0) and the possible change of sign from the 
S-frame action ([1.4) (where w = —1, to lowest order). The E-frame is thus preferred for 
performing canonical quantization, for identifying the particle content of the theory, and 
for defining the effective low-energy masses and couplings (see also Section (6). 


However, the field equations for g,@, obtained by varying the action (4.4), are different 
from the equations for g, #, obtained by varying the action (4.8). As a consequence, also the 
perturbation equations (4.3), in the S-frame, are different from the E-frame perturbation 


equations, and one might wonder which is the “right” frame to be used, when computing 


cosmological effects to be compared with present observations. 


This is a false problem, however, because the (final) observable variables, such as the 


spectral amplitude, the spectral energy density (see Subsection 4.4), are exactly the same in 
both frames B20] ( measurable quantities 





reason of this frame-independence is that the perturbation equations are indeed different 
in the two frames, but the classical solutions around which the expansion is performed are 
also different, and the two differences exactly compensate each other. This result can be 
generally proved by perturbing the action, better than the equations of motion (see Section 
4.3). It is instructive, however, to give also a particular example, as will be done here 
by considering tensor metric perturbations propagating in a (d + 1)-dimensional external 
background. 


We will start the computation in the S-frame, where the background equations obtained 
from the action (4) can be written explicitly as 


Ry” + V pV + (w +1) [5% (Vad)? — 5109 — VigV"9] = 0, 
R+w (Vad)? — 2wOd = 0. (4.9) 
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We shall consider the transverse, traceless part of the metric perturbations, 
6g = 0, bY guy = ifiri 6D ghey — per Vii =0Sh, (4.10) 


propagating in a higher-dimensional, spatially flat, factorizable background with d “exter- 
nal” and n “internal” dimensions, with scale factors a(t) and b(t), respectively. Also, we 
shall assume that the translations along the internal dimensions are isometries of the full, 
perturbed metric (see for a more general situation in which also the internal gradients 
of the fluctuations are non-zero, and see the comment after Eq. for backgrounds with 
non-factorizable geometry). The fluctuations of the external space h,;(x;,t) are then conve- 
niently described in the synchronous gauge 225], where (7,7 = 1,...,d; m,n = d+l,...,d+n): 


go=1, gi=0, gij=—075i5, Gmn =—bOmn, 


hoo = 0, hoi = 0, gt hij = 0, Ojhi? = 0. (4.11) 
In this gauge 
ee ae 1; 
OTF = shit, SOT G° = — Shas, 
1 
BOTs * = 5 (ding * + Oyhi* — hay) (4.12) 


to first order in h, the perturbation of the dilaton equation is found to be trivially satisfied, 
and there are no contributions from the terms inside the square brackets in (4.9). The 
perturbation equations are thus (remarkably) w-independent [299]: 


SO RLY = (6 GT +975 Tua) 6 = 0. (4.13) 


For u,v 41,7, they are trivially satisfied. The (7,7) components of the Ricci tensor, on the 
other hand, lead to the higher-dimensional covariant d’Alembert operator 296, R08, 











hi? =0, (4.14) 





ily eee Gk b. . V2... 1 
OQpj— 2 [ fi hace ee) Bhd a hd Pee 
) R; 5) (i. +o he + ne he ae hy 9 


where V? = 0? and the indices of h are raised and lowered with the unperturbed metric. 
Using the identities (see also 277]) 

@ hin = hy? + 2Hh,!, 

hin = h,4 + 2Hh;4 + 4Hh,/ + 4H7h,/, (4.15) 





we are finally led to the S-frame tensor perturbation equation [299] 
hi? — bhi? = 0. (4.16) 


In terms of the conformal time coordinate 7, such that dt = adn, this wave equation can 














also be rewritten (for each polarization mode h) as follows, 





/ / 
h" +(d— YW + non er eV i=. (4.17) 
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Let us now repeat the computation in the E-frame, where the background equations 
following from the action (£8) can be written as 


“ Tt a gs ot eye as, 
Rw = 3 1. POY, GV iV vd = 0. (4.18) 


Perturbing to first order, and using Eqs. (4.10): 
sR,” =0 (4.19) 


(the perturbation of the scalar Klein—Gordon equation is trivially satisfied). In the syn- 
chronous gauge, we can still apply Eq. (4.14) (for the “tilded” variables), and we are finally 
led to the E-frame perturbation equation 


Oh; =0. (4.20) 


In conformal time, and for each polarization component h, 


q / 


M+ Nd—1)— + olan eo (4.21) 
ab 


This last equation seems to be different from the S-frame equation (ff-17). We have to 
recall, however, that the conformal time is the same in both frames, dy = dt/a = dt/a = dj 
(see Section 2.4), and that, according to Eq. (4.9), 








Foe 


a yy ! i 
Bac WD, bape Fier), (d@- 1) + "5 = (D5 +n; 9 (aay 
a a 


We thus have the same equation for h and h, the same solution and, as a consequence, the 
same spectrum when the solution is expanded in Fourier modes. 


In other words, the observable results of the perturbative analysis are “frame-independent” 


and, when computing the spectrum, we are allowed to use the frame that is most convenient 
for practical purposes. 


4.2 Choice of the “gauge” for scalar perturbations 


Within each frame, we have a possible additional ambiguity duc to the choice of the gauge, 


i.e. the choice of the parametrization of the given metric manifold. The step corresponding 
to this choice is more delicate than the choice of the frame: in spite of the fact that the final 
observable spectrum has to be certainly independent of the given coordinate system, the 
‘perturbative analysis is, on the contrary, “gauge-dependent”. It is possible, for instance, 
that a linearized description of the perturbations is valid in a given system of coordinates, 
and yet that the linear approximation is broken in a different system. This problem ob- 
viously disappears in the context of a fully covariant and gauge-invariant (to all orders) 
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description of perturbations P34, 112). For the perturbative approach usually adopted in 
a cosmological context 94), however, gauge invariance holds in the linear approximation 
only, and breaks down at higher orders. 


An important example of this effect is provided, in string cosmology, by the time evo- 
lution of the scalar (metric and dilaton) perturbations. We will discuss this effect in the 
E-frame (dropping the “tilde”, for simplicity), starting from the unperturbed equations 

4.18), and using, as in the previous subsection, a homogeneous, Bianchi-I-type, higher- 
dimensional background, with d+ n factorized structure: 


Guv = diag(a?, —a" dij, —b* bmn); o= o(n). (4.23) 


We shall consider, in particular, the exact background solution parametrized by 


2 -d=Vd 
a= (In) b= (In), =f a EE in, 


Vd+tn+1-—2n Vdt+tn—1+2d 


“4 Vdtn(dtn—1)’ e (eaaianaly 


and corresponding to the conformal-time parametrization of the vacuum solution already 
introduced in Eq. (2.114). For 7 < 0,7 — 0_, this unperturbed solution describes a phase of 
accelerated evolution, growing curvature and growing dilaton, in which the horizon expands 


(4.24) 


more slowly (to be more precise, shrinks faster) than the scale factor. It is thus a good 
background candidate to amplify metric fluctuations. In the S-frame it describes a phase of 
superinflation and dynamical dimensional reduction, in which d dimensions are expanding 
and nm dimensions are contracting, with scale factors related by the duality transformation 
b=a 1 


Let us perturb the metric and the dilaton around this solution, by using the isometries 
of the factorizable geometry (-23) and assuming that all dynamical variables depend only 
on the “external” coordinates x;, i = 1,...,d (so that the translations along the internal 
dimensions are also isometries of the full, perturbed background) [BOO]. In this case, modes 
with different rotational transformation properties are decoupled, and the scalar component 
of the background perturbations can be written in general as 499, Bod): 


5b =x, ds* = (Guu + 5 guy) adn = 
a” (1 + 2y) dn? — a? (a — 2) dx? + 20;0;Edzx'da + 20; Bds' dn] — b*(1 — 2€)dzx?., 
(4.25) 
where all variables depend only on 7 and x’. It should be noted that this approach is ap- 
propriate to the standard Kaluza—Klein scenario, but it cannot be applied to non-factorized 


geometrical structures such as those appearing in the context of the Randall—Sundrum sce- 
nario (530). In this last case, the study of scalar metric and dilaton fluctuations (see for 
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instance 9, B36]) requires a more general metric decomposition B96). In this report, how- 
ever, we will restrict our discussion to the perturbations of higher-dimensional Kaluza—Klein 
backgrounds of the standard, factorizable type. 


In our case, it is important to stress that the six functions y, 7, FE, B, €, xy are not 
invariant under local infinitesimal transformations of coordinates, 





ch > ch + (a), Suv > Guv — Vuev — Voep- (4.26) 


However, if we consider infinitesimal coordinate transformations depending on two scalar 
parameters ©° ald €, 


e# = (e9, Oe, 0), caaee, foe +e (4.27) 


and thus preserving the scalar character of the perturbations (in other words, coordinate 
transformations that do not add vector or tensor components to the perturbed metric), 
then the scalar variables transform as 


a’ 9 0/ a’ 9 b’ 9 
prp-—Ee—e, oe, c= eae 

a a b 
E> E-—e, Bo Be He, x -x-de&, (4.28) 


and it is always possible to define a set of variables that are gauge-invariant, in the linear 
approximation. For instance [BOQ]: 


D=—+4(B-Bal, v=y-“(B-B) 
S=€-7(B-B, X= x+¢(B-E’. (4.29) 


The first two variables (also called Bardeen potentials [b¥, 553]) are phenomenologically 


important, since their spectral amplitudes ®,,W;, at the recombination era are directly 
related (via the Sachs—Wolfe effect) to the large-scale CMB anisotropy (AT/T);,, currently 
observed by astrophysical experiments (see Section (7). 


A natural and convenient choice of the gauge is thus the so-called longitudinal (or 
conformally Newtonian) gauge, in which F = 0 = B, and the perturbed metric depends 
directly on the Bardeen potentials, according to Eqs. (29). In this gauge the coordinates 
are totally fixed because, according to the variation of the metric under the transformation 
(4.28), the choice E = 0 = B completely fixes €° and ¢’, and leaves no residual degrees of 
freedom. 


In this gauge we can now write explicitly the set of perturbed field equations 


5 RW a OnPOLX, 
5g T 050-4 Vx — gL “ad = 0, (430) 
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obtained from the unperturbed Einstein equations (4-18). From the (7,7 #7) component of 
the perturbation equations we obtain a useful relation between three perturbation variables, 


y= (d—2)p+n€. (4.31) 


The (0,7) components give a constraint, while the (i,7) and (m,m) components of the 
perturbed Einstein equations, combined with the (0,0) component, provide the following 
interesting system of coupled equations for the “external” and “internal” perturbations w 


and € [B0d, B24): 
(d-1){ oty faa 4 +37] } = -nf Ete fsa—-yS+an5]}, 


















































af v+w [aq— + Fld Y(r-1) +na]} = 
=-(n-1{ e+€ [A (ain-d-n +1) +3n5]}, (4.32) 





where 0 = (0?/0n”) — V? denotes here the usual (flat-space) d’Alembert operator. 


This system can easily be diagonalized to find the (time-dependent) linear combination 
of w and € that represents the true “propagation eigenstates”. For our purpose, however, 
the asymptotic behaviour of the modes wx, €, can be simply obtained (modulo logarithmic 


corrections) by inserting into the previous system the power-law ansatz 


vp = A(—n)*, &, = B(-n)’. (4.33) 
For the background solution (1.24) one then finds that there are, in the |ky| — 0 limit, 
non-trivial solutions for the coefficients A and B only if x = 0 or x = —2. This means that, 
asymptotically, Jj 
B 


and the amplitude is not frozen, unlike in the standard inflationary scenario. Because of the 
growing mode, 7, ~ n~?, the scalar perturbation amplitude blows up in the limit 1 > 0_. 
Otherwise stated, at any given time 7 there is always a low enough frequency band for 
which the typical fluctuations have a dimensionless amplitude much larger than 1 (115) (see 
Eq. (75) in the next subsection). This breaks the validity of the linear approximation 
and is not consistent, in general, with the perturbative expansion around a homogeneous 
background. 


This conclusion cannot be avoided, be it by moving to a different frame (as discussed 
in the previous subsection), or by changing the number of dimensions, since the previous 
result is dimensionality-independent. For a d = 3 isotropic background, in particular, one 
finds in the longitudinal gauge y = w, and the Fourier modes V7, = —k?u,% satisfy the 


Bessel equation 
3 
by + mL: + kw, = 0 (4.35) 
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(from Eq. (#.39)). The exact solution, in the limit |kn| > 0, has the asymptotic expansion 


A 


C2 
yr = cr in|kn| + - (4.36) 
(c1,c2 are integration constants), with the same growing mode ~ 7~? as in higher dimen- 
sions. 


It is important to point out, however, that such a growing mode is absent for tensor 
metric perturbations. If we consider the tensor perturbation equation (4.21]), in the same 
background (1.24), we obtain indeed for each Fourier mode the Bessel equation 


1 
hy + ah SP hig = 0, (4.37) 
with the asymptotic solution 
hy =c1 + c2 In |kn], |kn| > OL. (4.38) 


All modes tend to stay constant, asymptotically, modulo a logarithmic growth that can be 
easily kept under control if the phase of accelerated evolution is not infinitely extended in 
the high-curvature regime but is bounded, for instance, by the Planck (or string) scale (as 
expected). 


This is a first signal that the growing mode of scalar perturbations, appearing in the 


longitudinal gauge, might be a pure gauge effect, ie. an artefact of the particular choice 


of coordinate system. This suspicion is confirmed by the application of the “fluid flow” 
approach [368 to the perturbations of a scalar-tensor background. In this approach, 
the evolution of density and curvature inhomogeneities can be described in terms of covariant 





scalar variables, which are gauge-invariant to all orders [112]. 


Let us consider, for simplicity, the isotropic case d = 3, n = 0. There are two covariant 
variables, A and C, defined in terms of the momentum density of the scalar field V@, of the 
spatial curvature ©) R, and of their derivatives. By expanding around the dilaton-driven 
background (f.24), which in our case reduces to 


a = (—n)'/?, ¢ = —V3ln(—n), —o<<0, (4.39) 


one finds for such variables, in the linear approximation, the asymptotic solution (|kn| < 1) 


[L15): 


Ax = const, Cr = const + A; In |ky]. (4.40) 


Such variables tend to stay constant outside the horizon, with at most a logarithmic vari- 
ation (as in the tensor case), which is not dangerous. Indeed, in terms of A and C, the 
amplitude of density and curvature fluctuations can be consistently computed using the lin- 
ear approximation (for all modes), and their spectral distribution (normalized to an initial 
vacuum spectrum, see the next subsection) turns out to be exactly the same as the tensor 


spectral distribution (4.38), which is bounded. 
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The same result, on the other hand, can also be directly obtained in the longitudinal 
gauge simply by neglecting the growing mode of Eq. (£34), as noted in [B21]. This suggests 
that it should be possible to move to a more appropriate gauge, in which the growing mode 
is suppressed, to restore the validity of the linear approximation. 


This is exactly what happens in the off-diagonal gauge (also called “uniform-curvature” 
gauge [B81l]), defined by 7) =0= E, 


ds* = a? [(1 + 29) dy? — da? — 20;Bae' dn) , (4.41) 


which represents another complete choice of coordinates, with no residual degrees of free- 
dom (just as the longitudinal gauge). In this gauge there are two variables for scalar 
perturbations, y and B, and the perturbation equations are solved, asymptotically, by 


c 
~r=ci1+cgln|knl, By = cin in|kn| + - (4.42) 


The growing mode is thus completely absent for homogeneous perturbations (since it is 
0;B that contributes to the perturbed metric). The growing mode is still present in the 
off-diagonal part of the metric for non-homogeneous perturbations, but it is suppressed with 


! instead of wp ~ n7?. 


respect to the longitudinal gauge, since )g ~ kB, ~ knw_ ~ n7 
The lower is k the stronger is the suppression, and this is enough for the linear approximation 
to be valid, as explicitly checked with a computation up to second-order corrections (i15}. 
This off-diagonal gauge is in general useful for the study of scalar perturbations also in the 
context of generalized scalar-tensor models of gravity and of the higher-loop string effective 


action, as discussed for instance in [B83]. 


Even better, one may choose a gauge in which y = 0 = B. In this gauge, EF is related 
to the Bardeen potential U by E ~ 7?V, according to Eq. (4-29). On the other hand, the 
gauge-invariant Bardeen potential evolves asymptotically (in all gauges) like the longitu- 


dinal variable 7, ie. like 77. 


Since & enters the metric perturbations with two spatial 
derivatives, it follows that, in this gauge, 6(t) Gig © (kn)?W;,, which is asymptotically frozen, 


and sufficiently small (at small |k7|) for the linear approximation to be valid. 


To conclude this subsection, let us stress that the asymptotic growth of perturbations is 


a typical problem of string cosmology, with no counterpart in the standard inflationary sce- 


nario. Consider, for instance, a d = 3, conformally flat and accelerated background, which 





can be conveniently parametrized in the negative range of the conformal time coordinate 
by a generic power-law scale factor, as follows: 


a = (—n)*, n<0. (4.43) 


For a ranging over the whole real axis we can represent in this way all classes of inflationary 
backgrounds introduced in Section and reported in Table 1. Consider then the E-frame 
perturbation equation (4.21]), which in this case reduces to the Bessel equation 


2 
nt + Sh! + kehy = 0, (4.44) 
7 
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a>0 accelerated contraction a<0,4<0,H <0 


Table 1: Four classes of accelerated backgrounds, parametrized by a = (—7)°. 





with asymptotic solution (for |kn| — 0): 
1 dn 18 
hy = A+B f = AL Bly. 4.45 
ah a (4.45) 


The amplitude tends to stay constant for a < 1/2, while it tends to grow for a > 1/2 (for 
a = 1/2 the growth is simply logarithmic). In the E-frame the growing mode thus appears 
only for a phase of accelerated contraction (see Table 1), and it is absent in the standard 
inflationary context where the background is always expanding (even in the E-frame). 


In the pre-big bang scenario, on the contrary, the comoving amplitude of metric fluctu- 
ations may be growing, in the standard gauges, even in the case of tensor perturbations. In 
some cases the validity of the linear approximation may be restored in an appropriate gauge, 
as for the scalar case discussed in this subsection. If this is impossible, the growth of per- 
turbations is a physical effect, signalling a (quantum) instability of the given background 
(od, 408}. In any case, however, the energy spectrum of the perturbations can always 
be consistently estimated by truncating the comoving amplitude to the frozen part of the 
asymptotic solution lig}. This is a consequence of a duality property of the perturbation 
equations that will be discussed in Subsection L3. 


4.3. Canonical variables and normalization 


The linearized equations for the classical evolution of the perturbations have been obtained, 
in the previous subsection, by perturbing directly (to first order) the equations of motion of 
the background fields. The same equations, however, can also be obtained with a different 
approach, by expanding the action up to terms quadratic in the first-order fluctuations: 


g>9t 64g, sI9=5 (5 4) | (4.46) 
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normal modes, 
defined 

The variation of the perturbed action with respect to 6“)g gives in fact a set of linedrized 
equations, identical to Eqs. (f-3). 









This second method is longer, in general, but has an advantage: the diagonalization \of 
the quadratic perturbed action 6) S defines the “normal modes” of oscillation for the total 
system formed by the metric plus the matter sources. The so-called normal modes are the’ 
variables that diagonalize the kinetic part of the action and that, once quantized, satisfy 


‘canonical commutation relations [492]. They are required to normalize the initial amplitude 


of the perturbations to a quantum spectrum of zero-point (vacuum) fluctuations, and to 


study their amplification in the course of the cosmological evolution. 


Let us illustrate this point starting with the case of tensor metric perturbations. The 
second-order action for tensor perturbations in a cosmological background was first written 
in [260], in the E-frame and in d = 3 dimensions (see also [A99, [16]). Such a result can be 
easily generalized to the S-frame p77 and to the (d+ 1)-dimensional, Bianchi-I-type metric 
background used in the previous subsections, starting from the unperturbed, low-energy 


eravidilaton string effective action (in units 2\¢-! = 1): FLUCT. of metric 
S= — fatrzy=Ge-* [R + (u6)"| : (4.47) 


and considering the transverse, trace-free variable h,,, defined by the first-order perturba- 
tion (£10). As already discussed, the fluctuations of the d-dimensional external space are 
conveniently described in the synchronous gauge of Eq. (4.11). In this gauge, we expand 





to order h? the controvariant components of the metric, 
§() gh — — per, 5°) glY = hen, Y, (4.48) 
— Par FLUCTUATIONS 
the volume density, of metric 
1 v 
6) ./=g =0, 6°), /—g = ~ {VG hl! : (4.49) 


and so on for 6) Ruy, 67) Ruy (see [277] for the details of the explicit computation). The 
second-order perturbed action has then contributions from ,/—g, R and g!”: 


62g = — / dttrt+l ye [a (V—gR) + 5? (\/—ga"” 0,60.) | ; (4.50) 


Integrating by parts, using the unperturbed equations of motion, and neglecting total deriva- 





tive terms, we finally arrive at the quadratic action: 2nd order 
1 aie ein fluctuation action 
sg =F [ atemrteatire (ih +6 GX) mH 


Decomposing the fluctuations of the d-dimensional spatial metric into the two physical 
polarization modes h,, hx, 
nih =2(h3 + hy), (4.52) 


decomposition of 
a FLUCTUATIONS 


4.53 IS the FUND. description of "VAC FLUCTUATIONS" 
pump field = dilaton +moduli 





and introducing the conformal time coordinate dy = adt, we eventually obtain,for each 
mode, the effective scalar action 


62) S, = : / dnat be? | hh? + AVA |, 4.53 
: 


where A is now a scalar variable standing for eithéxof the polarization amplitudes h,, hx. 
The variation with respect to h now gives exactly Bqs. (4.17), ie. the S-frame tensor 
perturbation equation (the sameas was obtained by dire¢t perturbation of the equations of 





motion). 


The above action describes a scalar field non-minimally coupled to a time-dependent 
external field (also called “pump field”), represented in this case by the dilaton and by the 





internal and external scale factors (the so-called “moduli” ). In order to impose the correct 
normalization to a quantum spectrum of vacuum fluctuations we need, however, the canon- 
ical variable that diagonalizes the kinetic part of the action and describes asymptotically a 


freely oscillating field 214, B54, Hog]. In our case such a variable u is defined by 


Canon. variable for 
diag. of Kin u= zh, pS rr ete, (4.54) 


In fact, for each Fourier mode u;z, we get from Eq. (£53), after integration by parts, an 
effective action in which the kinetic term appears in the standard canonical form: 


MW 
sessa) = ¥ fan(lt—Mla + Zhe) (45) 
z 


_ 
effective potential/ 
pump field 


with an effective potential V(7) depending only on the external pump field. An accelerated 


and which leads to the canonical evolution equation: 





uk + [k? — V(n)] ux = 0, Vin) ==, 


background, in particular, has an effective potential that goes to zero as 7 — —oo. We thus 
obtain, asymptotically, the free-field equation 


and the variable uz can be normalized to an initial-vacuum fluctuation spectrum, 


— —0o, 4.58 
1) 





so as to satisfy canonical commutation relations [ier Ui = 10kikg- The normalization of 
the canonical variable juz automatically fixes the normalization of the metric fluctuations, 
lig = tip / 2. 


It is important t@ stress that the procedure used to introduce the diagonalized action 
(4.55) can be exactly repeated in the E-frame. The only difference in this new frame is that 
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there is no dilaton coupling e~® in front of the Lagrangian density, and the pump field is 
simply determined by the E-frame scale factors, 7 = w / h = a@lt-V)/25n/2, But, according to 
the transformation rule (1.22), 7 = z. The effective potential 2”/z is thus the same in the 
two frames, the time evolution of ~ and w is the same and, as a consequence, we find the 


‘same spectrum in both frames, as anticipated in Subsection 
In the case of scalar metric perturbations, the computations are more complicated, in 


practice, but the procedure is exactly the same in principle. The scalar canonical variable 
has been computed for a d = 3 isotropic background coupled to various types of sources: 
a perfect fluid (455, 159], one scalar field 54, 190, 571], two scalar fields [213], N scalar 
fields pal. Working in the E-frame (and omitting the “tilde”, for simplicity) the scalar per- 
turbation of the gravidilaton action (9) can be easily performed in the longitudinal gauge, 
where 646 = x, 64 goq = 2a2y, 6D gi; = 2a? Wdi;- One then obtains the diagonalized 
second-order action |492I: 





1 MW 
5®)S.(k) = 5 | an( Wg — keyg)? + Ziml), (4.59) 
where the canonical variable v is defined by 
24 
v=axtzy, get e (4.60) 
a 


and is gauge-invariant, as can be explicitly checked by using the infinitesimal transforma- 


tions (1.28). 


This result can be easily generalized to the scalar fluctuations of the higher-dimensional, 
anisotropic background considered in the previous subsections, and parametrized as in Eq. 
4.25). After the diagonalization, the higher-dimensional action for the Fourier modes of 
scalar perturbations can be written as 


1 Zl! Zl! 
5°) S.u(k) = 5 f an( i? — Rhupl? + Slog? + leo? — Wag? + Zim) (4.61) 





(modulo a total derivative that does not contribute to the equations of motion). There are 
two gauge-invariant canonical variables, v and w, which in the longitudinal gauge (EF = 0 = 
B) are defined by 


v= alt-D/2pp/2y 4 2 (v i -é) 


a= 


with the generalized pump field 


(d-1)/2pn/249 
ee eek (4.63) 


ay nb! 
a d—1)b 
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The definition of the canonical variable and the correct normalization of the pertur- 
bations are necessary ingredients to study the growth of the quantum fluctuations, and 
to determine whether they backreaction may become eventually so large as to destroy the 


initial homogeneity of a pre-big bang solution (see also Section B). It is the canonical 


normalization, in particular, that leads to the standard relation between the amplitude of 





CASE: 
tensor 
perturb. 


quantum fluctuations and the curvature scale of the background geometry. 


In order to illustate this important point let us consider tensor perturbations in a d = 3, 
isotropic, E-frame metric, evolving in time aymptotically according to Eq. (4-49). The 
classical perturbation equation only determines the time dependence of the fluctu- 
ations. The canonical action, however, determines not only the k-dependence through the 
normalization of uz, but also the correct canonical dimensions of the fluctuations, [u] = M. 
By inserting in fact the required dimensional factors in the (E-frame) perturbed action, 


1 
6) 5, = Oe 7 dna? G - nan), (4.64) 


we obtain the scalar field action (4.55)) with canonical dimensions by setting, for each Fourier 


mode, 


- V2 ux(n) 
Mp a(n) 





hi.(7) (4.65) 


(recall that 8%G = Mp ? with our conventions). 


The typical fltietmation amplitude over a comoving length Seale 7) on the other hand, is 


determined by the two-point correlation function 
E(r) = (h(z)h(# +1), (4.66) 


where the brackets denote either a quantum expectation value, if we work in the formal- 
ism in which the perturbations are quantized and expanded into annihilation and creation 
operators (see Subsection 4.4), or a macroscopic ensemble averaged over a spatial volume, 
if we work in the classical limit. In any case we consider real perturbations (hy = h*,), 
satisfying the isotropy condition (i.e. |h,| is a function of k = |é| only) and the stochastic 


condition —— 
(h(k)h(—k')) = (217)°0°(k — k’)|h(K))? (4.67) 


(which is a consequence of their quantum origin). An explicit computation then gives 


E24, B74) 
é(r) dk sin kr 
: k kr 


where |6;,(k)| represents the typical, dimensionless amplitude of tensor fluctuations over a 


\5n(k)|?, (4.68) 





comoving length scale r = k7!: 


|5n(k)| = kha] ~ [E¥?(r)] (4.69) 


r=k-1 
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case: 
alpha 
1/2 


The amplitude of the quantum fluctuations of the metric is now fixed by Eq. (4.69) 
and by the normalization of the canonical variable, Eq. (4.58). Initially, for 7 — —oo, all 
fluctuations oscillate inside the horizon, and 


k 
aMp 7 


[n(A)| = 


oD). (h- eee 
1 


where the fluctuations are well outside the horizon of an inflationary backgroun 
a ~ |n|*, we have to use the asymptotic solution (4.45), and we may distinguish three 
possibilities. 





e Ifa < 1/2, then h is frozen, while the canonical variable grows adiabatically, following 
the growth of the pump field z = a (see Eq. (H.45)): ug ~ a(uz/a)ne, where “he” 
denotes the time of horizon crossing, |kn| ~ 1). The final amplitude can thus be 
expressed in terms of the background curvature scale at the crossing time |n| ~ 1/k: 


k 1 H Hy, 
On(k)| & er. (=) = (2) km (tt, 4.71 
\6n(k)| lean Means Mp) ne. \Mp lkm| (4.71) 


where Hj is some reference scale (a convenient choice is the final curvature scale at 





the end of the inflationary phase), and a is the conformal power of the scale factor. 
The spectral amplitude 6, is frozen in time, and it is then clear from the above 
equation why pre-big bang models, characterized by a growing (in time) curvature 
scale (a + 1 > 0, see Table 1), are associated to a growing (in frequency) tensor 
perturbation spectrum. 


If a > 1/2, then h is growing according to Eq. (4.45) and, as a consequence, the 
spectral amplitude 6, grows not only in frequency but also in time: 


= ‘the limiting case a = 1/2. In that case the amplitude of tensor perturbations only 
acquires a mild, logarithmic dependence (.15}, 16): 


Al Ay 
—} |In|k =() kr |9/?| In |ken||, 4.73 
(sr), Hinlenll = (475) let ®/2120 el (4.73) 


which is under control for inflation scales smaller than Planckian, H, < Mp. 





It is important to stress that the behaviour of scalar fluctuations, in the background 
with a = 1/2, is apparently very different from the tensor one, as already discussed in 
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the previous subsection. By eliminating the dilaton fluctuation y, and using the scalar 
perturbation equations, one finds indeed that the scalar longitudinal variable w is related 
to the canonical variable v of Eq. (4.60) by 492}: 


Vr = ante (*). (4.74) 


The normalized amplitude of scalar quantum fluctuations, 


H H 
6 (k)| = k3/2 |_| (=) kn|~? = (<2) kn, |?/2||kn|-2 
|oy (k)| |abr.| Wis .. n| Me lk |°/"||kn| 


-(7)(7 lem [-2/2, (4.75) 


is thus unbounded since, for any |7| > |71|, we can always find a frequency band |k7| < 1 
for which |6,| is arbitrarily large. 


By using the correct quantum normalization, however, it is now easy to check that this 


difficulty disappears in the off-diagonal gauge [115], where the off-diagonal perturbation 


variable B satisfies By, ~ knw, and the amplitude of the corresponding quantum fluctuations 
is controlled by 


nC) ~ Pen d(B)I ~ (5) || fem 2? (4.70 


For the oo this amplitude stays 
smaller than 1 for the whole duration of the pre-big bang phase, |n| > ||, and for all modes 


with k < k, = |1/m| (higher-frequency modes are not amplified, see the next subsection). It 





mM 
” 





should be mentioned, however, that this conclusion does not apply to classical fluctuations, 
whose initial amplitude is not constrained by the quantum normalization (4.58), and can 





derivati 
ves 


be fixed to much higher values (see a recent discussion in [[l28]). 


To conclude this subsection we note that the above procedure used to define the canon- 
ical variables can also be applied to more complicated models, and in particular to the 
actions including the higher-derivative corrections typical of the “stringy”, high-curvature 
regime 84, 140], appearing towards the end of the phase of pre-big bang evolution. To 
first-order in a’, and in the S-frame, such an action can be parametrized as B07] 


s-[o pev 9 a ge*{—R — O,~O"d + as [Rae = (3,.60"6)?| \ (4.77) 


where R2.p = Ry ag — 4R?., + R? is the Gauss—Bonnet invariant (see Section |8.J for further 


details). Starting with Eq. (£77), the second-order perturbed action for each polarization 
mode of tensor fluctuations becomes [277], in conformal time, 


1 
67) 5), = be i Padn [22 (nn? + y(mhV?h| ; (4.78) 
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pump 
field 


where 
P(n) =e (a? al 6), 
Pn) =e-* [a? +o! (6? 6" + 56')] (4.79) 


(the inequality of the two pumping fields z and y, which prevents factorization, is a conse- 
quence of the breaking of the scale-factor duality symmetry, to this order in a’; see [476] for 
an action with a/ corrections, which preserves scale-factor duality). By setting u = zh/V2)s 


h ») D) rT - 


and the corresponding perturbation equation 


uM 


" 2 & k? 2 2 
uk + [Vel] ue = 0, Ven) =S- SW? 2), (4.81) 


looks the same as Eq. (4.56), with the only difference that the effective potential is now, 
in general, k-dependent. The above equation takes into account (to first order) higher- 
curvatures effects on the perturbation spectrum p77, and provides the starting point for 
studying the evolution of tensor perturbations in the high-curvature regime typical of the 
pre-big bang scenario fi49). A similar approach has been developed for the study of scalar 


modes of metric 
fluctuations! 


and vector fluctuations including a’ corrections [150]. 





4.4 Spectral distribution of the energy density 


For all types of perturbations the evolution in time of the canonical modes u, is described by 


the Schrédinger-like equation (59), With’ an effective potential that depends on the pump 


field, and thus on the peculiar kinematics of the given background. For all inflationary 


backgrounds, however, such a potential tends to vanish, asymptotically, at large positive 
and negative values of the conformal time. 





Consider, for instance, the evolution of tensor perturbations in the E-frame: the pump 
field is the scale factor, z = a, and V = a”/a. For a typical inflationary scenario the 
background is initially accelerated, parametrized by a power-law scale factor, a ~ |7n|*, so 
that |V| ~ 1? for 7 — —oo; at large times the background eventually evolves into the 
standard radiation-dominated era, a ~ 7, so that V = 0 for 7 — +co. The analysis of 
perturbations thus reduces to a 


‘by a potential V(7), which is asymptotically vanishing (see Fig. [4.1]. 


The important difference between the present problem and an ordinary scattering prob- 
Jem, however, is that the differential variable of Eq. (£50) is time, not space. As a con- 


OC VERY 


oe IMPORTANT 





THEOREM!!! 


Bogo coeff See Aitchison & Hey on BOGO 


sequence, the oscillation frequencies represent energies, not momenta. With an initial nor- 


malization to a state of positive energy, 
e7tkn 
V2 ' 


the final state is thus in general a superposition of positive and negative energy modes, 


In the context of quantum field theory, it is well known that such a mixing represents a 


process of pair creation from the vacuum Po. The so-called Bogoliubov coefficients c+ 


parametrize the unitary transformation connecting the set of |in) and |out) annihilation 


Uin & n> —0oO, (4.82) 





and creation operators: 


1 tin, bk, bi} = 4 teats ak, al}, 


ap = crdK + ci bly, al, =c_byp + C4 


In a second quantization language, the amplification of perturbations can thus be de- 
scribed as a process of particle production or, equivalently, as the evolution of the initial 
vacuum into a final “Squeezed” vacuum state B51], B52, B54, B55), 

F |0) ==> |S;,) = x/0), 
| can't find out 


those outstanding 
Up, = exp (sibkb-. = sxb},b" ,.) papers! 


generated by the two-mode squeezing operator [565] 


Here Sy = rpe™ i8 the so-called squeezing parameter, whose modulus and phase are related 
to the Bogoliubov coefficients ci(k) by |[b65) 





c+(k) =coshrgz, c_(k) = e%% sinh rp. (4.88) 





Itshould be noted that the squeezed-state formalism is particularly convenient for the 

analysis of the statistical properties of the produced radiation, and for the study of the 

22222 entropy erowth associated to particle production, Representing the effective decoherence of 
the squeezed density matrix through a suitable “coarse-graining” procedure, which accounts 

for the loss of information associated to (averaged) macroscopic observations, one finds 

indeed that the entropy growth associated to particle production, for each mode k, is given 


by AS; = 2rz, 97, Bog]. In the large squeezing limit, summing over all modes, the total 
entropy inside a proper volume V = (aL)? can then be estimated as 


(4.89) 





PARAMETRIC AMPLIFICATION AS "ANTITUNNELLING" 
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Figure 4.1: Parametric amplification of the vacuum fluctuations, ee by the quali- 
tative evolution of the canonical variable. The plot of the real part of ux (thin curve) has 
been obtained through a numerical integration of the canonical perturbation equation for a 
step-like effective potential (bold curve), exponentially damped in the inflationary region. 


in agreement with different approaches to the same problem 07], and with different 
definitions of quantum (von Neumann) and informatic (Shannon—Wehrl) entropy [BOI]. For 
a growing, power-law spectral distribution n(w), typical of pre-big bang models, one obtains 
a constant entropy per comoving volume, S$ ~ (aw ,)?, where w; is the maximal amplified 
frequency inside the given volume. This result has useful applications to the problem of the 
graceful exit, as will be discussed in Section B.4. 


In a semiclassical language, the amplification of perturbations can be represented instead 


as a parametric amplification B49, of the wave function ux , ie. as an “antitunnelling” 
process in which the positive frequency part of the |jout) mode (4.83) plays the role 


of the wave incident (from the right) on the barrier and its negative part the role of the 


‘reflected wave, while the |in) mode (4.82) plays the role of the transmitted wave (see Fig. 


4.7). The Bogoliubov coefficient c_, which controls the number of produced particles, can 





. In 
the parametric amplification regime, characterized by a large number of produced particles 
(TW, >> 1), one finds |c_| ~ |c;|, so that R ~ 1, and then 


jePpar, (4.90) 


Hence the term antitunnelling. 


Quite independently of the adopted language, the energy density of the produced par- 
ticles, for each mode & (summing over two polarization states), is given by 


dk 





Case: 


computation of BOGO c- 


The computation of the spectral energy distribution per logarithmic interval of frequency, 


d dp, k4 
PE Sk = Sle)? (4.92) 





dink dk 


[= ecvsnmenrerameromnramemeenintnamnmttes a By recalling Eqs. (4.83 
(4.83), this amounts to solving the perturbation equation in the limit of large positive times, 


with the initial normalization imposed at 7 = —oo. 





We will consider, as a simple example, a model of background characterized by two 
phases: an initial accelerated evolution up to the time 7, and a subsequent radiation- 
dominated evolution for 7 > 1: 


a~ (9) ’ n< MN, 
a~n, n>. (4.93) 


In the first phase the canonical equation (1.56) for tensor perturbations reduces to a Bessel 
equation, 


—1 
e+ i? = tt uz = 0, (4.94) 
with general solution 13 
ug = ||"? [AHO (\kn|) + BAL (len), v = |e 1/21, (4.95) 


where H{'” are the first- and second-kind Hankel functions, of index v = |a — 1/2| deter- 
mined by the kinematics of the background (in this case, by the time evolution of the scale 
factor; more generally, however, a parametrizes the evolution of the pump field in conformal 


time). By using the large argument limit [5] for 7 — —oo, 


i 
H?) (kn) Re Aral ay H\ (kn) yl ee kn (4.96) 





we normalize the solution to a vacuum fluctuation spectrum, 


am 


In the second phase V = 0, and we have the simple oscillating solution, 


1 
= (que + een) ; (4.98) 


=>BOGO: 


The coefficients c, are now determined by the continuity of u and u’ at 7 = m. More 
precisely, assuming a non-singular and continuous background, the matching would require 


the continuity of the perturbed metric projected on a space-like hypersurface containing 
m, and the continuity of the extrinsic curvature of that hypersurface 885, 214]; but in 
many cases these conditions are equivalent to the continuity of the canonical variable u, 
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and of its first time derivative (see however [135]). Such a matching prescription might 
require modifications, however, in the case of bouncing backgrounds evolving from 


contraction to expansion). 


When matching the solutions (4.95), (4.98), it is convenient to distinguish the two 
regimes in which the comoving frequency k& is much higher or much lower than the frequency 
associated to the top of the effective potential barrier, |V(7)|!/? ~ |m|7!. In the first case, 
k > 1/|m| = k1, we can use the large-argument limit of the Hankel functions to find that 


there is no significant particle production, i. 
lcy| ~ 1, \c_| ~ 0. (4.99) 


Actually, (12, 264] as a function of 


frequency, or a wave function with 
a total energy well above the top of a potential barrier. Such an effect is, however, negligible 
for the purpose of a first-approximation estimate in a cosmological context, and in any case 


it only affects the shape of the very high-frequency tail of the spectrum. A sharp cut-off, 


in that region, is a good enough approximation. 





In the second case, k < 1/|m| = ki, we can use the small-argument limit of the Hankel 
functions Al. 


H) ~ a(km)” — ib(km)~”, HW) ~ a®(km)’ + ib(km)~”, (4.100) 
where a and 6 are dimensionless numbers of order 1, and we find 
je | le) = eal, (4.101) 
corresponding to a spectral distribution: 


dp kA 





P kt k 3-2) 
=—le_(k)/* = — | — ; k< ky. 4.102 
dink md (*)| m2 (=) : ( ) 
For a comparison with present observations it is convenient to use proper frequencies, 
w(t) = k/a(t), and to express the spectrum in units of critical energy density, p.(t) = 
3M?H?(t). We thus obtain the dimensionless spectral distribution 


w dp(w) wt ( w yo 
Q(w,t)]= ees ay a 2 wt, 4.103 
(w,¢) pe(t) dw 372 M2 A? \ wy oe ( ) 








where 
_ ky s 1 Aya, 


~N 





Wy (4.104) 


a an a 
is the maximal amplified frequency (approximately, the frequency “hitting” the top of 
the potential barrier |V(7)|). Such a distribution can also be rewritten (modulo model- 
dependent numerical factors) in the final useful form 


W 


3-—2v 
Q(w, t) x g/0,(t) (=) ' (4.105) 
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Curvature scale Metric Bessel index Spectrum 
H? _— 


power-inflation, decreasing SEzEerar decreasing 


Table 2: Accelerated backgrounds and the slope of the spectrum. 





where gi = H,/Mp is the curvature scale at the transition epoch t, (a fundamental param- 
eter of the given cosmological model), and 


2 4 
qm = “= (3) (=) (4.106) 
Pe A a 
is the energy density (in critical units) of the radiation which becomes dominant at t = t,, 
rescaled down to a generic time t. 


It is important to stress that the spectral slope 3— 2v is directly related to the kinematic 
behaviour of the background during the phase of accelerated evolution, as illustrated in 
Table 2. In particular, thélspectiim tends'to follow the behaviour of the emvature scale 
In the standard inflationary scenario, represented by a phase of de Sitter-like evolution, 
Q does not depend on w, and one obtains the so-called scale-invariant Harrison—Zeldovich 
spectrum (B64, B31). For the low-energy dilaton-dtiven [phase typical of string cosmology 
(the solution (439) one has a = 1/2, and the corresponding spectrum 2 ~ w® simulates 
the low-energy (Rayleigh—Jeans) tail of a thermal black-body distribution (see Subsection 
5.2). Note, however, that a flat, scale-invariant spectrum with v = 3/2 can also obtained 
for a@ = 2, corresponding to a phase of contraction dominated by a cold “dust” source with 
effective equation of state p = 0. This possibility, first pointed out in P73), was recently 
discussed in 5] for the pre-big bang and ekpyrotic 414, 413) scenarios. 


It is also to be remarked that the above results for the spectrum have been obtained 
by matching, as usual, the (perturbed) induced metric and the extrinsic curvature across 
the hypersurface of constant total energy density, p + 69 = const. In the case of scalar 
metric perturbations, this implies the continuity of the Bardeen potential ® and of the 
variable ¢ = v/z (representing curvature perturbations), even for bouncing backgrounds 
[884]. Performing the matching across different hypersurfaces may lead, however, to a dif- 
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ferent spectrum of scalar perturbations (without changing the tensor spectrum), especially 
in the case of transitions from a collapsing to an expanding phase, and in the case of non- 
continuous backgrounds, as shown for a special case in and discussed in general in 
(see Section fa for possible applications of this effect to the scalar perturbation spectrum of 
the pre-big bang scenario). 


It should be noted, finally, that the above procedure for an approximate determination 
of the spectrum can be applied to any type of perturbation described by the canonical 
equation (54). Also, it can be easily generalized to the case of n transition scales 71, 7.2, 
.-n, for a background characterized by n phases, each of them approximated by a power- 
law evolution with parameters a1,Q2, ...., @p. In each of these phases we have a general 
solution with Bessel index 4, = |a; — 1/2|, 7 = 1,2,...,n. By matching uw and uw’, using 
the large-argument limit of the Hankel functions for modes above the potential barrier, 
and the small-argument limit for modes below the barrier, we obtain a spectrum with n 
different frequency bands. In each band, the slope of the spectrum is only determined by 
the background kinematics of the two phases in which a given mode “hits” the barrier 
and “re-enters” the horizon, respectively. The amplitude of the spectrum, on the contrary, 
keeps track of the relative duration and kinematics of all phases during which the mode 
stays “under the barrier” p7a. 


By expanding the coefficients of the exact Bessel solutions (determined by the matching 
conditions) at each transition scale |n;| = k; 1 and including the next-to-leading terms 
when the leading ones are zero (139, we can also formulate a set of synthetic prescriptions 
for a diagrammatic computation of the spectrum B19}. The method requires the drawing 
of a simple plot in which we insert a vertical line corresponding to each transition, the 
height of the line being proportional to the associated transition frequency, kj = |n;|~+. It 
is thus possible to identify at a glance the various frequency bands of the spectrum, and the 
knowledge of the various Bessel indices v; turns out to be sufficient to write down a quick 
estimate of the various amplitudes and spectral distributions [210]. Such a computation can 
also be made exact by including the full numerical coefficients in the asymptotic expansion 
of the Hankel functions. 


4.5 Duality of the perturbation equations 


In the previous subsections we have applied the usual Lagrangian formalism to describe the 
evolution in time of the perturbations, and their cosmological amplification. The Hamil- 
tonian formalism, however, is more appropriate for the study of an interesting duality 
‘symmetry which connects the amplitude of quantum fluctuations to their conjugate mo- 
mentum, and which may be useful for estimating their energy—density spectrum |[118] (see 


also {616]). 


We shall assume, as discussed in Subsection f-3, that the perturbations of the effective 
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action leads to a quadratic Lagrangian density which, in the conformal-time gauge, can be 


parametrized as 
1 9 (ye 
L= 52? (vy? +yvy), (4.107) 
where 2(7) is the pump field and @% the comoving amplitude of the given fluctuations (see 
for instance Eq. (4.53)). This Lagrangian may describe not only the (scalar and tensor) 


metric perturbations, but also the quantum fluctuations of gauge fields and antisymmetric 
tensors (see Section (7). By introducing the conjugate momentum 


o£ 
ees zw, (4.108) 


we can define the corresponding Hamiltonian density, written in Fourier space as 
1 = 
= 50 (27 lal? + PR Wel), (4.109) 
k 


where ~_, = WY, and 7_, = 7. The first-order perturbation equations then read, for each 
mode, 
Ue = 22 aT_p, TH, = —27hb_p, (4.110) 


and lead to the decoupled equations 
z! z! 
Wy + 2—Wy, + kev, = 0, Ty — 2—n), + km, = 0. (4.111) 
Zz Zz 


It is now easy to check that the transformation 


es = es | 
Th Te=ktp, UeaVea=—k tp, 272 =z (4.112) 


leaves the Hamiltonian, Poisson brackets, and equations of motion unchanged. It is a duality 


transformation that reduces toithe usta strong-weak coupling dtality? [OT B23, 559) in the 
ered (as for the perturbations of heterotic, four-dimensional 
gauge bosons (509, B04, FSU), see Section fi), aietolsealerfactor duality 599, 589, 560) in the 


special case in which z = a (as for tensor metric perturbations). In addition, in the case of 
electromagnetic perturbations, the contribution of ky; to the Hamiltonian can be identified 


with that of the magnetic field, whereas mj is proportional to the electric field: hence, in 


that case, the transformation (4.112) exactly represents the well-known electric-magnetic 





duality transformation. 


As a consequence of this duality property, the energy-density spectrum of the quantum 
fluctuations can be consistently estimated by truncating the solution (outside the horizon) 
even in backgrounds where the comoving amplitude 
w grows with time and the growing modes dominate the spectrum. Only in a duality- 
invariant context is such a truncation consistent, as the contribution to the Hamiltonian 
of the growing mode of w is simply replaced by the contribution of the frozen part of its 


duality-related conjugate momentum [119]. 
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In order to illustrate this important effect, it is convenient to introduce the new variables 


oe 


os -1 F 
p= 2p, T= 2, (4.113) 


which are canonically normalized and which transform as w,7a under the duality transfor- 
mation (4.119). Our Hamiltonian density (£109) can then be written, formallyf], in a free 


canonical form, 


1 Ps 
He = 5) (litel? + & ld!) , (4.114) 


where the variables a, 7 satisfy the Schrodinger-like equations of motion: 
Bull + [k? (223 ] de = 0, ia + [k? - (271)"2| = 0, (4.115) 


characterized by two duality-related “effective potentials”, Vy(z) = 2"/z and V;(z) = 


The initial evolution of perturbations, for all modes with k? > {|Vo|, |Vq|}, can now be 
described by the WKB-like approximate solutions of Eqs. (#119): 


fun = (=) Mow [-s fa (21) 
70 


’ 





TE) =k (i? — uy exp ni fay (i? - Vn) ae ; (4.116) 
70 


which we have normalized to zero-point vacuum fluctuations, and where the extra factor of k 
in the solution for 7, is inserted for consistency with the first-order Hamiltonian equations. 
We have ignored a possible relative phase in the solutions. Asymptotically, at 7 — —oo, we 
have Vy, V; — 0, and the solutions reduce to the canonically normalized vacuum 


fluctuations ee 
e ~tkn+ipr 


Jk ’ 


where vy, Yj, are random phases, originating from the random initial conditions. The initial 


de(n) = fin(n) = Vike 1+, (4.117) 


state thus satisfies 
(27a?) = (27(Vp)"), (4.118) 


where (---) denotes ensemble average, or expectation value if perturbations are quantized. 


Note that, because of the random phases, the initial state is duality-invariant only on the 
1Equivalently, we can introduce wa via a time-dependent canonical transformation and work with a 
corrected Hamiltonian 7. 
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Ansatz: 


In the opposite regime, k? < {|V,|, |Vr|}, it is possible to write “exact” solutions to Eq. 


(4.115) as follows [119), 


n~ 


wen) = z [a Tcos(z~!, z) + By Tsin(z1, 3) ; 
Th) = kzt [a Tcos(z, Zo) = A Tsin(z, =) : (4.119) 


where Ay, B, are arbitrary integration constants, and the functions Tcos(k, 7), Tsin(k, 7) 
satisfy 


[Teos(2"1, z)| = -< Tsin(z, 27"), [Tsin(271, 2)) = “ Tcos(z, 271). (4.120) 


They are defined through the following “ordered” expansions (see also 94): 


n m 
Teos(z7+, 234,97) =1—k / dmz*(m) k if daz? (nz) + 
Nex Nex 


” ™ n2 73 
+ kf dm2*(m) kf dm2"(m) k f dm2(ns) kf dmz?(m) ++ : 


Nex Nex Nex Nex 
7 
Tsin(e“'2skyn) =k f dm2*(m) - 
Nex 
7 71 2 
= & fame ?¢n) kf dren) & f dng (n8) +, (4.121) 
Nex Nex Nex 


where, for matching purposes, a convenient choice of the time 7.x, appearing as an arbitrary 
lower limit of integration, is the horizon-exit time, such that |k7jex| ~ 1. 


‘Suppose now that the background, during the accelerated period, can be parametrized 


by | (a ae From the general 
solution (4.121) 


we obtain, in the limit |k7| < 1, 





2s kInl 5. 2 de kln|_ 
= Ax|n|* + ———B - =k(B * _ ~~ A,|n|% 4.122 
de = Aen + E—Buln-®, ie = B(Balnl-@— SE Aatnl), (4.122) 
with logarithmic corrections for a = +1/2. The corresponding expansion for the comoving 
amplitudes w,, 7, is then 
Wp = Ap + Baly|**, Th=k (Br -_ Ax|n|'*?) : (4.123) 


They may contain a growing mode, which leads in general to a growing Hamiltonian, and 


then to a growing energy-density spectrum. The Hamiltonian, however, is always dominated 


by a joint contribution of the frozen modes of Ww, and mz. We may consider, in fact, three 
possibilities. 





9222222222222 


D 


e a > 1/2. The growing mode dominates yw, while 7% is frozen, as the constant mode 


is dominant (see Eq. (4.123)). Asymptotically, however, the Hamiltonian (4.114) is 
momentum-dominated, 7? >> k?w, according to Eq. (4-129). 


e a < —1/2. The comoving amplitude 7, is frozen, while the growing mode dominates 
Tr (see Eq. (4.123})). Asymptotically, however, the Hamiltonian (4.114) is dominated 
by wp, ie. 7? < k??, according to Eq. (4.129). 


e —1/2 <a < 1/2. The comoving amplitude and the conjugate momentum are both 
frozen, so that 


a ee (=) Dy ~ VElbnI*, 


®, = k2-1a, = (.) th ~ Vk\kn|—%, (4.124) 


Cc 


and 1 
Hp = 5 Max {7 kag. (4.125) 


Thus, for super-horizon wavelengths, the Hamiltonian density is always growing but, irre- 
spectively of the value and sign of a, 


and 7 ~ kBe 
which can be written as 
1 a aL R —2a 
Hs 5 P| dP? + (BP ln } 
k 


This estimate, based on the low-energy effective Lagrangian (4.107), could no longer 
be appropriate when including a’ and loop corrections, typical of the high-curvature string 


phase of pre-big bang models. Such corrections could indeed break the low-energy duality 


symmetry. In that case, we cannot exclude that other modes in w and a will dominate the 
Hamiltonian over the constant modes. In that case, however, the above estimate can be 
applied as a lower bound on the total energy spectrum, provided the perturbation equations 
still contain a frozen part in their asymptotic solutions, as shown, for instance, in the 
example discussed in detail in P77. 


One of the most firm predictions of all inflationary models is the amplification of the trace- 
less, transverse part of the quantum fluctuations of the metric tensor, and the formation 


of a StOchastie background of relic gravitational waves B49, 570, [[3, BRA). distributed over 


quite a large range of frequencies (see (13, 7] for a detailed discussion of the stochastic 
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properties of such a background, and B53, for a possible detection of the associated 
“squeezing” ). 


In this section we will apply the formalism and the results established in the previous 
section to compute the possible spectral distributions of relic gravitons in the context of 
the pre-big bang scenario. We will then estimate the maximal expected intensity (allowed 
by phenomenological bounds and by model-dependent constraints) of such backgrounds 
and discuss their possible detection by present (or near-future) gravitational antennas. For 
additional studies of this aspect of the pre-big bang scenario we also refer the reader to 
recent review papers, especially devoted to the primordial graviton background in string 


YL cosmotoey (3, BFS BST, BS. TH 
5.1 Phenomenological bounds on the graviton spectrum 


As discussed in the previous section, the Sp6ctiti OP the tensor perturbations of the micttic, 
‘amplified by inflation, contains various important parameters: the inflation scale Hy, the 
the end-point frequency w;. Such parameters are (partially) constrained by 


the direct (or indirect) observational bounds existing at present on the energy density of 
a primordial stochastic background of gravitational waves. To discuss the effects of such 


bounds, let us recall, first of all, the gravitational Spectrum expected in the context of the 
standard inflationary scenario. 


In that context, the overall cosmological evolution can be approximated by a three- 
‘phase model of background, in which the accelerated de Sitter (or quasi-de Sitter) epoch is 
followed by the standard radiation-dominated and matter-dominated eras: 


3 inflationary de Sitter inflation, ree (=n), 2a 
phases 


radiation domination, a~n, mm << Neg; 


matter domination, ant’, Neq <1 < No- (5.1) 





The effective potential appearing in the perturbation equation (4.56) is then characterized 
by two transition scales, inflation — radiation at 7 ~ 7, and radiation — matter at 1 ~ MNeq- 
As a consequence, there are two different branches of the spectrum, corresponding to high- 


frequency modes, |kmjeq| > 1, that are affected by the first background transition only, 
and low-frequency modes, |kijeq| < 1, that are affected by both transitions. Following the 
procedure described in Section 4.4 we can easily compute the corresponding Bogoliubov 
coefficients, and the resulting spectral energy distribution (£105), evaluated at the present 


time fg, is p44, 243, B): 





Hi? 
Oeg(w,to) & es ((ta) Weq <W < WI, 
=. 
Ay 4 Ww 
—} Q eg : 
(=) y(to) (=) , wg <W < Weq (5.2) 
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Here Hy, is the curvature scale corresponding to the inflation — radiation transition, 
w, is the maximal amplified frequency, corresponding today ang 10" Ha: 
wo is the minimal amplified frequency, corresponding to a mode crossing today the Hubble 
horizon, wo ~ 10~!8 Hz; a ~ 10?w9 is the frequency of a mode crossing the horizon at 
the epoch of the radiation — matter transition (the maximal frequency affected by the 
potential due to the matter era); finally, Q,(to) ~ 10~* is the present fraction of critical 
energy density in radiation. 


The expected distribution decreases like w~? between wo and Weq; it is flat (i.e. scale- 
invariant) between weg and w; and then dies off exponentially for w > w,. The position of 
the spectrum in the (Q,w) plane is completely controlled by Hj, which is the only unknown 
parameter in this simple example of inflationary model. The existing phenomenological 
bounds able to constrain the position of the spectrum in the (Q,w) plane can thus constrain, 
indirectly, the inflation scale H;. At present, there are three main experimental bounds. 


‘A first bound follows from the analysis of the pulsar-timing data: there is at present no 
detectable distortion of pulsar timing due to the influence of a cosmic graviton background, 
at the frequency scale w, ~ 10-8 Hz. The present level of experimental sensitivity provides 


the bound 
OQG(wp) S 1078, Wy ~ 10-8 Hz. (5.3) 


‘A second bound comes from the standard nucleosynthesis analysis [557]: the total inte- 


grated energy density of the graviton background, at the epoch of nucleosynthesis, cannot 
exceed, roughly, the energy density of one massless degree of freedom in thermal equilibrium 
at that epoch. This gives a bound for the integrated spectrum [117], 


higg f dlnwXc(w, to) < 05x10, 259 = Ho/(100 km s~*Mpc“’), (5.4) 


which also applies to a possible peak of the spectrum, at all scales. Note, however, that the 
above bound can be relaxed by about an order of magnitude if significant matter—antimatter 
domains are present at the onset of nucleosynthesis, as recently pointed out in [B37]. 


‘A third bound (the most stringent one for flat or decreasing spectra) comes from the 
COBE measurements 67, of the large-scale CMB anisotropy. Those observations imply 
that the contribution of a graviton background to the CMB anisotropy, at the horizon scale 
wo, cannot exceed the upper bound 


AT 
(FF) ~lontwo)] = 10°, (5.5) 
wo 


where |d,(w)| is the typical fluctuation amplitude (4.69) of tensor perturbations over a 
proper length scale w~!. The spectral energy distribution, on the other hand, can be 
expressed in terms of the amplitude 4, by noting that, from the E-frame action (4.64) of 


tensor perturbations, the average proper energy density of the background (summing over 
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polarizations) is given by 
d(Eg) 2/2 
= 2S = Mp (h|*). 5.6 
po = Sot = MB (i?) (5.6) 
Using the Fourier expansion, the isotropy and the stochastic condition (4.67) for hz, we 


finally obtain the relation [278] 


2, 
Qe(u,t) = Goll) han(u)P (=). (5.7) 


The COBE bound can thus be rewritten as a condition on the graviton spectrum, 


Qg(wo) S 107"°, @~ 107'® Hz. (5.8) 


A further, model-dependent bound can be obtained by considering the production of 


primordial black holes [18Q, , that could be in principle closely related to the process 
of graviton production. The process of black-hole evaporation, at the present epoch, is 
constrained in fact by a number of astrophysical observations: the absence of evaporation 


may thus impose an indirect upper limit on the graviton background. In a string cosmology 
context the best upper limit obtained from primordial black holes turns out to be roughly of 
the same order as the nucleosynthesis bound 6.4), namely Qg(ws) S 0.5 x 107° (fis0], where 
ws is the maximal frequency amplified at the end of the low-energy dilaton-driven phase 
(see the next subsection). It should be mentioned, finally, that another bound comparable 
with the nucleosynthesis one, Ng S 107°, and only valid however in the frequency range 
10-8 — 101° Hz, is also obtained from present gravitational lensing experiments 64. 


Taking into account all significant bounds, the maximal allowed spectrum for the stan- 
dard inflationary scenario is represented in Fig. by the line labelled “de Sitter”. The 
CMB isotropy bound (6.11) is the most significant one and, when imposed on the spectrum 


6.9), it implies 29, 629] 
Hy S 10->Mp. (5.9) 


Also shown in Fig. B.]] are two possible spectra for the case in which the accelerated de 
Sitter phase of Eq. (6.1) is replaced by a phase of power-law inflation, with a ~ (—7)°, 
a <—1l. In that case the spectrum is decreasing even for w > Weq (see Table 2), and the 
isotropy bound on H, becomes more and more stringent as the negative slope becomes 


steeper and steeper (295, Rog]. 
The bound (6.9) on the final inflation scale thus applies to all models characterized by a 


flat or decreasing energy spectrum. It may be evaded, however, if the spectrum is growing, 


as in the context of the pre-big bang models that will be considered in the next subsection. 


5.2 The graviton spectrum in minimal pre-big bang models 


According to the pre-big bang scenario, the very early cosmological evolution starts from a 


state approaching the string perturbative vacuum, goes through an initial low-energy phase 
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Figure 5.1: Expected graviton spectra in the standard inflationary scenario. 


‘driven by the dilaton kinetic energy, and then necessarily reaches a purely “stringy” and 


quantum regime of high curvatures and large couplings. In that regime, the perturbative 
expansion of the string effective action becomes inappropriate (see Section RB), and the 


details of the background kinematics become (with present understanding) uncertain and 


‘strongly model-dependent; for the illustrative purposes of this subsection we shall assume 
that, in spite of these uncertainties, it is still possible to parametrize the kinematics of the 


Neglecting the final matter-dominated era, which only affects the low-energy tail of the 





spectrum (and which is not very relevant to spectra that are growing very rapidly with 
frequency), we are thus led to consider a simple class of pre-big bang models in which 
the phase of accelerated evolution preceding the standard radiation era is divided into two 
physically distinct regimes: an initial, low-energy, dilaton-dominated phase, and a late, 
high-energy, string phase where a/ and loop corrections become important (see Section §). 
We shall denote by 7; the time scale marking the transition to the high-curvature string 
phase and by 7, the time scale marking the transition to the radiation-dominated cosmology 
(see Fig. 5.2), associated to a final curvature of order 1 in string units. In the E-frame we 
may thus parametrize the following class of backgrounds: 


PRE dilaton phase, ow —V31n(—7) 1 < Ns; 

BB string phase, @ ~ —26ln(—7) he = = is 
radiation era, o = const, n>m™- 

MODEL (5.10) 





1 The model seems to contain four parameters, a, 3, 1, 3 or, equivalently, the curvature 
scales and coupling constants at the two transition epochs: 


A, Ay wee", ge". (5.11) 
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Figure 5.2: A “minimal” model of pre-big bang background. 


We may expect, however, that during the string phase the curvature scale stays controlled 
by the fundamental string mass M,, 


2 
string phase ~ Ms = e?! Mp, (5.12) 


so that HT keeps constant in the S-frame, while it grows (driven by the dilaton) in the 
E-frame, where Mp is a constant. This condition has two important consequences. 


The first is that the final curvature scale, H; = g; Mp, turns out to be fixed by the 


present value of the fundamental ratio between the string and the Planck mass £03): 
M;/Mp ~ 0.3 — 0.03. (5.13) 


The second is that, in the E-frame, according to the parametrization (6.10), we have 
|H;/Hi| = gs/gi, so that 


lm /nal? = n/n ** (5.14) 


ie. B=1+a. 


Since Hj is fixed, and a and £ are related, we are thus left with a “minimal” class of 
pre-big bang models fi14, BOS], characterized by a two-dimensional parameter space. As 
a convenient set of physical parameters we may choose, for instance, the duration of the 
string phase in conformal time, z; = 7/71, and the value of the string coupling g,(7;) at 
the beginning of the high-curvature string phase. 


For such a background, the effective potential V(71) of Eq. is characterized by 
two transition scales, and the corresponding spectrum by two frequency bands, separated 
by the limiting frequency ws: we have in fact high-frequency modes with w > wg hitting 
the barrier (or crossing the horizon) during the string phase, and low-frequency modes with 
w < ws hitting the barrier during the dilaton phase. By applying the general procedure 
illustrated in the previous section one then finds the following spectral distribution {lig}: 


: Ww 3-—2v 
Nae(@,to) & gi, (to) (=) ) Ws KW <a, 
1 


92, (to) (2)" (2), WwW < Ws (5.15) 


s Wy 


I 
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(modulo logarithmic corrections, see Section [.2}). Such a spectrum has three important, 
properties. 


e The low-frequency band is characterized by a nearly thermal (i.e., Rayleigh—Jeans) 


behaviour, 2 ~ w, that Simulates the low-energy part of a blackbody spectrum, 


e At high frequencies the slope is at most cubic, but in general flatter, as Q ~ w??”, 
with v > 0. 


e The end-point values of the spectrum are approximately known, and fixed in terms 
of the fundamental ratio g, = H,/Mp ~ M,/Mp: 


wi x gi!710" Hz, Q(w1) ~ 107492. (5.16) 


The spectral behaviour of this class of backgrounds, computed by perturbing the lowest- 
order string effective action, is expected to remain valid even when the a’ corrections are 
included (to first order) in the perturbed action [277]: the spectrum remains the same, 
only the amplitude is slightly modified, with no appreciable consequence for an order- 
of-magnitude estimate (as confirmed also by recent numerical simulations, [143]). What 
remains model-dependent, however, is the position of the break in the spectrum, determined 
by the coordinates ws and Q(w,). For comparison with the standard predictions of the de 
Sitter inflationary scenario, we have thus plotted in Fig. three possible spectra, for 
a graviton background of pre-big bang origin, corresponding to different durations of the 
string phase, and to different slopes of the string branch of the spectrum. 


It should be mentioned that the full spectrum of tensor metric perturbations has re- 
cently been computed for a regular class of minimal pre-big bang models, including in the 
linearized perturbation equations also the contributions from the higher-derivative and loop 
corrections needed for a smooth transition to the post-big bang regime (144). It has been 
checked, in such a context, that the spectrum of the low-frequency modes w < ws, crossing 
the horizon in the low-curvature regime, is unaffected by the higher-order corrections. Also, 
it has been explicitly confirmed that the “string branch” of the spectrum (w > weg) is flatter 
than at low frequency, and that its amplitude can be reliably estimated also by means of 
the low-energy perturbation equation. It has been found, however, that if the transition 
to the post-big bang regime goes through a phase described by the fixed-point solutions of 
the (first order in a’) truncated string effective action (see Subsection B.3), then the slope 
of the string branch of the spectrum is at least quadratic, i.e. still too steep for a possible 
detection by present gravitational antennas (see Subsection 5.4). 


In any case, the graviton spectrum of the minimal pre-big bang scenario is monotonically 
growing and, as a consequence, the most constraining bound is provided by nucleosynthesis, 
as is evident from Fig. 5.3} The string branch of the spectrum can be extended (at least 
in principle) to arbitrarily low frequencies, provided that the slope is not too flat, to avoid 


103 


nucleo bound 
pulsar bound 


inflationary =o-FY fb | 
scenario y 


de Sitter 

















Log 19 (gh? 90) 


' 
Nv 
° 
Oe a a 








geal pi ee 
-8 3 2 7 12 


Log 19 (  /Hz) 





co oF 
un 
w 


Figure 5.3: Expected graviton spectra in minimal pre-big bang models, compared with the 
flat (or decreasing) spectra of the standard inflationary scenario. 


a conflict with the pulsar bound. It should be stressed, however, that the nucleosynthesis 
bound applies to the total integrated energy density, and thus becomes more and more 
stringent as the spectrum is flatter and the string phase is longer. 


Given our present ignorance of the dynamical details of the string phase, where high- 
curvature and quantum-loop effects are expected to play a significant role, the precise shape 
of the spectrum turns out to be (at present) strongly model-dependent (as also stressed by 
the examples analysed in [[l48]). It is remarkable that, in spite of this uncertainty, it may be 
possible to provide an accurate (and rather model-independent) estimate of the theoretically 
allowed region for the expected spectrum, in the plane of Fig. 5.9. 


5.3 Allowed region in the w — 2 plane 


The determination of the allowed region requires a precise estimate of the coordinates of 


the end-point of the spectrum [117], w; and Q(w,). The first one is the maximal amplified 
frequency, corresponding approximately to the production of one graviton per polarization 
mode and per unit of phase-space volume. The present value of this frequency is: 








Aya, 
wy1(to) = . 5.17 
1( 0) a(to) ( ) 

The second one is the associated peak value, 
4 
Ww 

Q(w,) = — 5.18 
(1) = 5 (5.18) 


(from Eq. (4.99). The present value of w; contains two elements of intrinsic uncertainty. 
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A first uncertainty corresponds to the identification H; = Mg. It is true that the final 
transition scale should be controlled by the string mass scale, but the exact value of Hy 
might be slightly different from M,. This uncertainty is expected to be small, however, and 
can be neglected in a first approximation. 


A second (and just moreimportant) uncertainty is associated to the rescaling of wy 
from the transition time t; down to tg. There are in fact two possibilities. If the CMB 
radiation that we observe today was all produced by the transition at t = t,, together with 
the gravitons, then the ratio Ng/Q, remains fixed throughout the subsequent cosmological 
evolution from t; down to tg, the redshift of w; is known and can be computed exactly. 
‘If, on the contrary, there was some process of radiation production due to some reheating 
‘phase occurring at time scales much later than t;, then the present value of the ratio Ng/Q, 
can be arbitrarily diluted with respect to its original value at t;, corresponding to a redshift 
of w, which is in principle unknown and arbitrarily large. 


To take this last possibility into account, we may introduce the phenomenological param- 
eter 65, representing the fraction of the present CMB entropy density due to all reheating 
processes following the end of the string phase at t = t;. This parameter is defined by 


So — $1 


6s = ——_., (Gag) 


50 
where sg and s, are the thermal entropy density of the CMB background at to and fj, 
defined in terms of the temperatures (7o,7)) and of the numbers (no, 71) of particle species 
contributing (with their own statistical weight) to the entropy: 
Qn? 


no(agTo)°, sy, = emlati)”. (5.20) 


Qn? 


mers 


By using n;/no ~ 10°, and assuming thermal equilibrium at ¢ = ¢;, we then obtain fi17]: 


M; 1/2 
w1(to) ~ To (=) (1-68), 


M, \? 
Qe(w1, to) ~ 7 x 1075A;%, (=) Gafa",, (5.21) 








where Ty = 2.7 K ~ 3.6 x 10!! Hz is the present CMB temperature. 


At fixed 6s, the main uncertainty on the end-point values is thus controlled by the 
fundamental ratio M;/Mp, as illustrated in Fig. [5.4, where the boxes around the end 
point display an uncertainty corresponding to the allowed range 0.01 < (Ms/Mp) < 0.1. 


4. The present peak 


By varying 6s, the end point moves along the thin line with slope w 
intensity is thus depressed for large values of 6s; however, as we can see from the picture, 
even if 99% of the present entropy had been produced during the latest stage of evolution, 
the intensity Of the elie graviton | background Would |stay"|Well/AbOVE the full line labelled 


“de Sitter”, which represents the most optimistic prediction of the standard inflationary 
scenario in this frequency range. 
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We note, finally, that the same numerical value of the ratio M,/Mp also controls the 
amplitude of the bulk graviton spectrum possibly produced in the context of a pre-big bang 
scenario with large extra-dimensions B5, Bil). Indeed, even if the D-dimensional Planck 
scale is smaller (for larger volumes of the internal space), the string scale is correspondingly 
lowered, so as to keep the grand-unified gauge coupling in the above allowed range. 


The above discussion refers to the minimal models illustrated in the previous subsection, 
where the end point and the peak of the spectrum are strongly correlated, according to Eq. 


(5.21)). Actually, what is really fixed in the pre-big bang scenario is the maximal height of 
the peak, but not necessarily the position in frequency, and it is not impossible, in more 


complicated, non-minimal models, to shift the peak to lower frequencies. 


Tn the minimal models, in fact, the Gad of he Siing phase Comcides with the Weezing 


of the coupling parameter g = e*/?, and with the beginning of the standard radiation era. 
In non-minimal models [274] (see also [45]) the coupling is still very small at the end of the 


string phase, g(t;) < 1, the dilaton keeps growing in a decelerated way while the curvature 
starts decreasing, and the produced radiation becomes dominant only much later (such 





models are also important in the context of reheating 


The main difference between the two classes of models is that in the non-minimal case the 
effective potential V(7) appearing in the canonical perturbation equation is non-monotonic, 
so that the highest frequency modes re-enter the horizon during the intermediate dilaton- 
driven phase that follows the string phase and preceds the beginning of the radiation era. 
This modifies the slope of the spectrum in the high-frequency sector, with the possible 
appearance of a negative power [278] (see also 6Q]). The gravity-wave spectrum may 
thus become non-monotonic, and the peak may no longer coincide with the end point, as 
illustrated in Fig. A similar behaviour for the spectrum is also obtained in the context 
of non-minimal pre-big bang models that include a phase of “thermal inflation”, or a period 
of early matter domination sq). A phase of matter-dominated pre-big bang evolution 
can also produce a flat graviton spectrum 25]]), but in that case the intensity of the relic 
background is much smaller than the peak values reported in Fig. 5.4. 


‘These are good news from an experimental point of view, because they suggest the pos- 
sibility of a large detectable signal, even at frequencies much lower than the gigahertz band. 
However, they also provide a warning against too naive an interpretation and extrapola- 


tion of possible future experimental data, because of the complexity of the parameter space 
of the string cosmology models. It should be noted, for this purpose, that the spectrum 
associated to the string phase could be monotonic only on the average, and could locally 
oscillate even in minimal models 133}, as illustrated by the wavy line appearing in the 
high-frequency branch of the spectrum of Fig. 5.4. 


Given the present theoretical uncertainties, it seems appropriate to define the maximal 
allowed region for the expected graviton background, i.e. the region spanned by the spec- 
trum in the {w,Q} plane when all its parameters are varied. Such a region is illustrated 
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Figure 5.4: Peak and end point of the graviton spectrum in minimal and non-minimal 
models, as a function of 6s. The boxes at the end of each strip represent the uncertainty 
due to the unknown value of the ratio M,/Mp. 


in Fig. for the (phenomenologically interesting) high-frequency range w > 1 Hz. The 


figure emphasizes the possible, large enhancement (of about eight orders of magnitude) of 


the expected graviton background in pre-big bang models, with respect to the standard 
inflationary scenario. The maximal allowed intensity of the graviton background coincides 
with the upper border of the strip with ds = 0 in Fig. 5.4, i.e. from Eq. (6.21): 


Pe Sei (5.22) 


Note that this upper limit is automatically compatible with the nucleosynthesis bound, Eq. 
(5.4), even if the spectrum is nearly flat from the end point down to the hertz scale. 


This maximal amplitude can be conveniently expressed in terms of a useful experimental 


parameter, the strain density S,, defined by 54] 


1 
(h(v)h*(v')) = gov —v')S,(v), (5.23) 
and related to the energy density (6.7) (using the stochastic condition (#.67)) by 279, 63]: 
Bah 
Sp(v) = i,3 OQa(v), vy=w/2n. (5.24) 


The minimal experimental sensitivity required for a direct detection (by a single gravita- 


tional antenna) of the maximal background (6.23) of pre-big bang gravitons is thus given 
by (4 
(5.25) 





This shows that the minimal sensitivity needed to reach the border of the allowed region 
grows with the frequency band to which the detector is tuned, even if such a border is the 
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Figure 5.5: Allowed region for the vacuum-fluctuation spectrum in string cosmology and 
in the standard inflationary scenario, compared with other possible tensor perturbation 
spectra of primordial origin. 


same at all frequency scales (see Eq. (B.22)) and Fig. 5.5). This effect may favour —from an 
experimental point of view— detectors working at lower frequencies. Unfortunately —-from a 
theoretical point of view— the probability of a large background intensity seems to be larger 
at higher frequencies, since the typical spectrum of pre-big bang models is growing. It is 
important to stress, however, that the minimal required sensitivity (5.25}) may be somewhat 
relaxed, for realistic detection strategies in which the search for a stochastic background 
proceeds through the cross-correlation of the outputs of two independent detectors (see the 
next subsection). 


The relic background associated with the parametric amplification of the vacuum fluc- 
tuations is compared, in Fig. [5.5, with other possible backgrounds of primordial origin, 
obtained with different mechanisms: graviton radiation from cosmic strings (137 and 
other topological defects E73}, from axion seeds 608}, from bubble collision at the end of a 
first-order phase transition bod], and from parametric resonance of the inflaton oscillations 
fu), 66]. The spectrum obtained from a phase transition, plotted in the figure, refers to a 
typical reheating temperature T, ~ 10° — 10° GeV, but higher peak values are possible for 


higher T; 59). 


Also shown in the figure is the linearly growing spectrum obtained in recently proposed 
models of “quintessential” inflation (510), and of “brane-world” inflation 65d, and 
a thermal black-body spectrum corresponding to a present temperature Jy ~ 1 K. In 
the standard inflationary scenario, a thermal background might originate at the Planck 
scale, when the temperature is high enough to maintain gravitons in thermal equilibrium. 
Such a background, however, should be strongly diluted (with respect to the present CMB 
radiation) by the action of the subsequent inflationary phase, occurring at curvature scales 
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lower than Planckian. As a consequence, the surviving spectrum should correspond today 


to an effective temperature So‘depressed as to be practicallyinvisiblé, In the context of the 
(pre-big bang models, on the contrary, a thermal spectrum like that of Fig. 6.5] could be 


simulated by the sudden transition of the low-energy dilaton-driven phase to the standard 


radiation-dominated era — corresponding, for instance, to a minimal model of Section B. 





with n, ~ 1. 


It may be noted that all the primordial backgrounds of Fig. 5.9 are higher (in intensity) 
than the background obtained from the amplification of the vacuum fluctuations in the 
standard inflationary scenario, but not higher than the analogous background expected in 
the context of the pre-big bang scenario. In any case, given the rich phenomenology of 
possible spectra, it seems appropriate to report at this point the experimental sensitivities 
of present gravitational antennas, referred in particular to the frequency range of Fig. b.5} 
This will be the subject of the next subsection. 


5.4 Experimental sensitivities 


The limiting sensitivity (corresponding to the upper border of the allowed region in 
Fig. is unfortunately too high for the detectors that are at present in operation: the 
cryogenic, resonant-mass, gravitational antennas (see 62d) for a review). In fact, if we take 
for instance the resonant bar NAUTILUS [173], the resonance frequencies are at 907 and 
922 Hz and, at these frequencies, the strain sensitivity is approximately 


VSp ~ 5 x 107-7? Hz-¥/?, (5.26) 


With some improvements, the sensitivity is expected to reach in a few years the target value 
8 x 10-23 Hz~!/?. Similar resonance frequencies (around 900 Hz) and similar sensitivities 
are also typical of the other resonant detectors such as ALLEGRO Bei], AURIGA £28], 
and EXPLORER (og). The resonant bar NIOBE B74}, however, is working at a smaller 
frequency (~ 700 Hz) and could reach, in principle, a slightly better sensitivity. 


Interferometric detectors, such as LIGO A. VIRGO [45], GEO600 [#48] and TAMA300 
205}, are already basically built and will soon become operative. The best planned sensi- 
tivity, for the first-generation instruments, is around 


VSp ~ 1077? Hz 1/2, (5.27) 


very similar to the present bar sensitivities. This sensitivity, however, is available at a 
‘smaller frequency band, v = 100 Hz, and thus corresponds to a smaller limit in terms of the 
energy density of the graviton background (see Eq. (6.24). In practice, the interferometers 
of first generation will be directly sensitive to AGhto, ~ 10-1 — 10~?, better than resonant 
bars, which can at most reach the critical density, but still well above the border of the 
allowed region. 
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In order to approach the border sensitivity Qch?,) ~ 10~°, we must wait for the second 
(and higher) generation of interferometers. The Advanced LIGO project 44), for instance, 
might lead to a two orders of magnitude improvement of the sensitivity (6.27), at vy = 100 
Hz, thus reaching the borderline (6.29). An even better result is expected for the space 
interferometer LISA [B79], whose goal is to reach the strain sensitivity JS, ~ 4x 1077! 
Hz—!/? in the frequency band from 3 to 10 mHz, corresponding (in this band) to the 
remarkable limit Qgh7o, ~ 107"'. 


Another interesting possibility concerns resonant detectors with spherical (or truncated 
icosahedron) geometry, such as the TIGA B87, or SFERA Bg) projects. Hollow spheres 
are particularly promising: a large copper—aluminium detector (4 — 5 m in diameter), 
pushed to its extreme quantum limit may reach a strain sensitivityp] ye ew | ie 
Hz—!/?, with resonant frequencies of 600 and 2500 Hz (the resonance frequency can be 
tuned, in principle, by varying the geometrical radius of the sphere). Such a limiting 
sensitivity can be approached by the recently proposed wide-band “dual-sphere” detector 
(154), which consists of a massive solid sphere suspended inside a larger hollow one. In 
that case, a sapphire detector of an overall size of 2.6 m could reach a strain sensitivity 
VSn, ~ 107-28Hz—!/?, for frequencies between 1 and 4 kHz. 


Concerning higher frequencies (well above the kilohertz), the only possibility at present 
seems to be the use of resonant electromagnetic cavities 61, or waveguides [is7. There 
are also recent experimental studies for detecting small displacements based on two coupled 
microwave cavities [RG]: such a detector reaches the maximum sensitivity when the frequency 
of the incident gravitational wave is equal to the frequency-difference of the two cavity- 
modes. In this way, it seems possible at present to reach the strain sensitivity /S;, ~ 107° 
Hz~!/2 for frequencies around the kilohertz range [60]. Unfortunately, however, this value 
is well above the minimal required sensitivity (5.29). 


As shown explicitly by the above examples, the limiting sensitivity (5.25) seems not to 
‘be within easy reach of present technology, for the case of a single detector. In addition, an 


unambiguous detection of a stochastic gravity-wave background with a single experimental 
apparatus would require a complete and exact. knowledge of all the intrinsic instrumental 
noises, and of all the backgrounds of different origins that could interact with the gravita- 
tional antenna. Fortunately, an efficient answer to both difficulties is known: it is provided 
by the cross-correlation of the outputs of two (or more) detectors (fi62}, B55, 19, 7. 


Suppose that the outputs of two detectors, s;(t), 7 = 1,2, are correlated over an inte- 
gration time T’, to define a signal: 


s= - dt dt's,(t)so(t')Q(t — t’). (5.28) 
-T/2 


Here Q(t) is a real “filter” function, determined so as to optimize the signal-to-noise ratio 


2M. Cerdonio and L. Conti, private communication. 
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(SNR), defined by an ensemble average as: 


-1/2 


SNR = (S)/AS = (S) ((3?) - (s)?) (5.29) 


The outputs s;(t) = hi(t) + ni(t) contain the physical strain induced by the cosmic back- 
ground, f;, and the intrinsic instrumental noise, n;. The two noises are supposed to be 
uncorrelated (i.e. statistically independent), (ni(t)n2(t’)) = 0, and much larger in magni- 
tude than the physical strains, |n;| >> |h;|. Also, the cosmic background is assumed to be 
isotropic, stationary and Gaussian, with (h;) = 0. It follows that (7: 


(3) = - 1 at dt'(hy (tho) Q(t — ). (5.30) 


-T/2 


The physical strain is given by the projection of the metric fluctuation hay(x;,t) (com- 
puted at the detector position x = 2;) over the detector response tensor fBhags which charac- 
terizes the spatial orientation of the arms of the i-th detector. If n is a unit vector specifying 
a direction on the two-sphere, and e,p(/) is the gravity-wave polarization along %, we can 
expands the strain in momentum space as 


hilt) = [uw fen ha(p, A)FA (Aer ti-t) 
FA(h) = egh(n)D®, (5.31) 


where dA denotes the angular integral over the unit two-sphere, and the index A labels the 
two polarization modes of the wave; FA(A) is the so-called “pattern function”, depending 
on the geometry of the detector. Note that in the above equation we have used the proper 
momentum p = k/ a, even if the cosmological variation induced by the expansion of the 
scale factor is negligible over a typical experimental time scale T’. Note also that, for a 
better comparison with experimental variables, we have used units in which h = 1, so that, 
for a gravity wave, p = v = w/2n (but not in general for massive waves, see Section 6.4). 


For an isotropic, unpolarized and stationary background we can then use the stochastic 


condition to define [17, 163] 


é 7 . 1 oe op peel: 
(ha (p, 2), har(p’, A’) = 7044p — pd" (A, V)SSn (5.32) 


(the integration over the angular variables d?f, d?/i’ then reproduces Eq. (6.23). By insert- 
ing the momentum expansion into Eq. (5.30), and assuming, as usual, that the observation 
time T is much larger than the typical time intervals t — t/ for which Q # 0, we finally 


obtain, using Eqs. (6.23) and (6.24): 


2 
(8) = wrt [ SyrjQW)20), (5.33) 
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where Q(p) is the filter function in momentum space, and y(p) is the so-called “overlap- 
reduction function” : 
1 pan 


ae Fee, (5.34) 


y(p) 


Here N is an overall normalization factor, depending on the type of the detectors (for two 
interferometers, a convenient choice is N = 2/5, see (7: see 63] for the normalization of 
different antennas). 


We now need to compute the variance AS?, which, for uncorrelated noises much larger 
than the physical strains, can be expressed as fq: 


T/2 
AS? ~ (S?) = / dtdt'drdr' (n1(t)ni(T)) (na(t')n2(7’)) Q(t — U)Q(7 — 7’). (5.35) 
2 
Introducing the (one-sided) noise power spectrum in momentum space, P;(p), defined by 


(ni(t)ni()) = 5 f apP(p)e 2"), (5.36) 


and assuming as before that T is much larger than the typical correlation intervals t — t’, r 
— 7’, we obtain 


T 
As? == | dpPi(p)Pa() (0). (5.37) 
The optimal filtering is now determined by the choice (see for details) 
V(p)Q(p) 
Q(p) = ; 5.38 
= SEPP) — 


where 4 is an arbitrary normalization constant. With such a choice one finally arrives, from 


Eq. (6.33) and (6.39), to the optimized signal-to-noise ratio: 


(8). BABE , p dp 2(n)2@)] 
SNR = 4G = =a reer ; (5.39) 


The background can then be detected, with a detection rate 7, and a false-alarm rate a, if 
L7]: 
SNR > V2 (erfe“!2a — erfo~12y) : (5.40) 


Armed with the above results, it is now possible to estimate the minimum detectable 
background at a given confidence level, for any pair of gravitational antennas of given noise 
power spectrum P; and overlap y. The correlation of all existing pairs of interferometers has 
been studied in 4 and (7. With the sensitivities of the first-generation interferometers, 
for an observation time T’ = 4 months, a detection rate of 0.95, a false-alarme rate of 0.05, 
and a flat graviton spectrum Qg¢ = const, the minimum detectable value is 


eben =o 107". (5.41) 
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This value can be improved only slightly by increasing the number of correlated detectors. 
With the planned sensitivity of Advanced LIGO, however, one obtains the much better 


limit (13, [1°7): 


Ogle gs x10. (5.42) 


The correlation between two resonant bars, and between a bar and an interferometer, has 
been studied in 9, II, 614, 14). The minimum detectable values for the VIRGO-AURIGA 
or VIRGO-NAUTILUS or AURIGA-NAUTILUS pairs is at present OQgh?o9 ~ a few 
x10-4 (depending on the bar orientation) for a flat spectrum, one year of observation, 
at the 90% confidence level. The correlation of two spherical detectors seems to be more 
promising, however. Two spheres (of 3 m diameter) located at the same site could reach 
a sensitivity Qgh?o9 ~ 4 x 1077. Also, studies reported in [172] suggest that the 
correlation of hollow spheres could reach Qgh?og ~ 107°. 


All the above results refer to a flat graviton spectrum. The signal-to-noise ratio, and 


therefore the sensitivity, depend, however, on Qg(p), and then on the slope of the spectrum 
(see Eq. (5.39), as also stressed in [163] AG]. The sensitivity to a growing spectral distri- 
bution such as that predicted by pre-big bang models has been computed in particular in 
4 and (5, 17], for a pair of LIGO and a (virtual) pair of VIRGO interferometers, 
respectively. The minimum detectable intensity of the background, in that case, does not 
show any improvement with respect to a flat spectrum; on the contrary, the sensitivity 
could even suffer from a slight decrease, if the maximum of the signal is near the border of 
the accessible frequency band, where the noise of the interferometer is higher. 


Finally, the cross-correlation in the case of space interferometers such as LISA has re- 
cently been discussed in detail by taking into account that, at lower frequencies, the 
sensitivity to a stochastic graviton background of primordial inflationary origin is funda- 
mentally limited by the possible presence of other astrophysical backgrounds, generated at 
much later times, due for instance to binary systems of compact objects that cannot be 
resolved as individual sources. A detailed analysis, performed for the cross-correlation of 
two identical LISAs, leads to a minimum detectable signal Qgh?o, ~ 107, in the mHz 
range, for a flat spectrum. The three arms of LISA could also be combined in such a way 
as to simulate two inteferometers located in the same place; unfortunately, they would be 
rotated by an angle of 7/4 with respect to one another, and the corrresponding overlap 
function would be identically zero over the whole frequency range. This is the reason why 


two space interferometers are needed, even in that case. 


To conclude this subsection, let us recall the best (direct) experimental upper bound 
existing at present on the energy density of a stochastic graviton background, which has been 
obtained from the cross-correlation of the two resonant bars NAUTILUS and EXPLORER 


Ba Ba): 


OAgheo, S 60, v ~ 907 Hz. (5.43) 


This results corresponds to a very small observation time (T ~ 12 hours), and it is thus far 
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from the theoretical upper limit (6.25), but the future perspectives seem to be promising; 





as reported in the above discussion. The cross-correlations of advanced (ground-based) 
interferometers, space interforemeters, spheres, hollow spheres, are all expected to cross the 
borderline sensitivity (6.25), and then to explore, in a very near future, the allowed region of 
the string cosmology spectrum. Thus, future data from gravitational antennas will directly 
constrain the parameter space of the minimal and non-minimal classes of pre-big bang 


models considered in this section. 


We should add, finally, that useful information and constraints on the relic graviton 
background will also be obtained from future measurements of the CMB polarization 
59, 132]. The presence of a gravitational-wave background should in fact induce 
a characteristic “curl component” in the large scale CMB polarization Ol], which might 


be detectable by dedicated experiments (already at the sensitivity level of the Planck satel- 





6 Relic dilatons 


The effective action of string cosmology always contains at least two fundamental fields, 
‘the metric and the dilaton. The amplification of the dilaton fluctuations leads to dilaton 


production, just like the amplification of the transverse, traceless components of the metric 
fluctuations leads to graviton production. The possible formation of a stochastic background 


of relic dilatons P71], B2 i, , with statistical and squeezing properties similar to those of 


the graviton background, is one of the most peculiar phenomenological aspects of pre-big 
bang models. 





The main physical difference with the graviton background, discussed in the previous sec- 


tion, concerns the possible contribution of the mass to the dilaton spectrum (see Subsection 


6.1). The dilaton should indeed be massive, according to conventional models of supersym- 


metry breaking [5Jj. Also, the dilaton must be massive if it is coupled non-universally to 
macroscopic matter with gravitational strength E774, 237], in order to avoid unacceptable 


violations of the equivalence principle. The value of the dilaton mass, however, is largely 


massive dilaton 


Taylor unknown from a theoretical point of view. There are phenomenological constraints on the 
/vene mass, but they depend on the effective coupling of dilatons to macroscopic matter, which 
dilaton we shall discuss in Subsection (6.3. The value of the coupling, in turn, is strongly model- 


coupling dependent [[L97, [198], and phenomenologically constrained, at present, only by tests of the 
equivalence principle and of Newtonian gravity available on a macroscopic scale B53}, B80]. 


As a consequence, the present amplitude of the relic dilaton background, controlled by 
the string and dilaton mass, is more uncertain than in the graviton case. This is disap- 
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pointing, on the one hand, as it prevents the existence of an unambiguous link between the 
spectral properties of the dilaton background and the parameters of pre-big bang models. 
On the other hand, however, it leaves open two interesting phenomenological possibilities: 
a relic background of non-relativistic dilatons could represent a significant fraction of the 
present dark matter density [R71] (see Subsection and, if the mass is small enough, it 
could be detectable by the cross-correlation of gravitational antennas already at the 
sensitivity level of enhanced interferometric detectors p17, as will be discussed in Subsec- 


tion (6.4. 


6.1 Dilaton production 


In this subsection we will estimate the spectral distribution of the dilatons obtained from 
in the context of pre-big bang models. There 
are, of course, also other cosmological mechanisms of production, such as particle collisions 
at high (Planckian) temperature, coherent oscillations around the minimum of the scalar 
potential (and more exotic mechanisms, such as dilaton radiation from cosmic strings; see 
for instance [200]). We will concentrate here on the parametric amplification because, even 
if the temperature remains too low to allow thermal production, and oscillations are avoided 
through a symmetry that ensures the coincidence of the minima of the potential at early 
and late times {Log}, quantum fluctuations cannot be eliminated; also, they may be expected 


to represent the dominant source when the inflation scale is not smaller than about 
106 GeV, as in the context of the pre-big bang scenario. 


The production of dilatons through the amplification of the quantum fluctuations of 
‘the scalar background is very similar to the amplification of tensor perturbations, discussed 


in Section Bh. Unlike the graviton case, however, the analysis of dilaton perturbations is 
complicated by their coupling to the scalar component of metric perturbations, and to the 
scalar perturbations of the matter sources. The matter sources may even be absent from the 
pre-big bang phase, but they are certainly not absent when dilatons re-enter the horizon, 
in the radiation- and matter-dominated epoch. 


In order to discuss this effect, we shall work in the E-frame, in the longitudinal gauge, 
and we shall assume that the d-dimensional, homogeneous and isotropic, unperturbed back- 
ground is driven by the dilaton and by a perfect-fluid model of matter sources. Our inde- 


pendent variables are the scalar metric, dilaton and fluid perturbation, respectively y, ~, 
x, 6p, Op, du;, defined by: 


ds? =a? dy? (1+29)—(1-20) dei], 66 =x, 


ST? = dp, ST! = —5péi, gro = PTB s,,,, (6.1) 
a 





a 


In the E-frame the fluid sources are non-trivially coupled to the dilaton, and the unper- 
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turbed equations take the form (in units 167G = 1): 


il 
QR,” — HR = 0,40" b + Oy lv - (vey +7,” 


Vuved+ o +cP =0, (6.2) 


where the numerical factor c = \/2/(d— 1) arises from the conformal transformation of 
the S-frame string cosmology equations (see for instance Eq. (2.113)). The perturbation 
of these equations, for the 1 # 7 components, gives y = w, while the combination of the 
perturbed (0,0), (i,7) and dilaton equation leads to the vector-like equation for the doublet 
Zr, representing the Fourier components of the metric and of the dilaton fluctuations B21]: 


/ 
Zh + 2— AZ + (kB +C) Zn =0, Zh. = (bis XK): (6.3) 


Here A,B,C are 2 x 2, time-dependent mixing matrices, whose explicit form depends 
on the unperturbed solutions, on the equation of state y(t) = p/p, on the model of fluid 
perturbations ¢(t) = dp/dp and, finally, on the possible presence of a dilaton potential V(¢). 
In particular, for an unperturbed background in which the dilaton can be parametrized by 
¢= Glna, with @ = const, the mixing matrices are given by 


7 3(2d —3 + de), TE HP 
0 aa de)+ 6), Md—1)—$(—de)p (6-4) 


= (h-dtyat 1), oe CP) 


e=( d= 2)% +(@—2)fa = ttde+ ae (¢)°. TEyV'@? ) 
ed(d ~ 2)(e ~»)[a(d—1) ~ 2) (#) +2(a-2)V'a2, [V" — $1 — de) Va? 
(6.6) 


where the primes denote differentiation with respect to conformal time, except for the 
potential, where V’ = 0V/0¢. Once Z is known, the density and velocity contrast are fixed 
in terms of ~ and x by two additional equations dp = dp(v, x), du = du(wv, x), following, 
respectively, from the perturbation of the (07) and (00) background equations: 


a, [aca — 1) (<1 — 2) +0!) — x¢| = (+ Padus, (6.7) 


_ 1 dich OV 2 2 
= a= (o'x ae x +a 5p) (6.8) 


An exact computation of the dilaton fluctuations thus requires an exact solution of the 
coupled equations (6.3). Also, the correct normalization of the dilaton spectrum to the 
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quantum fluctuations of the vacuum requires in general the diagonalization of the system 
metric + dilaton + fluid sources, to find the normal modes of oscillation satisfying canonical 
commutation relations, as discussed in Subsection 


This program can be easily performed if wellimit/omSelves) to/adilaton-dominated 


pre-big bang phase with negligible matter sources (Tj, = 0 = 67j,,), and we consider 
the high-frequency part of the spectrum, i.e. those modes re-entering the horizon during 
the radiation-dominated phase, characterized by adiabatic fluid perturbations (y = € = 
1/d) and by the dilaton frozen (@ = 0) at the minimum of the non-perturbative potential 
(OV/O¢ = 0). In that case the canonical variables are known, and one finds that the 
perturbation equations are decoupled in the radiation era, where the canonical variable for 
the dilaton fluctuation is simply (in d = 3) ¥ = ay, and satifies the (covariant) Klein— 
Gordon equation (from the system (6.3)): 


Ye Sina ye, = 0. (6.9) 


For relativistic modes, of proper momentum p = k/a >> m, the solution describes 
(in conformal time) free plane-wave oscillations, and we thus recover for the dilaton the 
same spectrum as in the graviton case B2]]. Working in the framewok of minimal pre-big 
bang models (see Subsection we find, in particular, that the dilaton modes amplified 
during the low-energy phase are characterized by the distribution Q,(p) ~ p? In? p. In order 
to include the possible corrections due to the modified kinematics of the high-curvature 
string phase, we may thus parametrize the high-frequency, relativistic branch of the dilaton 


ih 2 a 4 D 6 
0Q,,(p, t) = g? (3) (=) (2) : m<p<pi. 6.10 
x (Pt) = 91 | a a Go P<Pi (6.10) 
Here 0 < 6 < 3 is the slope parameter corresponding to a growing, but unknown, spectral 


spectrum as 


index; g; = H,/Mp and p; = ki /a ~ H,a;/a are the parameters associated to the transition 
scale H,; ~ M, of minimal pre-big bang models. It should be noted that, unlike the graviton 
case, we no longer identify proper momentum p and proper frequency w, as we are dealing, 
in principle, with massive particles for which w? = p? + m?. 


The above spectral distribution cannot be extrapolated down to momentum scales re- 
entering the horizon after equilibrium, since in the matter era the perturbation equations 
(6.3) are no longer decoupled, even if the dilaton background is frozen at the minimum 
of the potential (they remain coupled not only in the longitudinal gauge, but also in the 
uniform-curvature gauge, defined in Eq. (4.41). In addition, for modes of low enough 
momentum p Sm, we must take into account the non-relativistic correction to the above 
spectrum (indeed, even if the mass term is negligible at the inflation-radiation transition 
scale, i.e. k < may, the proper momentum is redshifted with respect to the mass in the 
subsequent radiation era, and all modes tend to become non-relativistic). 


When including the mass term, the general solution of Eq. (6.9) in the radiation era 
can be written in terms of the parabolic cylinder functions Bl. and its matching to the 
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(massless) pre-big bang solution provides the correct inclusion of the mass contributions 
to the spectrum. The details of the computation are the same as in the case of massive 
axions 24), and will be reported in Section [A Here we simply note that if a mode becomes 
non-relativistic well inside the horizon, i.e. when p(t) > H, then the number of produced 
dilatons is fixed after re-entry, when the mode is still relativistic, and the effect of the 
mass is a simple rescaling of the energy density: Q. — (m/p)Q,. If, on the contrary, a 
mode becomes non-relativistic outside the horizon, when p(t) < H, then the final energy 
distribution turns out to be determined by the background kinematics at the exit time, and 
the effective number of non-relativistic dilatons has to be adjusted by continuity, in such a 
way that Q, has the same spectral distribution as in the absence of mass. The two regimes 
are separated by the limiting momentum scale p,, of a mode that becomes non-relativistic 


just at the time it re-enters the horizon p71], B2i]: 


mie 
Pm = Pi (=) : (6.11) 


Taking into account such mass corrections, we may thus add to the relativistic dilaton 
spectrum (6.10) two lower-frequency, non-relativistic bands (see also [293]): 


m Ay 2 a4 3 D 6-1 
- ~ ‘Th, (=) (*) (4) , si 
x (p, t) nap \ 7 a in << (6.12) 


0,-(p,t) = gt eas (2) (“) (2)' P<Pm: (6.13) 


Note that these spectral distributions evolve in time like a~?, and thus keep constant during 
the matter-dominated era, for t > teg. Note also that, for simplicity, the non-relativistic 
corrections have been referred to a single relativistic branch, with 6 = 3 for the low-energy 
pre-big bang phase, and with 6 < 3 for the string phase. However, the mass corrections can 
be extended without difficulty to a more general situation in which there are two (or more) 
branches in the relativistic spectrum, as in minimal pre-big bang models characterized by 
the two frequency bands p < ps and p > ps (separated by the string scale ps = H;). In 
such a case, the non-relativistic corrections will affect only the lower, or also the higher, 
frequency band of the spectrum, depending on whether m < p, or m > pg, respectively. 


If the dilaton mass is large enough, the present amplitude of a possible relic dilaton 
background is thus controlled by the (unknown) value of its mass. The cosmological bounds 
on the spectrum can thus be translated into phenomelogical bounds on the mass, depending 
(but only weakly) on the spectral index 6. Such bounds are to be combined with other, 
model-dependent bounds on the mass related to the strength of the effective dilaton coupling 
to macroscopic matter, which will be discussed in the next subsection. 
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6.2 Effective coupling to macroscopic matter 


The motion of macroscopic test bodies in an external, non-trivial, gravidilaton background 

weer a? is in general non-geodesic, if the body posseses a non-negligible dilatonic charge. Suppose in 
fact that the interaction of macroscopic matter with the external scalar-tensor background 
is described by the effective action of Subsection i. 


S= f day=ge-* [-R+w(V9)"] + Sul. 9) (6.14) 


(in units 2\? = 1), where the Brans—Dicke parameter w is equal to —1 for the lowest-order 
action of string theory, and we have added the action Sy, for the matter fields describing a 
test body non-trivially coupled to the metric and to the dilaton. The variation with respect 
to gu and ¢ provides respectively the field equations (with 167G = 1): 


1 
Gout VaVve = (w+ IV gbV ie — IwV'o + (5 + 1) Ou (V¢)? a 50 Tw 


R+w(V¢)? — 2wV7d + e% = 0, | 15) | 


containing two source terms: the “gravitational charge density” T,,, (the dynamical stress 
tensor), and the dilatonic charge density o: 


_ , 09M 
V—9g Tw = ye 


5S, 
J~go= 7. (6.16) 


The combination of the above equations, and the use of the contracted Bianchi identity 


V,G” = 0, then implies the covariant conservation of the stress tensor, V,T"” = 0, for 


any w, provided o = 0. If the dilatonic charge is non-zero, however, the gravitational charge 


density is not separately conserved; for w = —1, in particular, we obtain from Eqs. (6.15): 
V’T iy +oV ud = 0. (6.17) 


To obtain the equation of motion of the test body we now integrate this equation over 


a space-like hypersurface, and perform a multipole expansion of the external metric and 
dilaton field around the world line x(r) of the centre of mass of the body 507). In the 
point-particle approximation, the gravitational and dilatonic charge densities are defined 
by 


TY (c') = 580 (a! _ x(r)) 
oS 
a(x’) = a rl (x' — x(r)) (6.18) 


(where p“ = mu“ = mdzx"/dr), and we obtain the general equation of motion [285] 


a +Tqy Yuu’ + qV"o = 0, (6.19) EOM 
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where q is the dilatonic charge per unit of gravitational mass (representing the relative 
strength of scalar to tensor forces). 


It is now evident tha and 





that the experimental tests on the gravitational forces provide limits on the allowed values 
of the dilaton charge. Large values of g can only be allowed if the dilatonic interactions, on 
a macroscopical scale, are suppressed by a sufficiently small range. We may also note, for 


future reference, that the relative acceleration between two world lines satisfying Eq. (6.19), 
with infinitesimal separation n,,, is given by a generalized equation of “geodesic deviation” 
[28a]: , 

D2nt 

ar + Rea Hutu’? + an? VaV"d = 0. (6.20) 
We shall come back to this point in Subsection 6.4} 


A precise estimate of q, in a string theory context, should start from the effective action 


describing the coupling of the dilaton to the fundamental quark and lepton fields building 


up ordinary macroscopic matter. Including all possible loop corrections, such an action can 


be written in the general form 





s = f a 2V=G |-Zn(6)R — 266) (V4) — V(0) + 5246) (Tw)? + Zia? 
6.21 


where Z’ are the dilatonic “form factors”, to all orders in the loop expansion, and where 
we have used, for simplicity, a scalar model of fundamental matter fields y;. The effective 
masses (m;) and dilaton couplings (g;) of the fields ~; can then be defined in terms of 
the canonical rescaled variables Wi, which diagonalize the kinetic term and have canonical 
dimensions. In the low-energy limit we may expand the ¢—w interaction Lagrangian around 
the value ¢o of the dilaton, which extremizes the effective potential 77, Bai]: 


(6.22) 





Performing the computation in both the String and Einstein frames 85}, we find that the 
dilatonic charges per unit of gravitational mass, respectively g; and gq; in the two frames, 
are related by (in units 167G = 1): 


‘the dilatonic charge is non-vanishing in both frames and, in general, is non-universal, as the 


form factors Z;(@) are different for different fields. 





As originally stressed in [577], this suggests a large dilatonic charge (q; ~ 40 — 50) for 
he confinement-generated components of hadronic masses, and a smaller charge, but of 
gravitational intensity (q; ~ 1), for leptonic masses (see also 237, [B0]). If this is the case, 
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Taylor Vene 


the total charge of a macroscopic body is large (in gravitational units), and composition- 
dependent. 


Consider in fact a macroscopic body of mass M, composed of B baryons with mass and 
charge mp, gp, and Z electrons with mass and charge me, q-. The total dilatonic charge per 
unit mass, g = >>; miqi/ 2; mi, for Z ~ B, me K Mp, de K | is then 


Bmod (ey 
~ =|{— 24 
q Ti (=) a (6.24) 


where pp = M/mzy is the mass of the body in units of baryonic masses. Since B/w ~ 1, the 





qd ~ q > 1, it is of the same order of magnitude in the String and Einstein frames, q ~ q, 
and it is composition-dependent (as B/j depends on the internal nuclear structure), with 
variations, across different types of ordinary matter, which are typically of order [285] 


B 
Ae ak (=) ~ 10-3, (6.25) 
q li 





effective action. This is not impossible, as illustrated by the model discussed in [197 [L93). 


In such a context, if the effective coupling is appropriately suppressed (q < 1), the dilaton 


mass can be very small, or even vanishing. The precise measurements of the gravitational 
force over quite a wide range of distances provide in fact exclusion plots in the plane (q?, m7), 
which constrain the dilaton charge as a function of its mass (see for instance for a 
comprehensive compilation of experimental bounds on possible “Yukawa” deviations from 
Newtonian gravity, both for universal and composition-dependent interactions). 


For later use, let us recall here the phenomenological bound on the dilaton mass for a 
large, composition-dependent dilaton charge |253): 


m = 10-* eV. (6.26) 


In the opposite, small-coupling regime, and in the mass range appropriate to gravitational 
antennas, i.e. from 107 to 107! eV, corresponding to the frequency range from 10 to 
1000 Hz, the phenomenological bounds can be parametrized as 


logge? = = 7, 1HzS mS 10 Hz, 
logq? S —7+]log(m/10 Hz), 10 Hz S$ mS 1 kHz, (6.27) 


for universal dilaton interactions, and 


log? S —8, 1HzS mS 10 Hz, 
logq? S —8+log(m/10 Hz), 10 Hz Sm 1kHz, (6.28) 
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for composition-dependent interactions. 


We can now discuss the intensity of the relic-dilaton background, taking into account 


two distinct phenomenological possibilities: 1) (heavy) massive dilatons, gravitationally (or 
more strongly) coupled to macroscopic matter, and 2) massless (or very light) dilatons, 
universally (and weakly enough) coupled to matter. In the last case, the conclusions about 
a possible detection of the dilaton background produced by pre-big bang models are not 
completely negative, as we shall illustrate in Subsection (6.4, 


6.3. Bounds and allowed windows for heavy (strongly coupled) dilatons 


Let us first discuss the large-coupling case gq 2 1 (the most unfavourable, probably, for a 
direct detection). In such a case m 2 1074 eV, so that today even the highest mode present 
in the spectrum, pj(to), is non-relativistic (see Eq. (6.14): 








1/2 
_ ky a ae Mz <4 


(since M, < Mp). In other words, the branch (6.19) of the dilaton spectrum extends from 
Dm to p,. We shall start assuming that the slope is steep enough, 6 > 1, for the high- 
frequency branch from p,,, to p, to represent the dominant part of the spectrum. In that 
case all the cosmological bounds that apply to the total integrated dilaton energy density 
will become 6-independent P71] (the case 6 < 1 will be considered below). 


When the spectrum becomes non-relativistic, the dilaton energy density p, ~ a~? starts 


to grow with respect to the radiation energy density, py ~ a~‘*. 


In particular, when the 
Universe enters the matter-dominated era, the non-relativistic part of the dilaton spectrum 
remains frozen (in critical units) at the value reached at the time of the matter-radiation 
equilibrium, Q,(teq). The present value of the dominant (non-relativistic) branch of the 


spectrum can thus be expressed in terms of the equilibrium scale as: 


HexeT. 2 1/2 ae. 
Q, (to, p) = 2, (teqs P) ~ (<3) (a) (2) , Pm <P<Pi,; (6.30) 
eq 


where we have used Eq. (6-19), and the fact that (Hi/Heq)?(a1/deq)? = (ij iy; 
assuming radiation-dominance from t; to teg. We recall that, for the equilibrium curvature 
scale, Hog ~ 10° Ho ~ 107°> Mp. 


A first important constraint p33, 24d, BOF] is now obtained by imposing that the energy 
density stored in the coherent oscillations of non-relativistic dilatons, integrated over all 
modes, remains smaller than critical, at all times: 


Pl 
/ dinp Qy(to,p) S 1. (6.31) 
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For 6 > 1 this gives the stringent constraint 


1/2 
HegM§ 
Tm S a , (6.32) 


which represents, in this context, the most restrictive upper bound on the mass of (not yet 
decayed) dilatons. For 100 keV < mS 100 MeV a more restrictive constraint on Qy is 
provided in principle by the observations of the astrophysical background of diffuse 7-rays 
Rod); such a range of masses, however, tends to be excluded, as will be shown below, in the 
context of pre-big bang models where the inflation scale is controlled by the string mass, 
A, ~ Msg. 


The critical density bound (6.32) can be evaded if the dilatons are heavy enough to 
decay, so that the energy stored in their coherent oscillations was dissipated into radiation 
before the present epoch. The decay scale Hz is fixed by the decay rate (for instance into 
two photons) as 

Ha ~Va~ m?/MZ (6.33) 


(which implies, in particular, that the produced dilatons have not yet decayed, today, only 
if m S 100 MeV). The decay, however, generates radiation, reheats the Universe, and is 
associated in general to a possible entropy increase 


AS ~ (T,./T,)° (6.34) 


where 7;. and Ty are the final reheating temperature and the radiation temperature imme- 
diately before dilaton decay, respectively. The decay process is thus the source of additional 
phenomenological constraints on the dilaton spectrum, which are complementary to the 
critical bound (6.39), as they imply in general a lower bound on the dilaton mass. 


In order to discuss the consequences of dilaton decay let us note, first of all, that the 
induced reheating is significant (JT; > Ty, As > 1) provided dilatons decay when they are 
dominant with respect to radiation, i.e. for Hg < H;, where H; is the curvature scale 
marking the beginning of dilaton dominance. Such a scale is defined by the condition 
Qy (ti) = Qy(ti), where Qy(t;) is obtained by integrating over all modes the dominant 
branch (6.19) of the non-relativistic dilaton spectrum. For 6 > 1 this leads to 


mH, /MZ ~ a4/a;, (6.35) 
from which 
H, ~ m?H?/M3 (6.36) 


(we have assumed that such a scale belongs to the radiation era, Hj > Heq; otherwise, the 
bound we obtain is less stringent). 


At the given scale H;, the radiation temperature is fixed by the Einstein equations (and 
by the Sefan law p ~ T*) as 
T, = k(MpH;)"?, (6.37) 
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where & is a dimensionless numerical factor of order unity, which disappears from the final 
estimate. The radiation temperature at the epoch of dilaton decay, Ty, is then obtained by 
the adiabatic rescaling 


1/6 
Qj Hy 2/3 m10 
Pea 1g a) Bee SC 6.38 
(=) (3) MpH? ee 


since the scale factor evolves like ¢2/3 during the phase dominated by the non-relativistic 
dilatons. After the decay, on the other hand, the Universe becomes radiation-dominated, 
with a reheating temperature fixed by the decay scale as 





“a 1/2 
T, = k(MpH,)/? =k (=) ; (6.39) 
and with a final, total entropy increase (P71), B2ij: 
1/2 
He? 
AS ~ 1 “ (6.40) 
(ah 


This entropy injection can in principle disturb nucleosynthesis and/or baryogenesis [B38,, 
240, 205], and we should consider two possibilities. 


If the reheating temperature J). is too low to allow nucleosynthesis, JT; < 1 MeV, i.e. 
m S10 TeV, we must assume that nucleosynthesis occurred before, and we must impose 


Aes, 1), mS 10 TeV, (6.41) 
to avoid destroying the light nuclei already formed (more precise bounds can also be deter- 
mined through a detailed analysis of photodissociation [239] and hadroproduction {217]). 


If the reheating temperature is large enough to allow nucleosynthesis, T;. > 1 MeV, i.e. 
m 2 10 TeV, the only possible constraint comes from primordial baryogenesis. The bound 
is model-dependent, but the constraint 


AS < 10°, m & 10 TeV, (6.42) 


seems to be sufficient P38, B40, | not to wash out any pre-existing baryon—antibaryon 
asymmetry (this bound could be evaded in the case of low-energy baryogenesis occurring 
at a scale H < Hg). 


The above constraints can be easily extended to the case 6 < 1, see 271] B2if. Consider, 
for instance, the critical density bound. For 0 < 6 < 1 the non-relativistic spectrum (6.30) 
has a peak at p = pm = pi(m/H;)'/2, which dominates the integral (6.31), and which leads 
to a total integrated energy density: 


an =(8) (in) 
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The bound 2, < 1 now imposes 71], 


1 


4 6-4 
ms ME" AS He, s27, (6.44) 


which for 6 = 1 exactly reduces to the condition (6.32). 


For the dilaton decay the situation is similar: if 6 < 1 the total energy density is 
dominated by the contribution of p = pm, and all bounds become 6-dependent. The scale 
H; of dilaton dominance, obtained by equating 2, (pm) to Qy in the radiation era, becomes 
H,; ~ mot! mel 4 and the corresponding increase of entropy is 


T,\° H,\? i545 pe? 
as = (=) -(3) ~ (mi? Ms at) (6.45) 


Taking into account all bounds, we obtain the allowed region in the plane (m, H;) 
illustrated in Fig. (6. J}. The allowed values are below the upper (bold) solid lines for a 
growing (06 > 1) spectrum [P71], and below the lower (thin) solid lines for a flat (6 = 0) 
spectrum B49, 39, 240}. For 0 < 6 < 1 the allowed region interpolates between the two 
limiting cases illustrated in the figure. 


To the left, the region is bounded by the tests of the equivalence principle, Eq. (6.24), 
as we are considering dilatons with large couplings to macroscopic matter, g 2 1. To the 
right, the mass is bounded by the condition m < Mp (not shown in the picture), which has 
to be imposed to avoid overcritical density in case m > Hy, when the produced dilatons 
are already non-relativistic from the beginning (in that case there are no additional 
bounds, as dilatons decay before becoming dominant). Finally, the upper limit on the 
inflation scale, Hy < Mp, is required to avoid overcritical production of massless particles 
since, for a growing spectrum, f dln pQ(p) ~ g? = (Hi/Mp)? (see for instance Eq. (6.10). 


In the standard inflationary scenario the spectrum tends to be flat, and the “natural” 
value for the dilaton mass required by models of supersymmetry breaking Pl, mw~ 1 TeV, 
is not consistent with the preferred value of the inflation scale, Hy ~ 10~°Mp, typically 
determined by the grand-unification phase transition (this is the so-called problem of the 
dilaton mass). In string cosmology the spectrum tends to be growing, the allowed region 
“inflates” in parameter space, and the TeV mass scale becomes marginally compatible with 
the wanted inflation scale. Unfortunately, however, in a string cosmology context, Hy is 
expected to be determined by the string scale, and thus fixed around (0.1 — 0.01)Mp, so 
that the problem remains. 


A possible solution of this problem can be obtained in the presence of a late, post- 
inflationary reheating phase, preceding nucleosynthesis and dilaton decay, and producing a 
suitable dilution of the original dilaton density by the factor [R76] 


4/3 _ 
Qy > A, (1 — 6s)4/3 (25) 5s = a. (6.46) 
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Figure 6.1: Allowed region for a growing (below the bold lines) and flat (below the thin 
lines) dilaton spectrum, for strongly coupled dilatons. 


Here sy, 57, no, nz are, respectively, the thermal entropy density of the CMB radiation and 
the number of particles species in thermal equilibrium, at the beginning (¢,) and at the 
end (t¢) of this reheating process. An efficient reheating, sf >> s), ds — 1, reduces in a 
significant way the dilaton fraction of critical density Q,: as a consequence, the scale (6.34) 
of dilaton dominance is lowered, the decay temperature (6-38) is raised, and the bounds on 
m following from the entropy constraint (AS < 10) and the critical bound (Q, < 1) are 
relaxed. Such a reheating is possible, for instance, in the context of models of “intermediate 
scale” inflation 631}, or “thermal” inflation B58}. 


Even without such a relaxation, the minimal pre-big bang scenario leaves open two 
interesting mass windows, obtained by intersecting the allowed region of Fig. (6.1) for 6 > 1, 
with the allowed value of the string mass scale [403], 


0.01 $ M,/Mp S 0.1 (6.47) 


(under the assumption H; ~ M,). It follows that there are two possible ranges for the 
dilaton mass [R76]: 


10-4 eV S mS 10 keV, m = 10 TeV (6.48) 


illustrated in Fig. 6.2. The vertical solid line at the 100 MeV mass scale, shown in Fig. 
corresponds to a dilaton decay rate of the same order as the present Hubble scale, 
Hy ~ m3/Mj3 ~ Ho. To the right of this line all produced dilatons have already decayed, 
while to the left, and in particular inside the window of Eq. (6.49), dilatons are still around 
us, and could in principle be observed. 


If, in addition, the mass is within the restricted range 


100 eV Sm S10 keV, (6.49) 
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Figure 6.2: Allowed mass windows for heavy (strongly coupled) dilatons in minimal pre-big 
bang models with 6 > 1. The region within the shaded triangle corresponds to a significant 
dilaton contribution to the present cold dark matter density. 


obtained by intersecting the string mass scale with the critical density bound (6.39), then 
the produced dilatons could even saturate the critical density value, or at least could provide 
a significant fraction of the present cold dark-matter density P71], with 


(01. 0. <1, (6.50) 


according to Eq. (6.30). It is important to recall, in such a context, that the possibility 
of a small dilaton mass is not theoretically excluded (in spite of the “standard” TeV mass 
range), as shown for instance by models of supersymmetry breaking with light dilatons 
(25d). Also, it is important to stress that the range of masses saturating the critical density 
bound moves to lower and lower values as the spectrum becomes flatter and flatter (see Eq. 
(6.44) with H, = Mg). For 6 — 0, in particular, the critical bound is saturated by 


m = Heq(Mp/Ms)* , (6.51) 


corresponding to masses as small as 10~!° eV (or lower). 


Such values of mass are excluded neither theoretically nor experimentally, as discussed 
in Subsection 6.4, provided the dilaton coupling to macroscopic matter is sufficiently small, 
q <1. It is then possible to imagine a cosmological scenario in which a relic background 
of non-relativistic dilatons, produced as a consequence of the pre-big bang evolution, could 
provide today a significant contribution to the critical energy density and, simultaneously, 
have a mass in the appropriate range to stimulate a resonant response of present gravi- 
tational antennas (ie. m ~ 10-2 — 10-™ eV). In that case, the high intensity of 
the background (not constrained by nucleosynthesis, as in the graviton case), could possi- 
bly compensate the weakness of the dilatonic charge of the antennas, and could determine 
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in principle a detectable signal. This interesting possibility will be discussed in the next 
subsection. 


6.4 Detection of ultra-light dilatons 

A stochastic background of relic dilatons, produced by a phase of pre-big bang evolution, 
and light enough to have a lifetime larger than the present Hubble scale, could interact today 
in two ways with the existing gravity wave detectors: either indirectly, through a geodesic 
coupling of the detector to the scalar part of the induced metric fluctuations contained in 


the Riemann tensor 83, 82, fI1]], 564, 464, , or even directly through the non-geodesic 
coupling of the dilaton to the scalar charge of the detector P85, 287] (see Eqs. (6.19), 


(6.2). 

In the first case the coupling has a gravitational strength, but the amplitude of scalar 
metric perturbations, at the typical resonant scales of present detectors, could be much 
lower than the amplitude of the original dilaton fluctuations. In the second case the detector 
could be coupled to a background of very high intensity (of order 1 in critical units), but 
with a coupling constant strongly suppressed for phenomenological reasons, as discussed in 


Subsection b.2. 


In order to take into account both possibilities, we will estimate the scalar-to-noise 
ratio associated to a stochastic dilaton background by assuming that the physical strains 
hi(t) (¢ = 1,2), induced on a pair of gravitational antennas, vary in time like the scalar 
fluctuations ¢(a;,t) that perturb the detectors, and are proportional to the scalar pattern 
functions F;(/) through the scalar charges q; of the detectors 287, B17: 


hi(t) = o(2i,t)F,(A), F,(®) = gieas(2)D®. (6.52) 


Here e,p(7) is the polarization tensor of the scalar wave propagating along the 7 direction, 
and D?° is the detector response tensor (see Subsection 5.4); finally, g; = 1 for the coupling 
to scalar metric fluctuations, while gq; < 1 for the direct coupling of long-range scalar fields. 


We expand the strain in momentum space, taking into account the mass of the scalar 
fluctuations (p = pn), 


hy(t) = | dp / PA F(A) [b(p, Arye —-FO) + he], 
0 


E(p) = (i? + p?)"”?, in = (m/2n), (6.53) 

and we use the stochastic condition which, for a scalar spectrum 2(p), 

Me os 
p=pe | dnp %) = TE (\6?), (6.54) 
ns 
can be written as 
* “ toatl 3H§Q(p) / 21x af 
= ———~d(p— p')o*(n—- 1). ; 

(6B. A), 0 A) = Fear HD — PVA — A) (6.55) 


By imposing optimal filtering (4. and following the same steps as in Subsection 5.4 for the 
graviton case, we finally arrive at the signal-to-noise ratio B17: 


1/2 
SNR = Ho 2T i dp 0? (p) 1 (p) é 
Ba? 0 PR TMP A PER) /pP am |” 


where T is the total integration time, P;(|v|), P2(|v|) are the one-sided noise spectral density 


(6.56) 


of the detectors, defined as Fourier transforms of the frequency v = E(p) = (m? + p?)'/?, 
and y(p) is the overlap reduction function, defined in momentum space by: 


15 a“ a“ a Tipn:(Lo—-X 
10) == f Par (AR Arr”e—™) (6.57) 


(normalized so that y = 1 for coincident and coaligned interferometers). For m — 0 and 
q — 1 we recover the signal-to-noise ratio (5.39), modulo a different normalization of ¥. 


The result (6.54) determines the cross-correlation and the detectability of a signal in- 
duced by a massive scalar spectrum Q(p). We may distinguish three phenomenological 
possibilities. 


If m is much larger than the typical sensitivity band vp of the antenna, then the noises 
P;, estimated at the frequency v = (m?+ p?)/ 2 > vo, tend to infinity, and we cannot expect 
to detect a signal. If, on the contrary, m < vo (which includes the massless case, discussed 
in |M3]), then the detectors in their sensitivity band will respond to the relativistic branch 
of the spectrum, whose integrated amplitude is constrained by the nucleosynthesis bound, 
Q S 10-® (see Subsection 6.1). In addition, the response is possibly suppressed by the 
factor q? < 1, because the dilaton field has a long range. As a consequence, we may expect 
in such a case a signal not larger (and possibly much smaller) than the signal produced by 
a relic graviton background. 


The interesting possibility corresponds to the dilaton mass in the sensitivity band of the 
detectors (m ~ vo), where the overlap is large and the noises as small as possible. In that 
case we have a resonant response also to the non-relativistic branch (p < m) of the spectrum, 
which is not constrained by nucleosynthesis and can approach the critical density bound, as 
emphasized in the previous subsection. In order to discuss the possibility of detection let us 
then consider the most favourable case, in which the non-relativistic branch dominates the 
spectrum and saturates the critical density, hfg, [” dln pQ ~ 1 (more precisely, we should 
impose the saturation of 2 at ~ 0.35, to be consistent with present dark-matter estimates 
[586]). Let us suppose, also, that the spectrum is peaked around p ~ m, and that the 
contribution of the relativistic branch p > m, if present, is negligible. 


The integral (6.56), in such a case, can be estimated by integrating over the non- 
relativistic modes only, and approximating P; with their constant values at v = m. We 





consider the ideal case of two identical detectors (Pj = P2 = P, qm = q2 = q), with maximal 





overlap (y = 1) at vy = m and integration time T = 10° s. The dilaton background is then 
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detectable, SNR > 1, provided [287]: 


m®/2 P(m) S q? x 107%? Hz3/2. (6.58) 


The intersection of this condition with the noise power spectrum P(v) of present grav- 
itational antennas provides a rough estimate of the allowed values of the dilaton mass, 
possibly compatible with a direct detection of a stochastic dilaton background. The mass 
windows depend, of course, on the values of the dilaton coupling. By using a simple, power- 
law parametrization (ESS of the VIRGO noise curve, for instance, we find that the 
detectable mass windows extends, for g? = 1, over the full sensitivity band of the detector 
(1 Hz to 10 kHz). However, the window decreases as q decreases, and closes completely for 
gs 10. 


As already stressed at the beginning of this section (and in Subsection 6.2), a large value 
of q? can only refer, in this context, to the indirect coupling of the gravitational antennas 
to the (scalar) metric perturbation spectrum generated by the dilatons. It seems unlikely, 
however, that such a spectrum, even including the non-relativistic corrections due to the 
dilaton mass, can be high enough (at the kHz scale) to saturate the critical density bound, 
as assumed to obtain the condition (6.58). 


For the direct coupling to the dilaton background, on the other hand, we have to re- 
call that the maximum allowed value of g?, for composition-dependent and -independent 
interactions, are summarized in Eqs. (6.27), (6.28)). Taking into account such bounds, we 
are led to the situation illustrated in Fig. 6.3, where the noise power spectrum of VIRGO 
(bold curve) is compared with the condition (6.59) at fixed g (thin dashed lines) and 
with the maximal allowed values of gq’, for universal (bold upper lines) and composition- 
dependent (thin lower lines) scalar interactions. A scalar background of nearly critical 
density, non-universally coupled to macroscopic matter, turns out to be only marginally 
compatible with detection (at least, at the level of sensitivity plotted in the picture). If the 
coupling is instead universal (for instance, as in the dilaton model discussed in [197]) but 
the scalar is not exactly massless, then there is a mass window open to detection: 


10 eV Sms 107 ev. (6.59) 


The above results, to be interpreted only as a first qualitative indication, are confirmed 
by a more realistic analysis of the cross correlation of the two LIGO interferometers [817], 
performed by applying Eq. (6.54) to the phenomenological power spectrum: 


2p) = 6 Qo (p/m)’ , pS, 0<6<3. (6.60) 


In spite of the reduced value of the overlap factor we find (for any 6, but with Q, ~ 1) a 
significant SNR in the relevant mass range, already at the level of the Enhanced LIGO con- 
figuration. No possibility of detection, even with the Advanced LIGO configuration, is found 
instead for a non-relativistic spectrum peaked outside the detector sensitivity band, such 
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Figure 6.3: The noise spectrum of VIRGO (bold curve) is compared with the maximal values 
of q? allowed by gravitational phenomenology, in two cases: universal (bold upper lines) 
and composition-dependent (thin lower lines) scalar interactions. The thin dashed lines 
correspond, from left to right, to q = 10~°, 10-7, 10-©, 10-°, 10-4. The region compatible 
with a detectable signal is above the noise spectrum and below the upper bounds on q?. 





as the “minimal” spectral distribution (6.13), (6.13). It should be stressed, however, that 
‘interferometric detectors are particularly unfavoured for the detection of a non-relativistic 
scalar background, because their response tensor D,y is traceless: spherical resonant detec- 
tors represent more promising devices, and it seems appropriate to conclude this section by 
reporting the possible enhanced level of SNR when a massive scalar background interacts 
with the monopole mode of a resonant sphere [174]. 


For a massive scalar wave there are in fact two possible pattern functions, one associated 
to the geodesic coupling of the detector to the scalar component of metric fluctuations 
(the Riemann term in Eq. (6.20)), the other related to the direct, non-geodesic coupling 
of the charge q; of the detector to the spatial gradients of the scalar background B85]. In 
terms of the transverse and longitudinal decomposition of the polarization tensor of the 
wave, with respect to the propagation direction n, 


Tob = (Oab — Na No), Lab = Na Me , (6.61) 
the two pattern functions can be written, respectively, as [817] 


x ab m? A“ o ab 
F(A) =D | Tay + F35 Lab } 5 F(t) = ayD” Lav. (6.62) 


For the differential mode of an interferometer [255] D®°5,, = 0, so that, in both cases, 
the pattern function of massive waves turns out to be proportional to the massless pattern 
function and, for non-relativistic modes, it is highly suppressed by the factor (p/E)? (817). 
The monopole mode of a resonant sphere, on the contrary, is characterized by the response 
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tensor D® = §%° 4. The non-geodesic pattern function Fy(/) is still suppressed, but the 
geodesic part is not, and the overlap function (6.57) takes the simple form 


15 (8 a: af) sin(2mpd) 


Or \ m+ p? pd” 


y(p) (6.63) 





where d is the spatial separation of the detectors. The response to scalar spectra peaked 
at p< m is thus strongly enhaced with respect to interferometric detectors (at least in the 
case of geodesic coupling). 


Beside this effect there is a second possible enhancement, for flat enough spectra, asso- 
ciated to a faster growth of SNR with the observation time 7. Consider, for instance, the 
cross-correlation of two spherical detectors according to Eq. (6.56), computed for the spec- 
trum (6.60) with the overlap (6.63). Assuming that the instrumental noises are constant 
(and finite) for p ranging from 0 to m, it follows that for 6 < 1 the momentum integral is 
dominated by its lower limit, i.e. by the infrared cut-off scale pmjn determined, for p > 0, by 
the “minimum” observable frequency interval Av associated to the “maximal” observation 


time T [174]: 
Ay = (p? + %)'? —-m>T, Pmin = (2M/T)"?. (6.64) 
This effect modifies, for 6 < 1, the final T-dependence of SNR, and enhances the response 


of the detector with the growth of the observation time. Performing the integral for 6 < 1 
one finds in fact (modulo numerical factors) 


Qs Ho\? / q1-6/2 
m P(m) \m 
to be compared with the more standard result 
Qs Ho\? |. 7-1/2 
NRe —~—— [| — T 6>1. 6.66 


For T = 10" s, and a mass in the kilohertz range, the sensitivity of spheres to a flat enough 
and massive spectra is thus increased by a factor 10!°C-9°)/2 with respect to interferometric 
detectors (see [174] for a more detailed discussion). 


We may thus conclude, summarizing the results of this subsection, that both interfero- 
metric and resonant gravitational antennas seem to be able to explore the possible presence 
of a light (but non-relativistic) dilatonic component of dark matter, and thus to constrain 
the parameters of the pre-big bang models, in a mass range that overlaps with their sen- 
sitivity band. This is possible in spite of the fact that the relic dilaton background could 
be directly coupled to the total mass of the detector, with a charge that is much weaker 
than gravitational. Spherical detectors are more efficiently coupled to massive scalar waves, 
but enhanced and advanced interferometers are already sufficient to provide significant con- 
straints on a possible background of relic dilatons. 
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7 Relic photons, axions and CMB anisotropy 


As discussed in the previous sections, the primordial spectrum of (scalar and tensor) metric 
fluctuations, amplified by a phase of pre-big bang inflation, is characterized in general 
by a positive and rather steep slope. Because of the high-frequency normalization of the 
peak of the spectrum, controlled by the string scale, the amplitude of metric fluctuations 
is strongly suppressed at the large-distance scales relevant to the anisotropy of the CMB 
radiation observed by COBE [67 7. or to the density fluctuations spectrum (see for 
instance [bO9]) required by the standard mechanism of structure formation. It thus seems 
difficult, in such a context, to generate a flat spectrum of scalar curvature perturbations 
directly responsible for the above effects, unless we accept rather drastic modifications of 
the pre-big bang kinematics, as recently suggested in P51), p27] (and briefly discussed in 
Subsection [7.). 


The slope of the spectrum, however, depends on the external “pump” field, which ampli- 
fies the quantum fluctuations (see Section HH) and which contains, in general, the contribution 
of all the components of the background (metric, dilaton, moduli fields, ...). Different fluc- 
tuations are coupled to different pump fields and may have very different spectra, even in 
the same background. 


It turns out, in particular, that the primordial spectrum of electromagnetic B05], 
and of “axionic” {175} [182] fluctuations (i.e. the fluctuations of the four-dimensional NS- 
NS two-form and of other, string- and M-theory-motivated, antisymmetric tensors) may 


be characterized by a slope much flatter than the slope of the metric perturbation spec- 
trum (in some cases, even decreasing 135), (184, (119) B3i, 22d], depending on the coupling 
to the moduli fields, on the anisotropy of space-time, and on the number of extra dimen- 
sions). A flat and primordial distribution of (isocurvature) axionic fluctuations, in turn, 
can directly generate a scale-invariant spectrum of CMB anisotropies through the “seed” 
mechanism p23, p24, B24], which will be reported in Subsections (7.4, or even generate 
an adiabatic, scale-invariant spectrum of density and curvature perturbations through the 
“curvaton” mechanism recently discussed in 241], [459], 487, 65, 502, 88, [LOO], and illustrated 
in Subsection (7-5). 


In addition, the amplification of electromagnetic fluctuations, with a flat enough spec- 
trum, seems to naturally provide the seed fields required to explain the origin of the magnetic 
fields present on a galactic and intergalactic scale (see for a recent review). We will 
first illustrate this interesting possibility in the next subsection. 


7.1 Large-scale magnetic fields and photon production 


In the context of the pre-big bang scenario, the background evolution that amplifies metric 
perturbations also amplifies the quantum fluctuation of the electromagnetic field, because 
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of their direct coupling to the dilaton and to the moduli fields. For the heterotic string 
model, such a coupling is described by the effective action [B05 


S= —5 f dey=Ge-P FP, (7.1) 


where ¢ = ®19 — In Ve = In(g”) controls the tree-level four-dimensional gauge coupling (®19 
being the ten-dimensional dilaton field, and Vg the volume of the six-dimensional compact 
internal space). The effective coupling to the external geometry may be different, however, 
if the electromagnetic U(1) symmetry is a component of the Kaluza—Klein gauge group 
produced in the compactification down to D = 4 dimensions (see also [B35]). 


The electromagnetic field is also coupled to the four-dimensional geometry, of course. 
If such a coupling is minimal, however, it is also conformally invariant, and therefore does 
not contributes to photon production in a conformally flat metric such as that of a typi- 
cal inflationary background, unless conformal invariance is broken at the classical or 
quantum level. Even in that case, however, photon production turns out to be rather 
suppressed (with respect to graviton production, for instance). 


In order to discuss the amplification induced by the dilaton, in a conformally flat metric 
Iw = @ Hin it is convenient to use the radiation gauge Ag = 0, 0;A* = 0 explicitly. Because 
of conformal invariance, the coupling to the metric disappears from the action (7.1); after 
partial integration the action becomes, in this gauge, 


1 : é 
S=5 / dne~? (ALA + ASV?A'), (7.2) 
and can be easily diagonalized by setting 
Wi = 2Ai, sae. (7.3) 


For each polarization mode we then obtain the effective action 
1 Zl! 
Su=5 / dr (w" + v7 + =), (7.4) 
and the canonical evolution equation 


vi+[P-Ve)}ve=0, V(t) = 2 =e! (er#2)", (7.5) 


which is exactly the same as the graviton equation (4.56), with the only difference that now 
the pump field is fully determined by the dilaton. If we use, in particular, the minimal model 
of background introduced in Subsection 5.4, the spectrum of the amplified electromagnetic 
fluctuations will be characterized by the same parameters as the graviton spectrum. In 
such a case, the constraints on the electromagnetic spectrum will provide constraints on the 
parameters of the model and then, indirectly, on the associated graviton spectrum. 
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An important application of the “dilatonic” amplification of the electromagnetic fluc- 
tuations is the possible production of “seed” for the galactic magnetic fields B05, 130]. 
The origin of the large-scale cosmic magnetic fields (with coherence scale 2 10 kpc, and 
typical amplitude ~ 107° G) is in fact, to a large extent, still an open problem [45]. 
Almost all mechanisms invoked to generate the large-scale fields, e.g. the galactic “dy- 
namo” bos, 633], require the presence of small, primordial seeds to trigger the subse- 
quent magnetic amplification. Many mechanisms of seed production have been suggested 
05, BS BO) BSA, BOI BIS, 5d, AI) Bil 2, BSS, 059) GH, BOY BO, ATA), BAN), trying 
to bypass the difficulty —due to conformal invariance— that forbids a standard inflationary 
amplification of the electromagnetic fluctuations. In the context of the pre-big bang models, 
on the contrary, the seeds can be produced directly from the electromagnetic fluctuations of 
the vacuum, thanks to the accelerated growth of the dilaton during the pre-big bang phase 
(with possible additional contributions from dilaton oscillations, during preheating B28}). 


Consider in fact the two-parameter model of Eqs. (6.10): 


dilaton phase, e 8? nw (—n)V3/2, 1 <s; 
string phase, etl? (—n)°, <n<m, 
radiation era, e 9/2 ~ const, n>. (7.6) 


The effective dilatonic potential of Eq. (7-5) grows during the dilaton phase, keeps growing 
during the string phase, and goes to zero in the radiation era. Because of the two background 
transitions, there are two bands of the spectrum, corresponding to modes hitting the barrier 
in the dilaton phase, w < ws, and in the string phase, w > w,. By applying the standard 
procedure of Subsection h.4 we obtain: 


; Ww 3-2 
Qem(wyte) & 92Qx(to) (=) ; ein 
1 


wy \ 14+2u-V3 7 4) \4-v3 
G24 (to) (=) ( ) 


s 


I 


p 7.7 
= w<w (7.7) 


where pp = |3 —1/2|. By recalling that @ = 1+ (see Eq. (6.14)), we find that the 
electromagnetic spectrum thus has the same parameters as the graviton spectrum (5.19), 
but the slope is in general flatter. Even flatter spectra are possible for vector fields of 
Kaluza—Klein origin [135]. 


The generation of fluctuations of a strength large enough to seed the galactic dynamo 
constrain the electromagnetic spectrum at the megaparsec scale, and imposes in particular 
a bound that, in the most conservative form, can be written as follows [589]: 


Ounlwevtga) 2. 10-0, (Gaal), wa ~ (1 Mpc)? ~ 107“ Hz, (7.8) 


where tgai is the epoch of galaxy formation, i.e. aga) ~ 10-2a9. Remarkably, this condition 
is compatible with the condition of negligible backreaction, 


Qem(w) < 0. (7.9) 
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Figure 7.1: Allowed region in the parameter space of minimal pre-big bang models for the 
production of seed fields for the galactic dynamo (shaded and hatched area). The other 
two regions correspond to the production of a graviton background detectable by advanced 
interferometric antennas. 


(at all frequency scales), required by the consistency of the perturbative approach around 
a homogeneous unperturbed background. 


There is indeed a wide region of parameter space in which the two conditions are con- 
sistent without fine-tuning [305], as illustrated by the shaded and hatched areas of Fig. 
(the hatched area refers to the dilaton branch of the spectrum, w < ws; the shaded area 
to the string branch, w > ws). As shown in the picture, the production of seeds is strong 
enough to satisfy the needs of the dynamo mechanism (Eq. (7-8)), provided the coupling is 
sufficiently small at the beginning of the string phase: 


login exp(¢s/2) S — 20, (7.10) 


and the duration in time of the string phase is sufficiently long: 
Ins/m| % 10'° ~ &, (7.11) 


(in cosmic time, At 2 23A,). For illustrative purposes, the plots of Fig. [7.1] have been 
constructed by taking g; = 1 as a reference value. We also note that, besides the condition 
(7.9), there are additional bounds on the energy spectrum of the magnetic fields because of a 
possible (classical) production of gravitational waves induced by the magnetic stress tensor 
[144]. Flat enough spectra are not strongly constrained, however, and we are assuming that 
this is indeed the case for the electromagnetic distribution Qen(w) that we are considering. 
Possible additional bounds on the primodial magnetic amplitude, due to Faraday rotation 
effects, may follow in principle from future measurements of the CMB polarization, as 


discussed in B29]. 


Also shown in Fig. are the allowed regions of parameter space compatible with 
the detection of the relic graviton background produced in the context of minimal pre-big 
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Figure 7.2: Allowed region for the graviton spectrum in minimal pre-big bang models 
(shaded area), assuming that the amplification of the electromagnetic fluctuations is strong 
enough to seed the galactic dynamo. 


bang models. We have used the typical sensitivity expected for the cross-correlation of 
two second-generation interferometers, with the characteristic of Advanced LIGO (see Eq. 
(5.49)). The allowed region is then defined by the condition Q¢(10? Hz) > 10~1°, imposed 
on the spectrum (6.19), together with the pulsar bound (6.3), and the condition of negligible 
backreaction (Qg < 1 at all w and t), required for the validity of our perturbative compu- 
tation of the spectrum around a homogeneous background (for a detailed implementation 
of all bounds see 274). It turns out that there are two allowed regions, corresponding to 
tensor perturbations whose comoving amplitude stays constant outside the horizon during 
the string phase (upper region) or grows (lower region). At the left-end of each region, the 
marked triangular area corresponds to the possible detection of low-energy modes, crossing 
the horizon during the dilaton-dominated phase; the rest of the allowed region refers to 
modes crossing the horizon during the string phase. 


It should be noted that the gravitationally allowed regions have no possible overlap 
with the electromagnetic ones, implying that the interesting phenomenological possibilities 
of seed production and of graviton detection tend to exclude each other p74. Indeed, if 
we restrict to the class of backgrounds consistent with the production of magnetic seeds 
(ie. inside the shaded and hatched regions of Fig. (7.1), then the allowed slope of the 
high-frequency (string) branch of the graviton spectrum is constrained to vary between 2 
and 3 eva. with a consequent drastic reduction of the allowed region for Qe, as illustrated 
in Fig. (7.4. In that case, the graviton background is certainly outside the range of currently 
available detectors (resonant bars and ground-based interferometers), which reach their 
maximal sensitivity in the frequency band 10? — 10? Hz. 


According to the above analysis, a future detection of cosmic gravitons in the hertz to 
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kilohertz range would seem to exclude a dilatonic origin of the seed magnetic fields, directly 
amplified from the fluctuations of the vacuum. Conversely, an absence of signals from the 
relic graviton background would seem to support, indirectly, a primordial dilatonic origin 
of the cosmic magnetic fields. It must be stressed, however, that such conclusions, based 
on the plots of Fig. [7.1], cannot be applied in general to the pre-big bang scenario: they are 
only pertinent to the class of minimal models introduced in Subsection 5.2, and could be 
evaded in the context of more complicated models of background. 


A final remark concerns the fact that the photon spectrum (7.7) is in general flatter than 
the graviton spectrum (b.15), suggesting the possibility that the electromagnetic fluctua- 
tions may also act as seeds for the (approximately) scale-invariant spectrum of temperature 
anisotropies of the CMB radiation B06, and for the density perturbations dp/p required 
for the structure formation. According to a detailed analysis P24], however, such a pos- 
sibility has to be discarded in favour of an analogous possibility based on the fluctuations 
of the fundamental antisymmetric tensors appearing in the bosonic sector of string theory, 
which can be amplified with a perfectly flat spectrum {175}, 183}, as will be illustrated in 
the next subsection. 


7.2 Large-scale CMB anisotropy and axion production 


In the context of the standard inflationary scenario, the observed CMB anisotropy, at very 
large angular scales, can be consistently generated by the primordial spectrum of scalar 
metric fluctuations ©; through the Sachs—Wolfe (SW) effect [544], (AT'/T),, ~ ®,. Indeed, 
when the metric fluctuations are directly amplified by the accelerated evolution of the 
background, their spectral distribution is controlled by the value of the Hubble scale at 
the time of horizon crossing, ®, ~ (H/Mp),. For a standard de Sitter (or quasi-de Sitter) 
inflationary solution, H is constant in time, so that the spectrum is scale-invariant. A 
typical normalization of the spectrum, corresponding to inflation occurring roughly at the 


GUT scale [422], 


H GUT curvature scale 
Mp PLANCK scale 


is thus perfectly consistent with the anisotropy observed at the present horizon scale (567, 
ae AT/T ~ 10-°, and with the fact that the spectrum is scale-invariant. 


~ 107°, (7.12) 


In the context of the pre-big bang scenario, on the contrary, the curvature scale grows 
with time, so that the spectrum of the metric fluctuations tends to grow with frequency, as 
illustrated in Section a In addition, the natural inflation scale corresponds to the string 
scale, so that the normalization of the spectrum, at the end-point frequency ky, is controlled 
by the ratio 


= mii tah. 7.13 
Mp PLANCK scale ( ) 


As a consequence, for a typical pre-big bang model, the slope of the spectrum is too steep, 


( A ) STRING curvature scale 
ky 
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and the normalization too high, to be compatible with the COBE observations. The slope 
is so steep, however, that the contribution of the metric fluctuations to AT/T is certainly 
negligible at the COBE scale. So, on the one hand there is no contradiction with observa- 
tions, namely the COBE data cannot be used to rule out pre-big bang models 283}. On 
the other hand, the problem remains: How to explain the observed CMB anisotropy? 


There are two possible answers to this question. The first one relies on somewhat 
drastic modifications of the kinematics of the pre-big bang phase illustrated in the previous 
sections, in such a way as to generate a primordial scale-invariant spectrum directly from 
the amplification of the vacuum fluctuations of the metric, as in the standard inflationary 


scenario. The second possibility relies on the indirect generation of scale-invariant metric 


paper. We will discuss in detail the second possibility in the following subsections. Here we 
will briefly report on the first possibility. 


There are at present two possible examples of pre-big bang models characterized by a 
flat primordial spectrum of scalar perturbations P51, p27. They are both based on the 
introduction of a negative, exponential dilaton potential V(¢), which can be parametrized 
in the E-frame as follows (in units M2 = 2): 


V(¢) = —Yoe9/Y*, ine a aie (7.14) 


and which is similar to the attractive potential existing between the colliding branes in the 
context of the ekpyrotic scenario [#12) 413}. 


With such a potential, the corresponding (E-frame) pre-big bang solution describes an 
accelerated contraction, controlled by the dimensionless parameter e, 


a(t) ~ (-t) ~ (-n)/O~9, (7.15) 


which has to match the subsequent phase of decelerated, radiation-dominated expansion. By 
assuming the existence of a non-singular bounce for the background solution, and assuming 
the continuity of the Bardeen potential ® and of the curvature perturbation ¢ = v/z across 
the bounce (their continuity is guaranteed by performing the matching on the constant 
density hypersurface), one then finds that after the bounce the spectrum of ® is determined 
by the pump field (7.15), according to the rules derived in Section 4, namely 


€ 1 | 





ioe <2) 


A flat spectrum of scalar perturbations can then be obtained for € = 2/3, as noted in [251], 
corresponding to a dilaton potential that simulates a “dust” matter source with vanishing 


k3 |B)? ~ k3-2, v= | (7.16) 


effective pressure p = 0. 


Alternatively, as recently discussed in p27], a flat spectrum of scalar metric pertur- 
bations can be obtained from the background solution (7.15) by assuming a very slow 
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contraction, i.e. 0 < ¢€ << 1 as in the ekpyrotic scenario 13} A139, and assuming that the 
matching to the expanding phase is performed across a hypersurface different from that 
of constant energy density (for instance, across the zero-shear hypersurface 227). In that 
case the scalar spectrum after the bounce turns out to be different from Eq. (7-14), and is 
given by 

k3 |, |? ~ k-2/0-9), (7.17) 


The case « < 1 thus reproduces a (nearly) flat spectrum, for both the pre-big bang and 
ekpyrotic scenarios. 


This result can be easily explained by noting that, in the transition from a contracting 
to an expanding phase, the asymptotic solutions of the scalar perturbation equations are 
a linear combination of a constant and of a growing mode before the transition, and of 
a constant and a decaying mode after it. Consider, for instance, a bouncing background 
evolving from the contracting solution ((7.15)) valid for 7 < —m,, to the standard, radiation- 
dominated expansion a ~ n, valid for 7 > 7,. The asymptotic solutions for the super-horizon 
modes of the Bardeen potential, in the longitudinal gauge, can be written as 

O(n) = ae + Bi(k), is 
nay (n 
_ Ag(k 


Oi (n) = Peer as Ba(k), > Tt (7.18) 
2 





es, 








NS 


where a, ~ (—7)/@-9, and az ~ n. Here A;, B, are determined by the initial normalization 
to a vacuum fluctuation spectrum, while Ag, Bo are to be determined by the matching 
conditions. It is then clear that different matching prescriptions may lead to different 
solutions for Bj(k), the dominant mode of the post-big bang expanding phase, and then to 
different final spectra. 


Given a space-like hypersurface, with normal vector n,,(7,£), the matching of two back- 
ground manifolds has to be performed on the induced metric q,,, and on the extrinsic 
curvature K,,, of the given hypersurface, where 








1 
duv = Juv + Nyy, Kw = 3 (V ity + Vinny) . (7.19) 
For the given example of bouncing background the metric will be continuous, i.e. [guy], = 0, 
where 
[gla = lim, g(m) — lim _ g(—n); (7.20) 
1, qn 


the curvature, however, will be characterized by a “jump” from negative to positive values, 
[Kw], 
the singularity, see Section fg). This introduces in general a surface stress tensor, which 


_ = Sp (if we neglect the high-energy corrections, which are expected to smooth out 





in our case corresponds to a tension (i.e. to a negative pressure), needed to avoid the 
singularity and to implement the transition from contraction to expansion. 


140 


The matching of the metric fluctuations can now be performed by perturbing the Israel 
junction conditions on the chosen hypersurface, and leads to 


owl =0, [as 





= 68%, (7.21) 





On a general hypersurface one then obtains that the dominant coefficient Bz, determining 
the post-big bang asymptotic expansion of the Bardeen potential, is in general related to 
the pre-big bang coefficients A;, By by [2277] 


Bo(k) = faAr(k) + fa Bil(k) + fedDs, (7.22) 


where fa, fy, fs are (possibly k-dependent) coefficients, and dps represents the perturbation 
of the surface tension. The final spectrum k?|B2(k)|? thus depends, in general, not only 
on the choice of the matching hypersurface, but also on its perturbed tension (i.e. on the 


details of the regularizing mechanism that is responsible for the bouncing transition). 


The matching across the hypersurface of total constant energy density ( + 69 = const) 
gives in particular f4 = 0 so that, assuming a negligible dps, Bz simply inherits the 
spectrum of the constant mode B,, and one is led to the “standard” result (7-16) for the 
scalar perturbation spectrum. The matching across a different hypersurface leaves, however, 
fa 4 0, so that the final spectrum is dominated by the growing mode of the pre-big bang 
solution and (again assuming a negligible dp,) one is led to the “new” result reported in 
Eq. (7.17), which leads to a flat spectrum for all backgrounds with « < 1. 


In the rest of this section we will adhere, however, to the standard matching prescription 
at constant energy density, and we will concentrate on the alternative possibility of an indi- 
rect generation of scale-invariant metric perturbations through the fluctuations of another 
background field. Such an auxiliary field, in a string cosmology context, can be naturally 
identified with the axion, whose quantum fluctuations, unlike the metric fluctuations, can 
be directly amplified with a flat spectrum, even in the context of the minimal pre-big bang 
models (without the contribution of a dilaton potential). 


To explain the reason of such a difference, first pointed out in [1795, [18], let us consider 
the four-dimensional reduced action for the antisymmetric tensor Hy, 


1 
c= ro / d'a/—ge ° HywvaH”*, (7.23) 


where 
Awa = OnBrva: + Oy Bap + OaByv; Bw = —Byy- (7.24) 


The equation of motion, 
a, (V=ge"* HH") =0, (7.25) 


can be automatically satisfied by introducing the “dual” axion field o: 


@ 

e 

pee — YB Ogg = ent” Aaa (7.26) 
Vv-g 
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(ntve* is the totally antisymmetric, covariant tensor), and the effective action (7.29) may 
be rewritten 


S= 5 | tie V=ae%O.adlo (7.27) 


(note the coupling of o to e® instead of e~®). In conformal time, and for a conformally flat 
metric 


s= 5 | dna? (0” + oV*a) : (7.28) 
the action can be diagonalized by setting 
ur = 26; z =aeel?, (7.29) 
so that the evolution equation for the axion canonical variable w is formally the same, 
Uh + [R? — V(n)] be = 0, V(n) = 2" /2z, (7.30) 


but is characterized by a pump field z different from that of gravitons or photons. As- 
suming a smooth evolution from a power-law pre-big bang background, with z ~ |n|*, to 
the standard radiation era, the axion spectrum Q, is then determined by the background 
kinematics according to the general prescriptions of Subsection h.4, i.e. 


Qe (w) ~ w-2”, vy = |a—1/2|, z~ ||. (7.31) 


Consider now the low-energy branch of the spectrum, for modes hitting the effective 
potential barrier during a higher-dimensional dilaton-driven phase, which we assume to be 
characterized by three isotropically expanding dimensions, with scale factor a(n), and n 
“internal” dimensions, with scale factor b;(7). The background evolution is known, deter- 
mined by the d = 3+ n, anisotropic, S-frame solutions of the string effective action, Eqs. 
(2.89) and (2.89). The scale factors, and the dimensionally reduced dilaton ¢, can then be 


expressed in conformal time as 


- (= > Fi +39 — 1 
aw |n|P/0-),, By ||P), a Be nin 
af0 = Vila: (7.32) 


1— Bo 





¢ = O4—nV, = Og — Yon ~ 


where (0, 9; are n+ 1 parameters related by the “Kasner-like” condition 
385 + >- 67 =1 (7.33) 
i 


(80 < 0 for inflationary expansion), and ®, is the dilaton field appearing in the d-dimensional, 
non-reduced action, 


[ath ey=gane = Vn f dtay=pie™ = [aev=me~*. (7.34) 
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Combining the behaviour of a and @ we obtain the power a@ of the pump field, and the 
corresponding spectral index, which are in general given by : 


Bao = 1 
eo ek 3-Qw =3-|2a-1]= 


2(1 — Bo)’ 


389 + 1 
1— fo 





(7.35) 


In the particular case of an isotropic n-dimensional subspace, 3; = 6, 34% + nG? = 1, 
one can also re-express the spectral index (7.35) in terms of the conformal power s = 
B/(1 — Bo) of the modulus, as originally done in (i75], or even in terms of a parameter 
r = (V;,/2V,)(V3/V3)—1, measuring the relative evolution in time of the external and internal 
volumes 479}. What is important, in our context, is that a flat spectrum (i.e. Q, = 
const, 3 — 2v = 0) is now perfectly allowed for Gy = —1/3. For an isotropic d-dimensional 
background, in particular, 69 = —1/ Vd, so that a flat spectrum exactly corresponds to 
d = 9, i.e. just the number of dimensions of critical superstring theory! (see also [135]). Flat 
(or nearly flat) spectra are also possible for different exact solutions of the low-energy string 
effective action (i771, 178, B24], even in four dimensions if the background is anisotropic B31], 
or if the dilaton has an appropriate exponential potential and it is non-minimally coupled 
to the axion [251]. 


It should be stressed that for gravitons, on the contrary, a flat spectrum cannot be 
obtained in the above background, quite irrespective of the number and dynamics of the 
internal dimensions. By using Eq. we find indeed that, independently of Jo, (;, the 
graviton pump field ae~® always has the same power, a = 1/2, 


z= ae Pl? w |n|/?, (7.36) 


so that the spectrum (modulo logarithmic corrections) is always characterized by the known 
cubic slope 3 — 2v = 3 — |2a — 1] = 3. A flat spectrum, in the background (7.32), is also 
forbidden for heterotic photons (coupled to the dilaton as in the example discussed in the 
previous subsection). The situation is different, however, for Kaluza—Klein photons, whose 
spectrum is more sensitive to the dynamics of the internal dimensions (135). 


It is important to note, finally, that in the different backgrounds obtained through 
SL(2, R) transformations mixing the axion and dilaton fields, different evolution equations 
are generally obtained for the metric, the dilaton, and the axion fluctuations. After a 
diagonalization, and a redefinition of new canonical variables, one finds however that the 
evolution equations for the two fundamental scalar degrees of freedom, i.e. the gauge- 
invariant (Bardeen) potential and the pseudoscalar axion field, are unaltered by the SL(2, R) 
transformation. Thus, the blue spectral tilt of metric perturbations and a possibly flat slope 
of the axion spectrum remain the same as in the standard, dilaton-dominated background 


solutions [175], (see also [437] for more details on the axion spectra). 


A flat, primordial spectrum of axion fluctuations can be used for an indirect generation 
of the observed CMB anisotropies in two ways. A first possibility is the “seed” mechanism 
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22d, Roi]: indeed, even if the axion fluctuations are negligible as sources of the metric 
background, pg < f-, their inhomogeneous stress tensor generates metric fluctuations ac- 
cording to the standard gravitational equations, and the metric, in its turn, is source of the 
temperature anisotropies through the usual Sachs—Wolfe effect: 


Po/Pe~ ®~ AT/T. (7.37) 


Such an indirect production of anisotropies could work, in principle, because the con- 
tribution (7.37) to AT/T is quadratic in the axion field, and not linear as in the case of 
metric perturbations. So, even if the amplitude of the axion fluctuations is still normalized 
at the string curvature scale, the square of the amplitude is not very far from the expected 
value 107°: 


on ee PLANCK scale eh38) 


The string normalization (7.13), on the other hand, is imposed at the end point of the spec- 


AT 2 (SS curvature =) 2 


trum (typically, at the gigahertz scale), while COBE observations constrain the spectrum 
at the present horizon scale (~ 10~!8 Hz): it is then evident that a very small, “blue” tilt in 
the axion spectrum is sufficient to make compatible the string and COBE normalizations, 


Eqs. (7.38) and (7.19). 


The seed mechanism, however, seems to have difficulties in reproducing the peak struc- 
ture of the observed anisotropies at smaller angular scales, as will be discussed in Subsection 
A more realistic scenario is probably offered by the “curvaton” mechanism |[H59j: if 
the axion is heavy enough, the initial and flat primordial spectrum of isocurvature axion 
fluctuations can be eventually converted, after the axion decay, into a final scale-invariant 
spectrum of curvature fluctuations. The standard results for the temperature anisotropies 
then apply, with the only difference that the metric perturbations are not primordial, but 
indirectly generated by the axion decay. This possibility will be discussed in Subsection 
after a brief report on the seed mechanism, which will be presented in the next two 
subsections. 


7.3  Massless axions as seeds 


The quantum fluctuations of the so-called “universal” (or Kalb-Ramond) axion a (i.e. the 
dual of the field strength of the NS-NS two-form appearing in the string effective ac- 
tion) can be amplified with a scale-invariant distribution of the spectral energy density, 
0,(k,n) = pe*(dpo(k,n)/pcdink) (as shown in the previous subsection); they are thus a 


possible candidate for seeding the large-scale anisotropy in the context of the pre-big bang 


scenario. To illustrate this possibility we will proceed in two steps. 


We will first show that the Scalar metric fluctuation on a given scale, at the time 
‘the scale re-enters the horizon, is precisely determined by the axion energy distribution 


why is axion a dual? and not KR in D= 3+1 


ok 


Dz (Tre) ad 0Q.(k, Tre) - (7.39) 


(AT/T), ~ Dz (Nre) rm Oe ( Fes Nee) (7.40) 
These two results are far from being trivial, as they are consequences of the particular time 


(the same results do 


not apply, for instance, to the case of electromagnetic fluctuations). We will give here only 
a sketch of the arguments leading to the above results, which are interesting in themselves, 
apart from their possible string cosmology applications. For a detailed derivation we refer 


the reader to the original papers (223, p24]. 


Let us first compute the spectrum of metric perturbations seeded by a flat, primordial 


distribution of axion fluctuations. We define, as usual, the power spectrum of the Bardeen 


‘potential, Pa(k), in terms of the Fourier transform of the two-point correlation function, 





[&é ell >) Pa(k) = (B(x) ®(2’)) (7.41) 
(27k) . 


(the brackets denote spatial average, or expectation value if perturbations are quantized), 
and we recall that the Square root of this function, evaluated at a comoving distance k~", 
represents the typical amplitude of fluctuations on a scale k: 


((®(a)&(2’))) 1? ~ k3/2/6,| (7.42) 


|ja—a’|=k-1 


(see also Eq. (4.69)). We also define the power spectrum of the seed stress tensor, in the 


same way (no sum over j, V/): 





3, 
/ oe Pek) = (Tie) Ti (a')) — (Tye (@))?. (7.43) 


‘Metric fluctuations and seed fluctuations, on the other hand, are related by the cosmo- 


logical perturbation equations [221]]. By taking into account the important contribution of 
the off-diagonal components of the axion stress tensor one finds, typically, that the Bardeen 


‘spectrum Ps and axion energy-density spectrum P, are related by: 
1/2 a\? 
ph ()~G (2) P'/2(K), (7.44) 
where p = T?’, and 


Bh neg 
| cme Py(k) = (po(x)po(2")) — (po(x))? 
~ (0 (a)o(a")) — (0 (a))? +... (7.45) 
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Note that the two-point correlation function of the energy density becomes a four-point 
function of the seed field, since the energy is quadratic in the axion field. 


Using now the stochastic average condition for the axion field, 
(o' (k, n)o"™(k’, n)) = (277)°5° (k — k’) Dk, n), (7.46) 


it turns out that the energy—density spectrum reduces to a convolution of Fourier transforms, 


3 
Pie = [@p E(p)U(\e — pl) +... (7.47) 


Also, for a flat enough axion spectrum, one finds that the above integral is dominated by the 
region py ~ 1 224). By expressing the convolution through the spectral energy density 0,, 
evaluating the Bardeen potential at the time of re-entry me ~ k~', and using Eq. (7.44), 
one is finally led to relating the Bardeen spectrum and the axion spectrum as follows: 


Px? (k, tre) ~ k?!? |@e(Mre)| ~ No (Kk, Me): (7.48) 


We should now explain why we are interested in the metric fhictuations evaluated at the 
time of re-entry. 


To this purpose, let us compute the seed contribution to AT/T. In the multipole 
expansion of the temperature anisotropies (in terms of the Legendre polynomials P), 


(Fin) 


1 
— 2£ + 1)CeP, v0 A 


(n-n/=cos #) 


the coefficients C;, at very large angular scales (€ < 100), are determined by the Sachs— 


Wolfe effect as p2ij: 
2 
ca = 2 faansy (| [2 an B00 + 9) ns =|). (90 


Ndec 


Here ® and W are the two independent components of the gauge-invariant Bardeen po- 
tential (see Subsection 4.9), je are the spherical Bessel functions, and a prime denotes the 
derivative with respect to their argument. Equation (7.50) takes into account both the 
“ordinary” and the “integrated” Sachs—Wolfe contribution, namely the complete distortion 


of the geodesics of the CMB photons (due to shifts in the gravitational potential), from the 


time of decoupling Ngee down to the present time 7o. By inserting the Bardeen potential 
determined by the axion field, we find that the time-integral is dominated by the region 


kn ~ 1. Using Eq. (7.48) we finally obtain 
CRY ~ f d(ink) &|Ge()Plielbmo)I (7.51) 


which gives the multipole coefficients in terms of the axion distribution 0,(k, mre), through 


Eq. ((7.48). This explains why it was important to evaluate the Bardeen spectrum at the 


time of re-entry, Me ~ kot. 
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From this final expression we can extract, in particular, the value of the quadrupole 
coefficient Cy p24): 
5 M, 4 ko n—-1 
Co ~ 02 (ko, ~ — ; 7.52 
2 = 02 (ko,m) = (T2) (2) (7.52) 


where n is the spectral index (sufficiently near to 1) characterizing the primordial axion 





distribution, ko is the comoving scale of the present horizon, and k; the end point of the 
spectrum, namely the maximal amplified comoving frequency. We have assumed, in the 
context of a minimal model of pre-big bang, that the peak amplitude of the axion spectrum, 
at the end-point frequency, is controlled by the fundamental ratio between string and Planck 
masses, as it was for the graviton and dilaton spectra computed in the previous sections. 
Note, however, that in the low-frequency band corresponding to the large-scale observations 
the axion spectrum contains the enhancement factor (k/keq)~? (see Eq. (6.9)), which for 
k = kg almost exactly cancels the present radiation energy density, Qy(to) ~ 10; 


The quadrupole coefficient, on the other hand, is at present determined by COBE as 


(3) 





Cz = (1.9+ 0.23) x 10-1”. (7.53) 


This experimental value, inserted into Eq. (7.53), provides an interesting, direct rela- 
tion between the string mass and the spectral index of the temperature anisotropy. Using 
ki/ko ~ (Ms/Mp)'/?10?9 (see Eq. (5.16)), and using (as a reference value) the following 
bounds on the spectral index (ral: 

l<n<1A4 (7.54) 


(we have excluded here the allowed values 0.9 < n < 1, to avoid introducing an infrared 


cut-off in the massless axion spectrum), we obtain in fact an allowed range for the string- 
reece pare sei is compatible with the theoretical expectations 
Lo3}, 0.01 S M,/ S 0.1. nversely, the theoretically expected range for M, implies a 
spectral index 1.06 S n S 1.2, which is also in agreement with the observational results. 


This promising result, however, is only a first step towards a more complete comparison 
of the seed model with observations, comparison that must include also smaller angular 


scales, where precise experimental data have recently been obtained 483, 475), B03, Bo3l, 
and will become available in the next few years [470}, 521]. 


A numerical computation of the anisotropy power spectrum (7-50), at intermediate 
angular scales (up to 2 ~ 10°), has already been performed as reported in E79, 604). The 
resulting spectrum shows the familiar peak structure, typical of all inflationary models. 
However, as was already shown very clearly by a first analysis E79. the height and the 
position of the first acoustic peak can be reproduced (at least approximately) only if the 
axion spectrum grows fast enough with frequency. In particular, using the notation of the 
previous subsection, one must require at least 3 — 2v > 0.1 (but 3 — 2v 2 0.3 seems to be 
favoured by the data). 
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This requirement, however, is in general incompatible with the high-frequency normal- 
ization typical of the pre-big bang scenario (if the amplitude is large enough to match 
observations at the COBE scale and the slope is too steep, then the energy density blows 
up and becomes overcritical at the string scale). 


A possible solution, suggested in E79, exists in the context of “non-minimal” models 
of background, leading to a slope that is steep enough at low frequency, and flatter at 
high frequency, so as it limits the peak value. Since the axion spectrum depends both on 
the number and on the kinematics of the internal dimensions (see Subsection (7.9), such a 
spectrum could be produced during a phase of dynamical dimensional reduction, in which 
the low-frequency modes are frozen outside the horizon while the Universe is dimensionally 
different from the subsequent phase of freezing of the high-frequency modes. 


A more detailed analysis [608], based on the recent BOOMERanG-98 [203] and MAXIMA- 
1 [B63] data, shows indeed that it is not impossible to fit the height of the first acoustic 
peak, observed around ¢ ~ 200, by using a (pre-big bang-motivated) axion spectrum, which 
grows with a steep slope up to a limiting scale ky, and which is pretty flat above kp: 


9 9p 20.83, k < kp, 3-22 ~0, k > kp. (7.55) 


In order to be efficient, the break point k, has to be around the equilibrium scale, ky ~ keq- 
However, the precise position of the break is not strongly constrained, and one may exploit 
the possibility of lowering the break scale, to lower the height of the second (and subsequent) 
acoustic peaks, for a better comparison with data (such a shift does not substantially affect 
the height of the first peak). 


A break in the axion spectrum is thus effective to match the height of the peaks, but is 
not sufficient to fit the position of the first acoustic peak, determined with small uncertainty 
by recent data ESE F 479, 203, B63] around ¢ ~ 200. The position depends on the full set of 
parameters of a given cosmological model and, in the context of the seed mechanism based 
on massless axions, a peak at £ ~ 200 seems to require a moderately closed Universe , with 


Qm + Qa > 1. For instance [608], 
On 2 UA, Qa ~ 0.85 (7.56) 


provides a good fit of the data, also compatible with current supernovae results (617. It 
should be noted, to confirm the validity of a such model, that if the axion spectrum has 
a break it is also possible to fit the dark-matter power spectrum, in reasonable agreement 
with observations. 


However, even adjusting the break point k, and the value of 0Q,, + Qa, the width of the 
peak is still not in very good agreement with the present data, as the resulting normalized 7 
is about 1.8, which confirms the model only at the 30% confidence level [608]. Nonetheless, 
it is important to stress that the position of the second acoustic peak predicted by the axion 


model is different from the one indicated by the standard inflationary predictions (and by 
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present data). In addition, the axion model also predicts a small peak, or “hump”, around 


£ ~ 100, due to the “isocurvature” (rather than adiabatic, i.e. isoentropic) nature of the 
induced metric perturbations. These two peculiar predictions will be extremely important 
to confirm or disprove definitely the axion model, when the future satellite observations 


[E7, 627] will become available. 


Also, the axion fluctuations o, are described by a Gaussian, stochastic variable, but 
the induced metric fluctuations depend on the axion energy-momentum tensor: they are 
quadratic in o, and therefore non-Gaussian, in general. This may change the estimate of 
the confidence level (i.e. of the probability) that the axion model leads to the measured 
CMB anisotropy spectrum. 


It should be stressed, to conclude this subsection, that the isocurvature character of the 
primordial axion spectrum considered here is due to the fact that the axions are treated as 
seeds, i.e. inhomogeneous fluctuations of a background that is not axion-dominated. As a 
consequence, the predicted anisotropies are different from previous models of isocurvature 
axion perturbations 44, 558, 96]. So, even if this seed mechanism based on isocurvature 
axion perturbations were definitely ruled out by future observations, this would not preclude 
the possibility of adiabatic axion perturbations (see for instance £09), where the axions 
produced during the phase of pre-big bang inflation represent a significant fraction of the 
present cold dark-matter density. 


7.4 Massive axion spectra 


In the previous subsection we have discussed the CMB anisotropies seeded by a stochastic 
background of massless axion fluctuations, amplified by a phase of pre-big bang inflation. 
It is possible, or even likely, however, that the axion fluctuations amplified by inflation 
become massive in the post-inflationary era: it is thus important, also in view of future 
applications other than the seed mechanism, to discuss whether, even in the massive case, 
the string normalization of the primordial spectrum may be consistent with the large-scale 
normalization determined by the CMB anisotropy, in spite of some important differences 
that appear in the spectrum and in the computation of the Sachs—Wolfe effect. 


In this subsection we shall keep assuming that the axion background is negligible, 
(7) = 0, and that the whole contribution to the axion energy density p, comes from the 
vacuum fluctuations, as in the previous subsection. There are, however, various important 
differences. A first difference between the massless and massive axion cases concerns the 
relation between pz and the Bardeen potential ®. In the massless case the perturbation 
equations, taking into account the important contribution of all the off-diagonal terms of 


the axion stress tensor, lead to 
a 


ee: ( a pa(k) (7.57) 


(see Eq. (f7.44)). In the massive case, on the contrary, the axion stress tensor can be 
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approximated as a diagonal, perfect-fluid stress tensor, and we obtain [824] 


©; ~ Gan’ p(k). (7.58) 


Also, the convolution (7.47) for the axion energy density is dominated by the region p ~ 7~! 


in the massless case, and by p ~ k in the massive case. In the massless case the integrated 
Sachs—Wolfe effect is dominant, while it is the ordinary one that dominates in the massive 


case [B24]. 
In spite of these differences, the final result for the temperature anisotropies is the same 
as before, with the quadrupole coefficient determined by the axion spectral energy density 


as [824] 
Cy ~ 03 (Ko, No): (7.59) 


In the massive case, however, the axion spectrum is affected by non-relativistic corrections, 
which are to be computed by including the mass contribution to the canonical evolution 


equation (7.30): 
NV 
we + i? ~ 2 4 ma? vy, = 0, Wh = 20%. (7.60) 
Zz 


To this purpose, let us consider a simple background transition at 7 = 7, from an initial 
pre-big bang phase in which the axion is massless, to a final radiation-dominated phase in 
which the dilaton freezes to its present value, @ = const, and the axion acquires a mass, 
which is small in string units. Therefore, for 7 < 7, we then have m = 0, and the usual 
Hankel solution is normalized to a vacuum fluctuation spectrum (see Section 4.4), 


Vr 
da(n) = nl? 2) (lk), (7.61) 
where v depends on the pre-big bang evolution of the pump field z = ae®/?. In the subse- 
quent radiation era, 7 > 7, the effective potential z”/z is vanishing, and the perturbation 
equation reduces to 


Pe + ie + an?) We = 0, (7.62) 
where we have put 
na* = a’7’, a= mH,ai, (7.63) 


using the time behaviour of the scale factor a ~ 7. 


For the high-frequency modes that are relativistic at the transition scale, m < k/a,, 
the mass term can be neglected, and we can match the solution (7.61) to the plane-wave 
solution 

Pe = a [er (Rye + c(t] , (7.64) 


to obtain: 





c+ = +c(k)et*", \c(k)| & (k/ky)7? 1? (7.65) 
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(we neglect, for simplicity, numerical factors of order 1, which will be absorbed into the 
uncertainty relative to the inflation scale, represented by the overall numerical coefficient g; 
in front of the final spectrum.) In the relativistic regime the amplified axion perturbation 


then takes the form: 
c(k) 


aVvk 
and the corresponding energy density, p(k) ~ (o’/a)?, integrated over all modes, leads 
to the spectral distribution (4-109), and to the usual relativistic spectrum (normalized to 
critical units): 





o(k,n) = sin(kn), (7.66) 


3-—2v 
Q(p,t) = 930,(t) (2) nn, (7.67) 


where p = k/a is the proper momentum (see Subsection 4.4). 


In the radiation era the proper momentum is redshifted with respect to the rest mass, 
and all axion modes tend to become non-relativistic. When the mass term is no longer 
negligible, on the other hand, the general solution of Eq. (7.62) can be written in terms 
of parabolic cylinder functions [5]. For an approximate estimate of the axion field in the 
non-relativistic regime, however, it is convenient to distinguish two cases, depending on 
whether a mode & becomes non-relativistic inside or outside the horizon. Defining as ky, 
the limiting comoving frequency of a mode that becomes non-relativistic (km = mam) at 
the time it re-enters the horizon (km = Hmam), we find, in the radiation era B24], 


mam 
Aya, 


1/2 
Aya, = ky (7) . (7.68) 





km = 
We will consider the two cases k > ky, and k < km separately. 
In the first case we can rewrite Eq. (7.62) as 


Cita 
dx? 





2 
+ (= — ) ve=0, c=n(2a)/?, —b=k?/2a, (7.69) 
and the general solution we give has the form 
y = AW (b,x) + BW(b, —2), (7.70) 


where W(b,) are the Weber parabolic cylinder functions (see fl. Chap. 19). In order to 
fix the integration constants A and B we can match the solutions (/7.70)) and ((7.66)) in the 
relativistic limit where . 5 

is k —4b 
In this limit, since we are considering modes that become non-relativistic when they are 
already inside the horizon, 
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we can expand the W functions for b large with x moderate fi. Matching to the plane-wave 


solution (7.64), we obtain A = 0, and 


ee Aw, 2). (7.73) 


In the opposite, non-relativistic limit x? >> |4b|, the expansion of the Weber functions gives 


B 





ck) . (m 
(we have used x7/4 = man/2 ~ m/H). The corresponding axion field is then (inside the 
horizon) 
c({k) . /m 
nee de Kes 
a(k.n) = sin (=). k> (7.75) 


The associated energy density, p2™(k) ~ (o’/a)? ~ (ma/k)ptl(k), differs from the 
previous one by the non-relativistic rescaling m/p, thus leading to the spectrum 


m H 2 a 3 D 2—2v 
Dept) = Ne (>) (=) (2) 5 Pm <p<m, (7.76) 


where pm = km/a (see Eq. ((7.67)). 


Finally, we consider the case of a mode that becomes non-relativistic when it is still 
outside the horizon, k < ky». In this case, we cannot use the large |b| expansion as |b| < 1, 
and it is convenient to express the general solution of Eq. (7.69) in the form 


w = Ay, (0, x) + Byp(b, x) ’ (1:77) 


where y; and y2 are the even and odd parts of the parabolic cylinder functions El. The 
matching to (7-64), in the relativistic limit x — 0, gives A = 0 and 








k 1/2 
= ells) (5) walb.2). (7.78) 
a 
In the non-relativistic limit x? >> |b] we use the relation [5] 
W(b,2) — Wb, -a)] ~ asin (7.79) 
Y2 ag , Te Va sil 4 ) : 
which leads to +9 
c(k) k? _ (m 
from which 
_ c(k) k ie Ay . m 
o(k, 9) = — — (=) (=) sin (=) : a (7.81) 


with an associated spectrum 


m /H 2 a 3 p 3-2 
OQ (p, t) = ray Ay (F) (=) (2) ’ Pp << Pm; (7.82) 


reproducing the low frequency band of the non-relativistic spectrum already presented in 
the case of dilatons (see Eq. (6.13). 


However, the above result is valid only if the axion field becomes massive before the 
limiting scale p,, crosses the horizon. Let us call T,, the temperature scale at which the 
mass turns on (typically, T,, ~ 100 MeV if axions become massive at the epoch of chiral 
symmetry breaking) and pr the proper frequency re-entering the horizon precisely at the 
same epoch. The present value of pr is then 


In 
~ —], 7.83 
pT (no) Peq (=) ( ) 
and the spectrum (7.8) is valid for pm < pr, namely for m/Heq < (Im/eV)?. In the 
opposite case, Pm > pr, the role of the transition frequency, which separates modes that 
become non-relativistic inside and outside the horizon, is played by pr, and the lowest- 
frequency band of the non-relativistic spectrum (7.82) has to be replaced by p24): 


_ 1/2 
5 m eV =) (2) (2). 2 m (“) 
= g?7 ——— (| — ) (= — a3 ——s a 1 
Q,(p, t) gy af Eg (=) ( H a DI b) Pp < PT; Hem Ts > 


(7.84) 
(such a spectrum can be easily obtained by imposing the continuity with (7.76) at p = pr). 


In both cases, as clearly illustrated in Fig. (7.3, the effect of non-relativistic corrections 
is to enhance the amplitude of the spectrum at low frequency. The enhancement is pro- 
portional to the square root of the axion mass according to Eq. (7.82), if the scale py, is 
still outside the horizon at the time when axions become massive. In the opposite case, the 
enhancement is linear in the axion mass, according to Eq. (7.84). In both cases the slope 
is the same as that of the massless spectrum, 3 — 2v. 


Since the amplitude of the spectrum now depends on the axion mass, the condition 
imposed by the COBE normalization provides a constraint on the allowed range of masses. 
This might represent a problem, in general: since the slope cannot be too steep at low 
frequency (according to Eq. (7-54), the allowed mass has to be small enough, typically in 
the range of H,,. An explicit analysis then leads to the window 107?’ eV Sms 107!" 
eV. 


It should be noted, at this point, that the mass of an axion field coupled to matter 


with a typical gravitational strength is not significantly constrained (unlike the dilaton 
mass) by the present gravitational experiments, which are indeed to be performed with 


polarized bodies to be sensitive to pseudoscalar interactions. Also, the Kalb-Ramond 
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QCD vacuum angle 


Figure 7.3: Mass-dependent enhancement of the spectrum at low frequency, due to non- 
relativistic corrections. If the slope is sufficiently flat, 3 — 2v <1, then the non-relativistic 
part of the spectrum may have a peak in correspondence of the frequency mode py, that 
becomes non-relativistic at the time it re-enters the horizon. 


necessarily identified with the “invisible” axion [1115] responsible for solving the strong CP 
problem. Other, more strongly coupled pseudoscalars, can play the traditional axion’s role. 


In that case, the standard Weinberg—Wilczek formula [619, 623] would give the mass of 
GEE hich is coupled to the topological charge, 


while the KR axion would mostly lie along the orthogonal combinations, which remain 
(almost) massless. In this context it is thus possible that KR axions are produced neither 


from an initial misalignment of the QCD vacuum angle, nor from the decay of axionic cosmic 
strings, so that existing cosmological bounds on the axion mass [566] can be evaded. In 


spite of all this, it is quite likely that the KR axion will be heavier than 10717 eV, in which 


case, using the above spectra, it would be impossible even in principle to seed the observed 


CMB anisotropies. 


This conclusion, based on the effect illustrated in Fig. refers however to a relativistic 
spectrum characterized by a constant slope. It is quite easy to imagine, however, and to 
implement in practice, a model of background in which the relativistic axion spectrum is 
sufficiently flat at low frequency (as required by a fit of the large-scale anisotropy), and 
much steeper at high frequency. A simple example is illustrated in Fig. (7.4, where we 
have compared two spectra. The top one is flat everywhere, except for modes becoming 
non-relativistic outside the horizon. The other one has a relativistic branch, which is flat at 
low frequency p < ps, and steeper at high frequency p > ps. It is evident that the steeper 
and the longer the high-frequency branch of the spectrum, the larger is the suppression of 
the amplitude at low frequency, and the larger is the axion mass allowed by the COBE 
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normalization at the present Hubble scale w = wo. 


This possibility has been analysed through an explicit two-parameter model of back- 
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Figure 7.4: Two examples of axion spectra with non-relativistic corrections. Note the 
common normalization at the end-point frequency pj, in spite of the different slopes in the 
different frequency regimes. 


ground B24], based on exact solutions of the low-energy string-cosmology equations with 
classical string sources B21], Bod, BO3. By fixing the high-frequency normalization at 
Ms/Mp = 10~?, the low-frequency slope at n = 1.2, and the temperature of mass gen- 
eration at T = 100 MeV, we can use as parameters the slope and the duration of the 
high-frequency part of the spectrum, measured in particular by x = log(p;/ps) > 0 and by 
the corresponding variation of the pump field, y = log(z,/z,) < 0. By imposing the COBE 
normalization (7.59), 0Q,(po) ~ 10~°, the seed condition Q, < 0.1, and the condition of 
mass-dominated spectrum, m > Heq (see B24), the allowed region in parameter space 
turns out to be consistent with a very wide range of axion masses, from the equilibrium 
scale m ~ 107-2” eV up to m ~ 100 MeV (higher masses are not acceptable, because the 
axion would decay into photons before the present epoch, like dilatons, see Eq. (6.33). We 
may thus conclude that there is no fundamental incompatibility between the normalization 
imposed by the large-scale anisotropy and an axion mass in the expected range of conven- 
tional axion models 66}. The difficulties encountered to match the observed spectrum at 
smaller angular scales, discussed in the previous subsection, remains however . 


7.5 Massive axions and adiabatic perturbations 


In the previous subsections we have analysed a possible scenario in which no axion back- 
ground is present in the post-big bang epoch ((c) = 0), and an isocurvature, non-Gaussian 
spectrum of temperature anisotropies is eventually induced by the quantum fluctuations of 
‘hie (miassless| or massive)"axion|eld;/amplified/by inflation. This scenario, whose typical 


signatures have been discussed in Subsection [7.3, seems to be strongly disfavoured with 
respect to more conventional explanations of the CMB anisotropy offered by the standard 


inflationary models. 
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In this subsection we will consider a possible alternative picture, based on the following 


assumptions: 7) the constant value of the axion background after the pre-big bang phase 
is displaced from the minimum (conventionally defined as o = 0) of the non-perturbative 
potential V(o) generated in the post-big bang epoch; i) the axion potential is strong 
enough to induce a phase of axion dominance before its decay into radiation. Under these 
conditions one finds that the initial isocurvature axion fluctuations, amplified by horizon- 
exit during inflation, can be converted into adiabatic (and Gaussian) perturbations of the 


spatial curvature, associated to super-horizon (scalar) metric perturbations, which maintain 


the same spectrum as the original axion fluctuations until the time of horizon re-entry: these 





can then possibly produce the observed CMB anisotropies. 


This possibility, based on a mechanism originally pointed out in [486], has recently been 
discussed in detail (and not exclusively within a string cosmology framework) in (P41), 159, 
4877, 651, 607, for the isocurvature fluctuations of a generic scalar field (called “curvaton” 
[M459]), amplified with a flat spectrum. In the context of the pre-big bang scenario, such a 
mechanism has been applied, in particular, to the fluctuations of the KR axion [241], as 
suggested in [137]. Here, after a brief description of the conversion of axion fluctuations into 
scalar curvature perturbations, we shall discuss the constraints imposed by the CMB data, 
and its possible consistency with the small-scale normalization and tilts typical of pre-big 


bang models {100}. 


The conversion of the axionic isocurvature modes into adiabatic curvature inhomo- 
geneities takes place in the post-big-bang phase, where we assume the dilaton @¢ to be 
frozen and the axion o to be displaced from the minimum of its potential. In the E-frame 
the background evolution is then described by the Einstein equations (6.9), with ¢ simply 
replaced by o, and with c = 0 since the axion is minimally coupled to the metric. For a 
conformally flat metric, 9,1 = @?Myv, the time and space components of such equations, 
together with the axion evolution equation, can be written (in conformal time and in d = 3) 
respectively as 


6H? =a" (-e ee). AH! OH? = a" (p, 4 pe), (7.85) 
OV 

o” + 2Ho’ + a?@— =0, (7.86) 
Oo 


where H = a’/a = d(Ina)/dn, p, = 3p, is the energy density of the radiation fluid, and 
1 12 1 12 

Po = 573° + V(o), Po = 537 
The combination of Eqs. (7.85) and (7.86)) leads to the conservation equation for the 
radiation fluid, i.e. pj. + 4Hp, = 0. In order to perform analytical estimates, we shall 


~V(o). (7.87) 


also assume here that the axion potential can be approximated by the quadratic form 
V(c) = m?o?/2. This is certainly true for o; < 1, but it may be expected to be a realistic 
approximation also for the range of values of o; not much larger than 1 (which, as we 
shall see, is the appropriate range for a normalization of the spectrum compatible with 
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present data). Actually, for the periodic potential expected for an axion, the value of |o;| 
is effectively bounded from above [241]. 


Let us now consider the scalar perturbations of the Einstein equations (6.4). Working in 
the longitudinal gauge we set do = xy, and we use the perturbation variables already defined 
in Eq. (6.1) for the metric and for the fluid sources. We impose, in addition, dp, = dp,/3 
(adiabatic fluid perturbations), and we introduce the convenient velocity potential v,, such 
that du; = ad;v,. 


The perturbation of the 1 # 7 component of the Einstein equations then gives y = 
yw = ®, where ® is the Bardeen potential, while the perturbation of the (0,2), (0,0), (2,2) 
components, and of the axion (Klein—Gordon) equation, gives a set of four independent 
equations for the four scalar variables ®, y, 6p;, vy. They can be written, respectively, in 


the following convenient form: 


1 1 
0’ +H = pe + Zo Pri, (7.88) 
1 
V’® — 3H (6+ HO) = rh (Poor + Pada) 5 (7.89) 
iw al 
OV aV 
x" + 2H! — V7 x + a? —x = 4a’! — 20? — 8, (7.91) 
Oo? Oo 


where we have defined 











Op =OPel firs Oo = Ops) Des 
o'y' OV 
OPo =-@® (Do + Do) ale x + ATX 
a Oo 
ay’ OV 
Spo = — (bo + Po) + — — <x. (7.92) 
a Oo 


The above equations can also be obtained directly from the general system of scalar- 
perturbation equations (6.3)—(6.9) (used to discuss dilaton production), for the particular 
case in which c= 0, d= 3, B=0'/H, y =€ = 1/3, p= p/3, and with ¢’ replaced by o’. 
We note, for later use, that by eliminating 6, from Eqs. (7.89) and (7-90) we are led to 








©” + 4HO’ 4 (21 L On? 4 50") & — 1726 = ae = a (7.93) 
6 3 6 3. da 





which, together with Eq. ({7.91)), provides a closed set of coupled differential equations for 
the two variables ® and y. By using the above perturbation equations, together with the 
background relations (7-85) and (7.86), two useful equations for the evolution of 6, and v, 
can be finally obtained: 


4 1 
6} = 46! + 3V em v= qo to. (7.94) 
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We now suppose that we start at t = ¢;, with a radiation-dominated configuration in 
which the axion background is initially constant and non-vanishing, o(t;) = 0; 4 0, o’(t;) = 
0, providing a subdominant (potential) energy density, po(t:) = —po(ti) = Vi = m?o?/2 
< H? ~ p,(t;). We also give initial conditions to our system of perturbation equations 
by assuming a given spectrum of isocurvature axion fluctuations, x;(t;) # 0, and a total 
absence of perturbations for the metric and the radiation fluid, ®(t¢;) = 6,(t;) = u,-(t;) = 0. 
The initial values of the first derivatives of the perturbation variables are then dedermined 
by the momentum and Hamiltonian constraints (7.89), (7.89). 


In order to discuss the possible generation of curvature fluctuations we must now specify 
the details of the background evolution, taking into account that the axion, initially constant 
and subdominant, starts oscillating at a curvature scale Hose ~ m (see Eq. ({7.86)), and 
eventually decays (with gravitational strength) in radiation, at a scale Hy ~ m3/M3 < Hose. 
During the oscillating phase the kinetic and potential energy densities are equal on an 
average, so that (p,) = 0 and (pz) ~ a~® behaves like dust matter. Since p, ~ a~4, 
the radiation energy is always diluted faster, and the axion background tends to become 


dominant at a scale H,(t) ~ mo(t). 


For an efficient conversion of the initial y and 6, fluctuations into ® and 6, fluctuations 
it is further required (P41, 459), that the decay occurs after the beginning of the axion- 
dominated phase, i.e. H, > Hg. Depending upon the relative values of Hz and Hog¢ (i.e. 
depending upon the value of o;, in Planck units) we have thus different options which will 
now be discussed separately. 


(1) If o; < 1, and then H, < Hose, the axion starts oscillating (at a scale H ~ m) when 
the Universe is still radiation-dominated. During the oscillations the averaged potential en- 
ergy density decreases like a~°, i.e. the typical amplitude of the axion background decreases 
like a~3/2, from its initial value 0; down to the value ogom at which H = H, ~ mogom. Dur- 
ing this period a ~ H71/2 (as the background is radiation-dominated), so that caom ~ o?, 
and H, ~ mo}. Finally, the background remains axion-dominated until the decay scale 
Ay ~ m3 /MB2. This model of background is thus consistent for H; > Hose > He > Ha, 
namely for 

1 > 0; > (m/Mp)"?, (7.95) 


which leaves a wide allowed range for o;, if we recall the cosmological bounds on the mass 
following from the decay of a gravitationally coupled scalar |238, [240] (typically, m > 10 
TeV to avoid disturbing standard nucleosynthesis). 


For this class of backgrounds we can now solve the coupled equations (7.91), (7.99), 
neglecting the k? terms in the (Fourier transformed) perturbation equations, since we are 
interested in modes well outside the horizon. We find (in cosmic time) that the Bardeen 
potential ® grows like t? during the initial radiation phase in which the axion is slow rolling, 
and like ¢!/? during the period of (radiation-dominated) axion oscillations: 


®,(t) = Aoixe(ts) [m(t — t,)]°, pee ha (7.96) 
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= O4(tm) + Boixe(t;) [m(t —tm)]?, bp etek (7.97) 


(A and B are dimensionless numbers of order 01), where tm ~ Hj, ~ m7! andt, ~ Hy! ~ 
4 


(mo+)—'. In the subsequent axion-dominated phase, preceeding the decay, the Bardeen 
potential finally oscillates around the value ®;(t,), with a resulting overall generation of 
curvature perturbations from ®; = 0 to 

Xé(ti) — Xue(ta) 


(®x(to)) ~ o1xK (ti) + ain os (7.98) 








where (...) refers to averages over one oscillation period. 


(2) If o, ~ 1, and then H, ~ Hose ~ m, the beginning of the oscillating and axion- 
dominated phase are nearly simultaneous, and the Bardeen potential only grows during the 
initial radiation-dominated phase, according to eq. (7.99). The final averaged value of the 
induced perturbations is now 


(x(to)) ~ o1xXK(ti) ~ XK(ti), o,~ 1. (7.99) 


(3) Finally, if o; >, and then Hz > Hosc, the axion starts dominating at the scale 
H, ~ mo;, which marks the beginning of a phase of slow-roll inflation, lasting until the 
curvature drops below the oscillation scale Hog. ~ m. Such a model of background is 
consistent for H, < H,, namely for 


H 
—— Sa (7.100) 
m 


where H, (fixed around the string scale) corresponds to the beginning of the radiation- 
dominated, post-big bang evolution. During the inflationary phase the slow decrease of 
the Hubble scale can be approssimated (according to the background equations (7.85) and 
(7.8d)) as H(t) = amo; — Bm?(t — t,), where a and 3 are dimensionless coefficients of 
order 1. Inflation thus begins at the epoch t, ~ 1/mo;, and lasts until the epoch t,, ~ 
(0; — 1)/m ~ o;/m. Let us estimate, for this background, the evolution of the Bardeen 
potential generated by the primordial axion fluctuations. 


For t < t, the solution is still given by eq. (7.94), with t,, replaced by t, = 1/mo;. At 
the beginning of inflation the averaged amplitude is then ®;(t,) ~ xz(ti)/o;. During slow- 


roll inflation, on the other hand, it is known [492] that, for superhorizon modes, ®; ~ H {EP . 
The final amplitude at the beginning of the oscillating phase is then 


(®z(tm)) _ ®,(to) (iz) (=) ~ 07D; (te) ~ oiXe(ts), a, > 1, (7.101) 


and no further amplification is expected in the course of the subsequent cosmological evo- 
lution. 
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It is amusing to observe that the results (7.98), (7.99), (7-101), which determine the 


amplitude of the Bardeen potential in the oscillating (axion-dominated) phase preceding 
the axion decay, can be summarized by an equation that holds in all cases, namely 


(®i(ta)) = —xx(ti) f (oi), f (oi) = (cia + ~ + cx) (7.102) 


v 


where cj, C2,c3 are numerical coefficients of the order of unity. A preliminary fit based 
on numerical and analytical integrations of the perturbation equations gives c, = 0.129, co = 
0.183, c3 = 0.019. The function f(o;) has the interesting feature that it is approximately 
invariant under the transformation 0; — 0; ! and, as a consequence, has a minimal value 
around o; = l. 


Given ®;, we can easily compute the final value (before axion decay) of the density 
constrasts 6,,6,, and of the variable ¢ parametrizing in a gauge-invariant way the strength of 
curvature perturbations. By using the background equations (7-85) in the axion-dominated 
phase, po >> pr, and taking the average of Eq. (7-89), for super-horizon modes, one finds 
indeed (averaging being understood) 6,(k) ~ —2®,. Similarly, from Eqs. (7.94), and for 
super-horizon modes, 6,(k) ~ 4®,. 


Consider then the variable ¢ representing the perturbation of the spatial curvature 
on uniform density hypersurfaces, which is conserved (outside the horizon) for adiabatic 
perturbations, and which can be written for a general background as [492]: 


_ HO! + H?® 


cae H2 —H'! 


(7.103) 
Outside the horizon we can use —6,/2 for ®, the sum of the two background equations 
(7.85) for the denominator H?—H’, and the Hamiltonian constraint (7.89) for the numerator 
H®' + H?®, in order to rewrite ¢ in the form 


— Pado(k) — (8/4) po + Po) bel) 


Gt Apr + Sl fy + Da) 


(7.104) 


In the final phase dominated by an oscillating axion p, is negligible, the (averaged) axion 


pressure is zero so that, using 6, = —2® = —6d,/2 we finally obtain 
5 5 
Lee gon (k) aL, (7.105) 


(as we have also checked by an explicit numerical integration ([Loo}). This result was derived 
and presented in [59], using however different notations. 


The generated spectrum of super-horizon curvature perturbations is thus directly de- 
termined by the primordial spectrum of isocurvature axion fluctuations y,, according to 
Eqs. (7.102) and (7.109). The axion fluctuations, on the other hand, are solutions (with 
pre-big bang initial conditions) of the perturbation equation in the radiation era 
(no additional amplification is expected, for super-horizon modes, in the axion-dominated 
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phase), computed for negligible curvature perturbations (® = 0 = ©’) in the massive, 
non-relativistic limit (as we are already in the oscillating regime), and outside the horizon. 


In order to exploit the results of the previous subsection, we can then set yz = Wx/a, 
where 7; satisfies Eq. (7.69). The general solution for y,, correctly normalized to a 
relativistic spectrum of quantum fluctuations, has been given in Eq. (7.78) already, taking 
also into account the details of the pre-big bang amplification (encoded into the Bogoliubov 
coefficient c(k)). Outside the horizon, k|7n| < 1, and for non-relativistic modes, k < ma, 
we take (respectively) the limits —bx? < 1 and —b < 2?, in which yo ~ 2 = nvV2a. 
By inserting a generic, primordial power-law spectrum with cut-off scale ky = Hay, i.e. 
c(k) = (k/k,)™—5)/?, and using the identity y/a = m/a, ~ 1/k,a1, we finally obtain the 
generated spectrum of curvature perturbations: 

Ka? = Peoak hal? = Ploy (Zt) (EY, k<k (7.106) 
Mp ki 
We have re-inserted the appropriate Planck mass factors, keeping however a; dimension- 
less in Planck units, and we have included into k; possible numerical factors of order 1, 
connecting the cut-off scale to the string mass scale 


This result, valid during the axion-dominated phase, has to be transferred to the phase 
of standard evolution, by matching the (well known [492]) solution of the Bardeen potential 
in the radiation era (subsequent to axion decay) to the solution prior to decay, which is 
in general oscillating. The matching of ® and ®’, conventionally performed at the fixed 
scale H = Hg, shows that the constant asymptotic value of super-horizon modes 
is preserved to leading order by the decay process, modulo a random, mass-dependent 
correction which typically takes the form [1 + €sin(m/Hq)], where € is a numerical coefficient 
of order 1, and m >> Hg. Such a random factor, however, is a consequence of the sudden 
approximation adopted to describe the decay process, and disappears in a more realistic 
treatment in which the evolution equations for p, and dp, are supplemented by the friction 
term To! /a (with a corresponding antifriction term —I'o’”/a? in the radiation equation). 


In such a way, as we have checked with an numerical integration, the decay process 
preserves the value of the Bardeen potential prior to decay, damping the residual oscillations; 
¢ itself follows the same behaviour and is finally exactly a constant. When the axion has 
completely decayed, and the Universe is again dominated by radiation, we can properly 
match the standard evolution of ® in the radiation phase to the constant asymptotic value 
of Eq. (7.102). The expression we obtain for the Bardeen potential, valid until the epoch 
of matter—radiation equality, can be written in the form 


cos(kesn) sin (kc,7) 
B,(n) = —3® ee ee as 7.107 
x (7) x (Na) (kesn)? (kes)? , Nd <1 < TNeq ( ) 


where c, = 1/3 and ©; (nq) is given in Eq. (7.102). 


The above expression for the Bardeen potential provides the initial condition for the evo- 
lution of the CMB-temperature fluctuations, and the formation of their oscillatory pattern. 
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It is important to note that, from the above equation, ®,(7;) = constant and ®,(n;) ~ 0, 
where 7g < 7; < Neq, and kn; < 1. This implies that the induced temperature 
fluctuations (AT'/T’), will oscillate in k just as expected in the case of adiabatic perturba- 
tions, producing a peak structure clearly distinguishable (and, at present, observationally 
favoured) from that produced by isocurvature fluctuations. 


Let us now discuss the large scale normalization of the induced anisotropies, starting 
from the observation that the final amplitude of the super-horizon perturbations ({7.104) 
seems to be unaffected by the non-relativistic corrections to the axion spectrum. The 
dependence on the axion mass appears, however, when computing the amplitude of the 
spectrum at the present horizon scale wo, in order to impose the corrected normalization to 
the quadrupole coefficient C2, namely [222] 


n— a3 _ 3+n 
2 = 02,01) (Ht) (2) a — ass (7.108) 


where the value of C2 is experimentally determined by COBE according to Eq. ({7.53). 





The present value of the cut-off frequency, w;(to) = Hj a;/ao, depends in fact on the 
kinematics as well as on the duration of the axion-dominated phase (and thus on the axion 


Hy (=) (*) Bad (“) oi <1, (7.109) 
Go/ rad \Gd/ mat \ Geq | a0 / mat 

Hy (=) ( =a ) (“=) go (<=) , 0; >1. (7.110) 
Gg / rad \Gosc/ inf \ 4d / mat \ Gq / ..4 \ 40 7 mat 


Using Ho ~ 10-° Heg & 10~°! Mp, we find that the COBE normalization imposes 


mass), as follows: 


w1 (to) 





(5—n) (n—1) 




















(n=4) / FT 2 8 
2 ay2 . 3 pac Bie 19~29("-) ~ 19710 ey. (PAT 
caus (sn) (sn) 7 haan weeny 
(5=n) (n—1) 
(8-1) / H 2 m\~- 3 

2.2 7n-1 1 —29(n—1) —10 . 

Z ore — — 10 ~ 10 1, (7.112 
Cia, o 0; (=) (7) > CO > ) ( ) 


where Z, = (dosc/Gz) > 1 denotes the amplification of the scale factor during the phase of 
axion-dominated, slow-roll inflation. 


The condition (7-111) is to be combined with the constraint (7.95), the condition (7.119) 


with the constraint (7.100), which are required for the consistency of the corresponding 
classes of background evolution. Also, both conditions are to be intersected with the exper- 
imentally allowed range of the spectral index. The allowed range of parameters compatible 
with all the constraints is rather strongly sensitive to the values of the pre-big bang inflation 
scale H,. In the context of minimal models of pre-big bang inflation we have H, ~ Ms, and 


a flat spectrum (n = 1,a?, = 1/547) is inconsistent with the normalization (f7.11]), (7.119). 
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A growing (“blue”) spectrum is instead allowed (see for a detailed discussion). It turns 
out, in particular, that there is a wide range of allowed axion masses, but a rather narrow 
range of allowed values for o;, especially in the case o; > 1. 


The allowed range of parameters is extended if the inflation scale H, is lowered, and a 
flat (n = 1) spectrum may become possible if Hy < 10~°(Mpo;/aic2), for o; < 1, and if 
Hy S$ 10-°(Mp/ojaic1), for oj > 1 (see Eqs. (7.111) and (7.119). A lower value of the 
string scale could emerge indeed in a recently proposed framework according to which, 
at strong bare-coupling e®, loop effects renormalize downwards the ratio M,/Mp and allow 
M, to approach the unification scale. 


In addition, a flat spectrum may be allowed even keeping pre-big bang inflation at a 
high-curvature scale, provided the relativistic branch of the primordial axion fluctuations 
is characterized by a frequency-dependent slope, which is flat enough at low frequency 
(to agree with large-scale observations) and much steeper at high frequencies (to match 
the string normalization at the end-point of the spectrum). A typical example of such a 
spectrum, already introduced in the previous subsection, and illustrated in Fig. can be 
parametrized by a Bogoliubov coefficient with a break at the intermediate scale kg, 





n—5+6 
a = (;) ks <k < ky, 
ky 
k n—5+6 k n—5 
_ (Ks ay Ee hy, 7.113 
(2) (=) ; . a 


where 6 > 0 parametrizes the slope of the break at high frequency. Examples of realistic pre- 
big bang backgrounds producing such a spectrum of axion fluctuations have been discussed 
in B24). It is clear that the steeper (and the longer) the high-frequency branch of the 
spectrum, the easier the matching of the amplitude to the measured anisotropies (in spite 
of possible o;-dependent enhancements). 


Using the generalized input (7.113) for the spectrum of yz, the amplitude of the low- 
frequency (k < k,) Bardeen spectrum (7.106) is to be multiplied by the suppression factor 
A = (k,/k,)® <1, and the normalization condition at the COBE scale becomes 








H 2 Ww n-1 
2:2 1 0 -1 
— ~CoA p< l 7.114 
A, C2 (=) (=) 2 , oi< 1, ( ) 
oiHy\* (wo\"" . 
a? ( Me ) (=) ~ C2A7}, oy > 1 (7.115) 


A strictly flat spectrum is now possible, even for aj H, = a,;M, ~ 10~?Mp, provided 
A (cio? + c30;*) eee (7.116) 


It thus becomes possible, in this context, to satisfy the stringent limits imposed by the most 
recent analyses of the peak and dip structure of the spectrum at small scales 204}, which 
imply 0.87 < n < 1.06. 
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"curvaton"??722222?? 


We may thus conclude that, in theléontext6fithe!pre:big bang’ scenario /a)/“curvaton” 
‘model based on the Kalb-Ramond axion is able to produce the adiabatic curvature per- 


turbation needed to explain the observed large-scale anisotropies. The simplest, minimal 
models of pre-big bang inflation seem to prefer blue spectra. A strictly scale-invariant (or 


even slightly red, n < 1) spectrum is not excluded but requires, for normalization pur- 


poses, non-minimal models of pre-big bang evolution leading to axion fluctuations with a 
sufficiently steep slope at high frequencies. 





8 Singularity and “graceful exit” 


As already stressed in Section 8, the cosmological solutions of the string effective action, 
thanks to their symmetries, are characterized by four branches, which are inter-related by 
‘time-reversal and scale-factor duality transformations. Two branches are of the pre-big 
bang type, and evolve towards a singularity, while the other two branches are of the post- 
big bang type, and emerge from a singularity. A typical example is illustrated in Fig. 8.1] 
where we have plotted the asymptotic, d-dimensional vacuum solutions of the lowest-order 
gravidilaton effective action, 


a(t) = (etyrv4 o(t) = —In(##), (8.1) 





which represent the bisecting lines of the “phase space” spanned by the variables {3, VdH ke 
The initial conditions of the pre-big bang scenario and the present standard cosmological 


configuration are thus disconnected by a singularity localized at the future or past end, 


respectively, of the temporal half-line on which they are defined. 


In the case of homogeneous and isotropic metric backgrounds, with or without spatial 

x curvature, there are “no-go theorems” [124, B95), (396, 233] that exclude the possibility of 
a smooth transition from the pre- to the post-big bang branch of the tree-level solutions, 

even including a (local) dilaton potential V(¢), and matter sources in the form of perfect 
fluids and/or an homogeneous NS-NS two-form. In all these cases the singularity cannot 

be removed. In addition, in the absence of sources and of a dilaton potential, it is known 

that the singularity also affects anisotropic backgrounds, and can be shown to be generally 
present in all homogeneous four-dimensional metrics of Bianchi type I, I, HI, V, VIp and 


VI; (B13). 


We are thus led to the problem of explaining how the Universe may smoothly evolve from 


the string perturbative vacuum, and from an initial accelerated growth of the curvature and 


of the string coupling, to a final, decelerated, post-big bang configuration, which is certainly 
included in the set of string-cosmology solutions, but is possibly disconnected from the initial 


pre-big bang branch by a curvature singularity. This is the so-called “graceful exit” problem. 


The exit from inflation, and a smooth description of the transition from accelerated to 
decelerated expansion, is a typical problem of all inflationary models (see for instance E45). 
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Graceful Exit 


expanding expanding 
post-big bang pre-big bang 








contracting contracting 
post-big bang pre-big bang 





Figure 8.1: The four branches of the lowest-order string effective action (solid lines), and 
a possible self-dual solution (dashed curve), characterized by a(t) = a~‘(—t) and ¢(t) = 
¢(—t). The symbols T and t represent a T-duality and a time-reversal transformation, 
respectively. 


In the string cosmology case, however, such a problem is sharpened by the fact that the 
transition from the pre- to the post-big bang phase is expected to occur at high curvature 


and strong coupling, possibly in the full quantum-gravity regime. This may suggest that a 
correct approach to the exit problem is to be developed in a quantum cosmology context, by 
exploiting the Wheeler-De Witt equation in the string cosmology minisuperspace, and the 
associated O(d,d) symmetry, which helps avoiding operator ordering ambiguities B10, 110]. 


In this approach, interesting in itself, the probability of quantum transition from the pre- 


to the post-big bang branches of the low-energy solutions can be finite and non-vanishing, 
even if the two branches are classically disconnected by a singularity [310 Bog]. This 
possibility will be presented in detail in Section bh. In this section we shall keep on a 


classical (i.e. deterministic) description of the exit, which requires the smoothing out of the 


background singularities. 


It should be stressed, in particular, that the phenomenological predictions made in the 
previous sections were based on the assumption that the singularity can be regularized, 
and that 7) a graceful exit does take place; ii) sufficiently large scales are only affected by 
it kinematically, i.e. through an overall redshift of all scales. Of course, one would not 
only like to know that a graceful exit does take place: one would also like to describe the 
transition between the two phases in a quantitative way. Achieving this goal would amount 


to nothing less than a full description of what replaces the big bang of standard cosmology 
‘in the pre-big bang scenario. As mentioned in Section [], this problem of string cosmology 
is the analogue, in some sense, of the (still not fully solved) confinement problem of QCD. 


165 What is the 
idea??? 





The problem of the background regularization is particularly hard because, besides the 


smoothing out of the curvature, it also requires the smoothing out of the dilaton kinetic 
‘energy, and a possible damping of the dilaton (i.e. of the string coupling). We may con- 


sider, for a simple illustrative example of this point, the lowest-order gravidilaton action, 
supplemented by a matter action S,,, that describes perfect-fluid sources, with vanishing 
dilatonic charge, 05,,/d¢ = 0: 


1 


_ 1 
f= =a ; dt+1z ,/|g|e7? LR +(Vp¢P +V— a Hive| 3 Bs. (8.2) 





By assuming an isotropic, spatially flat metric background, with spatial sections of finite 
volume, we set 


6Sm yo 
VG Tw = 25 1,” = diag (p(t), —p(t)8) 
Guv = diag (1, —a?(t)6,;) ’ é =o- dina, ~= (t). (8.3) 


For V = 0, Hyva = 9, the field equations can be written in the form 


@ — dH? = e%, (8.4) 
H-H¢é= 58. (8.5) 
tog =dH? 0 (8.6) 


where 7 = pa’, D = pa® (see Subsection 2.9), and we have used units in which 2\¢-! = 1. 
Their combination gives the conservation equation 


p+dHp = 0. (8.7) 


The above equations can be satisfied by the following particular exact solution 


Vd _ ,sqrtd 
Hea D=kH’, pecs 
(1 +.av4) Vd 1+av4 
= 4d av4 zs 1+av4 


where & is an arbitrary integration constant. The integration of H = H(a) then leads to 
the implicit expression for the scale factor, 


te 1 a _Va 
ey AG —a )+2Ina. (8.9) 


This\SOlitionlis|SeLEGUAL, in the sense that a(t) = a-1(—t), pla) = p(a-), Ha) = Ha), 
and describes a smooth evolution of the metric from an initial, accelerated phase of growing 
curvature and negative pressure, to a final, decelerated phase of decreasing curvature and 
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positive pressure. The scale factor runs monotonically from zero to infinity, without any 
curvature singularity. 


This example cannot be accepted as a successful model of exit, however, because the 
dilaton kinetic energy (4) blows up at the transition point (a = 1), together with the effec- 
tive string coupling, exp ¢. This implies that both a’ and loop corrections to the effective 
action become non-negligible at the transition, and that the above solution, obtained in 
the low-energy, tree-level approximation, cannot be trusted. In addition, the curvature is 
regular in the string frame, but blows up in the Einstein frame defined by 


@ = ae P/E) | dt = dte~?/(4-)) (8.10) 


(see for instance Subsection [1.3). Indeed, by setting H = d(Ina)/dt and H = d(na@)/dt, we 
obtain F 
a= (u 2 3) olla), (8.11) 


so that, if the dilaton is unbounded, H may diverge even if both H and ¢ are regular. 


A successful exit thus requires a smooth dilaton evolution, with the kinetic energy and 
% = exp ¢ bounded everywhere. In addition, the dilaton has to evolve from the initial 


regime with ¢ > 0 to a final regime with ¢ < 0 (see Fig. 8.1); besides being bounded, at 
large positive times, its kinetie energy must thus satisfy the condition 


o < dH. (8.12) 


This is not sufficient, however, for a complete exit. An even stronger condition is imposed 
by requiring that the final, post-big bang configuration may describe (even in the E-frame) 
a phase of decelerated expansion, after the contraction representing pre-big bang inflation 
(after all, the String and Einstein frames are doomed to coincide, eventually, in the limit 
of dilaton stabilization). This implies H > 0 at large positive times or, according to Eq. 

1), | 
@<(d—1)H. (8.13) 


The above constraints can be translated into energy conditions, to be satisfied by the stress 
tensor of the effective sources driving the exit transition [12], (129). 


In spite of such constraints, there are simple examples of regular backgrounds imple- 
menting a successful exit by means of appropriate sources, as we shall see in Subsection 
8.1, The simplest examples, however, are not very realistic. The most realistic physical 
mechanism of exit, in the perturbative regime, is probably based on the backreaction of 
the quantum fluctuations, which leads, however, to including loops (and possibly higher 
derivative) corrections in the effective action, as we shall discuss in Subsections and 8.3} 
Such corrections suggest possible lines along which a quantitative description of the exit 
might eventually emerge. 
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The loop corrections, however, become important in the strong coupling regime, i.e. in 
‘the realm of the still largely unknown M-theory (62d, [376], as will be discussed in Subsection 
It is thus possible that, in spite of the existing encouraging results, new techniques 
and/or a deeper understanding of string theory in its non-perturbative regimes need be 
developed (see (ig) for a recent attempt), before a fully satisfactory description of the 
transition from pre- to post-big bang can be hoped for. 


In the next subsection we will start presenting a few simple examples of smooth solutions, 
without curvature singularities, obtained in the context of the low-energy string effective 
action. 


8.1 Smoothing out the singularity at low energy 


It is well known, from the singularity theorems of general relativity (see for instance [B72 
B71, (615), that a smooth and complete geometrical background, with all the curvature 


invariants bounded everywhere, is only allowed if the sources of the gravitational field 
satisfy appropriate energy conditions. 


In the context of the string cosmology equations, the situation is even more constrained, 
because also the string coupling g,, parametrized by the dilaton, has to be bounded (and 


possibly smaller than 1) for a consistent and appropriate use of the string effective action 
(and of the perturbative expansion). In addition, if the curvature and the dilaton kinetic 
energy are regular in the S-frame, but the dilaton is free to grow boundlessly, then diver- 
gences may appear in the E-frame according to Eq. (8-11). This may occur, for instance, 
if the regularization of the curvature in the S-frame leads to a phase of constant H and ¢, 
as in the context of the higher-order effective action (B94) BOT, which will be discussed in 
Subsection 8.3. The importance of a frame-independent regularization is stressed by the 
fact that some particles, such as the gravitons, follow the E-frame geodesics B99}. 


In spite of such difficulties, examples of smooth, self-dual solutions with no curvature 
singularities have been obtained, even in the context of the lowest-order string effective 
action, and of homogeneous and isotropic backgrounds, by introducing however ad hoc a 
negative and non-local dilaton potential 77, [310], V(¢) < 0. Such a potential, which 
only makes sense for manifolds with spatial sections of finite volume, ( f d'2/=9) = 
oo (for instance, a torus), is non-local because ¢, to be a generally covariant scalar, must 
contain the integral of the whole spatial volume (see Subsection [I.4). 


Consider, as an example, the action (g.2)), with a dilaton potential V(¢). The field 
equations, for an isotropic and spatially flat metric, become (2\¢~! = 1) 


curvature 


: dilaton kinetic 
0 aNd energy 


-10 =5 a, |/ 5 10 














Figure 8.2: Plot of the solution (8.19) with Vy = 1, k = 1, d= 3. The bold curves show 
the time evolution of the curvature and of the dilaton kinetic energy in the S-frame. The 
thin dashed curve shows the Hubble parameter Hr = H of the E-frame. 





2 ies 
b - 2+ dH? +5 -V =o (8.16) 


and the conservation equation (8.7) is still valid. In the vacuum case p = p = 0, the full set 
of equations can be integrated exactly E77. and one finds that non-singular solutions are 
in general allowed. If we consider, for instance, the potential [B10] 


V() = —Voe"?, (8.17) 


the above equations can be exactly satisfied by the particular solution 


1/Vd 
2 pee _ 4 


a= ao 


VVo Vo 2\R2 





where & and ag are integration constants. 


This is a regular self-dual solution, a(t)/aj = ao/a(—t), characterized by a bounded, 
‘“Dell-like” shape not only of H but also of the dilaton kinetic energy (unlike the example 
given in Eq. (8.9)). For t  +oo the solution satisfies the conditions (8.12), (8.13) required 
for a successful exit (121) and, together with its time-reversed partner, it describes 
indeed a perfect “8-shaped” curve in the plane of Fig. B. 1. Such a solution smoothly 
interpolates between the asymptotic branches (8.1) of the vacuum solutions, i.e. from the 
superinflationary expansion a ~ (—t)-Vv4, @ = Vdina at t > —oo, to the final state of 
decelerated expansion and decreasing curvature a ~ t?/ vd. @ = —Vdlna at t > +00 (see 


Figs. and B.3). 
It is important to note that in this solution the dilaton is monotonically growing (indeed, 


for t + +00, @~ (vd—1)Int), but the Gurvature is regular even in the E-frame, where 


H smoothly evolves from the pre-big bang accelerated contraction at H< 0, to a phase of 
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Hubble parameter 


D4 


decelerated expansion at H > 0. For t > +00, in fact, H ~ t(Vd-3)/2 so that the E-frame 


curvature is bounded for all d < 9. The fact that the dilaton Keeps growing, however, is 
‘lot consistent) (asymptotically) with the perturbative approach, and with the use of the 
lowest-order string effective action. In addition, the curvature may blow up in some other 


frame, different from the String and Einstein ones. 


A more satisfactory example of transition, in which the dilaton becomes asymptotically 


frozen in the radiation-dominated regime, can be implemented by using another form of 
non-local dilaton potential Big), 


V (6) = —VYoe*. (8.19) 


In that case Eqs. (8.14))—(8.16) can be integrated exactly, for a wide class of (possibly 
time-dependent) equations of state. Let us report in some detail the integration procedure 
already outlined in Subsection 2.3, which is also useful for further applications. 


We start by defining a new (dimensionless) time coordinate x, such that 
2dx = Lpdt (8.20) 


(Z is a constant parameter with dimensions of a length). The combination of Eqs. (8.14), 
(8.16), using the relation 2V = OV/0¢, gives 


B (4) L? = 2x +20), (8.21) 


where a prime denotes the differentiation with respect to x, and 70 is an integration constant. 
By assuming a time-dependent equation of state, defined by the function T'(a) such that 


I"(x) =3/p, (8.22) 
Eq. (8.19) can be rewritten as 
L? p(a!/a) e~? = We). (8.23) 
The matter-conservation equation (8.7), on the other hand, gives 
I?’ e? =-a(T) (8.24) 


By summing Eqs. (8.21), (8.24), and integrating, we are led to defininig the function D(a) 


such that 








L? pe? = (x+ 20)? —dI'*(z) + 6 = D(z) (8.25) 
(G is an integration constant), and our system of equations for a and ¢ can be reduced to 
quadratures: 
a’ T(z) s+! r+ Xo 
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We have to satisfy, finally, Eq. (8.14), which determines the constant (3 through the 


condition 
(e+ao)? di? Vi _ 1 (8.27) 
D? D2 LA dD’ 


There are two possibilities. The first one is trivial: V = 0 and 6 = 0. The second solution, 


valid for the potential (8-19), is 


In such a case the integration of Eqs. (8.24) may provide regular solutions, with bounded 
curvature, kinetic terms and dilaton, describing a smooth evolution from the pre- to the 
post-big bang regime Big). 

The simplest examples of regular solutions are obtained in the case of perfect fluids, 
with equation of state p/p = y = const. From Eq. (8.29) one finds indeed I(x) = y(a +21), 
where 21 is an integration constant and, if @ = VoL? > 0, it is always possible to choose 
Xo, Z, in such a way that D(x) has no zeros, and the solution is regular. See (319), in 
particular, for the radiation case with y = 1/d. But, in general, we may also describe a 
smooth evolution, which ends up with radiation, starting from its dual equation of state, 
+ = -1/d, corresponding to a gasvof Strevehed Strings! (typical example! of lprebig bang 
‘phase dominated by string sources, see Section J). If we take, for instance 819}, 


p x 
=(t) = —>——y T(a) = =(2? + 22)7?, (8.29) 
ie d(x? + xf) 


Qe 


and we choose 29 = 0, 2? = L?Vo, the integration of Eqs. (8.24) gives in fact 
2d 


oe ee 
a=ap|z+(a?+2})"7]77, — e? = afe® f + (8.30) 


7 | d—1 
(x? + x?)1/2 , 


gat _ att f= _8d41 
pe? = TP e700 (4? + ar?) TT, pe? = TE e207 (x? + ar?) 2(d—T) | (8.31) 








This solution is self-dual, a(t) /ag = ao/a(—t), and describes a model that is always exap- 
nding, H > 0. The Universe, starting at t + —oo from the flat space (H — 0) and weak 
coupling (e? — 0) regime, evolves through a superinflationary phase (a ~ (—t)~?/(4+))) 
dominated by unstable string matter (p = —p/d), towards the standard radiation-dominated 
phase (a ~ t?/(4+)), » = p/d), with frozen dilaton (exp ¢ ~ const). The curvature parame- 
ters H, H, and the coupling exp ¢, are everywhere bounded (see Fig. 8.3). 


It should be noted that with different, more general choices of xq and 21, the solution 
contains, in general, an intermediate stage of contraction before the final radiation phase 
a but even in that case the curvature and the dilaton keep bounded. The above so- 
lution can also be generalized to anisotropic configurations, describing graceful exit from 
inflation and, simultaneously, dynamical dimensional reduction B19}. In that case, besides 
the d expanding dimensions, there are also n shrinking internal dimensions that evolve 
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Figure 8.3: Plot of the solution (8.39), (8.39) with ¢) =0, L=1, 1 =1, d=3, ag =e 28. 
The left panel shows the evolution of the curvature scale, of the coupling, of the energy 
density and pressure. The right panel shows the trajectory of the above solution (bold 
curve) in the plane parametrized by the shifted dilaton and by the Hubble parameter. The 
dashed lines represent the asymptotic vacuum solution (8.1). We have also reported the 
trajectory of the solution (8.19) (thin curve). 








from accelerated contraction (driven by an internal positive pressure) to a final decelerated 
contraction (driven by negative pressure). 


Without non-local potential and matter sources, smooth solutions can be obtained by 
relaxing the isotropy and/or homogeneity assumptions. There are indeed particular ex- 
amples, in the context of the lowest-order string effective action, in which the curvature 
singularities can be regularized by performing an appropriate O(d, d) transformation, which 
introduces, however, a non-trivial anisotropic axion background (it is tempting to speculate 
that this softening of singularities, due to a non-trivial Bj; field, could be related to recent 
developments in the field of non-commutative geometry P19], also induced by a Bj; field). 


The simplest example |B08] is the d = 2 boost of the trivially flat, Milne-type exact 
solution of the gravidilaton action (8.2) (with V = 0 = H); 


ds? = dt? — (bt)*dx? — dy* — (dz)*, | ¢ = const, (8.32) 

or of its (singular) scale-factor duality partner: 
ds? = dt? — (bt)~*dx* — dy? — (dz), @¢ = —2In|bt|, (8.33) 
(z; are “inert” coordinates spanning a n-dimensional Euclidean space). Consider in fact the 


O(2,2) transformation, in the (x,y) plane, generated by the one-parameter matrix A(7) 
such that 


eee Gul —G-!B 
M—>M=A™T™MA M= 
~ ; ez | 
lt+e s c-l -—-s 
1 1 
A(y) = ; a : c i a -_ , ¢€=coshy, s=sinhy (8.34) 


Ss l+e s l-ec¢ 
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Nappi- 
Witten: 


(here G and B are the 2 x 2, (x,y) part of the metric and of the antisymmetric tensor). 
We obtain a new class of exact solutions of the string effective action, with non-trivial B 


represented by B09] 


pV > 





























(c=1)+(c£1)b?t? s(1+0?t?) 
A (cEI)H(eFl)e7 = (c#1) +(e D077 
GY) = | 4022) 7 ) 
(cE1)H(eF1)b7 7 1 ae 
7 0 ao 
BY) = ( s(1+b42) en : 
(ED) (EDO : 

















b7t 
$= —In[(c+1) + (cF1)07#"|, (8.35) 


where the upper and lower signs refer, respectively, to the boost of the solution (8.34) and 
G39). 

For such solutions, all the curvature invariants are bounded Bog), as well as the dilaton 
coupling exp ¢, so that the solutions are regular in all frames. They describe a smooth 
evolution from (anisotropic) contraction to expansion, or vice versa, according to the be- 
haviour of the original metric (the Milne-type solution or its dual). In any case, the boosted 
backgrounds (8.35) evolve from growing to decreasing curvature, and from growing to de- 
creasing dilaton, as appropriate to a transition from pre- to post-big bang configurations. 
The new solutions are highly anisotropic, but the associated shear tensor rapidly decays far 
from the high-curvature regime [B09]. Taking into account the backreaction of the produced 
radiation it is also possible to obtain a more realistic scenario, in which the background is 
eventually led to a phase of radiation-dominated, isotropic expansion, at constant dilaton 
ps4). 

More complicated, inhomogeneous examples of (non-trivial) regular backgrounds at low 
energy are provided by the “boosted” version of the Nappi-Witten solution 97]. We start 
with the following (singular) exact solution of the action (8.3) with V =0 = Hywa, 


ds* = dt* — dx* —tan~*t dy? — tan? x dz’, ¢@ = — In(sin 2t) — In(sin 22), (8.36) 


representing the direct product of a two-dimensional cosmological metric in the (t, y) plane 
and a two-dimensional Euclidean black hole in the (#,z) plane. Since the metric is inde- 
pendent of y and z we can apply to it any O(2,2) transformation in the (y,z) plane, to 
obtain new classes of inequivalent solutions. In particular, the transformation generated by 
the 4 x 4 O(2,2) matrix 


6 0 0 o6 
0 1 —l1 0O 1—sina 
A = 2_ : 
nw(@) 0 5! 6! Of’ ? 1+sina’ 687) 
—1 0 0 1 


generates the one-parameter family of inhomogeneous (and singular) Nappi-Witten cos- 


mologies [497]. 
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As in the previous example, the singularities of the solution can be removed by 
introducing an additional (originally flat) spatial dimension, parametrized by the coordinate 
w. The model then acquires a larger symmetry, isomorphic to O(3,3), in the subspace 
(y,z,w). Performing two successive “boost” transformations (with the same parameter 7 
as in Eq. (8.34)) in the (z,w) plane and in the (y,w) plane, one can obtain a new class 
of inhomogeneous exact solutions completely free from curvature and dilaton singularities 
(see for an explicit computation). As an example we report here the curvature scalar 
and the coupling of the boosted solutions B09): 


= 5 = 
ef = l(c + 1)sin?t + (c — 1) cos” i l(c + 1) cos? « + (c— 1)sin? ; 


~ 16 cos? t sin? t — 20s? 16 cos? x sin? x — 20s? 


R= 5. (8.38) 


[(c + 1) sin? ¢ + (ce — 1) cos? t)? 7 [(c + 1) cos? x + (ec — 1) sin? z] 


The curvature and the dilaton are bounded, but the background is too inhomogeneous to 
provide a realistic description of our present Universe. Such solutions could be relevant, 


however, to descrive the Universe near the transition regime, before the beginning of the 


standard radiation era. 


The same comment applies to another class of regular inhomogeneous solutions of the 


lowest-order action (8.9), which is obtained even in the absence of torsion (B,,, = 0) and 
dilaton potential, and which can be parametrized in diagonal form as B30] 


ds* = A (at? - di”) —B (Cay? - C7 dz?) ; @ =a Ga(ut) + const, (8.39) 
where: 
23(8+1) 
A(x, t) = e®94(¥9) (cosh pt)?*° (cost ) ‘ 
B(a,t) = e094) (cosh pit) (sinh px) , 
1428 
C(a,t) = (cosh pt)*? (sim *) (cost ) ; (8.40) 


Here p, a and 6 = Va?+4 are constant parameters, and Gg(ut) = tan! (sinh pt) is 
the so-called “Gudermannian amplitude”. As shown in B30, B3], there are particular 
values of a for which the curvature invariants are bounded, the solutions are geodesically 
complete and describe a phase of growing dilaton coupling, evolving from a minimum up 
to a maximal value. We note that there is also another family of inhomogeneous solutions 
of the gravidilaton equations in which all curvature invariants are bounded 19), which 
is parametrized by a non-diagonal metric and reduces, in the E-frame, to known regular 
solutions of the Einstein equations with stiff sources Er. In that case, however, the dilaton 
grows linearly and boundlessly. 


We may thus conclude that, as in general relativity [562,472], if the metric background is 
allowed to be inhomogeneous there is no need of a non-local potential and/or antisymmetric 
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‘fensor densities to obtain regular Cosmological Solutions, even in the contex of the lowest 


order gravidilaton action. 


To stress the difficulty in obtaining smooth solutions in the homogeneous and isotropic 
case, on the contrary, we will conclude this subsection with a simple example, based on a 
Bianchi-I-type metric, and barotropic (but anisotropic) fluid sources with constant dilaton 
charge per unit mass: 


Guy = diag (1, —a? (t)5i;) ’ Ty ‘= diag (p(t), —pi(t)6?) ’ 
Oo 
Di = ViP » V-go = ib = oP 5 (8.41) 


where S;, is the matter action of Eq. (8.9), and 7;,7o are d+ 1 constant parameters 
specifying the “equation of state” of the fluid sources. The corresponding cosmological 
equations can be written in the form 


aus) _ 
6 — SH? =p0", (8.42) 
i 
, - | = 
HH, — Hyd = 5 P(% + y)e®, (8.43) 
22 = we 
@ —26+ > H? = ype®. (8.44) 
i 


Following the procedure already applied to the case of the non-local potential (8.19), the 


above equations can be integrated exactly in terms of the time coordinate (8.20), and we 


obtain [211] 





B= 2 +) SD), (1470) £0, (8.45) 
- = 2% + oe, (1% + 10) £9, (8.46) 

where _ 
L’pe~® = D(x) = (1+ 90)?(@ + 20)? — S04 + 90)"(@ + 24)”, (8.47) 


v 
and x;, 20 are integration constants. In the case 1+ 7 = 0 and/or 7; + yo = 0, a slightly 
different definition of the quadratic form D(x) is obtained, as well as a different expression 
=! F : . ; 
for @ and a;, but in that case no smooth solution with bounded curvature and energy 
density is allowed, for any value of 7;, Yo, %i, Xo. We will thus concentrate on Eqs. (8.45)— 
8.47) (see [211] for a discussion of the other possibilities). 


By setting D(x) = ax? +bx +c it can easily be checked that if the background is isotropic 
(ie. 7; and x; have the same values along all the d spatial directions), then the discriminant 
of D(a) is always non-negative, i.e. A = b? —4ac > 0, so that D(a) necessarily has zeros on 
the real axis, correponding to singularities both in the curvature and in the dilaton kinetic 
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energy. Such singularities can be avoided, however, for anisotropic backgrounds, provided 
we accept a model of sources with negative energy density, p < 0. 


Consider for instance a model of background in which the spatial geometry is factorizable 
as the direct product of two conformally flat manifolds with d and n dimensions, respectively, 
so that we can set: 


ay = a1, V= 71; t= TI, i=1,...d, 


aj = a2, Vi = 2; vi = 22, i=d+1,...d+n, (8.48) 


and choose a convenient set of integration constants, such that the linear term in the 
quadratic form (8-47) disappears. For instance: 


2 
n(y2 + Yo) 


“dm +70)?" em 


xo = 0, Ll = 


It turns out that c < 0, and that the absence of zeros in D(x) can be avoided, A = —4ac < 0, 
provided 





a = (14+)? — d(m +0)? — n(q2 +0)? < 0. (8.50) 


With the above assumptions, the integration of Eqs. (8.49), (8.44) leads to the final 
solution 








it 223 (Yi 
a; = ajo E;(z) |D(x)|~ — ,  £;(x) =exp AE tant (<=)| ae aly 


= ce? a4 ak) Et (x) ES (x) |D(zx)| [(1+y0)—d(y1 +y0)—n(72 Hy0)|/o 


0 4 i i i | 
p= — 5 aig 036" By 4 (2) Es (x) |D(x)|* [(1+70)+d(y1 +70) +n(y2+70)]/a (8.51) 











where ajg,¢o9 are integration constants. As shown in Pijj, there is a region of non-zero 
extension in the space of the parameters 7;,7yo where the condition is satisfied, to- 
gether with the other conditions needed to secure that the curvature, the dilaton kinetic 
energy, the effective string coupling, the energy density are everywhere bounded, that the 
density goes asymptotically to zero at large times, and that the solution describes in its 
final configuration d expanding and n contracting dimensions (as appropriate to a smooth 
transition from a higher-dimensional pre-big bang configuration to a post-big bang regime 
of dynamical dimensional reduction). 


The condition (8-50) implies, however, that D(x) < 0 everywhere, and thus p < 0, 
according to Eq. (8.47) (the result D < 0 in the absence of zeros is independent from the 
particular choice b = 0). Such a result is not surprising, after all, because also the regular 
solutions obtained in the case of negative non-local potentials correspond to a negative 
energy density. See also for another class of smooth, self-dual solutions of the low- 
energy effective action in which the energy density of the matter sources becomes negative, 
near the transition, because of an “exotic” equation of state. 
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In the above example the negative energy density goes to zero, asymptotically, far from 
the transition regime, and can thus be interpreted as the backreaction of the quantum 
fluctuations outside the horizon 211]. During the initial pre-big bang phase of growing 
curvature and shrinking horizons, in fact, the quantum fluctuations are stretched outside the 
horizon, and in such regime they may be characterized by a negative effective gravitational 
energy density 494, Hos], which may favour the transition to the post-big bang branch of 
the classical solution B44). Such a negative backreaction is eventually damped to zero when 
the curvature starts decreasing, the horizon blows up again, and all the fluctuations re-enter 
inside the horizon and in the regime of positive energy density. 


The inclusion of the backreaction of the quantum fluctuation, on the other hand, is also 
a semiclassical way of taking into account the contribution of the quantum loop corrections 
to the effective action. Thus, the examples of graceful exit reported in this subsection, based 
on effective sources (fluid or non-local potential) with p < 0, which become dominant just 


around the epoch of transition, suggest the possible importance of the quantum backreaction 
~and of the loop corrections to the string effective action~ for a successful mechanism of 


curvature and dilaton regularization. This possibility will be illustrated in Subsection 8.3} 
after a preliminary discussion of the effects of the higher-curvature corrections, which will 
be presented in the next subsection. 


8.2 Growth of the curvature and a’ corrections 


The effective action of string theory is characterized by two perturbative expansions: the 


higher-genus expansion in the world-sheet topology, and the order-by-order condition of 


vanishing conformal anomaly, also called a! expansion [B46]. The first one is equivalent 


to the quantum, field-theoretical loop expansion in powers of the coupling; the second one 


is equivalent to a higher-curvature expansion in powers of the field gradients (in units of 
As = (2ma’)~'/?). The second one is typical of strings, and disappears in the point-like limit 
As — 0. 





These two expansions are indepedent in principle; it is possible, depending on the initial 
conditions, that the Universe evolving from the string perturbative vacuum reaches the 
strong-coupling regime when the curvature is still small, and the a’ corrections are negligible. 
Alternatively, the Universe can reach the regime of high curvatures (in string units) when 
the coupling is small: in that case, only the a’ corrections are to be added to the tree-level 
action. 


What is important, in the context of the @xié problem, is that such higher-curvature 
growth of the dilaton and of the curvature, and driving the cosmological background to a 


high-curvature “string phase” of constant curvature and linearly evolving dilaton Bo7], H= 






const, @ = const. 
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Remarkably, such a regularized background can be a solution of the tree-level effective 
action ‘to all orders in a’. Indeed, as shown in Bo7], for a Bianchi-I-type configuration with 
a; = exp(H;t), 6 = ct, with constant c and H;, the string cosmology equations reduce (to all 
orders in a’) to a system of d+ 1 algebraic equations for the d+ 1 unknowns c, H;. String- 
phase solutions thus generally exist, provided the algebraic system admits (non-trivial) real 


solutions. 


In addition, the (all orders) equations resemble those of a renormalization group flow 


equations. It can thus be shown [07 that a string phase solution with — play 


the role of late-time attractor for an isotropic Universe evolving from pre-big bang initial 


conditions, provided no other fixed point, or singularity, separates the string phase from 
the string perturbative vacuum (i.e. from the trivial fixed point with H = 0 = ¢). 





A simple example of this possibility, first presented in [B07], is based on the following 
S-frame effective action, truncated to first order in a’: 


$=-s ') dxy/|gle7 *|R+ (Vo) = (p= (v9)')| (8.52) 





(k is a number of order 1 depending on the particular string model adopted). Note that 
we have chosen a convenient field redefinition (preserving the conformal invariance of the 
o-model action [E82}) that eliminates higher than second derivatives from the equations of 
motion, but at the price of introducing dilaton-dependent a’ corrections. 


For a spatially flat anisotropic background, with d external and n internal dimensions, 
goo = N?(t), Jj = — 650°, ) Jab = —dqpe™™, (8.53) 


the action becomes 





S= i genre a ( ge id = 187 nin 1) 2dnB¥ + 2d + 2n4) + 


kal 

ays (cit + cx4* + 03688 + cad4® + 05d 84? + c588?4 + 7847+ 

esB4? + cof — ¢4)] , (8.54) 
where ci, ...,¢9 are dimensionless numerical coefficients depending on d and n (see [B07]]). 


By varying the action with respect to ¢ and N, and setting n = 0, 6 = x = const, B=y = 
const (in the N = 1 gauge ), we are led to the algebraic equations for an isotropic fixed 
point: 


/ 


k 
a? + d(d—1)y? — 2dxy — (cry + c3ry? =) 








/ 
(dy — x) |—2x + 2dy + ne (csy* — 1n°)| =U), 
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Figure 8.4: Numerical integration of the isotropic equations for the action (8.54) (solid 
curves) with d = 3, n = 0, and with initial conditions on the low-energy ee bang 
branch (dashed curves). The left panel shows the time evolution of ¢ and H = (3 for an 
expanding background. The right panel shows the evolution connecting the vacuum to the 
non-trivial fixed point, for an expanding solution and its time-reversed counterpart. 





3 
a? + d(d—1)y? — 2dxy qhe’ (cry + c3xy? — a) = 0, 





4 
c. =—s(d-1)(d-2)(d-3), c= za(d — 1)(d— 2), (8.55) 
which have real solutions for any d from 1 to 9. For instance (in units ka’ = 1) 


d= 3, b = £1.40..., 6 = +0.616..., (8.56) 








where the same sign has to be taken for ¢ and 3. Note that, with the addition of a non-zero 
By, background, anisotropic fixed-point configurations can also be obtained, as shown in 


B54). 
A numerical integration of the isotropic cosmological equations, starting from pre-big 
bang initial conditions (H > 0, ¢ > 0), shows that the background, when the a’ corrections 


sense, the curvature singularity is regularized by the a! corrections, at least in the S-frame 


(but not in the E-frame, as the linear growth of the dilaton is unbounded). Note that a 
similar curvature regularization is also effective for a static, spherically symmetric solution of 
the action ( (8-59) (133). It should be mentioned that a similar behaviour can also be obtained 
at low energy (without a’ corrections), including the contribution of a supersymmetric 
gravitino—dilatino condensate, which is able to damp the acceleration of the background 
and to regularize the S-frame curvature, as shown in [258]. 


It may be noted, finally, that a solution with H = const, ¢ = const is in general allowed in 
many higher-derivative models of gravity. Such a fixed point of the cosmological equations, 
however, is in general disconnected from the trivial fixed point H =0 = ¢ (the perturbative 
vacuum, in this case) by a singularity, or by an unphysical region in which the curvature 
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becomes imaginary. For the action (8.52), on the contrary, the constant fixed point is a late- 
time attractor for all isotropic backgrounds emerging from the string perturbative vacuum, 
and even for some anisotropic backgrounds, provided sign{+}= sign{@} (the attraction 
basin of anisotropic configurations covers regions of small but finite size in the space of 
initial conditions [B07]). 


This attraction property, unfortunately, is not invariant under field redefinitions, as long 
as the action is truncated at a given finite order in a’. Also, and most important, the growth 
of the curvature is stopped, but the transition is not completely performed. Indeed, the 
final fixed point is in the post-big bang regime ¢ < 0, as illustrated in Fig. B.4, but the 
transition cannot proceed further towards lower curvatures to complete the transition. 


_ The reason for such an incompleteness, which is manifest as an asymmetry in the plane 
{¢, /3H} of Fig. 8.4 is that the action (8.59) is invariant under time reflections, but is not 
duality-invariant. As a consequence, the regularization concerns the expanding pre-big bang 
branch of the lowest-order solution, and its time-symmetric counterpart, the contracting 
post-big bang branch. The expanding post-big bang branch remains, however, singular, and 
thus cannot be smoothly connected to the regularized pre-big bang branch. 


It is possible, of course, to modify the action with an additional field redefinition trun- 
cated to order a’, in such a way as to preserve conformal invariance and to restore the 
T-duality symmetry (to the same order in a’) E74, B97]. The modified action has then 
self-dual fixed points, but they are not smoothly connected to the perturbative vacuum, as 
we have checked. See also (123, for a discussion of the existence and position of the 
fixed points in relation to the scale-factor duality of the higher-order action, and for the 
difficulty of a higher-order, self-dual model of exit. 

The evolution of the background away from the fixed points, towards the low-energy, 
post-big bang regime, becomes however possible if the action (8.53) is further generalized 
by the inclusion of quantum loop correction (after all, the dilaton keeps growing while the 
Universe is trapped in the fixed point, so that higher-order effects in the string coupling 
are doomed to become eventually important). This point will be illustrated in the next 
subsection. 


‘such models are field-redefinition-dependent [307], as already stressed. A truly unambigu- 
ous example of exit should in principle correspond to the solution of an exact conformal 


model, which automatically includes all orders in a’ (see [462], however, for a different 
non-perturbative approach to higher-order corrections, based on the inclusion of the expo- 
nentially growing density of all massive string-theory states, and on their possible role in 
regularizing the singularity). 


There are in fact higher-curvature, exact conformal-field theory models that smoothly 
interpolate between two duality-related low-energy solutions [416], 417]. In that cases, how- 
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ever, it turns out impossible, in general, to describe the high-curvature regime in terms of 
classical fields such as the metric and the dilaton, and we may lose an intuitive and geo- 
metrical understanding of the transition (the conventional space-time interpretation is also 
lost in other, higher-dimensional, string-theory resolutions of the cosmological singularities 
#24). 

Exact conformal models, for D = 2 and D = 8 string-cosmology backgrounds, have been 
recently studied in the context of gauged Wess—Zumino—Witten models (625), for the 
SO(2,1)/SO(1,1) and SO(2,2)/SO(2,1) cosets. It turns out that it is possible, in some 
cases, to avoid the curvature singularities, but the dilaton (and the string coupling) seems 
to remain unbounded in correspondence of inflationary backgrounds. 


To conclude this subsection, devoted to higher-derivative corrections, we recall that a 
higher-curvature regularization of the cosmological singularity can also be obtained in the 
context of models implementing the so-called “limiting-eurvature hypothesis” [491], [Lo8) 
A85||, applied to string cosmology in both the Einstein and String frames. They 
are based on a higher-derivative action which, in the S-frame, takes the form 


S= -; i d'xy/\gle~* [R+ (V4)? + eve" +V(W)] , (8.57) 


where c and y are constant parameters, w is a scalar Lagrangian multiplier, and 


1/2 

Ip = (4Ri, — R*) = (8.58) 
Finally, V(~) is a potential that satisfies appropriate boundary conditions, V — 7? for 
\~| + 0, V — const for |W] — oo, and has non-trivial zeros. 


Numerical and analytical studies then show that this action has regular spatially flat 
and isotropic solutions, smoothly interpolating from contraction to expansion in the E- 
frame (Lo4}, and from superinflation to decelerated expansion in the S-frame P30), even at 
constant dilaton. A dynamical dilaton may increase the fraction of phase space for which 
the curvature is bounded (in the absence of an appropriate potential, however, a dynamical 
dilaton keeps growing). Unfortunately (and as in other models that will be discussed in 
the next subsection), the action (8.57) is not derived from a string-theory expansion (the 
higher-order terms are artificially constructed), so that the obtained results are only valid 
as (interesting) phenomenological examples of possible approaches to the exit transition. 


8.3. Growth of the coupling and loop corrections 


According to the pre-big bang scenario, the tree-level effective action (8.2)) can provide a 
correct description of the Universe at low energies, during the initial evolution leading the 


Universe away from the string perturbative vacuum, until the string coupling remains small, 


exp¢@ < 1. However, since ¢ is growing during pre-big bang inflation, in the absence of a 
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mechanism able to stop the growth of the dilaton, the Universe will tend to evolve towards 


aEEEprINT, In that regime all the higher-loop contributions will become 
important, and since t lly corrected action is unknown, in general, we have to restrict 


our studies to the simplest cases where we know the explicit form of the loop corrections. 





In all cases so far analysed in the literature, it was found that the inclusion of appro- 
priate higher-order terms seems to damp the growth of H and ¢, thus favouring the exit 
transition. Indeed, in the presence of loop corrections, the “theorems” on the impossi- 
bility of branch changing have to be generalized 647); it becomes possible, in general, to 
evade the obstructions present at the tree level if the loop functions satisfy appropriate 
conditions. For a complete and successful transition it seems required, however, that the 
quantum corrections be included at least to second order [[2, [149] (the two examples of 
smooth homogeneous isotropic solutions presented in Subsection BJ correspond indeed to 
a two-loop (8.19) and to a four-loop (8.17) (non-local) potential). 


We wish to recall, at this point, that the quantum loop corrections are generated by 
the higher-genus expansion of the world-sheet topology of the corresponding sigma-model 
action B46], and can be represented as an expansion in powers of g? = e®. They contain, 
already to first order, the backreaction of particle production, which becomes important 
when a/H?e® ~ 1, and thus naturally introduce higher-derivative terms in the effective 
action, as in general relativity (see for instance (84}), with the only difference that the 
gravitational coupling is not fixed but is controlled by a dynamical dilaton. 


In string theory, as already mentioned, there are additional higher-derivative corrections 
(typical of the minimal finite size \; = (27a’)!/? of fundamental strings), which are gener- 
ated by the a’ expansion of the sigma model action B44), and which may become important 
even at small coupling, if the curvature reaches the string scale. The possible effects of such 
higher-curvature terms, without loop corrections, have been discussed in the previous sub- 
section. Here we shall start considering higher-genus corrections only, by assuming that 
the strong-coupling regime is reached when the a’ corrections are still negligible (this is 
certainly possible in some appropriate model of cosmological evolution, see (A65}). As we 
have already anticipated, however, both a’ and loop corrections seem to be required [279] 
for a complete transition to the post-big bang regime. 


An unrealistic (but instructive) example of curvature regularization operated by the loop 
corrections is provided by (a generalization of) the so-called CGHS model 39) of dilaton 
gravity in D = 2 dimensions, described by the action 


s= - [ Pay=ge* [R = (Vo)?] + Sone—loop ’ 
k 
Seog / Pa/—g(RV?R+€6R). (8.59) 


Here k = (N — 24)/24, where N is the number of conformal scalar fields possibly present 
in the model, and the trace-anomaly term of the loop corrections has been supplemented 
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by a local counterterm eR, needed to preserve other classical symmetries. The case € = 
0 reproduces the original CGHS model, the case « = 1 preserves conformal invariance 


204, 544}, and has been applied to the string cosmology case in [533]. 


The cosmological equations for the action can be integrated exactly for any con- 
stant value of € B23, and it has been shown that for € > 1 there are regular solutions without 
curvature singularities, describing a smooth evolution away from the (two-dimensional ver- 
sion of the) pre-big bang branch of the vacuum solution, a ~ (—t)~!, @ ~ —2In(-t). For 
€ = 1 the curvature regularization requires k < 0 [33], which is known to correspond to 
gravitational instabilities 44). Regular examples that do notspoil the physical requirement 
k > 0 are possible, however, provided « > 1. In that case the smooth solutions describe, 
for any ¢€, the evolution from a phase of pre-big bang superinflation to a final asymptotic 
configuration with flat space, a = const, and linearly growing dilaton, ¢ = t. The solutions 
can be expressed in parametric form as a function of the monotonic coupling parameter 


gs(t) = exp[¢(t)/2] as follows [B23}): 

















2 €/4 2 (e—2)/4 _ 
2 2 —2 - 
a(g,) =e? =e |—__% __| | PNAS NE" Alés sat 9 e22, (8.60) 
ertg,) ten! Is 
2 
i Is a 1 € 92 
J=, 2 =—(1+59?-r), 
(9s) ator P ator ( = 29s r) 
e 
r(g) = [1+ (€-2)92 + Lat, (8.61) 
where tg and ( are integration constants, and g,(t) is given implicitly by 
t dg? 
—= : : 8.62 
= [ Bro) ala. (8.62) 


In the above example the curvature and the dilaton kinetic enegy are bounded every- 
where. The dilaton, however, keeps growing as t — +oo. It is true that a monotonic 
evolution of the dilaton from weak to strong coupling may be equivalent, via S-duality 
transformations [pol 523], to a smooth interpolation between two different, weak-coupling 
regimes. In a realistic scenario, however, the final value of the dilaton should go to a fi- 
nite constant, not to zero. To this aim, a non-perturbative dilaton potential and/or the 
backreaction of the produced radiation are probably to be included. 


Unfortunately, however, the final state of the above regular backgrounds is still char- 
acterized by ¢ > 0. This means that the conditions of “branch changing” are not 
satisfied and that the background, in spite of the bounce of the curvature, is still in the 
pre-big bang regime. As a consequence, it is not ready to be attracted to any stable mini- 
mum of the potential, so that dilaton stabilization is impossible B23], even asymptotically, 
in the context of the above one-loop action. 


Similar conclusions apply to the regular solutions of another (four-dimensional) model of 
one-loop string effective action B4 (which also provided, to the best of our knowledge, the 
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first example of loop regularization of the cosmological singularity in a superstring-theory 
context). The action is based on moduli-dependent loop corrections to the gravitational 
coupling for a heterotic string compactified on a symmetric orbifold Ba, Bg). There are no 
corrections to the Einstein term, only quadratic-curvature corrections, and the action can 
be written (in the E-frame, and using the notations of B4]) as 


1 1 3 
s=3 fi be lig LR +5(Vu6)? + (V0) oa 
Sone-toop = f dt vl [de® — 6€(0) RE:n] (8.63) 


Here o is the modulus field, R23 = R? — 4R?, + Re vop is the Gauss—Bonnet invariant, » 
and 6 are constant parameters (A is fixed by a’, while 6 depends on the number of chiral, 
vector and gravitino massless supermultiplets included in the model). Finally, 


é(o) =In [2674 (ie”)| (8.64) 


where 77 is the Dedekind function 249). 


For an isotropic and spatially flat background, the equations have been numerically 
integrated in B4j, and it has been shown that, for 6 < 0, the action (8.63) admits regular 
solutions without singularities, in which the curvature grows up to a maximum and then 
decreases, with a behaviour that mimics that of the pre-big bang scenario. However, the 
Hubble parameter turns out to be always positive even in the E-frame, and the dilaton 
contribution is negligible, so that such solutions do not describe a transition from the pre- 
to the post-big bang regime. 


The same action also admits regular homogeneous and isotropic solutions with positive 
spatial curvature, k > 0 p32. For such solutions the curvature invariants are bounded, 
the metric smoothly evolves from contraction to expansion, and there is indeed a branch 
changing. The dilaton has, however, a very small influence on the background, which is 
dominated by the modulus and by the spatial curvature. In addition, the dilaton is mono- 
tonically decreasing, so that such solutions do not describe the evolution of the Universe 
away from the string perturbative vacuum, as required by the pre-big bang scenario. 


The regular, spatially flat solutions of the action (8.63) can be generalized to the 
anisotropic case, corresponding to a Bianchi-I-type metric background £07, (624). The reg- 
ular, spatially curved (k > 0) solutions, however, cannot: for the corresponding anisotropic 
curved metric, of Bianchi-I[X-type, no regular solution of the action (8.63) has been ob- 
tained (623). This seems to be in agreement with an instability of the regular solutions of 
the action (8.63) against tensor perturbations 206, 0g}, since the Bianchi-IX-type metric 
may indeed be regarded as a model of closed Friedmann Universe with a non-linear tensor 
perturbation, represented by a gravitational wave of given wave-number. In this sense, the 
curvature regularization operated by the one-loop term (8.63) is generic for spatially flat 


backgrounds, but non-generic for curved ones [628]. 
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It should be noted, finally, that the action (8.63) has also motivated the study of 
scalar-tensor models of gravity characterized by the higher derivative, non-minimal cou- 
pling €(¢)R2,,, with arbitrary coupling functions €(¢). Even in this case it has been found 
that there are, for appropriate forms of €(@), singularity-free, homogeneous and isotropic 
solutions, without and with 04) spatial curvature, and also (in very special cases) 
with a scalar potential ia}. But, again, such solutions do not describe the same initial con- 
figuration as in the pre-big bang scenario. In addition, the higher-derivative, scalar-tensor 
coupling is postulated ad-hoc, and is not the result of a reliable one-loop computation. 


An appropriate loop-corrected action for string cosmology has been discussed instead 
in (P59), considering the heterotic string compactified to four dimensions on a Zj orbifold, 
and restricted to the gravidilaton-moduli sector, as in B4). but including in addition all 
string a’ corrections (truncated to first order). The action contains modular-invariant loop 
corrections to the Kahler potential, known to all orders Pog}, and one-loop corrections 
to the gravitational couplings of the higher-derivative terms. The final action, neglecting 
non-local terms, can be written in the S-frame (using the conventions of 5g) as: 


2 = / da y/igle~* [e+ (1 + e°G(¢)) (Vid)? - =(Vyo? 
+o (1+ e%A(o)) (Raz - (7,.0)')| (8.65) 


where A(c) is a modular function depending on the compactification [B4], and 


_ 3a 6 + ae? 


G(o) = 2 B+achp’ (8.66) 


where a > 0 is a model-dependent constant of order 1. 


The cosmological equations of this action, for a homogeneous and spatially flat back- 
ground, have been numerically integrated P59], starting from an initial pre-big bang regime 
with H > 0 and ¢>0. The integration shows that, while the a’ corrections can drive the 
Universe to a fixed point with ¢ < 0 (even in the absence of loop corrections, see the next 
subsection), the loop corrections to the Kahler potential are essential to drive the Universe 
to another fixed point with ¢ < 2H, so that both conditions (8.12) and (8.13) (necessary 
for a graceful exit [12il}) can be satisfied. Such conditions are not sufficient, since a regular 
solution requires that the curvature be bounded also in the E-frame. This result is achieved, 
however, through the contribution of the (moduli-dependent) higher-derivative terms —at 
least for the case of small o and/or nearly constant (negative) A(o) discussed in [259]. 


From the action (8.65), numerical solutions can thus be obtained, which smoothly in- 
terpolate from the pre-big bang regime of the S-frame, tree-level effective action, to a final 
decelerated expansion, with decreasing curvature. The curvature and dilaton kinetic energy 
are bounded everywhere in the S-frame and E-frame. However, the post-big bang decel- 
erated expansion becomes a phase of the de Sitter inflationary expansion in the E-frame, 
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because the loop corrections to the dilaton kinetic term do not disappear, asymptotically, 
but approach a constant value P59). Also, for all the regular solutions, the dilaton remains 
growing, logarithmically, as t — +oo. The dilaton cannot be stabilized being trapped in 
the minimum of a potential, because it becomes unstable at strong couplings (its kinetic 
term acquires the “wrong sign” even in the E-frame). 


In spite of this property, which means that the solutions do not describe a complete 
transition to the post-big bang regime, the existence of such solutions represents a remark- 
able and encouraging result, especially in view of the fact that the higher-order terms of 
the action (8.65) are not ad hoc (except for the truncation of the a’ expansion), but are the 
outcome of a well motivated string theory calculation. A complete example of transition 
(but with ad hoc loop corrections) can be obtained instead, by considering the following 
higher-order action [22] 


er: lin ae 2 


where Sy contains the a/ corrections of Eq. (8-53), Sq provides the appropriate quantum 
loop corrections, and S,, contains radiation, or a dilaton potential, for the final dilaton 
stabilization. 


‘by @ potential or be frozen by radiation production, In the numerical examples presented 


in [122], the one-loop corrections are suppressed at late times through the introduction of a 
step function, or with the addition of a two-loop term of opposite sign. A toy model is the 
following (in units 2A? = 1): 


= fateylal (c1 + coe*) (Vo)*, Sa = 3 | deylal (6 a do)" eP 90. (8.68) 


where c; are dimensionless coefficients. As shown in [122], the numerical integration of the 
cosmological equations with cj = —c2 = —10?, c3 = —10~', d9 = 1, provides a complete 
model of graceful exit in which the background smoothly evolves from the vacuum, pre-big 
bang configuration of the tree-level action, to a final expanding, decelerated configuration, 
with the dilaton performing damped oscillations around ¢9 = 1. The model can be further 
improved with the introduction of radiation, which eventually becomes dominant and freezes 
out the dilaton. 


Other examples of a smooth and complete graceful exit, but again with ad hoc loop 


corrections, can be obtained with the following higher-order action [149]: 
cies, gl -$ 2 6p) 4 Be2ep) 
S=-5y fa ny/figle-® [R + (Vo)? + Lar + ACPLY + Be*L2) , (8.69) 


where Ly is the most general form of the first-order a’ corrections to the gravidilaton 
action 84], on which the condition has been imposed that the equations of motion contain 
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at most second derivatives: 
mes 2 ny 202 4 
Lo =F [aReig + bG!’'V,bV io + (VG)V726 + d(V9)']. (8.70) 


The coefficients a, b, c,d, in order to reproduce string scattering amplitudes, are constrained 
by 
a=-l, b+ 2(c+ d) = —2a, (8.71) 


but are otherwise arbitrary, because of possible further shifts due to field redefinitions, 
truncated to first order in a’ (note that our notation is diferent from [[l49], where they use a 


different normalization for the dilaton, i.e. g? = e?%; see also [14§]). The one-loop and two- 
loop terms, cl) and L, have the same functional form as £,, but the coefficients a, b, c, d 
are in principle replaced by different numbers, aj, b,,¢1,d1 and ag, be, c2,d2 , respectively. 
Finally, the constant parameters A and B control the onset of loop corrections and their 


late-time suppression for a successful exit. 


The study of the fixed points in the weak-coupling regime of the action (8.69), and of 
the subsequent transition to the decelerated expansion of the post-big bang scenario, has 
shown that the case a = —d, b = c = 0 (discussed in [B07 {129]) is not the only one that 
is compatible with a graceful exit. There is indeed a wide region in parameter space that 
allows fixed points with ¢ < 0 and, from the fixed points, the transition can further proceed 
successfully even if b and c are non-zero (i49] and different from b;,c; and bg, ce (148). In 
all cases, the exit can be completed by dilaton stabilization, obtained by introducing “by 
hand” some radiation density p,, coupled to the dilaton through the conservation equation 


13 
br + 4H pp — sre = 0. (8.72) 


The main problem with such models of exit is that the one-loop and two-loop correc- 
tions are not the result of a reliable string theory perturbative expansion. In particular, a 
successful exit seems to require (as also stressed in [l22]) an appropriate sign of the cor- 
rections, so that (in our case) sign{ A} = — sign{B}. It is unclear, however, whether the 
required sign may also be the outcome of a correct loop computation (even if the results of 
seem to provide a positive answer). A successful example of exit, corresponding to a 
numerical integration of the equations for the action (8.69) with A= 1, B = —2 x 107%, is 


illustrated in Fig. 8.5. 


In addition, the perturbative approach at the two-loop level is self-consistent only for a 
quite small value of the final coupling, exp ¢@ << 1. A small value of the final dilaton, for the 
solutions of the action (8.69), seems to require, however, that A and B be both larger than 
1 and of the same order (in modulus) [i48], in contrast with the usual expectation for the 
coefficients of a perturbative expansion. 


If the string coupling is not kept small enough, on the other hand, the Universe nec- 


essarily enters the mon-perturbative regime where typical M-theory effects may become 
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Figure 8.5: Numerical integration of the cosmological equations for the action (8.69) with 
A=1, B=-2~x 107%, a = a = a d dy dy 1, T = 5.63 x 107+, and 
all b;,c; = 0. The left panel shows the time evolution of ¢, H and of the log of the string 
coupling. The right panel shows the evolution from the vacuum to the fixed point of Fig. 
and the subsequent exit induced by the loop corrections. 











important, as will be illustrated in Subsection We shall first present, however, some 
arguments stressing the importance of the notion of entropy for a model-independent ap- 
proach to the exit problem. 


8.4 Graceful exit and entropy considerations 


After the various models of exit reported in the previous subsections, it seems appropriate 
to recall, at this point, that entropy-related considerations have recently led to model- 
independent arguments in favour of the occurrence of a graceful exit in the pre-big bang 


scenario. As we shall see, those are (physically quite Close to" the arguments’ based ‘on 
‘backreaction and loop corrections, which we have already discussed. 


Let us start by recalling that, as suggested by Bekenstein (21 74], the entropy of a 
limited gravity system of energy F and of size R larger than its gravitational radius, R > 
Rg = 2GyE, is limited by the upper bound 


Spe = ER RR Az". (8.73) 

According to the holographic principle (see B79, and references therein), on the other 
hand, the maximal entropy of a system is bounded by Shot, 

Shot = Arp”, (8.74) 


where A is the area of the space-like surface enclosing the region of space whose entropy we 
wish to bound. For systems of limited gravity, since R > Ry and A = R?, the Bekenstein 


bound (8.73) implies the holography bound (8.74). 
At cosmologi- 


cal scales the Universe is not a system of limited gravity, since its large-distance behaviour 
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is determined by the gravitational effect of its matter content through Friedmann’s equa- 
tions. Furthermore, the holography bound obviously fails for sufficiently large regions of 
space since, for a given temperature, entropy grows like R® while area grows like R?. The 


A possible prescription for a cosmological extension is to identify R in Eq. (8.79) 
with the particle horizon. In this way one can then arrive at the conclusion that the bound 
is violated sufficiently near the big-bang singularity, implying that the latter is fake (if 
the bound is always valid). More recently, a similar extension of the holographic bound 
to cosmology has been proposed [254], arguing that the area of the particle horizon should 
bound entropy on the backward-looking light cone, according to (8.74). It was soon realized, 
however, that the such a proposal requires modifications, since violations of it were found to 
occur in physically reasonable situations. An improvement of the proposal [254], applicable 
to light-like hypersurfaces, was later made by Bousso (96, p7 (see also 254]). 


Of more interest, in our context, are however the attempts made at deriving cosmological 
entropy bounds on space-like hypersurfaces 3], (604, hg, 91, Bod, 127]. These identify the 
maximal size of a spatial region for which holography works: the Hubble radius 231], 604, 
Bo), the so-called apparent horizon 114), or, finally, a causal-connection (Jeans) scale [127]. 


For our purpose there is no need here to enter into the relative merits of these various 
proposals. Rather, we will only outline the physical idea behind them. Consider, inside a 
quasi-homogeneous Universe, a sphere of radius H~'. We may consider “isolated” bodies, 
in the sense of Ref. (ra. fully contained in the sphere, i.e. with radius R < H~!. For 
such systems, the bound holds, and it is saturated by a black hole of size R. We 
may next consider several black holes inside our Hubble volume, each carrying an entropy 
proportional to the square of its mass. If two, or more, of these black holes merge, their 
masses will add up, while the total entropy after the merging, being quadratic in the total 


mass, will exceed the sum of the initial entropies. In other words, in order to maximize 
entropy, it pays to form black holes as large as possible. 


Is there a limit to this process of entropy increase? The suggestion made in B31], 604) 
8, B92, 127], which finds support in old results by several groups (i474, [146], B05], is that a 
critical length of order H~' is the upper limit on how large a classically stable black hole 


‘can be. If we accept this hypothesis, the upper bound on the entropy contained in a given 
region R of space will be given by the number of Hubble volumes in R, ny = VH? times 
the Bekenstein—Hawking entropy (7, of a black hole of radius H~!, H a The two 
factors can be combined in the suggestive formula: 


S(R) <Ap? | Ba Vk = Sop, (8.75) 
r R 


where fp dz Wh is the volume of the space-like hypersurface whose entropy we wish to 
bound, and # differs from one proposal to another, but is, roughly, of the order of the 
Hubble parameter. Actually, since H is proportional to the trace of the second fundamental 
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form on the hypersurface, Eq. reminds us of the boundary term that has to be added 
to the gravitational action in order to correctly derive Einstein’s equations from the usual 
variational principle. This shows that the bound (8-75) is generally covariant for H = H. 
It can also be written covariantly for the identification of H made in (127. 


For the qualitative discussion that follows, let us therefore take H = H, and let us 
convert the bound to S-frame quantities, taking into account the relation between Ap and 


As, given in Eq. (1.25). We obtain [604]: 


S(R) < (VH3)(H =e) = € PRS? , (8.76) 





where we have fixed an arbitrary additive constant in the definition of ¢. Equation (8.74) 
thus connects very simply the entropy bound of a region of fixed comoving volume to the 
most important variables occurring in string cosmology (see, e.g., the phase diagram of Fig. 
51). 

An immediate application of the bound (8.74) to the exit problem was pointed out in 
(604), noting that the bound is initially saturated in the E-frame picture of pre-big bang 
inflation as a collapse, with corresponding black-hole formation [129]. Since the entropy, 
and the bound itself, cannot decrease without a violation of the second law, one obtains: 


O<H/H. (8.77) 


It is easy to check that this relation holds with the equality sign during the initial, low- 
energy evolution from the string perturbative vacuum (see Eq. (8.5)). In other words, the 
Hubble entropy bound is saturated initially and throughout the low-energy, dilaton-driven 
evolution described in [[29). But what happens if the curvature stops its growth, H = 0 
(for instance, during the high-curvature string phase discussed in the previous subsections)? 
It is quite clear that Eq. (8.77) does not allow H to reach saturation (H = 0) in the upper- 
right quadrant of Fig. 8.1} since ¢ > 0 there. Instead, saturation of H in the upper-left 
quadrant (where ¢ < 0) is perfectly all right. But this implies having attained the sought 
for branch change! 


Let us now look at the loop corrections. Physically, these correspond to taking into’ 
account the backreaction from particle production, i.e. from the quantum fluctuations: 
‘amplified by the cosmological evolution. Let us check when their entropy starts to threaten 
the bound. Using the results presented in P97, R98, [L0d, [107], the entropy density carried 
by quantum fluctuations inside a region of size H~' is given by 


oq ~ Net H?, (8.78) 


where Neg is the effective number of species that are amplified. This entropy equals the 
upper bound (8.76) precisely when 


Nort H? 2 e? ~ Nog H? 4 ~ 1. (8.79) 
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But this is also the line on which the energy density in quantum fluctuations is expected 
to become critical, and the backreaction of the produced radiation is expected to drive the 
Universe to the beginning of the standard radiation-dominated phase |275}, |L35}. 


Indeed, one can easily estimate the total energy stored in the quantum fluctuations 
amplified by the pre-big bang backgrounds (for a discussion of generic perturbation spectra, 


see {[L35} [L19]). The result is, roughly, 
Pa ~ Net Hinax : (8.80) 


where Hymax is the maximal curvature scale reached around the exit transition. The sat- 
uration of the entropy bound is thus equivalent to the condition that the above energy 
On 
the other hand, we have already argued that Hmax ~ Ms = \;1, and we know that, in 
heterotic string theory, Neg is in the hundreds. It follows, according to this picture, that 


_ eT tel ie. at a value 
The saturation of the Hubble entropy 


bound S;;p thus supports a picture in which th 












of the (generalized) second law of thermodynamics, and it is induced by the backreaction 
of quantum fluctuations (see also and the numerical examples of {149]). 


Remarkably, this also explains why the radiation, which originates from the quantum 
fluctuations and dominates our final Friedmann phase, has an entropy that roughly cor- 
responds to the number of elementary (“Hlabble spheres” (ise spatial regions! of size T=?) 


contained inside our Universe just after the exit (namely, to the entropy of the quantum 


fluctuations evaluated at the string scale): S ~ ny ~o> A very large number, on the one 


hand, but a very small entropy for the total mass and size of our present observable Uni- 


verse, on the other hand, as often emphasized by Penrose [515]. The pre-big bang scenario. 
may thus neatly explain why the Universe, at the big bang, looks so fine-tuned (without 


In conclusion, the picture that finally emerges from all these considerations is best 





illustrated with reference to the diagram of Fig. 8.6}. Two lines are shown, representing 
boundaries for the possible evolution. The horizontal boundary is forced upon by the 
large-curvature corrections, while the tilted line in the first quadrant corresponds to the 
equation ASH?Nog = 1 that we have just discussed. This line was also suggested as a 
boundary beyond which copious production of 0-branes would set in [465] (see the next 
subsection). Thus, depending on initial conditions, the pre-big bang bubble corresponding 
to our Universe would hit first either the high-curvature or the large-entropy boundary and 
initiate an exit phase. Hopefully, a universal late-time attractor will emerge guiding the 
evolution into the FRW phase of standard cosmology. 


Needless to say, all these arguments have to be considered, at best, as having heuristic 
value. If we were to take them seriously, they would suggest that the Universe will never 
enter the strong-coupling, strong-curvature regime, where the largely unknown M-theory 
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Figure 8.6: Logarithmic plot of the curvature scale versus the string coupling g?. The two 


parallel diagonal lines emerging from the bottom-left quadrant represent possible trajecto- 
ries for the (low-energy) pre-big bang evolution, corresponding to different initial values of 
the dilaton. 


should be used. The low-energy limit of the latter (the much better understood D = 11 
supergravity) could suffice to deal with the fundamental exit problem of string cosmology. 
We refer to the next subsection for a short discussion of this possibility. 


8.5 M-theory and brane cosmology 


If the growth of the string coupling, which starts during the phase of accelerated pre-big bang 
evolution, is not stopped at some point by a dilaton potential (or by some other mechanism), 


theory, which is well approximated, at low-energy, by the known D = 11 supergravity 
‘theory [626]. In this subsection we will briefly report various ideas on the possibility of 


smoothing out the big bang singularity, and eventually implement the exit transition, in 
the context of the low-energy’ (ie, Siall-emrvatire) limit of NEtheory: 


We start be recalling the action for the bosonic sector of eleven-dimensional supergravity, 


S11 = [atey — 9g 


1 A Ao A3 Bi Bo B3BaC1C2C3C 
7 ee ne eee Aa Ae 
(12)*,./-g 


where F' is the field strength of the antisymmetric three-form potential Agop, and the 


1 
R—- qr ascp 





FB, By B3BsEC,C2C3C4| » (8-81) 


Chern-Simons term arises as a consequence of supersymmetry [isd] (upper-case Latin in- 
dices run from 0 to 10, Greek indices from 0 to 9, and we follow the conventions of 4). The 
ten-dimensional effective action, obtained by compactification of Sj; on a circle of radius 
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r11 (controlled by the dilaton [627]) can be written as 


7 1 1 
Si = [ary —g | ene (R a3 (Vo)? — Hive) - qa Fwas 
1 
RS COTA 2 Mahe nia : (8.82) 


where H and F are the field strengths of the antisymmetric potentials B,, and Ayva, 
respectively, and we have dropped the one-form potential arising from the dimensional 
reduction of the metric. After the reduction, we have also rescaled the ten-dimensional 
metric as gy,» — 711 Juv, and we have defined the ten-dimensional dilaton as ¢ = 3lnrj1. 


The above action contains not only the usual string theory action, but also Ramond 


forms, i.e. higher-rank antisymmetric tensors uncoupled to the dilaton (in the S-frame), and 
exactly reproducing the Ramond—Ramond sector of the low-energy Type II A superstring 
action (see for instance [H37]). This provides a new, in principle richer context to look for 
cosmological solutions (253, BOI, 446, (see [Sal for a complete analysis of spatially flat 


models), suggesting also the possibility of an M-theory version of the pre-big bang scenario 
[L5q). 


In such a context, the existence of black p-brane solutions, of the type of those given 


in 69} B27], provides a first indication of a possible resolution of the problem of curvature 
singularities 224, (see also for examples including a’ corrections). The different 
branches of a cosmological solution can indeed be related by U-duality transformations [449], 
but an explicit representation of a smooth exit transition, in this context, is problematic 
110]. By U-duality it is possible, however, to transform a singular solution into a non- 
singular one (as in the case of O(d,d)-covariant backgrounds B09, BO]). This possibility 
has been studied, in particular, in the moduli space of D = 11 supergravity compactified 


on a ten-torus bi. 


In addition, the decompactification of the 11-th dimension, produced in the strong- 
coupling regime as a consequence of the identification of the string coupling with the 11- 
‘hy dimensional scale factor (B27} BTA, BTA], is possibly associated with a softening” of 
‘curvature singularities, as pointed out in [B93]. The study of some explicit examples has 
shown [249], in particular, that the curvature singularity of FWR models minimally coupled 


to a set of scalar fields, in four dimensions, can be removed by lifting the solutions to higher 





dimensions, provided the four-dimensional background Mj, has negative or vanishing spatial 
curvature (&k < 0). In that case, the regular higher-dimensional backgrounds from which 
My, is obtained by dimensional reduction has only one of the extra dimensions that is 
dynamical, and for & = 0 it coincides with the trivial Minkowski space-time parametrized 
by Milne coordinates. 


A genuinely new effect, in the context of dimensionally reduced supergravity theories, 


is the presence of p-branes, and the possibility of their production in the strong coupling 
regime where the brane states become light and (possibly) unstable. This effect might 
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lead to regularizing the curvature singularities, as first proposed in some pioneering papers 
on string and solitonic p-brane [P29] production in cosmological backgrounds. As 
suggested in p37. brane production might lead for instance to a phase of constant brane 
density, and then brane-driven (de Sitter) inflation (reminescent of the old idea of string- 
driven inflation p9q}), thus freezing the growth of the background curvature. We should 
recall, finally, that brane production in high-energy scattering processes is also allowed for 


conventional Einstein gravity in models with large extra dimensions (fA, Aj. 


More generally, as suggested in [63], when approaching the singularity one should 





‘branes are the fundamental players. Indeed, in the string frame, their tension is controlled 
by @? so that they are very light at strong coupling: for instance, a Dp-brane 
of type I a mass 






mw gyi(al)~PtV/2, (8.83) 


In addition, they become unstable at large enough values of the Hubble parameter (an 
effect very similar to string instability in curved backgrounds [651], B14), so that they can be 
copiously produced when approaching the singularity, and in particular around the epoch 


where [465] g,HA,; ~ 1. As a consequence of this huge production, the Dp-brane energy 


Ae 


More recently, the idea of a brane-dominated Universe has been further developed in the 
context of the so-called “brane gas cosmology” approach (id, to the M-theory phase 
of the very early Universe (which generalised previous string-cosmology models [L09), 58q]). 
The Universe, in the strong-coupling regime, is assumed to have nine spatial dimensions in 
a toroidal topological state, and to be filled with a hot gas of p-branes, with all modes in 
(approximate) thermal equilibrium. This approach aims not only at the resolution of the 


singularity problem, but also at providing a possible explanation of the number of spatial 


dimensions of our present Universe, along the lines of [[LO9}. 





The model contains all the branes that appear in the spectrum of the (ten-dimensional) 
Type II A string theory. By recalling that M-theory contains the graviton (0-brane), 2- 
‘branes and 5-branes as fundamental degress of freedom (see the action (8.81))), the com- 


pactification on a circle S! leads to 0-branes, strings (1-branes), 2-branes, 4-branes, 5- 
branes, 6-branes and 8-branes (see Eq. (8.82)) as the fundamental extended objects of the 
10-dimensional theory. The total action for the brane gas model is thus the sum of the 
low-energy effective action for the “bulk” (ten-dimensional) space-time manifold plus the 
(p + 1)-dimensional action of all the branes in the gas: 


S = Spur + ~ Si (brane), (8.84) 
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where S = Shu is the gravidilaton—axion sector of the action (8.82); and the Born—Infeld 
action of a p-brane, coupled to the bulk via delta function sources with strength fixed by 
the tension TJ), is given by 


S» =Tp / tte e-# [det (gmn + bmn + 20a! Finn)|?. (8.85) 


Here gmn is the induced metric on the brane, by, is the induced antisymmetric tensor, and 
Finn is a gauge field possibly living on the brane. 


All branes contribute to the energy of such a primordial gas with three types of modes 
(oj. There are winding modes, corresponding to p-branes wrapping around p cycles of the 
torus, momentum modes, corresponding to the centre-of-mass motion of the brane, and 
oscillatory modes, corresponding to fluctuations in the directions transverse to the brane. 
The brane action (8-89) can thus be expanded in terms of these modes, and by taking the 
average contribution of their stress tensor one obtains the effective “equation of state” for 


the gas Of winding modes: 


p/p = —p/d (8.86) 


(p is the pressure, p the rank of the brane). The momentum modes have the “dual” equation 


of state p/p = p/d (for strings, p = 1, one recovers the results of B14, B15]). Transverse 
and their equation of state is 


that of “ordinary” matter, with 0 < p< 1. It follows, from the covariant conservation of 
the stress tensor, that the energy E, of winding (w) modes increases with the scale factor 
a(t) as 





Ep = pat ~ Ta? (8.87) 
(note, however, that should be included at very high temperature thermal corrections , and 


that this can modify the effective equation of state, as discussed in (B4] for the case of 
strings near the Hagedorn scale). 


‘The Universe, in the strong-coupling (M-theory) regime, is thus assumed to behave as 
‘a hot soup of all modes of all p-branes. The curvature singularity is expected to be avoided 


because of T-duality exchanging w-modes and momentum modes, and then transforming 
a phase of increasing temperature into decreasing temperature, with the fixed point of 


the symmetry acting as a regularizing cut-off for all physical observables 229]. But 
the most interesting (and probably unique, at present) virtue of this scenario seems to 


be the possibility of explaining Why Our present, Universe contains just three large spatial 


dimensions. 





Indeed, as the primordial Universe expands, the w-modes tend to become dominant as 


their energy increases, starting with the largest value of p, according to Eq. (8.87). The 
effect of the w-modes, on the other hand, is to halt the expansion psa, so that the spatial 


dimensions can decompactify (i.e. inflate away from the string scale) only if the w-modes 
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domain wall problem 


They can disappear by annihilation with antiwinding (W) modes (the initial number of 
w and W is assumed to be the same, by symmetry). On the other hand, assuming that the 
space is periodic, it follows that the world-volume of two p-branes will necessarily intersect 
in at most 2p+1 spatial dimensions. In the initial Universe d = 9, so that winding p-branes 
with p = 8,6,5,4 have no problem to self-annihilate. We are thus left with 2-branes and 


strings. The annihilation of the (heavier) winding 2-branes will first allow five dimensions 


to become large. Within this distinguished torus T°, the 1-branes (strings) w-modes will 
then only allow the d= 3 subspace T* to expand. 


In this way, one can understand the origin of the d = 3 dimensionality of our Uni- 
verse and, interestingly enough, can predict a hierarchical structure of the ten-dimensional 
compact manifold as follows Lo}: 


MAST RT xT), (8.88) 


where S$! comes from the original M-theory compactification on a circle, and the other 
compact manifolds have been listed in order of growing size, from left to right. 


In this context, a possible problem is that, at the end of the decompactification process, 
at least one w-mode is left per Hubble volume, leading to the well known domain-wall 
‘problem. This problem can be solved if the w-modes, before they annihilate, drive the 
background to a phase of slight contraction, also called “loitering” 49], during which the 
Hubble horizon becomes larger than the spatial size of the Universe (as in the phase of 
pre-big bang inflation, when it is seen as a contraction in the E-frame). 


By supplementing the string-cosmology equations by terms describing the annihilation 
of w-modes into string loops [103], it has been shown that during the loitering phase all 
w-modes are eliminated and that, from this point on, the Universe begins to expand again. 


The w-modes annihilation leads to breaking T-duality, and it is tempting to speculate 
that this effect could be related to SUSY breaking, and to the mechanism of dilaton mass 


generation needed to stabilize the coupling after decompactification [103]. 





Outside the context of brane gas cosmology, but always in the context of an M-theory 
approach to the strong coupling regime, a more drastic resolution of the dimensionality 
problem is represented by the so-called brane-world scenario (inspired by heterotic M-theory 
B74, B77), in which our Universe is assumed to coincide with a 3-brane embedded in a 


higher-dimensional bulk manifold (450, 451]. 


In a realistic picture, of course, our 3-brane is not expected to be the only extended 
object embedded in the bulk manifold, especially in the regime of large bulk dilaton, and 
very strong coupling. In that case, the transition to the post-big bang regime could be 


triggered by a head-on collision against another brane, just as happens in the context of 
the so-called “ekpyrotie” scenario (112), #13], where the big bang explosion, and the birth 


of a hot, radiation-dominated Universe, is simulated by the collision of two 3-branes along 
a (hidden) fifth spatial dimension (see also [825] for a similar but spherically symmetric 
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EKPYROTIC SCENARIO 


process of bubble collision). 


In the ekpyrotic scenario the 11-th space-time is assumed to have topology M! x 
S'/Z, with two branes at the orbifolds fixed points, where space-time has boundaries. Six 


dimensions are compactified on a Calabi-Yau threefold, leaving the effective theory five- 
dimensional. The boundary branes are called the visible and the hidden brane, the visible 
one being identified with our Universe. 





The action for this model is the sum of three parts: 
S = Shee + Sr + Su, (8.89) 


where S; represents the brane interactions, S;y describes the matter on the brane created 
by the collision, and She is the action of five-dimensional heterotic M-theory. With the 


conventions of [19]: 


a ee ee ee 
Shet = 5 da/—g 5 (V9) ew PABCDE 


5! 
= S- 3a,;,M3 / d*é,V —h; | e? = 


1 
Wah ee? Append XR? Oy Xs OgX OgX” |, 


(8.90) 


Here Ms is the five-dimensional Planck mass, F’ is the field strength of the four-form A,4pcp, 
lig is the induced metric on the i-th 3-brane, whose embedding in five dimensions is de- 
scribed by the five parametric equations x = MAE ). Finally, the tensions are given by 


T; = a; M3. 


In the first version of the ekpyrotic scenario 3], besides the two boundary branes, 
there is a third “bulk” brane, possibly originated from spontaneous bubble nucleation. In 
that case, the three tensions satisfy the condition az = —a,;—a3, with a3 > 0 and ag < |a4|, 
and the bulk brane is attracted towards the visible brane, until they collide. The kinetic 
energy of the bulk brane is then converted into matter and radiation of the visible brane, 


with a spectrum of density perturbations left impressed by the quantum fluctuations of the 
bulk brane. 


In the second version of the scenario 3, there are instead only the two boundary 
branes, which collide and then bounce apart, in what is hoped to be a non-singular pro- 
cess. This second possibility also represents an important ingredient in a related, recently 
proposed “cyclic” model of Universe p73). 


In our context, this second possibility is particularly interesting because the collision of 
the two boundary branes is associated to the collapse of the dimension transverse to the 
brane: namely, of the 11-th dimension, taking into account the Calabi- Yau compactification. 
But the shrinking of the eleven-dimensional radius rj, in an M-theory context, is equivalent 
to a decreasing of the string coupling (recall that ri; = exp(¢/3)). This means that the 
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collision, and the subsequent beginning of the radiation-dominated, post-big bang evolution, 
occins at very weak coupling, in the perturbative regime. 


In conclusion, this model suggests that the space-time manifold, after having reached the 
strong-coupling, M-theory regime as a consequence of the pre-big bang evolution, and after 
the associated production of branes, might be forced again to the perturbative regime by 
the attraction (and by the subsequent collapse) of the branes at the boundary of the D = 11 
space-time. The exit would thus proceed at weak coupling (possibly with a mechanism of 
radiation production different from the one discussed in the previous subsections). This 
may perhaps justify the use of the tree-level effective action for the quantum cosmology 
approach to the exit, presented in the next section. 


9 Quantum string cosmology 


According to the pre-big bang scenario, the present cosmological state of our Universe should 
emerge as the result of a long evolution, starting from the string perturbative vacuum. 
Such an evolution necessarily includes the transition from a phase of growing curvature and 
strong coupling to a phase of decreasing curvature and (nearly) constant string coupling. 
The full dynamical description of such a process still contains various problematic aspects, 
as discussed in the previous section. 


Since the transition is expected to occur in the high-curvature (nearly Planckian) regime, 


where quantum-gravity effects may become important, it is not excluded that a quantum- 
cosmology approach may be appropriate to describe the “decay” of the string perturbative 
vacuum into our present, post-big bang Universe. Also in the context of the standard 
in fact, the quantum-cosmology approach is required to describe the 
“birth” of our classical Universe out of the Planckian regime [613]. With an important 
difference, however: in the standard scenario the initial state of the Universe is unknown, 
and has to be fixed through some ad hoc prescription. There are various possible choices 
for the initial boundary conditions B64, B70, 609), 1440, 633, 541, 61], leading in general to 
different quantum pictures of the early cosmological evolution. In the pre-big bang scenario, 
on the contrary, the initial state is fixed in such a way as to approach, asymptotically, the 
string perturbative vacuum, and this unambiguously determines the initial wave function. 


In a quantum cosmology context the Universe is described by a wave function evolving 
in superspace, according to the Wheeler-De Witt (WDW) equation pid, 629}, and it is 
always possible, in principle, to compute the transition probability between two different 
geometrical configurations —in particular, from a pre- to a post-big bang state. We shall re- 
port here the results obtained in the context of what may be called a “low-energy” approach 
to quantum-string cosmology sq], which is based on the lowest-order string effective ac- 
tion, and in which no higher-order (a’ and loop) corrections are taken into account into the 
WDW equation, except those possibly encoded into an effective, non-perturbative dilaton 
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potential (see 525, 526, for high-curvature contributions to the WDW equation). 
Such first introduced in string cosmology in [143, {79}, [434], is 


analogous (in the particle case) to low-energy quantum mechanics, where one neglects rela- 
tivistic and higher-order corrections. It is a first approximation, which is already sufficient 
to take into account pure quantum-gravity effects, such as the possibility of transitions 
which are classically forbidden —in particular, transitions between two low-energy geomet- 
ric configurations which are classically disconnected by a singularity (B10, B22), [154])— and 
thus to motivate a “minisuperspace approach” to the exit problem [279] (see also 74, 
for a recent quantum-cosmology approach to this problem based on the Bohm-de Broglie 
ontological interpretation of quantum mechanics). 


Quite irrespectively of its applications, quantum-string cosmology may represent a rich 
and interesting field of research in itself; it thus seems appropriate to recall that it is affected 
by various conceptual problems already present in the “standard” quantum-cosmology con- 
text: the meaning of the probabilistic interpretation (610), the existence and the meaning 
of a semiclassical limit (79), 434), the unambiguous identification of the time-like coordinate 
(see however [152]). Other problems affecting the standard scenario, however, disappear. 
In particular, in the context of the pre-big bang scenario, there is no problem of boundary 
conditions, which are unambiguously prescribed by the choice of the string perturbative 
vacuum (see Subsection p.2); no problem either of operator ordering in the WDW equation 
(see for instance [B6]), as the ordering is fixed by the duality symmetry of the string effective 
action Bid, 110}. This important property of quantum-string cosmology will be illustrated 
in the next subsection. 


9.1 The Wheeler—De Witt equation 


The simplest example of quantum-string cosmology model is based on the lowest-order, 
gravidilaton string effective action 


on [ate Jie? [R+ (0.6) + V6.9], (9.1) 


where we have included a (possibly non-local and non-perturbative) dilaton potential V 





se 


(see [153] for more complete models based on the M-theory action). If we are considering, 
in particular, an isotropic and spatially flat cosmological background, 


= (0), gu = diag (N?(t), ~a(1)6i3) , (9.2) 


the gravidilaton system has only two physical degrees of freedom, the scale factor a and the 
dilaton (the “lapse” function N = \/goo can be arbitrarily fixed by a choice of gauge). The 
quantum evolution of the system is thus associated to a two-dimensional “minisuperspace” , 
which, assuming spatial sections of finite volume, can be conveniently parametrized by 


3 =Vdlna, $=¢-Vas—In f déx/at (9.3) 
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WDW 


Each “point” {@(t), 6(t)} of the minisuperspace will then represent a classical solution of 
the action (9.1). 


In terms of the coordinates of the minisuperspace, the action (after integration by parts) 
can be explicitly written as 


r —¢ o 22 = 
sa fa |e -3 -wve.a]. (9.4) 
2 N 
Its variation with respect to goo defines the total energy density of the gravidilaton system, 


and leads to the so-called Hamiltonian constraint (in the cosmic time gauge, N = 1): 


6S a2, 9 
H=(55) = -6 (9.5) 
Introducing the canonical momenta 
Ig = (*) =r, fe-*, a (=) =-\sbe°%, (9.6) 
63 N=1 To) N=1 
the Hamiltonian constraint becomes 
1} ~ 1 + 3V(8,8)e?? =0, (9.7) 


and its differential implementation in the minisuperspace spanned by 3 and ¢ finally leads 
to the WDW equation for the gravidilaton system: 


[a2 — 03 + 2V(8,8) e-* | ¥(G,5) =0. (9.8) 


It is important to stress that such an equation is manifestly free from operator-ordering 
problems, as the Hamiltonian (9.7) has a flat metric in momentum space. This is not a 
special feature of the case we have considered because, thanks to the duality symmetry of 
the string effective action, the associated WDW minisuperspace is globally flat, and we can 


always choose a convenient parametrization leading to a flat minisuperspace metric. 


For a more general discussion of this point we may add to the effective action (9.1) a 
non-trivial antisymmetric tensor background, B,, 4 0. The kinetic part of the action may 


then be written in compact form as [310} |410) (see Subsection p.3): 
As —6 | (mp2 1 : -ly 
o= -= | ate 6? + oT MM), (9.9) 


where N = 1, and M is a symmetric 2d x 2d matrix, including the spatial part of the 
background fields, G = g;;, B = Bj;, and already defined in Eq. (2.55). We recall that 
this action is invariant under global O(d,d) transformations that leave the shifted dilaton 
invariant, 


o—¢, M > MQ, (9.10) 
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where 


0 TL 
T _ = 
Ono) = 7; n=( . (9.11) 


The Hamiltonian associated to torsion-graviton background, 


4 
H = <-Tr (M IM Im), Ily = 6S/6M, (9.12) 


Ss 


would seem to have ordering problems, because [M,IIyy] # 0. However, thanks to the 
O(d,d) properties of M, 
MnM =n, (9.13) 


we can always rewrite the kinetic part of the action in terms of the flat O(d,d) metric 7: 
Tr M(M~1) = Tr (Mn)?. (9.14) 


The corresponding Hamiltonian 


4 
i= we (nUenllas) (9.15) 


has a flat metric in momentum space, with no ordering problems for the corresponding 
WDW equation Bid, 10): 


7 6. 6 $ = 
- + 8Tr (nso 1sG7) a aves | U(M, ¢) = 0. (9.16) 





On the other hand, if we insist on adopting a curvilinear parametrization of the minisu- 
perspace, the ordering fixed by the duality symmetry is exactly the same as the ordering 
imposed by the requirement of reparametrization invariance, as there are no contributions 
to the ordered Hamiltonian from the scalar curvature of minisuperspace Bal, because min- 
isuperspace is globally flat. 


To illustrate this point we may consider the pair of minisuperspace coordinates {a, 6}, 
different from the previous pair {3,¢} used in Eq. (p.4). The kinetic part of the action 
(9.1) then leads to the (kinetic part of the) Hamiltonian 


2 


H = aly -12 = >" T4lp, (9.17) 
where 58 
i= (-) = dx s WF, (9.18) 


corresponding to the non-trivial 2 x 2 metric: 


: d 
igo, 29 
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The quantum operator associated to the Hamiltonian (9.17) has to be ordered, because 
(a, I1,] 4 0, and its differential representation can be written in general as 


oO? lf 50" 0 
=—- = —s —], 9.20 

dp 6d (: Oa? sa ea) 
where € is a c-number parameter depending on the ordering. Note that there are no contri- 


butions to the ordered Hamiltonian from the minisuperspace scalar curvature Bd), which is 
vanishing for the metric (9.19). 


Reparametrization invariance now imposes on the Hamiltonian the covariant d’Alembert 


f 
orm 1 


aoa v7" Oa), (9.21) 


and consequently fixes « = 1. The kinetic part of the action (0.4), on the other hand, is 
invariant under the T-duality transformation [599}, |580} 


H=—-VaV4=- 





a>-G=a", o— ¢, (9.22) 


which implies, for the Hamiltonian (9.20), 
wie _O 
H(a) = H(a) + —(e — lla. (9.23) 
d Oa 
The invariance of the Hamiltonian requires « = 1, and thus fixes the same quantum order- 
ing as the condition of general covariance in minisuperspace. A similar relation between 


quantum ordering and duality symmetry can be easily established for more general effective 
actions, including a larger class of non-minimal gravidilaton couplings (134) /(35). 


9.2 Wave scattering in minisuperspace 


In the absence of dilaton potential, the WDW equation (9.9) reduces to the free d’Alembert 


equation and provides a plane-wave representation in minisuperspace of the different asymp- 
totic branches of the classical solutions. 


Let us recall, in fact, that the solutions of the low-energy effective action (9.4) always 
contain four branches. For V = 0, in particular, we have four (physically different) solutions, 





a(t) = (#t)FVV4, O(t) = —In(Ft), (9.24) 


related by the duality transformation (0.29) and by time reversal, t > —t. They satisfy the 
condition 


VdH = B = +(+t)7} = p. (9.25) 








and may thus be represented as the bisecting lines of the plane {¢, B}, corresponding to 
e expansion — 6 > 0, 
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expanding expanding 
post-big bang pre-big bang 


a kind of 











"scattering 
potential” : Rutherford 
analogous to a scattering 
Rutherford, V= (or 
not )O 

contracting contracting 

post-big bang pre-big bang 


Figure 9.1: The four branches of the lowest-order string-cosmology solutions, with (hyper- 
bolas) and without (bisecting lines) a positive cosmological constant A. The dashed curves 
represent the quantum transition from a pre- to a post-big bang configuration. 


e contraction > 6 <0, 
e pre-big bang (growing dilaton) > 3 > 0, 


e post-big bang (decreasing dilaton) — 3b <0, 


as illustrated in Fig. (9.1. We may note, for later use, that if we add to the action a positive 
cosmological constant (V = A), then the classical solutions are represented in the plane 
{6, 8} by the hyperbolas 

@?—(VdH/Y =A. (9.26) 


In that case, the initial configuration is shifted to a state with flat metric and linearly 
evolving dilaton, but the solution is still characterized by four branches coinciding, asymp- 
totically, with the free configurations of Eq. (9.24). 


The V = 0 solutions of the WDW equations, on the other hand, can be factorized in 
the form of plane waves representing free energy and momentum eigenstates: 


























(8,9) ~ We? yh? ~ etiKPing, (9.27) 


where (k > 0): 




















Ig bf) = +k ws”, IIs ye? =+k ye. (9.28) 


By recalling that IIg ~ B, lie ~ -$ (see Eq. (9.6))), the above plane waves represent the 
four branches of Eq. (p.24), defined by Hg = +5, with the following correspondence: 
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e expansion — ae 
e contraction — w?, 
e pre-big bang (growing dilaton) — yh?, 


e post-big bang (decreasing dilaton) — yl? 

For an isotropic, low-energy solution bog, the dilaton is growing (¢ > 0) only if the met- 
ric is expanding (3 > 0), see Eq. (0.3). If we impose, as our physical boundary condition, 
that the Universe emerge from the string perturbative vacuum (corresponding, asymptoti- 
cally, to 8 + —oo, ¢ — —oo), then the initial state V;, must represent a configuration with 
positive eigenvalue of Ilg and opposite eigenvalue of IIs, i.e. Vin ~ Py (see also iso} 


) 
for a detailed discussion of boundary conditions in quantum-string cosmology). 


A quantum transition from pre to post-big bang thus becomes, in this representation, 


a transition from an initial state 
Vin ~ etk-#8, Tg > 0, TI; < 0, (9.29) 


to a final state _ 
ieee IIg > 0, io (9.30) 


(see the dashed curves of Fig. (9.1). The associated trajectory describes a monotonic 


evolution along Z, and a reflection along ¢. The above discussion suggests that we look 


at the quantum evolution (in minisuperspace) of the initial pre-big bang state as at the 


scattering 





The effective potential, on the other hand, is known to be strongly suppressed as we ap- 
proach the string perturbative vacuum, 3,¢ — —oo. We shall assume that a possible growth 
of V in the strong-coupling regime is not strong enough to prevent the effective WDW po- 
tential from going to zero also at large positive values of 3 and ¢, so that V exp(—2¢) > 0 


for 3, — too. It follows that also the final asymptotic configuration Woy, can be repre- 


However, even if the initial state is fixed by the 





boundary conditions of the pre-big bang scenario, the final state is not, and there are in gen- 
eral four different types of evolution [282], depending on whether the asymptotic outgoing 
state Vout is a superposition of waves with the same IIg and opposite Is, or with the same 
Ny and opposite IIg, and also depending on the identification of the time-like coordinate in 


minisuperspace [15J, [154]. 

These four possibilities are illustrated in Fig. [9.2, where cases (a) and (b) correspond 
to We vs yt , while cases (c) and (d) correspond to Uo ~ 7 ps? Also, in cases 
(a) and (d) the time-like coordinate is identified with G, in cases (b) and (c) with ¢. It 











Ss 
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results of scattering 





Figure 9.2: Four different classes of scattering processes for the incoming wave function 
representing the string perturbative vacuum (straight, solid line). The outgoing state is 
represented by a mixture of positive and negative eigenfunctions of Ilg and Is. 


must be noted that cases (c) and (d) require a duality-breaking dilaton potential, otherwise 
[H, Ig] = 0, and then a reflection along the ( axis is impossible, even at the quantum level 
[B1q). 

The two cases (a) and (¢) represent scattering and reflection along the spacelike axes @ 
and 3, respectively. In case (a) the evolution along 3 is monotonic, so that the Universe 
always keeps expanding. The incident wave is partially transmitted towards the pre-big bang 
singularity (unbounded growth of the curvature and of the dilaton, 3 + +oo, 6 — +00), and 
partially reflected back towards the low-energy, expanding, post-big bang regime (3 — +00, 
¢ — —oo) B10}. In case (c) the evolution is monotonic along the time axis ¢, but not along 
G. The incident wave is therefore totally transmitted towards the singularity (¢ — +00), 
but in part as an expanding configuration and in part as a contracting one), 


The other two cases, (b) and (d), are qualitatively different, as the final state is a 
superposition of positive and negative energy eigenstates, i.e. of modes of positive and 
negative frequency with respect to the time axes chosen in minisuperspace. In the language 


of third quantization p44, 42], B58), (ie. second quantization of the WDW wave 
function in superspace) they represent a “Bogoliubov mixing”, describing the production 


3R. Ricci, M. Gasperini and G. Veneziano (1996), unpublished. 
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of pairs of universes from the vacuum. (Phe mode moving backwards in time has to be “re 


momentum (in superspace). Since the inversion of momentum, in superspace, corresponds 


to a reflection of (3, the re-interpretation principle in this context changes expansion into 
contraction, and vice versa. 


Case (b), in particular, describes the production of universe—antiuniverse pairs —one 





expanding, the other contracting— from the string perturbative vacuum [130]. The pairs 
evolve towards the strong-coupling regime ¢@ — +00, so that both members of the pair 
fall inside the pre-big bang singularity. Case (d) is more interesting, in our context, since 


there the universe and the antiuniverse of the pair are both expanding: one falls inside the 
pre-big bang singularity, the other expands towards the low-energy, post-big bang regime, 
and may expand to infinity, representing the birth of a Universe like ours in a standard 
Friedmann-like configuration [290]. 


Possible explicit examples of a quantum representation in minisuperspace of the tran- 


sition from pre- to post-big bang, based on the above scattering processes, will be given in 
the next two subsections. 


The simplest way to represent the transition from the string perturbative vacuum to the 
present, post-big bang regime, is to identify the time-like coordinate in the minisuperspace 
with (@, and to represent the process as a reflection of the incoming wave function along 


the space-like coordinate ¢, according to Eqs. (9.29), (9.3q) (ease (a) of Fig. P.9). The 


transition probability is thus controlled by the reflection coefficient 


_— EGA) 
pu? (8,6)/2 


(9.31) 








where ye are the asymptotic components of the WDW wave function at @ — —oo, 
containing the left-moving (—) and right-moving (+) part of the wave along ¢ (see [159] for 
a rigorous definition of scalar products in the appropriate Hilbert space, and [154 (155), 


for a path-integral approach to the computation of the transition amplitudes). 


Without potential in the WDW equation there is no transition, of course (in the absence 


of a dilaton potential, the possible decoherence of the quantum-cosmological system, and 
its implications for the exit problem, have been discussed in [154]). With an appropriate 
potential, allowing a smooth classical evolution from pre- to post-big bang, the transition 
‘probability R tends to unity; R may be non-zero, however, even if the two branches of the 


classical solution are causally disconnected by a singularity. 


An instructive example, to this purpose, is provided by the duality-symmetric (non- 
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local) four-loop dilaton potential 
Vi(G¢) = +Vpe*?, Vo = const, Vo > 0, (9.32) 








already introduced in Subsection (for generalized exponential potential, with the in- 
clusion of the antisymmetric tensor contribution to the WDW equation, see (467). The 
corresponding action (0.4), in d = 3, has the following classical solution [810] 








= =? kt? 2V6 kt k At? 72)/V3 
o= 2 + 2 ry ag bY iA + MV +- 1 ) (9.33) 
where ag is an integration constant, and 
oF 3 : 
k = d,Ge7? = WB f aoy=pe- #8 = const (9.34) 


is the conserved momentum along the £ axis. 


or V <0, Eq. (9.33) describes a regular “self-dual” solution -satisfying a(t)/ao = 
ag/a(—t)— characterized by a “bell-like” shape of the curvature scale and of the coupling 
e® (see Subsection B.1]). The solutions of the WDW equation (9.9), in the small coupling 
regime @ — —oo, can be written as B1g] 





ee, ey = Nr deVV0\* en t#B-®) 1 / TO t+) 
zim (el0.8) = —sonGen |\ 2 | Taam (2 } Taam 
= Avg? 0? + Bobs yl? (9.35) 


(N is a normalization coefficient), and contain the superposition of the initial string per- 
turbative vacuum and of the reflected component, representing the post-big bang regime. 
Clearly, R = 1 for all k, as the two branches of the solution are smoothly connected already 
at the classical level. 


For V > 0, on the contrary, the pre- and post-big bang branches are disconnected by an 
unphysical region, of extension |t| < A2\/Vo/k?, where the expansion rate G and the dilaton 
coupling e? become imaginary. Such a region is bounded, on both sides, by a curvature 
singularity. However, after fixing the boundary conditions with the string perturbative 
vacuum and in the small coupling regime, the solutions of the WDW equation can be 


written as Bid}: 
e—tk(8—) —tk(8+¢) 
lim ;(¢,8) = manee “(* nyt —______ - (3% we) — 








pa8 2 T(1 + 7k) 2 T(1 — ik) 
= AP WE? + Bessy? (9.36) 
The reflection coefficient 
We. ae 
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quantum effects at the END of PreBB phase 





is exponentially suppressed but non-zero, corresponding to a non-vanishing transition prob- 
ability from the pre- to the post-big bang branches of the above solution. 


Exactly the same result is obtained for the simplest case of dilaton potential, 
a positive cosmological constant V(3,¢) = A. In that case, by expressing the conserved 
momentum k in terms of the coupling g, = e%s/2 at the string scale H, = A;', the transition 
probability between the left and right branches of the hyperbolas of Fig. (9.1), for a three- 
dimensional portion of space of fixed proper volume (); at t — —oo, can be written in the 


form [B22]: 


“a 8 [vat (tt ER a 


V120 9; a (1 3 yy}. 


R(A,O:, 9s) = exp {- 


Unfortunately, such a transition probability is exponentially suppressed, unless the proper 


size of the transition volume is small, and the cosmological constant is large, in string units. 






Note, however, that the probability is peaked in the string coupling regime, with a typica 


instanton —<$<$<$<$—— — this means that the Universe tends to emerge 
2299799 


inflationary scenario. In string cosmology, in fact, the quantum (Planckian) regime is 


(not to enter in) the inflationary regime. Thus, quantum effects are not responsible for 


inflationary initial conditions psd), whereas they are in the standard inflationary scenario 
[894]. In spite of this important difference, the result (0.37) is formally very similar to 
the probability that 

‘context of the “tunnelling from nothing” and other similar inflationary scenarios [f, 609, 
440, 633, [541], where the probability is also exponentially suppressed, and the coefficient 
k is inversely proportional to the effective cosmological constant and to the gravitational 


coupling, P ~ exp(—1/A#A). 


The reason for this formal analogy is easy to understand if we recall that, by choosing 
the string perturbative vacuum as the initial state of the pre-big bang scenario, it follows 


that in minisuperspace there are only right-moving waves approaching the singularity at 
6 — +00. This is exactly equivalent to imposing tunnelling boundary conditions that select 


only outgoing modes at the singular space-time boundary (610, 61]. 


In this sense, the quantum reflection illustrated in this subsection can also be interpreted 


as a tunnelling process, Hot (“from ‘nothing”, however, but (“from the string perturbative 


vacuum”. A different minisuperspace representation of the birth of the Universe from the 
vacuum will be illustrated in the next subsection. 
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parametric amplification of WOW 


9.4 Birth of the Universe as “antitunnelling” 


The process of quantum reflection (or tunnelling) is not the only “channel” open to vacuum 
decay in the string cosmology minisuperspace introduced in the previous subsections. There 
are also other —in principle more efficient- processes, such as the parametric amplification of 
the WDW wave function, which could represent the transition to our present cosmological 
state. We refer, in particular, to the cases (b) and (d) illustrated in Fig. 


Case (b), discussed in [130], shows indeed that a primordial conversion of expanding 
into contracting dimensions, corresponding to the production of pairs of Universes from the 
vacuum, can be efficiently described as the parametric amplification of the wave function. 
In this subsection we shall report a particular, explicit example of case (d) to show 
that, with an appropriate model of dilaton potential, the parametric amplification of the 
wave function can also efficiently represent the transition from the pre- to the post-big bang 
‘regime, via pair production from the vacuum. In that case, the birth of the Universe can be 
described as a process of “antitunnelling from the string perturbative vacuum” (the term 
antitummelling” /synonymous|of [paramettic|amplification, follows from the fact that the 
transition probability in that case is controlled by the inverse of the quantum-mechanical 
transmission coefficient, see Subsection 4.4). 


First of all we note that, with a duality-invariant dilaton potential, the string-cosmology 


Hamiltonian is translationally invariant along the ( axis: in that case, the initial expanding 
pre-big bang configuration keeps expanding, and the out state cannot be a mixture of states 
with positive and negative eigenvalues of IIg. To implement the process (d) of Fig. 9.2} 
we thus need a non-local, duality-breaking potential, which contains both the metric and 
the dilaton, but not in the combination ¢. We shall use, in particular, a two-loop dilaton 
potential induced by an effective cosmological constant A (two-loop potentials are known 
to favour the transition to the post-big bang regime already at the classical level B19, [22], 
but only for appropriate repulsive self-interactions, A < 0). We shall assume, in addition, 
that such a potential is rapidly damped in the large-radius limit G — +00, and we shall 
approximate such a damping, for simplicity, by the Heaviside step function 0, by setting 


V = Ao(—B)e”?, A>0O. (9.39) 


With such a damping we represent the effective suppression of the cosmological constant, 
required for the transition to a realistic post-big bang configuration. 


Given the above potential, the general solution of the WDW equation can be factorized 
in terms of the eigenstates of the momentum Is, by setting 


(3,8) = Va (B)e™*, [a3 + k? — 23 A6(—B) 4) ©,(8) =0. (9.40) 


In the region @ > 0 the potential is vanishing, and the outgoing solution is a superposition 





of eigenstates of Ig corresponding to positive and negative frequency modes VG, as in case 
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(d) of Fig. (9.9. In the region 3 < 0 the solution is a combination of Bessel functions J,(z), 
of imaginary index v = +ik/Vd and argument z = i\;,/A/d eV. If we fix the boundary 
conditions at @ — —oo, by imposing that the Universe starts expanding from the string 





perturbative vacuum, _ 
Vin = jlim  ¥(6,9) ~ eho), (9.41) 


then the WDW wave function is uniquely determined as: 
= A sd 
© (3,6) = NeJ_ an ays es, B < 0, 
vd d 
= |A; (ke **? + A_(k)eF*4] ei? B > 0. (9.42) 
With the matching conditions at 3 = 0 we can finally compute the Bogoliubov coefficients 


icx(K)|2 = |Ax(K)|2/|Nel? determining, in the (hitd quantization|formalism, the number 


nx Of universes produced from the vacuum, for each mode k (where k represents a given 











configuration in the space of the initial parameters). 


As shown by an explicit computation [13d, 290], the wave function is parametrically 
‘amplified (ic. n, > 1), for all k < A,WA. In that case, the birth of our present post- 


big bang Universe may proceed efficiently, and may be represented in minisuperspace as 
the forced production of pairs of Universes from the quantum fluctuations of the string 
‘perturbative vacuum. However, for a realistic process occurring at the string scale, with 
B~ dg and e%/2 ~ gg, the condition of parametric amplification can be written as 


kw (3) a < AVA, (9.43) 
where 23 = a® f dz is the proper spatial volume emerging from the transition in the post- 
big bang regime. This implies that the transition is strongly favoured for configurations of 
small enough spatial volume in string units, large enough coupling gs, and/or large enough 
cosmological constant A (in string units), just as in the cases discussed in the previous 
subsection. 


For k >> AsWA the wave function does not “hit” the barrier, there is no parametric 
amplification, and the inital state runs almost undisturbed towards the singularity. Only 
a small, exponentially suppressed fraction is able to emerge in the post-big bang regime, 
exactly as in the case of tunnelling (or quantum reflection). In the context of third quan- 
tization, this process can still be described as the production of pairs of universes, but the 
number of pairs is now exponentially damped, ng, ~ exp(—k/A,WA), with a Boltzmann 
factor corresponding to a “thermal bath” of universes, at the effective temperature T ~ VA 
in superspace. 


It seems possible to conclude, therefore, that the low-energy quantum-cosmology pro- 
cesses considered in this subsection may allow a quantum transition from pre- to post-big 
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bang configurations, even if such configurations are classically disconnected. With a “re- 
alistic” dilaton potential, the “bubbles” of post-big bang phase nucleated out of the string 
perturbative vacuum seem, however, to be too small to reproduce our present Universe with- 
out a further long period of post-big bang inflation. The quantum processes reported in this 
Section, however, could explain the “foam” of infinitely many “baby Universes” required, 
for instance, in the context of chaotic inflation and of other, standard, inflationary 


scenarios. 


10 Conclusion 


In this last section we will conclude our report by discussing a possible “late-time” conse- 


quence of the pre-big bang scenario —the large-scale dominance of the dilatonic dark eneray 


‘density and by presenting a list of various problems and aspects of such a scenario that 
are not included in the previous sections. Finally, we will summarize our personal outlook 
of string cosmology, together with some speculations about its possible future perspectives. 


The dilaton is, undoubtedly, one of the most important ingredients of the pre-big bang sce- 


nario illustrated in this paper. Indeed, the dilaton implements the duality symmetry, con- 


trols the strength of all interactions, sustains the initial inflationary evolution, contributes 
to the amplification of the quantum fluctuations (and, in particular, to the production of 


seeds for the magnetic fields), leading eventually to the formation of a cosmic background 


of massive scalar particles. All such effects are typical of string cosmology and represent the 
“imprint” of the pre-big bang scenario with respect to other, more conventional, inflationary 
scenarios. 


Not satisfied with all such effects, however, the dilaton could still be hale and hearty, 
and still in action even today, so that it would affect in a determinant way not only the very 


early cosmological past, but also the present (and, possibly, future) state of our Universe. 





The dilaton potential energy, or a mixture of kinetic and potential energy density, could 
represent in fact the (ak Component responsible for the Cosme Acceleration Observed very 
‘recently p34, B16]. In this sense, string theory can automatically provide, with the dilaton, 
a “non-minimal” model of quintessence 93}, (i.e. a model of quintessence based on a 
scalar field non-minimally coupled to gravity and to elementary matter fields). 


There are, basically, two possible scenarios, depending on the (currently uncertain) 
shape of the non-perturbative dilaton potential V(¢). In the context of superstring models 


for grand-unified theories (GUTS), the present value Of the dilaton Should determine in fact 
‘the whole set of gravitational and gauge coupling parameters, which are today constant 


(or, if they are time-dependent, are nevertheless running very slowly on a cosmological time 
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scale). This constraint can be implemented in two ways. 


The first possibility is a dilaton almost frozen at a minimum of the potential, in the 
moderate-coupling regime with —¢ of order 1, in such a way that the GUT gauge coupling 


is fixed to 


aqut ~ (Ms/Mp)? ~ e? ~ 0.1 — 0.01. (10.1) 


he second possibility is a dilaton monotonically running towards +00, and the couplings 
saturated at small values in the strong-coupling regime because of the large number N 
of fields entering the loop corrections, or the large value of the quadratic Casimir C’ for 
unification gauge groups like Eg. Realistic values of agur and M, can be obtained at 
¢ > 1, for N~ C ~ 10?, typically as (604, 607]: 


e? Msg e® 


ees — ~ —__.. 10.2 
1+ Ce?’ Mp 1+Ne? ( ) 


QGUT ~ 


In both cases, if the present value Vo) = V(¢o) of the potential is of the order of the 
present Hubble scale H? (and, possibly, gw Vo), the dilaton can reproduce the observed 
“dark-energy” effects, playing the role of the so-called “quintessence” (138). The required 
fine-tuning of the amplitude of the potential (and the corresponding ultra-light value of the 
dilaton mass, m ~ Ho), seems to be unavoidable. In this context, however, it seems pos- 
sible to alleviate the problem of the “cosmic coincidence” bq, generated by the observed 
(approximate) equality Vo ~ po, where po is the present energy density of the dominant 
dark-matter component. Let us explain how this could happen, in both the weak-coupling 
and the strong-coupling scenarios of dilatonic quintessence. 


In the first case we note that, even assuming that the dilaton gets frozen at a value ¢o 
after the transition to the post-big bang regime, with a potential energy that is initially 
negligible (Vo < H? an it may keep frozen for the whole duration of the radiation epoch, 
but it tends to be shifted away from equilibrium as soon as the Universe enters the matter- 


dominated regime. 


Suppose in fact that we add a potential V(#) to the low-energy gravidilaton action: 


~ ~xq | eavlil ec? |R+ (Vd) {VE + Sm; (10.3) 


where S;, describes, for simplicity, perfect-fluid sources minimally coupled to the back- 
ground. For a homogeneous and conformally flat metric, the dilaton equation can then be 


written in the form 

2 Bs 1 

b+ 3Hd — 8 + 5e(p— 3p) +’ +V]=0. (10.4) 
Combining this equation with the standard conservation equation of the matter sources, 


p+3H(p +p) =0, (10.5) 
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it follows that constant and stable solutions ¢ = ¢9 (with ¢ = 0 = 4) are allowed in three 
cases only: 1) vacuum, p = p= 0, V+ V’ = 0; 2) cosmological constant, p = —p = po = 
const, V + V’ = —2e% pg = const; 3) radiation, p = 3p, V+ V’ = 0. 


So, 


We are thus led to the following question: For which values of the potential Vo may the 





dilaton bounce back to the minimum, and the matter era be followed by a quintessential, 
potential-dominated epoch? 


If the answer would point only and precisely then the cosmic coincidence 
would be explained. If the answer would indicate for Vo a restricted range of values, including 
H3, the coincidence problem would remain, but it would be alleviated. 


The answer to the above question depends on the shape of the potential, and on the 
‘effective strength of the dilaton coupling to macroscopic matter. To illustrate this point 
we may consider the E-frame cosmological equations (6.2), obtained from the action (10.9) 
through the conformal transformation 


Gu = Jue *, b=, V=e*V, p=pe*, p=pe?. (10.6) 

In units of 167G = 1 (and omitting the tilde, for simplicity), the dilaton equation becomes 
" . 1 

0 + 3H + 50(9)(p — 3p) + V' = 0, (10.7) 


where we have taken into account, through the coupling function a(¢), a possible loop 
renormalization of the effective dilaton coupling in the matter action. In the radiation era, 
p = 3p and a stable, frozen dilaton (d = 0) thus corresponds to an extremum of the E-frame 
potential, V’ = 0. In the matter era, when p = 0, there is a dilaton acceleration away from 


the minimum, ¢ = —ap/2, possibly contrasted by the restoring force —V’. 


Consider now a typical, supersymmetry-breaking dilaton potential, instantonically sup- 
pressed Bg) at @ — —oo, with a non-trivial structure developing a minimum in the region 
of moderate coupling, and exponentially growing at ¢ — +00 because of the conformal 
transformation to the E-frame. A “minimal” example of such a potential can be simply 
parametrized (in the E-frame) as follows [B99] 


ge es 4 Be -MO-89) ee exPl-1(b-41)] (10.8) 


where ky, ko, 61, €, 9,7 are dimensionless numbers of order 1 For an illustrative purpose we 





will choose here the particular values ky = kp = G =y = 1, € = 0.1, ¢; = —3, in such a way 





that the minimum is at ¢9 = —3.112..., and that g? = exp(@g) ~ 0.045, in agreement with 
Eq. (10.1). 

With the above choice of parameters, the dilaton potential is plotted in Fig. for 
different values of m. It is important to note that the extremum ¢9 is not separated from. 
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Figure 10.1: Plot of V(¢) from Eq. (10.8), with ky =kyp = B=7y=1,€=0.1, ¢ = —3. 
The three curves, from top to bottom, correspond respectively to m = 1/10,1/12,1/15 in 
units of MZ = 2. 


auerereemmrmee, i an infinite potential barrier, and that the lower 
Vo ~ m?, the lower the barrier, eaker is the restoring force —V’ and the easier it is for 


the dilaton to escape from the minimum and run to —oo. 





To match present phenomenology, the value of Vo, in such a context, has to be chosen 
very small in string units, Vo ~ HZ ~ (10~%° eV)? (see below for a possible justification). 


It follows that the potential barrier is very low, and the dilaton would certainly escape 
from the minimum at the beginning of the matter era, unless the coupling to matter (ap/2) 
is also correspondingly small. Such a coupling, on the other hand, has to be very small, 
because the corresponding scalar force has a very long range, V’(¢9) ~ m2 ~ Vo ~ H@, 
and the dilaton must be strongly decoupled (a < 1, at least today) to avoid unacceptable 


violations of the equivalence principle [197 [19g]. 


It can be shown, as a consequence, that the present values of a allowed by the gravita- 
tional phenomenology (ag S< 10~%) are compatible with a late cosmological phase dominated 
by the dilaton potential only for a restricted range of Vo, which depends on the value of 
a at the equilibrium epoch, eq [Po3}. Expanding a(@) around the minimum, and starting 
from Qeq = 0.1, for instance, a numerical analysis shows that the dilaton, after a small shift 
at the equilibrium epoch, bounces back to the minimum provided 10 Ey S mS Beg 
which includes the realistic case m ~ Va! Pie Ho ~ 10 Bes, In such a context, therefore, 
the coincidence problem is not strictly solved, but possibly alleviated (see for a more 
detailed discussion). 


An alternative scenario for a dilatonic interpretation of the observed “quintessential” 


‘effects, is based on the assumption that the dilaton never gets trapped in a minimum, and 
evolves monotonically (and boundlessly) from negative (pre-big bang) to positive (post-big 
bang) values, with a potential smoothly approaching zero as ¢ — +00 (see Fig. B. 1). The 
non-perturbative potential, in this context, is typically characterized by a bell-like shape, 
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which can be parametrized (in the S-frame) as [B11]: 





1 ex tex 
V = m2 e By © p( ¢) —e Ba p( Jl ; (10.9) 


where (3 > G2 > 0 are dimensionless numbers of order unity and, again, the mass scale m 
satisfies m < Heq, to avoid that the dilaton becomes dominant too early. 


As before, the potential is instantonically suppressed at @ — —oo, but now is also 
esponentially suppressed in the ¢ — +00 limit. The mass scale m, in the context of a non- 
perturbative potential, is naturally related to the string scale by m ~ exp |- Boar] Ms, 
where ( is a model-dependent parameter of order 1. This may explain the smallness of the 
potential in string units, but it should not hide the fact that the constant parameter ( has 
to be precisely adjusted ad hoc if we want to start the accelerated dilaton-dominated phase 
not much earlier than at redshifts of order one B87. and not later than today. 


TS cer eNe Were enrad Such corrections, on 
the other hand, also play a fun al role in determining the effective dilatonic charge of 


the elementary fields appearing in the matter action. Thanks to this interplay, a dilatonic 
charge that switches on at late times, in the (non-baryonic) dark-matter sector, seems able 
to provide a possible dynamical explanation of the cosmic coincidence (see {195}, 
for possible related violations of free-fall universality, and time variation of the natural 
constants, induced in this context). 


Such a dynamical approach to the coincidence problem is based, in particular, on the 
following loop-corrected action 


1 


anes 


[asv= le R + Z(¢) (Vo)? + 2X2V(0)] +Sm(¢,matter), (10.10) 


where V is the potential of Eq. (10.9), and the loop form factors ~ and Z, in a minimal 
“induced-gravity” scenario, are assumed to be parametrized at large ¢ as follows (6064, 607]: 


e = eb 4 2 Z(¢) =e ?- 4, (10.11) 


where c? ~ c3 ~ 107, in agreement with Eq. (10.2). We also assume that the action S,, 
contains non-baryonic dark-matter whose dilatonic charge density per unit of gravitational 
mass, 0q/pqa, switches on as ¢ > +00, and can be parametrized as [B11]: 
Cd 2 6Sm e40? 

q(¢) =— =- = Us @? 
Pd V—gpa oP cee 
where, again, c? ~ 10%. Note that we are using here a definition of dilatonic charge density 
different from the one previously introduced in Eqs. (6.14) and (8.41). 





(10.12) 


The analytical and numerical study of such a model shows that, in a way that is largely 
independent from the initial conditions, the Universe is eventually driven to an asymptotic 
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accelerated regime characterized by a frozen ratio between the dark-matter and the dilatonic 


energy density, p4/py = const. (Dhelpresent| approximate equality of py and’Vp is wo llonger 
a coincidence, in this context, but a dynamical property of the asymptotic configuration, 
as in models of “coupled quintessence” B73, Bd]. 


For a better illustration of the “late-time” post-big bang scenario, described by Eqs. 
((10.10)—(fL0.19), it is convenient to consider the E-frame cosmological equations for the 
tilted variables defined through the conformal transformation 


a= cyae"/?, dt = c,dte”!?, p=cpe”, p=cipe”, & =ctoe*” (10.13) 


(we are considering, as before, perfect-fluid sources evolving in a conformally flat metric 
background). Note that c?, according to Eq. (10.11), controls the asymptotic value of the 
ratio between the string and the Planck scale, c{\;? = \p*. The E-frame equations thus 
become (omitting the tilde, and in units 2\2, = 167G = 1) BI] 


6H? = p+ p¢, (10.14) 
4H + 6H? = —p— pg, (10.15) 


(0) (6+ 314) + (6) k'(6) & + 0"(0) + 5 [W()(p— 3p) + ap] =0, (10.16) 


where a dot denotes differentiation with respect to the E-frame cosmic time, and we have 
defined: 


k?(¢) = 3" = 2e"Z, V =ce’*V, (10.17) 


po = 5#(8)8? + 000), re = Zh) -Vd). (20.18) 


The source terms p,p,o0 = qp generically include the contribution of radiation, baryonic 
and non-baryonic matter components, but only for the non-baryonic dark component pq is 
the dilaton charge assumed to be significantly different from zero, and parametrized as in 
Eq. ({10.12). By analysing the time evolution of the (total) dilaton energy density, pg, we 
then find that the post-big bang solutions are generally characterized by three dynamical 
phases [B11]. 


Suppose in fact that the radiation-dominated, post-big bang regime starts with with a 
negligible dilaton potential, a negligible dark-matter energy density pg ~ a~*, and a fully 
kinetic dilaton energy density ,which is rapidly diluted as pg ~ a~°. When pg falls below 
pa one finds that the Universe enters a first “focusing” phase with pg ~ a~?, so that the 
dilaton kinetic energy starts growing with respect to radiation, and converges towards the 
other energy components. 


When the matter becomes dominant, the Universe enters a subsequent “dragging” phase, 


where pg and pq evolve in time with the same behaviour, together with the baryonic matter 


3 


density (uncoupled to the dilaton), py ~ a~’. Actually, pg and pq are diluted a little bit 
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“a-e) 


faster (like a than py, but the deviation is controlled by a parameter, which is constant 


and very small during the dragging phase, 





a goc1 
= von SS iby 10.19 
(ara = [G], ~~ St ~ a < (10.19) 


At late times (but not later than today) the potential V(#) and the dilaton charge 
q(@) of dark-matter come eventually into play, and the Universe enters a “freezing” phase 
characterized by a constant ratio pg/pa, and by accelerated evolution. In this asymptotic 
regime, @ — +00, the parameters of the model approach the constant values 


k?($) = 2c3/cei =2/", c=o4, p=pa, 4%) =, (10.20) 


and the E-frame equations can be written as 


Pa + 3H pa — s pad = 0, po + 6H pp + . pad = 0, (10.21) 
1=0¢4+0,+2 ra, Q (10.22) 
— d k V> 3H2 = Vv ky @ 
where 
Pd = 6H?Qq, Po = Pk + pV; (10.23) 
Pk = 6H70,, = b/d, PV = 6H?2Qy — V. (10.24) 


They can be solved by an asymptotic configuration with constant Q;,, Qy and Og (acting 
as late-time attractor P4), where the dilaton fraction of critical energy density, Q, + Qy, 
the dilaton equation of state, wg = (Qk — Qv)/(Q” + Qy), and the asymptotic acceleration 
parameter, are given by Bi] 


12 2A? 2A? 
(qo + 2)?X 12 + qo(qo + 2)A 
a H do — 1 
oo es a 10.26 
aH? uy H? q+2 ( ) 


Such an asymptotic configuration is illustrated in Fig. where we have plotted 
various curves at Qg = const and wg = const in the {qo, A} plane. As shown in the figure, a 
positive acceleration (qo > 1) is perfectly compatible with the range of Qg and wg allowed by 
present phenomenological constraints (617, 9], namely 0.6 $ Qg < 0.7 and —1 < wg 5 —0.4. 


We note, finally, that a simple integration of Eq. (10.26) gives the late-time evolution 
of the dilaton and dark-matter energy density, 


~o~ paw Ww a 9/(2+40) (10.27) 


The baryon dark matter, uncoupled to the dilaton (¢ = 0, p, ~ a~°), is rapidly diluted with 
respect to pa, and we thus obtain, in the context of such a dilatonic scenario, also a possible 
explanation of the present smallness of the ratio p,/pa [BI] (see also 7]). 
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Figure 10.2: Asymptotic configurations in the plane {qo, A}, according to Eq. . The 
full curves correspond to the constant values Q5 = 0.5, Q¢ = 0.6, Q7 = 0.7, Ng = 0.8, and 
the dashed curves to the constant values of wg indicated in the figure. 


10.2. Other open problems 


In this report we have focalized our attention on many important aspects of the pre-big 
bang scenario (in particular, on those mainly studied in the past years), without pretending, 
of course, to have presented an exhaustive discussion of all possible problems and aspects 
of such scenario. There are important topics that we have left almost untouched, also 
because too few results ae available on these in the present literature. Thus, it seems to us 
appropriate to conclude with a list (and a brief discussion) of such topics, which we hope 
will be the object of more intensive studies in the next years. 


In particular, we have given very little room to a discussion, in the pre-big bang context, 
of a realistic model of (dynamical?) dimensional reduction of the superstring manifolds, the 
(possible) compactification and the associated stabilization of the internal dimensions. The 
best approach to this problem, at present, is probably the model of (Log), generalized to 
a brane-gas in [1d, {LO3], which assumes, however, a toroidal structure of the space-time 
manifold from the very beginning (as in standard Kaluza—Klein compactification). There 


are no results, at present, concerning the possible evolution of the pre-big bang phase into a 
multi-dimensional non-compact structure, eventually characterized by a warped geometry 
able to confine long-range interactions on a four-dimensional brane 53d). 


Also, we have not discussed in detail the matching of the pre-big bang regime to the 
subsequent Friedmann—Robertson—Walker (FRW) phase, the possibility in this context of 
background oscillations (of the metric and of the dilaton), with related “preheating” and 
reheating effects, and the associated particle production (for instance gravitino production, 
which is a potential problem for any inflationary model based on a supersymmetric 
theory). All these problems, including dimensional reduction, are (more or less directly) 
related to the fact that there is at present no compelling model of a complete and realistic 
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exit transition (see Section ). 


It is worth mentioning, in this respect, that the problem of reheating and of possible 
dangerous relics (moduli and gravitinos) in pre-big bang cosmology has recently been faced 
in [139]. The main difference from the reheating scenario of standard inflationary models is 
that, for pre-big bang inflation, the matching to the FRW phase may occur in principle at 
higher-curvature scales (typically, H; ~ M, ~ 10!’ GeV), where gravitinos and moduli fields 
should also be copiously produced in scattering processes. Another important difference is 
that the particles present at the beginning of the FRW phase are produced (with various 
spectra) directly from the amplification of the quantum fluctuations of the background fields 
during inflation (as stressed in Subsection 8.4), with typical densities p;(t) ~ NjH}(a1/a)‘, 
where JN; is the number of helicity states in species 7. 


In such a context, the thermalization scale of scalar and vector particles, charged under 
the group of the observable sector, has been estimated in (132) by assuming that the dilaton 
and the internal dimensions are already frozen at the beginning of the FRW phase, when 
H = Hy and g = gi = M,/Mp(t1). The charged particles, with typical energy w ~ Hja;/a 
and number density n,; ~ p,;/w, where 








N, H?M2a4 _ N, (M6) (2) 


91 a 


= 10.28 
Mtot a4 Mot ( ) 


Pr = Qe my 
(Ntot is the total number of degrees of freedom present at ¢ = t,), interact with cross section 
a ~ a?/w?, where a ~ g?. The thermalization scale Hi, ~ no is then given by 


Ne \? Me 
~ — (10.29) 


4 

Ain ~ gj (<= He . 

If the charged particles are already dominat at t = ty, ie. N, ~ Neot, Q,- ~ 1, and if 
Ay ~ Mg as in minimal pre-big bang models, then the post-big bang Universe thermalizes 
at_ a scale Hi, ~ gfH, ~ (10-+ — 10-8) M,, with a corresponding reheating temperature 
T. ~ (Hin Mp)!/? ~ gi Mp ~ gel? Mg. If, on the contrary, 2, < 1, then reheating is only 
achieved once the gauge-singlet fields, which carry the remainder of the total energy density, 
have decayed into radiation. 


Such a reheating process generates an entropy density s ~ p,/T,, which is not sufficient, 
however, to dilute the unwanted relic particles produced gravitationally during inflation, 
and also in scatterings of the thermal bath for t > t,. For the moduli, in particular, the 
number-density-to-entropy-density ratio Yj, = Nm/Sm turns out to be Via? OS) ox, 
where g, is the number of degrees of freedom in the radiation bath after thermalization. For 
gx ~ 10? — 10° this is well above the limit imposed by nucleosynthesis (62d), which implies 
Y aio”: 


The same is true for gravitinos. Indeed, even if they are not gravitationally produced 
during pre-big bang inflation because they keep effectively massless [120], gravitinos are 
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produced in scatterings of the high-temperature thermal bath, and their number to entropy 
ratio can be estimated (for H; ~ Mg) as [182] Y3/2 ~ ga, which is still in excess of 
the nucleosynthesis limit (see also [431], for gravitino production in a string cosmology 


context). 


The dilution of the unwanted relics possibly present at the beginning of the post-big bang. 


phase thus requires a strong entropy release, at the level of about ten orders of magnitude 
for gravitationally produced relics in the context of minimal pre-big bang models (so as to 
suppress Y from 107? to 10713). Such an entropy production may be due to a secondary 
reheating phase, as already discussed in Subsection 6.3, and a typical possibility corresponds 
to the oscillations and decay of a scalar (or pseudoscalar) field, which gets a mass in the 
post-big bang epoch through a symmetry- (or supersymmetry-) breaking mechanism. 


A natural string-cosmology candidate for this effect is the axion (as discussed in Sub- 
section [7.5), or even the dilaton, if it is heavy enough. In particular, if the initial value of 
the oscillating field is at least of order Mg, it is possible to dilute in this way moduli and 
gravitinos, but not monopoles (possibly produced by GUT symmetry breaking), while an 
initial value of order Mp is marginally sufficient also for monopoles [132]. 


It is possible, however, that the monopole problem be independently solved by an ef- 
ficient monopole—antimonopole annihilation [176]. We should keep in mind, also, that in 
more complicated, non-minimal pre-big bang backgrounds (see Subsection 5.3), the energy 
distribution among the produced particles may be drastically altered, with a resulting easier 
dilution of the relics component, and a smaller required amount of entropy production (see 
for a detailed discussion). 


We note, finally, that the entropy-production process is independently interesting by 
itself, in such a context, as it can naturally accommodate baryogenesis if the oscillating 


scalar is identified with the Affleck-Dine condensate, made of squarks and sleptons, whose 
decay generates the baryon asymmetry (6. In particular, a “mixed” reheating phase with 


two oscillating fields (a modulus and a condensate), seems to be able to reproduce both 
the required dilution of relics and the right baryon asymmetry in the context of pre-big 
bang cosmology 132}. The oscillations of the Affleck—Dine condensate could be sufficient, 
by themselves, to solve the moduli and gravitinos problem in the context of non-minimal 
pre-big bang models, provided the resulting baryon asymmetry were kept small enough 
by a very small CP-violation parameter, or by a very efficient electroweak mechanism of 
baryon-number erasure [261]. 


10.3. Outlook 


Although it is always difficult to make forecasts, particularly in theoretical physics, we 
are at least confident of one thing: research on the implications of string/M-theory on 
fundamental cosmological questions is not just a momentary fashion. It is going to continue 
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at an increasing rate as long as new cosmological data come in, and put more and more 
puzzles in front of theoretical cosmology. Indeed, the last few years have witnessed a sudden 
jump of interest in this field, triggered partly by the new data on CMB anisotropy and on 
evidence for an accelerating Universe, partly by the new theoretical developments related to 
large extra dimensions, the possible lowering of the quantum-gravity scale, and the brane- 
world ideas. 


One line of research has been devoted to the modifications of the standard cosmological 

equations for observers confined to a brane immersed in a higher-dimensional space-time 

Df [88]. Such modifications are in principle sufficiently drastic to make us worry about how 

to preserve the successes of the standard set-up, on the one hand, and about how to use 

the deviations in order to improve the situation where the standard description may face 
difficulties (e.g. during inflation [179] and early cosmology) on the other hand. 


A second development, which is even more relevant to this report, is the proposal of 
new cosmologies |H12, that share many properties with the pre-big bang scenario. As 
in the latter, they assume that the big bang singularity is spurious, and that the Universe 


ekpyrotic 


(and time) had a long existence prior to it. Also, the initial state is assumed to be very 
perturbative, although not as generic as in our approach. The most important difference, 
however, is that such models are constructed around the brane-world idea (see Subsection 
8.5)). Thus, although some of the pictures look very similar, their meaning is drastically 
different. As an example, the plane-wave collision described in Subsection superficially 
resembles the brane collision of the ekpyrotic scenario; but while in the former our Universe 
lies in the bulk, in the model of it lies on one of the two colliding branes. Also, 
the big bang is the moment of collision in while, in the pre-big bang scenario, it 


emerges sometime after the collision, as a consequence of gravitational collapse. 


bouncing The model in [413] is even closer to the pre-big bang idea, in the sense that, there, 
the extra dimension represents the dilaton in the strong-coupling regime, according to the 

U M-theory conjecture [B76]. It is thus possible to draw the bouncing-Universe scenario of 
in the same phase-space plane as was used in Fig. 8.1) The difference between the two 
scenarios is very simple: while the pre-big bang Universe starts its evolution in the upper- 
right quadrant of the diagram —and thus inflates, in the S-frame, as it evolves from weak 
to strong coupling— in the scenario of 19) the Universe starts in the lower-right quadrant 
and thus contracts, even in the S-frame, while it evolves from strong to weak coupling. 


We have seen in Subsections and that an accelerated contraction is as good as 
an accelerated expansion for solving the horizon and flatness problems, hence the model 
of appears a priori as good as the pre-big bang model. It is important, however, to 
stress some differences, especially regarding the exit problem. If the exit is to occur at weak 
coupling, it should be possible to study it within the tree-level effective action (although 
non-perturbatively in a’). This was precisely the framework described in Subsection 8.2} 
where it was shown that, at least order by order in the a’ expansion, a conserved quantity 
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forbids a transition from contraction to expansion in the S-frame. The possibility remains, 
however, of slon=pertiirbative’ (world:sheet instanton) effects for achieving the bounce. 


Still at the theoretical level, both the ekpyrotic and the pre-big bang scenario suffer 
from the criticism of [190] about the generic occurrence of a phase of chaotic oscillations. 
This is even more crucial for the models of 13, 414], since they need a highly fine-tuned 
initial state Bs9, and, again, cannot invoke string-loop corrections for stopping BKL 
oscillations. 


At the more phenomenological level the main difference between the two classes of mod- 
els concerns the spectrum of (adiabatic) scalar metric perturbations. While these have 
been claimed to have naturally a blue spectrum in a pre-big bang context (see also 
B89, 683]), the authors of have claimed to get naturally (although through a certain 
hypothesis on the shape of a potential) a scale-invariant spectrum, as favoured by obser- 
vations. Without taking sides, we will mention that this claim has been challenged by 
several authors (156, (see however [P27]). On the other hand, the eurvaton mechanism 
of could still generate scale-invariant adiabatic perturbations even if these were not 
immediately generated during the pre-big bang (or pre-bounce) phase. 


Since string/M-theory is proposed by its fans as a candidate unified theory of all phe- 
nomena, it simply cannot allow itself to avoid tackling the fundamental questions that 
classical and quantum gravity are proposing: What is the fate of the classical singularities 
—that are so ubiquitous in general relativity— in the context of a consistent quantum theory 
of gravity? 


In this report the pre-big bang scenario was described in such a way that the reader’s 
attention was drawn to the big bang singularity of general relativity and to how its avoid- 
ance, in string theory, could open up new possibilities for solving the long-standing problems 
of classical, hot big bang cosmology. Amusingly, in doing so, we were led to connect this 
question to the other big puzzle of general relativity: the fate of black-hole singularities, 
with all its ramifications into the information paradox, the loss of quantum coherence, and 
the like. 


To conclude, let us try to draw some generic lessons from the particular attempt at a 
new, string-based cosmology that we have illustrated in the previous sections. 


(1) Neither our Universe, nor space and time themselves, have to emerge from a sin- 
gularity: the singularities of classical gravitational theories should signal the lack of 
finite-size and quantum corrections, or the need for new degrees of freedom in the 
description of physics at very short distances. Also, the Universe did not have to start 
from the very beginning as a hot and dense “soup” of particles and radiation: a hot 


Universe can emerge from a cold one, thanks to the parametric amplification of the 


quantum fluctuations of the vacuum, during inflation. 


(2) Inflation does not need a scalar potential (or, more generally, an effective cosmological 
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constant), and can naturally appear as the result of the underlying duality symmetries 
fi the cosmological background, Also, inflation can be represented as a Contraction 


‘(in the appropriate frame), and the study of generic initial conditions can be related, 
mathematically, to the study of gravitational collapse in general relativity. 


(3) The Planck scale does not provide any fundamental impenetrable barrier, which would 


limit our direct experimental information on what happened before. On the contrary, 





the phenomenological imprint of the pre-Planckian epoch can be encoded into a rich 
spectrum of observable relics, reaching us today directly out of the pre-big bang 
Universe. Pre-big bang physics can thus be the object. of dedicated experimental 
searches, which will be able to tell us, hopefully in a not too far future, whether 
or not there are chances for present string-cosmology models to provide a successful 
description of our primordial Universe. 
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Abstract 
We discuss bounds on the dilaton mass, following from the cosmological amplifica- 
tion of the quantum fluctuations of the dilaton background, under the assumption 
that such fluctuations are dominant with respect to the classical background os- 
cillations. We show that if the fluctuation spectrum grows with the frequency 
the bounds are relaxed with respect to the more conventional case of a flat or 
decreasing spectrum. As a consequence, the allowed range of masses may become 
compatible with models of supersymmetry breaking, and with a universe presently 


dominated by a relic background of dilaton dark matter. 


Relaxed bounds on the dilaton mass in a string cosmology scenario. 


It is known that the coherent oscillations around the minimum of the po- 
tential of a cosmic scalar background [1-4], such as the dilaton [5-7], put severe 
cosmological bounds on the allowed value of the mass m of that scalar field. Such 
oscillations, however, become coherent, and then constrain the mass, only when 


the possible spatial inhomogeneities of the background are negligible. 


Spatial inhomogeneities of the dilaton background can arise either because 
of thermal fluctuations, or because of the gravitational amplification of quantum 
fluctuations. If the spatial inhomogeneities of thermal origin are diluted by a sub- 
sequent inflationary expansion (or if they are absent simply because the maximum 
temperature scale is lower than the Planckian temperature required for thermal 
equilibrium), then their contribution to the energy density (in a mode expansion 
of the background oscillations) becomes negligible with respect to the mass contri- 
bution. The coherent oscillations of the background, with frequency m, can then 
dominate the dilaton energy density beginning at a scale H ~ m. 

The same happens for the energy density stored in the quantum fluctuations, 
if they are amplified with a spectrum which is flat or decreasing with frequency. 
Also in that case the mass coherent contribution begins to dominate (with respect 
to spatial inhomogeneities) the fluctuation energy at H ~ m, thus avoiding a 
significant relaxation of the cosmological bounds, even for negligible amplitude of 
the classical background oscillations [2]. 

If, on the contrary, the quantum fluctuations are amplified with a spectrum 
which grows with frequency, their energy density stays dominated by the small 
scale inhomogeneities until values of H much lower than m. In that case the bounds 
on m can be alleviated, provided the classical background solution approaches 
enough the minimum of the potential before the scale drops to H = m. 

A growing spectral distribution of the dilaton fluctuations is a typical out- 
come of the ”Pre-big-bang” inflationary scenario [8,9], suggested by the duality 
properties of the string cosmology equations [10]. In such context, as we shall see 
in this paper, the relaxation of the bound has two important consequences: the 
allowed range of dilaton masses becomes compatible a) with model of supersym- 
metry breaking able to provide a natural resolution of the gauge hierarchy problem 
[11], and b) with the possibility that our universe is presently dominated by a relic 
background of dilaton dark matter. (It should be mentioned that a growing scalar 
perturbation spectrum is also predicted by the ” hybrid inflation” model proposed 


by Linde [12] and recently generalized to the class of ” false vacuum inflation” [13] 


i) 


(see also [14]). Growing spectra, moreover, have been shown to be necessary for 
a simultaneous fit of the COBE anisotropies and of the observed bulk motion and 
large voids structures on a 50M pc scale [15]). 

In view of its importance, we start by recalling the standard arguments leading 
to the bounds on the dilaton mass based on the coherent oscillations of the classical 
background [1-7]. For scales H < H, < M,, where M, is the Planck mass and 
H, the Hubble parameter at the time t, which marks the end of inflation (and 
which we assume to coincide with the beginning of the radiation-dominated era), 


a homogeneous dilaton background must satisfy the equation 


r 4. BY 
3H —a = 0 1 
praOY Ge (1) 
(we neglect for the moment the friction term due to a possible dilaton decay, with 
width T ~ m?/M?). For values of ¢ sufficiently near to the minimum ¢o of V, we 
approximate the potential by V = m?(¢ — ¢o)?/2, with m < H,. When H >> m 


one thus finds that ¢ approaches asymptotically a constant value 1, 


b= b+ ox)? (2) 


so that, for H << Hy, the distance from the minimum can be approximated by 
|b — do| ~ |b1 — o0| = const. Typically, for interactions of gravitational strength, 
do, ¢1 and ¢2 are all of order M, but, without fine tuning, one expects that also 
l¢1 — do0| ~ M,. As a consequence, when the scale H drops to H = m, the 
homogeneous background @¢ begins to oscillate coherently with frequency m and 
initial amplitude of order M,, which decreases in time like a~%/? (a is the scale 
factor of the isotropic metric background). The associated energy density, pg, 
decreases like a~°, starting from an initial value p; ~ m?M; which is of the same 
order as the radiation energy density p, at that epoch. For H < m the universe 
thus enters a phase of dust-like matter domination, in which p,/p3 ~ a~'. This 


leaves two possible alternatives open. If 
m* Hy ~ 1072%eV (3) 


where Ho is the usual equilibrium scale corresponding to the matter-radiation 
transition, then pg stays always smaller than the critical density, and the oscillating 
dilaton background could survive until tody. This possibility seems to be excluded 


by the present tests of the equivalence principle, which imply [16,17] 
> 4 
mA mo = 10-*eV (4) 


2 


(see however [18]). As a consequence, the dilaton must have decayed, i.e. the 
energy stored in the coherent oscillations must have converted in radiation, at a 


decay scale 


m3 


Hoa! BS 
Pp 


m (5) 


However, since the dilaton begins to dominate much before the nucleosynthesis 
scale Hy, as 
He, GAOT Bo pak (6) 
Mp 
one must impose that the reheating temperature J; associated to the dilaton decay, 
such that 


Te = MBH3, (7 


be large enough to allow a subsequent nucleosynthesis phase. This means JT; ~ 
(m3/M,)*/? ®& 1MeV, namely 


m& 104 GeV. (8) 
Moreover, the radiation temperature Ty just before dilaton decay is 


a Aa mit 
T = T,,(— ~ 1/2( 7" 4@)2/3 WS me _y\1/6 9 
a= Tint) & (My) >( E29 = (5) (9) 
(the index m means that the variable is to be evaluated at the scale H =m). The 


reheating from Ty to TJ; will thus produce an entropy increase 


T, M, 
Tope eam ete 1 
S (Fz) ) (10) 


In order to preserve any pre-existing baryon-antibaryon asymmetry, the condition 
AS © 105 should be satisfied [5-7]. Such a condition implies 


m& 10!4 GeV (11) 


This last requirement could be alleviated, however, in the case of low-energy 
(electro-weak, for instance) baryogenesis; in particular, in the case of baryogenesis 
associated to the dilaton decay itself [7,11], occuring at scales not much distant 
from nucleosynthesis. 

These are the standard arguments, leading to bounds on m which are indepen- 
dent of the inflation scale H;, and which are crucially grounded on the assumption 


that the asymptotic value @1, approached by ¢ during its evolution for H >> m, 


3 


lies at a distance of order unity (in Planck units) from the minimum ¢o of the 
potential. 

One might thus be led to think that the bounds could be evaded if, owing 
to some mechanism, the initial amplitude of the classical background oscillations 
would be lowered to |¢—d0| << Mp. For instance, if the asymptotic value ¢; would 
be fine-tuned to ¢9, then ¢ — ¢9 would be no longer constant but would become 
scale-dependent according to eq.(2). At a scale H, the shift from the minimum 
would be typically of order | — do] ~ M,(H/H;)'/?, thus leading to coherent 
oscillations for H < m with initial energy density p; ~ (mM,)?(m/H,) < (mM,)?. 

Even in that case, however, the scenario would not be free of problems. In- 
deed, as pointed out in Ref.[2], besides the classical oscillations one must always 
take into account also the quantum fluctuations of the background, 6¢ = x, am- 
plificated by the inflationary evolution. The fluctuation modes x, satisfy the 


equation 
2 


Xa + BAX + (+m) xe = 0 (12) 


and for m < Hj, the spectral distribution of the associated energy density, p,, is 





dpy Hai \47 % \n—1 
gE = (SS) (13) 


Here ky = a, Hy is the maximum amplified comoving frequency, and the spectral 
index, n = 3—2a, is fixed by the power a determining the evolution (in conformal 
time 7) of the scale factor during inflation, a ~ |n|~°. 

Let us discuss, first of all all, the case of the scale-invariant, Harrison-Zeldovich 
spectrum (n = 1), corresponding to de Sitter-like inflation (a = 1) with H = Hy, = 


const. In this case all the modes yz contribute to the energy density 


Aya, 


wh) = HPP (14) 





px(t) = ( 


with the same amplitude. (Note the condition H, < M, to be satisfied in order 
that p, does not overclose the universe during radiation dominance). A generic 
mode k > am begins to oscillate at a scale Hy, = k/ax, with an amplitude x; 
which is initially of order H,, and which decreases in time as x, ~ H,(H/H;)1/?. 
When H ~ m, the non-relativistic modes (k/a < m) begin to oscillate, with initial 
amplitude H, and frequency ~ m, and they immediately become dominant with 
respect to the other modes, as their contribution to p, decreases like a~? instead of 
a~*. For H < m we are thus in a situation where, beside the energy density stored 


in the possible coherent oscillations of the classical background, pg = Pm(am/a)?, 


4 


we must have, necessarily, also some energy stored in the coherent oscillations of 


the quantum fluctuations, with 
~ m2? H?2 Gm )3 15 
py ~ m° Hy ( rs ) (15) 


In this paper we want to discuss how the cosmological bounds on the dilaton 
mass are relaxed when we move from a scenario in which the fluctuation spectrum 
is flat or decreasing (n < 1), to another scenario characterized by a growing 
(n > 1) spectrum. We shall thus assume, henceforth, that the classical oscillations 
(whose initial amplitude is model-dependent) are always negligible, pg < py, and 
that all bounds on m follow from the cosmological amplification of the quantum 
fluctuations only. We will obtain, in this way, the marimum (approximately model- 
independent) allowed region in parameter space. 

The energy density (15) is smaller than the radiation energy p, when H = m, 
but it grows with respect to p, as the curvature scale decreases in time, until it 
equals p, at an initial scale H;. If H; < Hz, which means 

m< Haze) (16) 
(recall that H denotes the usual matter-radiation transition scale of eq.(3)), then 


Px stays always smaller than the critical density. If, however, H; > Hz then 


A, 
M, 


Pp 


and the dilaton must have already decayed, Hg > Ho, to avoid contradictions with 


the presently observed matter density. This implies 
m & (M2Ho)"%, (18) 


where Hy ~ 10~°'M, is the present curvature scale. The dilaton decay generates 
an entropy AS = (T;./Ty)?, where T;. is the reheating temperature (7) and Ty the 


radiation temperature at the dilaton decay epoch, namely 





ai Ha nm 
T, = T;(—) = (M,H;)'”” 2/3 1/6 
a= TH) = (Mp Hh) (EY? = (Gra) (19) 
This gives 
H?2 
AS = —7 20 
mM, (20) 
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If m < 10*GeV the reheating temperature is too low (< 1MeV) to allow nucle- 
osynthesis: we must impose that nucleosynthesis already occurred, H; < Hy, and 
that [5-7] AS < 10, in order not to destroy all light nuclei formed. If, on the 
contrary, m > 10*GeV, the nucleosynthesis scale is subsequent to dilaton decay, 
and the only possible constraint is [5-7] AS < 10° in order to preserve primordial 
baryogenesis. 

These are the conditions to be imposed if m < Hy. If m > H, = ky/ay1, then 
all modes are always non-relativistic, and the spectral energy distribution becomes 
(19) 


dp 4/%1)3; ™ yo, \n-1 
—* ~ Hy(—)°(—)*(—)” 21 
ee HAE) (21) 
This gives, for n = 1, 
a 
px(t) = mH?) (22) 


The scale H = H, marks the beginning of coherent oscillations with frequency 
m and initial energy pj = m?H? (hence m < M, to avoid overcritical density). 
There are no further bounds on m, in this case, as the fluctuation energy is dis- 
sipated before a possible dilaton dominance. Indeed, the scale H; = Hi(m/M,)* 
corresponding to the equality p, = py is always smaller than the decay scale, 
Hz= m?/M? Soe. 

The values of (m, H;) allowed by the previous constraints are shown in Fig.1. 
One can see that the bounds on m are relaxed but, as stressed in [2], too low values 
of H, are in general required to be compatible with an interesting range of masses. 
The preferred supersymmetry breaking scale m ~ 1T eV, for instance, is forbidden 
unless H, < 10-8 M,. Similar values of H; (~ 10~° — 10~°M,) are required to be 
compatible with the possibility of a not yet decayed, and presently dominating, 
dilaton. 

The situation becomes even worse for quantum fluctuation with a decreasing 
spectrum (n < 1). In that case the initial amplitude x; of the coherent oscilla- 
tions become larger, y; ~ Hy(H,/m)0-™)/4 > Hy, and, as a consequence, a lower 
inflation scale H, is required to be compatible with the same given value of m. 

String cosmology, however, suggests a scenario in which the standard radia- 
tion dominated era is preceeded by a so-called pre-big-bang phase, describing the 
evolution from a flat, weakly coupled initial state [8]. The universe superinflates, 
bends up and heats up to a maximum scale Hy, after which curvature and tem- 
perature begin to decrease. The dilaton grows up to the strong coupling regime, 
and its settlement to a constant value marks the beginning of the standard cosmo- 


logical evolution. The particle production associated with the transition between 
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pre and post-big-bang regime is characterized by a growing spectrum [8,9], and 
imposes the constraint H, < M, to prevent an overcritical density of produced 
massless particles (such as gravitons). In that context, the quantum fluctuations 
of the dilaton background are also amplified with a growing spectrum, in par- 
ticular with the same spectrum of tensor perturbations in the case of a vacuum, 
dilaton-driven pre-big-bang [19]. (One may note that if such a spectrum would 
apply also to the scalar part of the metric perturbations, it would impossible to 
explain the anisotropy observed by COBE [20], which should then to be ascribed 
to other sources. It should be stressed, however, that the dilaton perturbations 
and the scalar perturbations of the metric background are not necessarily forced 
to have the same spectrum, if other gravitational sources, beside the dilaton, are 
present [19]). 

Motivated by string cosmology, we shall thus discuss how the previous bounds 
on the dilaton mass are to be changed if the fluctuation spectrum is growing with 
frequency. If n > 1 in eq.(13), the fluctuation energy (14) is initially dominated by 
the maximum frequency mode k; = a;H,, whose amplitude, x1, decreases in time 
as x1 ~ (HH 1) 2. As a consequence, the coherent oscillations with frequency m, 
which begin at H ~ m, may become dominant at a scale H,, lower than in the 


previous case, such that k,/an, =m, namely 
Ene = — <m (23) 


Only for H < Hy» the contribution to py of the small scale inhomogeneities 
becomes negligible with respect to the mass contribution, and the behaviour of p, 
becomes that of non-relativistic matter, 


bx = (E = mi(—™)? (24) 


a a 











corresponding to coherent oscillations with frequency m and initial amplitude m. 
This energy density stays always smaller than the critical one if Hy, < Ao, 


and also if p, equals p, at a scale H; < H2, namely for 


M, 
m< (Hil) ( (25) 
1 
The same happens if H; > H2, where 
Hy, = a? (26) 
pip 


but the dilaton decays before becoming dominant, Hy, > H;. If on the contrary, 
H; > Hz and Hq < H;, the dilaton must have decayed (to avoid a present over- 
critical density) when it was dominant and, as before, we are left with two possible 
alternatives. 
If JT, < 1MeV we must impose that nucleosynthesis already occurred, i.e. 
Hy > H; (with the scale H; of eq.(26)), and that AS = (T;./Tz)? ~ 10. Since 
a; 


Ha m0 
a= a = (MpHi)'?(3-)° = asad (27) 
i pry 


the produced entropy to be bounded is, in this case, 
Ht 


2 
mM; 


AS = ( pe (28) 
The other possibility, JT; > 1MeV, allows a nucleosynthesis phase subsequent 
to dilaton decay, so that the only bound is imposed by primordial baryogenesis, 
AS < 10°. The case m > Hy, finally, provides the only bound m < M, exactly 
like in the previous case of a flat perturbation spectrum. 

The allowed region in the plane (m, H,), for the case of quantum fluctuations 
with a growing spectrum, is illustrated in Fig.2. The forbidden region describes 
a sort of funnel wedged between the lower limit m = mp = 10~*eV allowed by the 
equivalence principle, and the upper limit m = M, allowed by the closure density. 
The bounds are relaxed with respect to the previous case, in such a way that for 
Hy 10~°M, practically all values of m are allowed. In particular, a dilaton mass 
in the TeV range (required by models of supersymmetry breaking [11]), becomes 
compatible with an inflation scale H,; ~ 10-8 Miss which seems to be the value 
suggested by the observed COBE anisotropy [21]. Moreover, a universe presently 


dominated by a relic background of not yet decayed dilatons becomes possible for 
1eV Sm 100 MeV (29) 


and compatible with realistic (in a string cosmology context) inflation scales H, > 
10-5 Mp. 

In conclusion, our qualitative analysis shows that the bounds on the dilaton 
mass arising from the cosmological amplification of the quantum fluctuations are 
less constraining when their spectrum is growing, like in a string cosmology con- 
text, instead of being flat or decreasing like in other, more conventional inflationary 


models. The bounds of Fig.2 define the maximum allowed region, corresponding 


8 


to the case in which the classical dilaton background seats exactly at the min- 
imum of the effective potential, and it is neither oscillating nor running at the 
scale H = m. Such a region would be of course reduced if classical background 
oscillations were to be added to the quantum fluctuations. It can be easily verified, 
however, that as long as one can arrange a scenario in which the distance of the 
background from the minimum decreases with the scale like H'/? (or faster), the 
bounds on m in the higher scales sector H; © 107° (which is the interesting sector 
for string cosmology) remain practically unchanged with respect to the bounds 


reported in Fig.2. 
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Figure captions 


Fig.1 Maximum allowed region (inside the full lines) for quantum fluctuations am- 
plified with a scale-invariant spectrum, and dominant with respect to the classical 
background oscillations. The dilaton mass is given in units of mp = 10-*eV. The 
lines marked by a, b,c, d, e, f, g correspond respectively to: a) m = mo, lower bound 
on m from the equivalence principle; b) H; = M,, upper bound on Hy from the 
closure density; c) T; = 1MeV, lower bound on the reheating temperature from 
nucleosynthesis; d) m = M,, upper bound on m > Hj, from the closure density; 
e) m = H2(M,/H,)*, upper bound on m from the present matter-to-radiation 
energy density ratio; f) H?/mM, = 10°, upper limit on entropy production from 
primordial baryogenesis; g) H?/mM, = 10, upper limit on entropy from nucle- 


osynthesis. 


Fig.2 Maximum allowed region (inside the full lines) in the case of quantum 
fluctuations amplified with a growing spectrum, and dominant with respect to 
the classical background oscillations. The lines marked by a,b,c,d are the same 
as in Fig.1. The other lines correspond to: e) m = (HiH2)!/?(M,/H1)?, up- 
per bound on m from the present matter-to-radiation energy density ratio; f) 
(H3/ mM?)"/ 2 — 10°, upper limit on entropy production from primordial baryo- 
genesis; ¢) (H? /mM?)\/ 2 = 10, upper limit on entropy production from nucle- 


osynthesis. 
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Abstract 


I present two examples in which the curvature singularity of a radiation- 
dominated Universe is regularized by (a) the repulsive effects of spin interac- 
tions, and (b) the repulsive effects arising from a breaking of the local gravita- 
tional gauge symmetry. In both cases the collapse of an initial, asymptotically 
flat state is stopped, and the Universe bounces towards a state of decelerated 
expansion. The emerging picture is typical of the pre-big bang scenario, with 
the main difference that the string cosmology dilaton is replaced by a classical 


radiation fluid, and the solutions are not duality-invariant. 
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The aim of this Essay is to discuss the possibility of avoiding the initial cosmological 
singularity through a phase of repulsive gravity occurring in the very early Universe. I 
will consider two mechanisms of repulsive gravity: spin-torsion interactions and spontaneous 
breaking of the local SO(3, 1) gauge symmetry. I will show that in both cases the condition of 
geodesic convergence [fll] can be violated, and the cosmological equations may admit regular 
homogeneous and isotropic solutions for which the energy density and the curvature grow 
up to a maximum (finite) scale, and then decrease, with a smooth joining to the standard 
decelerated evolution. 

The interesting aspect of such models is that they do not require any violation of the 
strong energy condition [fl] in the conventional matter sector. Indeed, in both cases I will 
simply take a radiation-like equation of state for the sources (no vacuum energy term will be 
included). In spite of the fact that I will use classical generalization of the Einstein equations, 
the results obtained might be of some relevance for applications to string cosmology, where 
the present cosmological phase is expected to emerge from a phase of growing curvature, 
through a smooth transition that should avoid the initial singularity 9. 

I will first discuss the case of spin-torsion interactions. Torsion is a natural ingredient 
of gauge theories of the Poincaré group [p], as it represents the field strength of local trans- 
lations, and it is thus the required Yang-Mills partner of the curvature (the field strength 
of local Lorentz rotations). In addition, torsion couples minimally to the axial current of 
spinor matter, as required by local supersymmetry: simple supergravity, containing only the 
graviton and the gravitino, can indeed be formulated as an Einstein-Cartan theory for the 
Rarita-Schwinger field [4]. 

The Einstein-Cartan theory BJ, which I will consider in this paper, is the simplest example 
of gravitational theory with torsion. In such a theory torsion does not propagate, and it 
can be non-vanishing only in the presence of an intrinsic spin density of matter. As a 
consequence, no significant effect is expected for macroscopic bodies at ordinary densities; 
torsion interactions may become important, however, in the regime of extremely high density 
and curvature of the early Universe. 

Let us thus consider a cosmological application of the Einstein-Cartan theory, by taking 
a perfect gas of spinning particles as the effective matter source. In that case the connection 
is non-symmetric, I’j,,,;~ 4 0, and besides the equation relating the Einstein tensor and the 


canonical (non-symmetric) energy-momentum tensor, 


Gia(l) = 8aG Tw; (1) 


we have an additional algebraic relation between the torsion, Q,,° = Tjjj*, and the 


canonical spin density tensor, S,,,°: 
a ‘OL 1 a if a 
Qu” = 8nG (Sw + 5608," — 585 513°) 2) 


Thanks to the above relation, torsion can be eliminated everywhere in eq. (I). By assuming 
a convective model of spinning fluid minimally coupled to the geometry of the Riemann- 
Cartan manifold [fh], we can rewrite eq. (il) in the standard Einsteinian form for a symmetric 
connection, but with additional terms that are linear and quadratic in the spin tensor of the 
matter sources. 

In the absence of some external polarizing field the spins are randomly oriented, and the 
linear terms are zero after an appropriate space-time averaging, (Sj) = 0; the quadratic 
terms, however, are non-vanishing also on the average, (SjaqS"”*) #4 0. Because of the 
spinning sources we are thus led to a modified set of cosmological equations, even for unpo- 
larized matter, and in the averaged macroscopic limit. For a spatially flat metric g,,, = diag 
(1, —a?6;;), in particular, the averaged cosmological equations can be written as [§]: 

H? = “ (p — 2nGo") ; (3) 
H+ H? = TC (9-4 3p—8nGo’). (4) 


Their combination gives the conservation equation 
p —2nG(o7)+ 3H (p +p— AnGo?) =), (5) 


where H = a/a, and a dot denotes differentiation with respect to cosmic time. I have defined 
0? = (SiwaSt”)/2, and p, p > 0 are the energy density and the pressure of the fluid in the 
zero spin limit. 


When 87Go? > p + 3p the condition of geodesic convergence is violated, 
Ryu’ = —3 (H+ H?) <0, (6) 


even if the pressure satisfy the strong energy condition, p+ 3p > 0. In a previous paper 
this repulsive contribution of the spin density was used to discuss the possibility of spin- 
dominated inflation [6]. Here it will be used for a possible regularization of the initial 


curvature singularity. 
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FIG. 1. Time evolution of the Hubble factor and of the energy density according to eq. (A). I 


have put c; = cg = 1, and time is measured in units of (3/87)!/21,,. 


The spin contribution to the geometry depends, of course, on the particular model of 
fluid. In order to show that this repulsive interaction can be strong enough to allow a 
smooth cosmological evolution, I will consider a spinning liquid of unpolarized fermions [7], 
with equation of state p = yp, and averaged squared spin tensor 0? « p?/“+”, In this case 
the equations can be integrated exactly. For relativistic fermions, in particular, we have 
y = 1/3 , the conservation equation (6) gives p x a~*, and the integration of eq. (B)) leads 


to 


(7) 


t /8 / / 
im = =5 ea? — + In |a + cya? — Co 


(c1,¢€2 are dimensionless positive constants, and we are measuring time in Planck length 
units, with l, = /G). 
A plot of the energy density and of the Hubble parameter for this solution is shown in Fig. 








1. The curvature is everywhere regular, and the models describes a smooth evolution from 
a phase of accelerated contraction, growing curvature, to a phase of decelerated expansion, 
decreasing curvature. The scale factor contracts down to a minimal value a,, = (eo/er, 
and then re-expands (like a ~ t'/?, asymptotically). In string cosmology, this behaviour is 
typical of the pre-big bang scenario represented in terms of the Einstein frame metric |}. 
It may be interesting to observe that a similar class of solutions can also be obtained from 
the string cosmology equations through a duality boost of the flat, two-dimensional Milne 


metric |]. Indeed, this fact is more than a coincidence, as the global O(3,3) duality group, 


4 


used in {Q], introduces a non-trivial antisymmetric tensor background, Hyva} 4 0, which is 
known to have a geometric interpretation as the torsion of an appropriate connection. The 
main difference is that in string cosmology the “matter source” is the scalar dilaton field, 
while in this example matter is more conventionally represented as a perfect fluid, and the 
duality symmetry of string theory is lost. 

A second, possible mechanism for the generation of repulsive interactions in the early 
Universe is associated to the breaking of the local SO(3,1) symmetry of the gravitational 
interaction [LO]. This symmetry is part of the local gauge group of gravity: in the gauge 
approach to general relativity, the anholonomic Ricci connection wi represents in fact the 
Yang-Mills potential of local Lorentz rotations, which transforms as a covariant vector in 
the index y under general reparametrizations, and as an antisymmetric tensor in the two 
“internal” indices 7,7, under the action of the local SO(3, 1) group. 

Like every gauge symmetry, also this local Lorentz symmetry can be broken sponta- 
neously when an appropriate (geometric) potential, generated by a self-interacting anti- 
symmetric tensor, appears in the action [ll]. This breaking leads to an effective “quasi- 
riemannian” theory [[2], namely to a gauge theory of gravity invariant under general 
reparametrizations, but with a local tangent space group other than the Lorentz group. 
From a phenomenological point of view, the main consequences of such a breaking are the 
possible appearance of repulsive forces, [LO {I1]], and the possible violation of the equivalence 
principle [314]. 

The violation of the weak equivalence principle, however, is not a necessary consequence 
of any Lorentz symmetry breaking. If we consider, for instance, a four-dimensional quasi- 
riemannian theory with local SO(3) invariance, we find that the most general model contains 
four independent parameters in the gravitational part of the action, and three parameters 
in the matter action. By imposing four conditions on these seven parameters it is always 
possible to preserve the covariant conservation of the energy momentum tensor, in such a 
way that the motion of test particles remains geodesic [13]. 

In that case the causal structure of space-time is still determined by the metric ten- 
sor, the classical singularity theorems [I] still can be applied, and the violation of geodesic 
convergence is still a necessary condition for singularity prevention. Because of the modi- 
fied dynamical equations, however, geodesic convergence and strong energy condition are no 


longer equivalent [15], so that a smooth and complete model of cosmological evolution can be 


implemented even with conventional matter sources, satisfying the strong energy condition. 

As a particular example of this possibility I will consider here a one-parameter, SO(3)- 
invariant quasi-riemannian model of gravity, which for a closed, homogeneous and isotropic 
manifold is described by the action 


FH? 
S = 16rGS,,— f dta® a ‘ J eee (8) 
a 


Here S,, is the action for perfect fluid matter, N is the lapse function, k is the spatial 
curvature (in Planck length units), and ¢€ is a dimensionless constant parametrizing the 
breaking of the local Lorentz symmetry. All the other parameters have been fixed in such a 
way as to preserve the geodesic motion of the cosmological fluid [15]. In the limit e« > 0 the 
action reduces to the standard, general relativistic action. 

The variation with respect to N and a, in the cosmic time gauge N = 1, leads to the 


equations 
ko 84 
(l+6)H? + >= Gp, (9) 
a 3 
. k 
(1+) (2H + 3H?) + 5 = ~8nGp, (10) 
and their combination gives 
p+3H (p+p) =0, (11) 


in agreement with the weak equivalence principle, V,J;,” = 0. Note that in the absence of 
spatial curvature this particular breaking of the gauge symmetry has no effect on a cosmo- 
logical metric, apart from a trivial renormalization of the gravitational coupling constant. 

The value of ¢ depends on the parameters of the antisymmetric tensor potential 
that breaks spontaneously SO(3,1) down to SO(3). Today, and at a macroscopical level, 
a breaking of local Lorentz symmetry is strongly constrained by many experimental data 
[314]. In the regime of extremely high temperature and density of the very early Universe, 
however, such phenomenological constraints do not necessarily apply, and for « < —1 gravity 
may become repulsive enough to prevent the singularity, even if p+ 3p > 0. 

Consider in fact a radiation fluid, p = p/3, so that, from eq. (Il), p = poa*. The 
integration of eq. (9), for k = +1 and € < —1, gives then 


1/2 


8m 4 1 ie 
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where fp is a positive integration constant. For this solution, the plot of the Hubble param- 
eter 


t 


H = ———————_ 13 
#2 + |1 + |Z pols me) 


and of the energy density is qualitatively the same as the plot of Fig. 1: the initial collapse 
of an asymptotically flat state is stopped, and the Universe bounces to a state of curvature- 
dominated, linear expansion. Note however that, unlike the Einstein-Cartan solution of 
the previous example, in this case the Universe does not become asymptotically radiation- 
dominated. 

In conclusion, I would like to stress the fundamental role played by antisymmetric ten- 
sors in these two examples of regular cosmological models. In the first case the repulsive 
forces stopping the collapse are due to the coupling between the spin and the antisymmetric 
torsion field, in the second case they are due to a self-interacting antisymmetric tensor that 
provides the right “Higgs potential” for the breaking of the local SO(3,1) symmetry. This 
suggests that a successful, singularity-free pre-big bang scenario might require a non-trivial 
antisymmetric tensor background, arising either from the NS (Neveu-Schwartz) or the RR 


(Ramond-Ramond) sector of the underlying string theory (or M-theory) effective action [[L6]. 
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ABSTRACT 


In a previous paper we have shown that an ideal gas of fundamental strings is not 
able to sustain, by itself, a phase of isotropic inflation of the Universe. We show 
here that fundamental strings can sustain, instead, a phase of anisotropic inflation 
- accompanied by the contraction of a sufficient number of internal dimensions . 
The conditions to be met for the existence of such a solution to the Einstein and 
string equations are derived, and the possibility of a successful resolution of the 


standard cosmological problems in the context of this model is discussed. 
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1. Introduction 

It is well known that the classical problems of standard cosmology may be 
solved by a primordial phase of accelerated expansion (inflation). Many inflation 
scenarios, involving just the minimal number of spatial dimensions, have been 
proposed with various degrees of success (see [1] for a recent review). In most cases, 
a large and positive cosmological constant (vacuum energy) is needed, during a 
long enough period of time. Since present bounds on the cosmological constant 
are very tight, one is faced with the problem of fine-tuning a potential so that the 
ratio of vacuum energy density during and after inflation is enormously large. 

In view of this problem it seems worthwhile to consider inflationary scenarios 
in which no cosmological constant is actually required in order to drive inflation 
in the three physical spatial dimensions. A possible mechanism of this kind is 
provided by the simultaneous contraction of some extra dimensions, as first pointed 
out in some pioneer papers on Kaluza-Klein (KK) cosmology [2]. 

Consider indeed a cosmological manifold which is the direct product of a 
(d + 1)-dimensional space-time and an n dimensional space Mp = Ma41 ® Mn. 
We shall denote by D = d+ n+ 1 the total number of dimensions. Suppose that, 


in the cosmic-time ” gauge”, this space is described by the metric 


Gap = diag(1,—R?(t)6;;, —r?(t)6as) (1.1) 


where R(t) and r(t) are, respectively, the scale factors of Mg and My. (Conven- 
tions: A,B = 0,..D—-—1; 7,7 = 1,..d; 4,6 = d+41,..d+n). In this metric, the 


(0,0) component of the Einstein equations reads 


d@R ndr T 
oO BO T° — ——— 1.2 
Rde | + de StGp(To" — p—5) (1.2) 


where Gp is the D-dimensional gravitational constant, and T is the trace of the 


energy-momentum of the matter sources . It may be possible, therefore, to realize 
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an inflationary expansion in d dimensions (i.e. d?R/dt? > 0) even if the right- 
hand side of eq.(1.2) is negative, provided the evolution of the other n dimensions 


is characterized by a negative acceleration (d?r/dt? < 0). 


The consistency, and the efficiency, of a mechanism of dynamical dimensional 
reduction depends crucially, of course, on the number of dimensions and on the 
equation of state characterizing the gravitational sources, as shown in detail by a 
recent phenomenological discussion [3]. As possible models of source, compatible 
with inflation during the decoupling of internal and external dimensions, the ex- 
amples so far considered include a relativistic gas of massless particles [2], a perfect 
fluid with phenomenological equation of state [3-5], the antisymmetric tensor of 


supergravity theories [6] and, more recently, scalar fields at finite temperature [7]. 


The problem with KK cosmology is that there is no consistent quantum theory 
of gravitational or gauge interactions in D > 4. The only exception to this rule 
appears to reside in string theory. Since string matter may behave differently from 
point particles it seems worthwhile to reconsider these KK inflationary scenarios 
within string theory. Also, in a realistic string unification theory, the scale of 
compactification of the extra dimensions is expected to be not much different 
from the string mass scale [8-10]. It may be possible, therefore, for the multi- 
dimensional phase of our universe to be necessarily a ”stringy” phase so that, 
as stressed in [8], dimensional reduction cannot be adequately described in the 
field theory limit, but requires instead the direct application of string theory in 


non-trivial backgrounds. 


In this paper we present a particular solution of the Einstein- plus-string 
equations, showing that it is possible to have a self-sustained string plus grav- 
ity system which exhibits inflationary expansion of three-dimensional space, and 


simultaneous contraction of the other n dimensions, provided n > 10. 
This solution describes a phase dominated by unstable strings [11,12], i.e. non- 
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oscillating string configurations whose proper amplitude tends to evolve, asymp- 
totically, like the scale factor (while the co-moving amplitude becomes ” frozen” ). 
Their effective pressure is negative in physical three-dimensional space, and pos- 
itive (but negligible) in internal space. With this source, the internal dimensions 
contract with a negative acceleration, while the three-dimensional spatial expan- 
sion turns out to be of the super-inflationary type [13], i.e. characterized by 


d*R/dt? > 0 and dH/dt > 0, where H = R7'dR/dt is the Hubble parameter. 


Consequently, the string energy density grows with R and approaches a singu- 
larity in a finite (cosmic time) interval. However, this picture of the early universe 
cannot be extended above a maximal density, where string and other quantum 
corrections to the Einstein equations cannot be neglected, and where, in any case, 
a transition to the standard, radiation-dominated scenario may be expected. Nev- 
ertheless it seems possible, according to our mechanism, to obtain a significative 
inflation of the causal horizon of physical space-time already before reaching these 


maximal (Planckian) densities. 


The content of the paper is as follows. In Section 2, considering the equa- 
tions of motion for a string embedded in an isotropic Friedman-Robertson- Walker 
(FRW) background, we review the general form of the leading order solution valid, 
in the large R limit, in the case of inflationary expansion. In Section 3 we present a 
new approximate solution to the same string equations, valid in the small R limit 
for a negatively accelerated contraction (dR/dt < 0,d? R/dt® <0). In Section 4 we 
discuss the values of D and n for which the Einstein and string equations can be 
simultaneously and consistently satisfied by anisotropic configurations in which d 
dimensions inflate, and the remaining n dimensions contract. The possibility that 
this scenario , in the particular case of D = 4@ 22 dimensions, may represent a 
viable mechanism to solve at least some of the standard cosmological problems is 


finally discussed in Section 5. 


2. Asymptotic string configurations 
in inflationary expanding backgrounds 
The equations of motion of a string, coupled to a D-dimensional background 
metric Gag, can be written [11,14] (in the gauge in which the world-sheet metric 


is conformally flat) 


X4— X"4 4 Tp A(X? 4 X'PY( XS — X'°) =0 (2.1) 
where [ is the Christoffel connection for the metric Gag; a dot and a prime 
denote, respectively, differentiation with respect to the world-sheet time and space 
variables, 7 and a. The variation of the action with respect to the world-sheet 


metric provides, in addition, the two constraints [11,14] 
GapX4x'? ~0 (2.2) 


We are interested, in this Section, in the case of a homogeneous and isotropic 
cosmological background, with flat spatial sections, described in the cosmic time 


gauge (X° = t) by the FRW metric 
Gap = diag(1,—R*(t)6;;) , 7,7 =1,...,D—1 (2.3) 


(see [14] for a discussion of the fact that such a manifold does not provide a con- 
formally invariant o-model, at the quantum level, and hence it is not a candidate 


string vacuum). The string equations and constraints thus become, explicitly, 


f—2" 4 Rey —(x")] =0 (2.4) 
xX? _ xl enn xX? _ Hx" _— 9. 

$e )=0 (2.5) 

re 4 4”? _ R?((x°)? 4 (X")?] (2.6) 
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it! = R?X*X" (2.7) 


Consider, in particular, an inflationary expanding background (dR/dt > 0, 


d? R/dt? > 0), parametrized by the following scale factor 
R(t) = [k(1— @)(te — 1) (2.8) 


where a > 0 and k,#,. are positive constant parameters. We have, in particular, 
super-inflation (dH/dt > 0) for 0 < a < 1, power-law inflation (dH/dt < 0) for 
a > 1, while de Sitter (i.e. exponential) inflation (dH/dt = 0) corresponds to 
a=1. The R > o limit corresponds to t > ¢, for super-inflation, and to t > oo 
in the other cases. 

For this background, the exact solution to the string equations (2.4-2.7), in the 
large R limit, can be expanded [11,15] as a power series in 7 around a configuration 


described by (7 < 0) 


_ 1—o 
t(o,T) =t. — an (2.9) 
xi _ yi TAM" 1+42a pi 
(0,7) = A*(o) + 1 — 2a) +7 B‘(c) (2.10) 
where 
I? = A" A" ; A" B* =0 (2.11) 


and, by exploiting o reparametrization invariance, we have imposed the ” gauge” 
A" A" = 0, which implies Z' = 0. This configuration, which depends on 2D — 4 
arbitrary functions of o, represents the general solution of eqs.(2.4-2.7), to leading 
order in T, as T goes to zero. (Note that, according to eq.(2.9), the scale factor 


can be rewritten, in this approximation, 


R(t) =(-kLr)-@ (2.12) 


so that the + > 0 limit corresponds indeed to R > ov). 
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In the case a = 1 (de Sitter), eq.(2.9) is to be replaced by [11] 
t(o,7) = —k7"In(—kIr) (2.13) 
while, for a = 1/2, eq.(2.10) is to be replaced by [11] 
. . 72 . . 
X'(o,7) = A’ + 5B + A’ In(—r)] (2.14) 


We also recall that the general solution for X*, without the gauge fixing condition 
L' = 0, has been reported in [11]. 

It is important to stress that, for these string configurations, the world-sheet 
time 7 turns out to be proportional, asymptotically, to the conformal time coordi- 
nate 7 of the background manifold, defined by R = dt/dn. Indeed, from eqs.(2.9) 
and (2.12), #= RL, so that 


n=TL (2.15) 


Moreover we note, for future reference, that for these configurations RX" behaves 
asymptotically like R (as X' 5 0 forr > 0), and that the configurations are 


characterized by the general properties 
Jf) >> [| ; |X#] << |x" (2.16) 


As a consequence, their net contribution to the effective pressure of the grav- 
itational sources is negative. Indeed, by using the constraints (2.2), the string 
energy-momentum tensor T4? obtained by varying the action with respect to the 


background metric, 1.e. 


TA? (2) = dodr(X4X? — X'AX'B)\§P( xX — 2) (2.17) 


ae! 


can be shown to satisfy the identity [11] 


ra'\/—G[GooT*(z) _ G;T" (2) = 


6 


= -2 f dodra?(x — v)[Goo(X")? + Gig XX] (2.18) 


((a')~* is the string tension, and G = detGg). On the other hand, for a perfect 


fluid in the FRW background (2.3), one has 
Too =p, Tij = —pGij = pR’5;; (2.19) 


where p and p are functions of the cosmic time only. According to eq.(2.15), the 
equation of state of an ideal gas of strings described asymptotically by eqs.(2.9), 


(2.10) can thus be approximated by [11] 
p=—p(D - 1) (2.20) 


which implies p < 0. 


3. Asymptotic string configurations 
in backgrounds with accelerated contraction 
Consider again a string coupled to the FRW metric (2.3), with a scale factor, 
however, which parametrizes a negatively accelerated (d? R/dt? < 0) contraction 
(dR/dt < 0), ie. 
R(t) = [k(1 — 6)(te — t)°/0-) (3.1) 
where 0 <6 < 1/2 andt < te. 
In the small R (ie. ¢ > ¢.) limit, the exact solution to eqs.(2.4 -2.7) can 
be expanded again as a power series in 7, around the following leading order 


approximation (tT < 0) 


7 (—kLr)i~é 
t(o,7T) = te — k= 5) (3.2) 
X*(0,7) = A'(o) + € Dio) + 71-26 Bt(g) (3.3) 
where 
L?(o) = [(1 — 26)? B° Bt Rt /G-28) (3.4) 
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1 ne [' Nw 
= rice + 26— A") (3.5) 


Di(a) 





and A’, B* are arbitrary functions of o satisfying the constraint A’ B* = 0 (note 
that, according to (3.2), the r > 0 limit corresponds now to R — 0). 

Since, for the general solution, only 2D—4 arbitrary functions are required, we 
can further restrict the leading order approximation (3.2), (3.3) by imposing the 
convenient gauge condition B*B" = 0 (which implies, like before, Z' = 0). In any 
case this approximate solution describes, in the R > 0 limit, string configurations 
with shrinking proper amplitude, for which RX" behaves asymptotically like R, 
while RX* behaves like R7!. These configurations may be regarded as unstable, 
in the sense of Refs. [11,14], since they are not oscillating in 7 as if the string 
oscillators would develop, in the small R regime, imaginary frequencies. Such 


configurations, moreover, are characterized by the asymptotic properties 
jt] >> |t"| , IX*] >> [|x| (3.6) 


which lead, in the perfect fluid approximation, to a radiation-like equation of state. 


The identity (2.18) can be indeed be rewritten as 
ral —G[GooT (x) + Gi;T" (x)| = 


=-2 / dadr6?(X — x)[Goo(X")? + Gi; XX] (3.7) 


For an ideal gas of strings satisfying approximately eq. (3.6) at small R we thus 


have, after using (2.19) 


which is just the equation of state for a gas of massless particles. 


4, String-driven inflation and dimensional reduction 
Consider now a D-dimensional anisotropic background, Mp = Ma+1® Mn, 
parametrized in the cosmic time gauge by X4 = (t,X*,X*%) and by the metric 


(1.1) (we recall that 7,7 range from 1 to d, while a,6 from d+ 1 to d+n). In this 


background the stress tensor for a perfect fluid has the general form 


Ta? = diag(p, —pb;4,-q5q °) (4.1) 


where p, p,q are functions of ¢ only (we have called gq the pressure in the internal” 
n-dimensional space M,,). The Einstein equations, 


T 


with a perfect fluid as source, become explicitly 





d@R ndr 87Gp 
— D—3)4+pd+ 4, 
R dt? r dt? D-2 lp 3) +P nq] (4.3) 





1@R d—1 dR 9 n dRdr 87Gp 
=p (Gp? Rd di Dole ~ p(l — n) — nq] (4.4) 


R dt? R? 
1@r n—1 dr d drdR 84G 
— =" p—pd+q(d—1)] (4.5) 


—_ — —_—_ 2 a> CO = 
rd2 +p dt) ‘pRa dt D—2 
We take, in particular, a perfect gas of strings as the dominant source of 
gravity. According to the constraints (2.2), the string stress tensor must satisfy 
the identity 
ra'/—G(GooT”? — Gi;T + GasT”) = 

= 2 / dodr6”(X — x)[Goo(X")? + Gig X* XI + Gap XX” (4.6) 

where T4¥ is given in eq.(2.17), and X4 satisfies the string equations (2.1) and 


constraints (2.2), which in this background become, respectively, 


; dR tao a dr tac) a 
t— i + R(X )? —(x")*) + r(x )? —(x"*)") =0 (4.7) 
Xi xy oe ix _ 1X") =0 (4.8) 
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+. 2dr 


X*— X"* 4 =" X¢ — t'X'*) =0 4.9 
+i ) (4.9) 

P? 4 42 _ R?((xX*)? 4 (X")?] 4 r?[(X7)? 4 (X'*)?] (4.10) 
it! = R°X'*X" 4 p>? XOX" (4.11) 


We look for consistent solutions to the coupled Einstein-string equations repre- 
senting, asymptotically, an accelerated expansion of Mg (dR/dt > 0,d?R/dt? > 0 
for R > oo), and an accelerated contraction of M, (dr/dt < 0,d*r/dt? < 0 for 
r — 0). Consequently we expect, as shown in the previous two Sections, a solution 


of the string equations characterized by the asymptotic properties 
ji} >> lt] , |X" << |X") , [X#@) >> |x'4| (4.12) 
corresponding, according to eq.(4.6), to a perfect fluid with "equation of state” 
ptpd—nqg=0 (4.13) 
By making the ansatz 


q=P (4.14) 


where y is a constant parameter, we can eliminate q and p from the Einstein 


equations (4.3-4.5), and we find then the particular exact solution 


R(t) =[k(t. — t)? ; r=R< 
(4.15) 
p = polk(te —t)]* 


where k and t, are positive integration constants, po is a positive constant which 


can be expressed in terms of d,n,k, and 


_ 2d—y7(D—2) 
e=-— (4.16) 
g- 2(d = ny) (4.17) 


d(d—1—ny)—ne(d—y— ny) 
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This solution describes, in the ¢ > ¢, limit, inflationary expansion of Mg, and 


simultaneous contraction of M,,, provided 


e>0 B <0 (4.18) 


(Note that the expansion is always of the super-inflationary type, since 


) >0 (4.19) 


| a 
ale 


( 


Qu. 


t 


for B < 0). Moreover, the solution is consistent with a positive energy density 





provided 
a+ b(d — ne) 
ne 4.9 
nell te) —(d—ne)(d—1—ne) ~” (4.20) 
where 
7 (D — 4)(d — ny) — 2ny 
7 d—ny 
4.91 
_ D—2n ( ) 
— d—ny 


In order to discuss for which values of €, @,y the string equations are satisfied, 
when ¢ > ¢., by configurations consistent with the assumed properties (4.12- 
4.14), we consider separately the three possibilities |y| = co, 0 < |y| < co and 
+ = 0. Such possibilities define, respectively, a string gas with the asymptotic 
properties |p| << q,|p| ~ q and |p| >> q, and correspond, respectively , to string 


configurations characterized, in addition to eq.(4.12), by the following asymptotic 


behaviours 
|IRX"| << |rX*| (4.22) 
|RX"| ~ |rX%| (4.23) 
|IRX"| >> |rX*| (4.24) 


(recall eqs.(4.1)and (2.17)). We also know, from our previous discussion of the 


isotropic case, that RX" behaves like R for R — oo, while rX* behaves like r7! 


11 


for r + 0. The three cases above are thus consistent with the solution (4.15) 
provided, respectively, e > l,e= 1 ande <1. 

In the first case, in which the internal pressure g tends to dominate, only the 
trivial (flat space ) solution is asymptotically consistent, since 8 > 0 for |y| > co. 
In the second case in which ¥ is finite (and non-vanishing) the consistency condition 


(4.23), which implies e = 1, fixes the value of 7 according to eq. (4.16): 


3D —4n—-2 
= —___ 4,25 
7 Do (4.25) 
The constraint g = yp, which can also be rewritten 
Gut” = 4,;,T% (4.26) 


d 


is not compatible, however, with the general form of the leading solution to the 
string equations; it can be satisfied only by a particular solution, determined by 
the asymptotic condition 


P(X)? = R(x")? (4.27) 


For the last case (y = 0,€ < 1) we can find instead a general solution which 


satisfies the required properties. In this case the coefficients € and B become 


2d 2(D —2n) 





__ — Ae en) 4.28 
~~ "D—2n °= (Dp —) (4.28) 

and the conditions 8 <0, 0<e< 1 imply 
D<2n , 3D—4n-2<0 (4.29) 


which are both fulfilled iff n > 3d+1 (of course n,d > 0). For this background the 
general form of the approximate solution to eqs. (4.7-4.11), in the limit t > tg, is 


(to leading order in t,7 < 0) 


t=t.— a[-kEe(1 _ gyj/a-s) (4.30) 
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2 
xia aiy Sp + Bip -38)/(-8) (4.31) 
2 
X= Aey =D" 4 BY (t-8+268)/(1-B) (4.32) 


where A and B are functions of ¢, L? = A" A" and, in the gauge L' = 0, 
1-6 


1—p Wt _ 
A — 1—-B-28 


Di = —_ A", 
1+ 8 


D* Are (4.33) 


Moreover, A and B must satisfy the constraint 


1— 3, 


1—68+ 28 
1-86 


1-86 





-RL(1 — 8) BEAM + ( )[-kL(1 — B)|- =? B° A" =0 
(4.34) 
imposed by eq.(4.11). 


In this approximation, the scale factors can be rewritten in terms of T as 
R=([-kLr(1—p)jF/C-), r=R< (4.35) 


and one can easily check that, when the conditions (4.29) are satisfied, the prop- 
erties (4.12) and (4.24), as well as the energy condition (4.20), and the condition 
1— 6+ 2e8 > 0 required by eq. (4.32), are satisfied. The string configurations 


(4.30-4.32) lead then, in the perfect fluid approximation, to the equation of state 
p= -£ q=0 (4.36) 


which can sustain the inflation-dimensional-reduction scenario of eq. (4.15). Fora 
manifold with D—n = 4, in particular, this happens, according to the dimensional 
bound (4.29), provided n > 10. 

We note, finally, that the proper amplitude of these string configurations , 
x? = RX'*,x* = rX*%, grows in the external space, and shrinks in the internal 
one, as T — 0. In both cases, however, the time evolution of y tends to follow, 
asymptotically, that of the scale factor, so we may regard these strings as a gener- 


alization to the anisotropic case of the unstable configurations recently discussed 
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for isotropic backgrounds [11,14]. In this sense we can say, therefore, that infla- 
tion, and the asymptotic decoupling of internal and external dimensions (r + 0 


for R — oo), are induced by unstable strings. 


5. Discussion and conclusions 

A gas of unstable strings, which can form and develop at large R in inflationary 
expanding backgrounds, is characterized by an effective negative pressure. If the 
expansion is isotropic, the pressure is not negative enough (at least in the perfect 
fluid approximation) to sustain inflation by itself, as pointed out in a previous 
paper [11]. 

It is possible, however, that unstable strings may sustain simultaneously in- 
flation and dimensional reduction, as discussed in the previous Section, provided 
the number of contracting dimensions is large enough, i.e. n > 10 for D=4+n. 
In this case, the asymptotic evolution of a My ®@ M, background is described in 


particular by these scale factors (according to eqs.(4.15, 4.28)) 
R= [hlte— HEI a alte IOP 5.) 


The four-dimensional expansion is then of the super-inflationary type (dH /dt > 0), 
while the internal contraction has, as expected, a negative acceleration (d?r/dt? < 
0). 

In order to discuss whether this model can provide, during the dimensional 
decoupling, a significative amount of inflation, let us consider explicitly the inter- 
esting case D = 26 (i.e.8 = —3/8,¢€ = 1/3). In this case our solution (4.15) of the 


Einstein equations implies 


87G pp(te — t)? = 15/16 (5.2) 


Dey 
t 


and, by denoting by ” f” and the end and the beginning of the phase dominated 
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by these unstable strings, we have the relations 
"fo (Bt) PF _ (Et yr6/s (5.3) 
T; R; , Pi R; 
Let us assume, moreover, that the typical initial size of causally connected 


regions, d; ~ (¢. — t;), coincides with the proper length of a typical string, i.e. 
t. —t; = DR; (5.4) 


For the string solution (4.30) we have indeed ¢, —t = (11/8)|r|ZR, so that a larger 
size d; > LR; would imply |7;| > 1 (or, in conformal time, |n;| > Z), in contrast 
with the conditions required for the validity of our approximation, which represent 
an expansion in the 7 + 0 lmit. 

For t, —t << t. — t; the proper size d(t) of the particle horizon in four- 


dimensional space grows like R, 


= (te =F iy, — t;)'-8 — (4, — 1)“ ] x Rit) 


1-8 R; 
(8 = —3/8), as is typical of inflationary backgrounds. The proper size ¢(¢) of the 


d; (5.5) 


event horizon, on the contrary, shrinks as t > fe, 


tet 
=TG 





e(t) = R(t) / * at RO) (5.6) 


(typical behaviour of super-inflation only). As a consequence of this shrinking, 
unstable configurations may develop [11,12], until finally the Planck density is 
reached, 

Pf ~ Pp = L,” (5.7) 


Pp 


at a Planck curvature scale 


[R(@PR/ dt?) ~ te — tp = Ly (5.8) 
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Here we suppose that the whole scenario breaks down and the standard adia- 
batic evolution begins. For a drastic solution of the horizon problem [1,16] one may 
thus require that the final size of the particle horizon in four-dimensional space, 
d; = d;(Ry/R;) = LR;, be as large as the present size dy ~ 10°’ Ly, rescaled down 


at the Planck era: 


Ry To 29 
LR¢ > dp — = do — ~ 107°L 5.9 
POR, Ty P (5.9) 


(T, and Tp are, respectively, the Planck temperature and the present temperature 
of the cosmic microwave background, Ty ~ 107'?GeV). 

With the four constraints (5.4), (5.7-5.9) the model is completely determined. 
Indeed, using eqs. (5.7), (5.8) one gets from (5.2) Gp = Lp. Moreover, com- 


bining eqs.(5.3),(5.4), 
LR; LRy 


7 = (Ge (5.10) 





The condition (5.9) is thus satisfied provided 
LR; > 10°’L» (5.11) 


The requirement (5.9) is strong enough * to accomodate the present values 
of the entropy So and of the density parameter Qo [1]. To be viable, this scenario 
needs four-dimensionally causally connected regions whose size, at the Planck 
curvature scale, is very large in natural (Planckian) units. However, such an 
otherwise “unnaturally large” value is not put in by hand, but is the dynamical 
consequence of a previous super-inflationary expansion. Thus, the basic difference 
from conventional inflationary models is that the Planck era is the final state of 
inflation rather than its ancestor. 

It is true that the Universe has to be very large in its initial state (see 


eq.(5.11)), as it is the case in the models of ref.[2]. However, unlike in ref.[2], 


* A primordial inflation at the Planck scale cannot dilute, however, a possible 


monopole production during the GUT phase transition. 
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in the context of string theory a classical, low curvature regime is naturally ex- 
pected to occur before the Planck era as a consequence of a symmetry (duality 
[17]) connecting it to the present epoch. 

It should be noted, moreover, that a condition much less stringent than (5.9) 
is required if one only wants to explain the homogeneity of the cosmic microwave 
background. In such a case, in fact, one only needs the present size of the visi- 
ble universe (do), rescaled down at the time of last scattering tpee of the cosmic 
radiation [16] (at a temperature T,e. ~ 10*T)), to be not larger than the parti- 
cle horizon at the time. Starting at the Planck scale with a causal region of size 
dz = LRy, and assuming radiation-dominated evolution (i.e. R ~ 4/2) down to 


tree, the homogeneity is thus explained provided 


rec Ti 
Rrec _ dy 2 


d 
° Ro Trec 











tree T 
< DRy(2) = LR Ze) (5.12) 


p rec 


(we have used the fact that in the standard decelerated scenario the particle horizon 


grows like ¢, while the scale factor like T~+). Eq.(5.12) is satisfied for 
LR; > 10L, (5.13) 


which implies, using (5.10), DR; > 10°/"L,. 

It seems possible, therefore, to reproduce the desired amount of inflation if 
one supposes that the universe, before the Planck era, was in a primordial phase 
dominated by a classical gas of very massive fundamental strings (M; ~ LR;/a' > 
10°*-M, if we impose, for example, the condition (5.11)). Note that although, 
initially, these strings are closely packed (with an averaged (distance/size) ratio 
of order (LR;/L,)4-?)/(P-) < 10719), they only have a tiny energy density in 


Planck units, namely (from eq.(5.3)) 


pi < 10° “*p, (5.14) 
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(i.e. they are a highly diluted gas, from a gravitational point of view). This density 
grew up to pp, after which some violent transition to local physics ("big bang” ) 


led to the standard scenario in which the density started to decrease. 


This picture of the early universe fits well with the scenario described in 
[17], where it is suggested that, because of R & R7! duality, a ’stringy” phase 
before the radiation-dominated expansion is to be expected, and in this phase 
the temperature should grow (instead of decreasing with R), up to some maximal 


value of order Ty. 


The transition occurring at the Planck scale cannot be described, of course, 
in the context of the model considered in this paper, since at T = T, the Einstein 
equations are no longer valid and moreover, because of the string Hagedorn tem- 
perature, a complete thermodynamical treatment is certainly needed (see [18,19]; 
see also [20] for a formal regularization procedure which avoids the occurrence, in 


cosmological backgrounds, of curvatures larger than the Planck one). 


The physical interpretation of such a transition as a possible model for the 
big bang was also previously suggested in [21]. The growth of the density and 
of the temperature during the string phase were obtained, however, by means of 
an isotropic contraction of the whole universe (with all the spatial dimensions on 
the same footing). In our model, on the contrary, the density and the energy 
scale (i.e. the inverse of the curvature radius) grow together with the size of 
the particle horizon, which is expanding in the physical four-dimensional space- 
time. We stress that it is just because of this unconventional property of super- 
inflation that it becomes possible for the universe to emerge at the Planck time 
with causally connected regions whose size is much larger than the Planck length 


(see eqs.(5.9),(5.13)). 


In conclusion, we have shown that the dominance of unstable configurations, 


in a multidimensional string phase, can drive an anisotropic evolution of the back- 
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ground and realize dynamically an effective decoupling between different spatial 
dimensions. Unfortunately, this mechanism seems to be incapable of choosing, by 
itself, both the preferred total dimensionality, and the number of contracting di- 
mensions. However, once these parameters are assigned, one has a model in which 
the universe reaches the Planck density through a super-inflationary evolution and 
thus with horizons which may be large enough to avoid causality problems after 


the transition to the standard scenario. 
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1. Introduction 


The standard cosmological scenario [[l], 2], rightfully one of the best celebrated conquests 
of the physics of the XX century, cannot be extrapolated to arbitrarily high energy and 
curvature scales without clashing with the singularity problem. 

A singularity, on the other hand, often represents a signal that the physical laws we 
are applying have been extrapolated outside their domain of validity. As a well known 
example, we may quote here the case of the spectral energy distribution of radiation 
in thermal equilibrium. By applying the laws of classical physics one finds indeed the 
Rayleigh-Jeans spectrum, that diverges like w? at high frequency. By taking into account 
instead the appropriate quantum corrections, this classical singularity is regularized by 
the bell-like Planck distribution, w* (7 — D as illustrated in Fig. 1. 

String theory suggests that the initial curvature singularity of the standard 
cosmological scenario could be similarly regularized by a bell-shaped curve, as 
qualitatively illustrated in Fig. 2. As we go back in time the curvature, instead of 
blowing up, could reach a maximum controlled by the string scale, and then decrease 
towards a state of very low curvature and weak coupling, approaching asymptotically 
the so-called string perturbative vacuum. ‘This behaviour, indirectly suggested by 





duality and thermodynamical arguments [3], as well as, independently, by the motion of 
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Figure 1. The Planck distribution (full line) regularizes the classical Rayleigh- 
Jeans prediction (dashed line), for the spectral energy density of radiation in thermal 
equilibrium. The classical distribution is only valid at low enough frequency scales. 


strings in rolling backgrounds ff], is naturally grounded on the duality symmetry of the 
cosmological string effective action [§], and its possible implementation in the context 
of a realistic model of the early Universe has a lot of dynamical and phenomenological 
consequences [fj]. 

In the string comology scenario of Fig. 2, the big bang singularity is replaced by 
a phase of high but finite curvature. It comes thus natural, in such a context, to call 
“pre-big bang” the initial phase in which the curvature is growing, in contrast to the 
subsequent “post-big bang” phase, with decreasing curvature and standard decelerated 
evolution. 

The conventional inflationary scenario [, [7], on the other hand, suggests a picture 
of the early Universe which is approximately intermediate between the standard and 





Curvature scale 


A 


? 
a 


De Sitter inflation 










standard 
string pert. cenario 


vacuum 








Pre-big bang Post-big bang time 











Figure 2. Curvature scale versus time for standard, inflationary (de Sitter), and string 
cosmology models of the Universe. In the pre-big bang scenario the classical curvature 
singularity is regularized, and the standard cosmological evolution is only valid at late 
enough time scales. 
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the string cosmology one. In that context the curvature, instead of blowing up, is 
expected to approach a nearly constant value, typical of a de Sitter-like geometry (see 
Fig. 2). However, a de Sitter phase with exponential expansion at constant curvature, 
implemented in the context of the conventional, potential-dominated inflation, cannot 
be extended back in time for ever, as first discussed in [RJ]. Indeed, quoting Alan Guth’s 
recent survey of inflationary cosmology [J]: 


(% 


Nevertheless, since inflation appears to be eternal only into the future, but 
not to the past, an important question remains open. How did all start? Although 
eternal inflation pushes this question far into the past, and well beyond the range of 
observational tests, the question does not disappear.” 


A possible answer to the above question, suggested by string cosmology and 
represented graphically in Fig. 2, is that all started from a state approaching, 
asymptotically, the flat, cold and empty string perturbative vacuum. Even if this 
starting point is infinitely far into the past, however, the initial state of our Universe 
might be non completely beyond the range of present observations, in contrast to the 
sentence quoted above, because the starting point may affect the dynamics of the 
subsequent inflationary evolution. The initial curvature scale, for instance, is constant 
or decreasing according to the conventional inflationary scenario, while it is growing 
according to the pre-big bang scenario, and this may lead to important phenomenological 
consequences. 

In spite of the existence of a few particular examples [[0], an unambiguous 
regularization of the curvature singularity (to all orders in the string effective action), 
toghether with a complete description of the transition from the pre- to the post-big 
bang regime, is not an easy achievement (see however for recent encouraging results). 
Also, it is fair to say that the pre-big bang models, at present, are not free from other 
(more or less important) difficulties, that some aspects of the pre-big bang scenario 
are still unclear, and that further work is certainly needed for a final answer to all the 
difficulties. 

Assuming that all the problems can (and will) be solved in a satisfactory way, string 
cosmology will provide eventually a model of the early Universe somewhat different, 
however, from the standard inflationary picture. The aim of this paper, therefore, 
is to present in a compact form a comparison (and a short discussion) of the way 
in which a phase of inflation could be implemented within a cosmology based on the 
string effective action, with respect to the standard cosmology based on the Einstein 
equations. Basically all the differences arise, as we will see, from the fact that in string 
cosmology the Universe starts evolving from an initial state at very low curvature and 
weak coupling, while in conventional inflation the initial state is assumed to approach 
the Planckian, quantum gravity regime. 

The paper is organized as follows. We will discuss kinematical and dynamical 
differences in Sect. 2, quantum cosmology differences in Sect. B| and phenomenological 
differences in Sect. fl Sect. [| is devoted to some concluding remarks. We will avoid 
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as much as possible the introduction of technical details — all contained in the papers 
quoted in the bibliography — trying to emphasize the ideas and the main physical aspects 
of the different inflationary scenarios. 

As already stressed in the Abstract, it seems appropriate to recall that this paper 
is not intended as a complete review of all aspects of string cosmology. Rather, the 
paper is narrowly focused on those aspects where there is an important overlapping of 
methods and objectives and, simultaneously, a strong contrast of basic assumptions, for 
the string cosmology and the standard scenario. For a more exhaustive and systematic 
approach, the interested reader is referred to the excellent review paper devoted to a 
presentation and a technical discussion of all presently existing (super)string cosmology 
models [1], as well as to two recent introductory lectures on the pre-big bang scenario 


3. 
2. Kinematical and dynamical differences 


The idea of inflation hystorically was born [[I[4] to solve the problem of monopoles that 
could be largely produced in the early Universe, at the energy scale of grand unified 
theories (GUT). More generally, inflation is now understood as a period of accelerated 
evolution that can explain why the present Universe is so flat and smooth over a so large 
scale of distances [} [7]. 

For hystorical reasons, i.e. because inflation was first implemented as a period of 
supercooling of the Universe trapped in a “false” vacuum state, in the context of GUT 
phase transitions, inflation was first associated to a phase of exponential expansion 
(in cosmic time) of the scale factor a(t), corresponding to a de Sitter (or “quasi- 
de Sitter”) geometrical state. But it was soon realized that any type of accelerated 
expansion (a4 > 0, @ > 0, where the dots denote differentiation with respect to cosmic 
time), can in principle solve the kinematic problems of the standard scenario [[L5}. 

Actually, even accelerated contraction (a < 0, @ < 0) is effective to this purpose [16], 
as expected from the fact that accelerated expansion can be transformed into accelerated 
contraction through an appropriate field redefinition, like the one connecting the String 
and the Einstein frame. Indeed, physical effects such as the dilution of inhomogeneities 
should be independent from the choice of the frame. So, inflation can be generally 
identified, in a frame-independent way, as a period of accelerated evolution of the scale 
factor (sign @ = sign @). 

There are, however, two classes of accelerated evolution very different from a 
dynamical point of view, and depending on the behaviour — growing or decreasing in time 
— of the curvature of the space-time manifold. A first important point to be stressed 
is thus the fact that the pre-big bang scenario corresponds to a phase of accelerated 
evolution characterized by growing (or non-decreasing) curvature [h, [6], while the phase 
that we shall call “standard inflation ” [P} fq is characterized by a curvature scale which 
tends to be constant — in the limiting case of a de Sitter metric — or slightly decreasing 
in time. 
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Before proceeding further, two remarks are in order. The first is that a phase of 
accelerated evolution and growing curvature, also called superinflation (or pole-inflation) 
[iq], is not a peculiarity of string cosmology, but is possible even in general relativity: in 
higher-dimensional backgrounds, for instance, in the context of dynamical dimensional 
reduction. The important difference is that, in string cosmology, superinflation does not 
necessarily requires neither the shrinking of the internal dimensions, nor some exotic 
matter source or symmetric breaking mechanism [[L9]: it can be simply driven, even 
in three spatial dimensions, by the kinetic energy of the rolling dilaton field ¢ fH, (6, 
parametrizing the growth of the string coupling g = exp(¢/2) from zero (the string 
perturbative vacuum), to the strong coupling regime, g ~ 1. 

The second remark is that the words “pre-big bang” should be referred to 
the complete cosmological evolution from the initial state approaching the string 
perturbative vacuum, up to the beginning of the hot, radiation-dominated phase of 
the standard scenario. Altough in most of this paper we shall restrict our discussion to 
the low-energy part of the pre-big bang phase, appropriately described in terms of the 
low-energy string effective action, the complete pre-big bang history necessarily includes 
a high-curvature “stringy” phase [20], which may also be of the inflationary type PI], 
and which has a curvature expected to be, on the average, non decreasing. 

For a power-law, accelerated, conformally flat background, the time-behaviour of 
the curvature scale follows the behaviour of the absolute value of the Hubble parameter, 
|H| = |a/a|. In such a background, on the other hand, the inverse of the Hubble 
parameter (ie. the Hubble horizon |H|~') also controls the (finite) proper distance 
between the surface of the event horizon and the wordline of a comoving observer. Such 
a distance is shrinking for pre-big bang inflation (where |H| is growing), while it is 
non-decreasing in standard inflation. 

As a consequence of the fact that the horizon is shrinking, and the curvature is 
growing, it turns out that the initial state of the phase of inflation, in the pre-big bang 
scenario, is characterized by a curvature which is very small in Planck (or string) units, 
and by a Hubble horizon very large in the same units (for the sake of simplicity we may 
identify, at the end of inflation, the present value of the string length L, and of the Planck 
lenght L,; indeed, at tree-level, they are related by Lg = (oj) lg = (erp o/2) Ls; 
with a present dilaton expectation value (g) ~ 0.3 — 0.03). The initial state is also 
characterized by another very small dimensionless number, the initial string coupling 
g < 1, corresponding to a dilaton approaching the perturbative vacuum value, ¢ — —oo. 

By contrast, the standard inflationary scenario is characterized by a dilaton already 
settled to its present vacuum expectation value; the coupling is always strong (g is of 
order one), and the size of the initial horizon may be of order one in Planck units, if 
the initial curvature approaches the Planck scale. These kinematical and dynamical 
differences between standard and pre-big bang inflation are summarized in Table I. 

As evident from the pre-big bang curve of Fig. 2, the smaller is the value of 
the initial curvature, the longer is the duration of the phase of pre-big bang inflation. 
The request that the inflation phase be long enough to solve the horizon and flatness 


String cosmology 6 


sa 
Driving energy | inflaton potentiat | dilaton kinetic energy 
Curvature growing 


Initial curvature scale model-dependent | arbitrarily small 
Initial coupling strong, non-perturbativell|arbitrarily weak, perturbative 


Table 1. Kinematical and dynamical differences between standard and pre-big bang 
inflation. 





constant or growing | shrinking 


problems thus imposes bounds on the dimensionless parameters of the initial state, 
controlled by the curvature and by the string coupling. Parameters such as the typical 
size of an initial homogeneous domain, in Planck units, must be by far greater than one 
for inflation to be successful. This aspect of string cosmology was pointed out already in 
the first papers on the pre-big bang scenario [fh] (@] and, even before, also in the context 
of string-driven superinflation ff]. 

The fact that the initial curvature and coupling are small, and that the initial state 
is characterized by very large dimensionless numbers, may be interpreted however as 
a possible fine-tuning of the pre-big bang models [23], or even as a serious drawback, 
preventing the solution of the flatness and homogeneity problems, and supporting the 
conclusion that “the current version of the pre-big bang scenario cannot replace usual 
inflation” [24]. 

Consider, for instance, the horizon/homogeneity problem. At the onset of pre-big 
bang inflation, as usual in an inflationary context, the maximal allowed homogeneity 
scale is bounded by the size of the horizon. The point is that the initial horizon size H~! 
is very large, instead of being of Planckian order. The basic question thus becomes: is 
an initial homogeneity scale of the order of the maximal scale H~! necessarily unnatural 
if the initial curvature is small and, consequently, the initial horizon is large in Planck 
(or string) units? In other words, which basic length scale has to be used to measure the 
naturalness of the initial homogeneous domain, which subsequently inflates to reproduce 
the presently observed Universe? The Planck length or the radius of the causal horizon? 

The choice of the Planck length, emphasized in [24], is certainly appropriate when 
the initial conditions are imposed in a state approaching the high-curvature, quantum 
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gravity regime, like in models of chaotic inflation 4], for instance. In the pre-big bang 
scenario, on the contrary, the initial conditions are to be imposed when the Universe 
is deeply inside the low-curvature, weak coupling, classical regime. In that regime the 
Universe does not know about the Planck length, and the only available classical scale 
of distance, the horizon, should not be discarded “a priori” as unnatural P6). 

This does not mean, of course, that the horizon should be always assumed as 
the natural scale of homogeneity. This suggests, however, that the naturalness of 
homogeneity over a large horizon scale should be discussed on the grounds of some 
quantitative and objective criterium, as attempted for instance in 7], taking into 
account also the effects of quantum fluctuations that could destroy the initial, 
classical homogeneity (see also 29] for a discussion of “generic” initial conditions in a 
string cosmology context). 

Another point concerns the flatness problem. In order to explain the precise fine- 
tuning of the present density to the critical one, the initial state of pre-big bang inflation 
must be characterized by large dimensionless parameters, thus reintroducing from the 
beginning the large numbers that one would like to explain. 

This may seem to be quite unsatisfactory, as emphasized in [B4]. It should be 
pointed out, however, that if one accepts the point of view that large numbers are always 
to be avoided at the onset of inflation, then should also accept the fact that natural 
initial conditions are only possible in the context of models in which inflation starts 
at the Planck scale, in order to have, for the curvature, an initial dimensionless ratio 
of order one. This rules out, as a satisfactory explanation of our present cosmological 
state, not only the pre-big bang scenario, but any model in which inflation starts at scales 
smaller than Planckian (unless we imagine a scenario with different stages of inflation, 
each of them responsible for solving different problems, and occurring at different scales: 
but, again, is this a natural cosmological configuration?) 

Even for a single stage of inflation, occurring very near to the Planck scale, we 
are not free from problems, however, as we are led eventually to the following question: 
can we trust the naturalness of inflation models in which classical general relativity is 
applied to set up initial conditions at Planckian curvature scales, i.e. deeply inside the 
non-perturbative, quantum gravity regime? (in string cosmology, the Planckian regime 
directly affects the exit from the inflationary phase, and only indirectly set constraints 
on the initial conditions, through the finite duration of the low energy phase). 

Assuming that the answer be positive, we are led to a situation that can be 
graphically summarized, in a qualitative way, as in Fig. 3. 


e Case (a) represents a standard inflationary model of the Universe in which inflation 
starts at the Planck scale. The time arrow points from bottom to top, and the 
shaded area at the time tg represents a spatial section of our present homogeneous 
Universe, of size fixed by the present Hubble radius Hj‘. As we go back in time, 
according to the solutions of the standard cosmological model, the horizon shrinks 
linearly in cosmic time, while the proper size of the present homogeneous region, 
controlled by the scale factor a(t), shrinks slowly. When we reach the Planck scale, 
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at the time ty, the causal horizon is smaller than the homogeneous region, roughly 
by the factor 107°°. 

To solve this problem, the phase of standard evolution is preceeded by a phase of 
exponential de Sitter inflation, long enough in time from ¢; to t;, during which the 
curvature and the horizon stay frozen at the Planck scale, and our present portion 
of the Universe may “re-enter” inside the causal horizon. 

It should be stressed that, in a realistic inflationary model, the horizon has to be 
slightly increasing from ¢; to tr, because the scale corresponding to our present 
Hubble radius has to cross the horizon, during inflation, at a curvature scale Hy, 
smaller than Planckian. We must require, in particular, that H,/M, < 10~° in 
order to avoid too much amplification of gravitational perturbations, that would 
contradict the present degree of homogeneity observed by COBE [BOQ] at large 
angular scales. However, for the sake of graphical simplicity, we shall ignore this 
complication that is not essential for our present discussion. 


e Case (b) represents a string cosmology model of the Universe, in which the 

inflationary pre-big bang phase, from ¢; to ty, is represented in terms of the 
contracting metric of the Einstein frame [6], in order to emphasize (graphically) 
the underlying duality and time-reversal symmetry of the scenario (there is no need, 
of course, that in the Einstein frame the pre-big bang scale factor exactly coincide 
with the time-reversal of the post-big bang solution). 
The main difference from case (a) is that in the pre-big bang epoch the curvature 
is growing, and the event horizon shrinks linearly in cosmic time, from ¢, to ty, 
instead of being constant. Since the scale factor shrinks at a slower rate, however, 
it is still possible for the initial homogeneous domain to be “pushed out” of the 
horizon, and for the Universe to emerge at the Planck scale, at the time ¢;, in the 
same configuration as in case (a). The subsequent evolution from t, to to is the 
same as in the standard scenario. 


e Case (c), finally, represents a string cosmology model in which the period of pre-big 
bang inflation corresponds in part to a phase of growing curvature, growing dilaton 
and shrinking horizon (from t; to t;), and in part to a phase in which the curvature, 
the horizon, and eventually the dilaton, are frozen at the Planck scale (from t, to 
tr). The initial horizon is still large in Planck units, but it is no longer reflection- 
symmetric to tp, depending on the duration of the high curvature phase from t, to 


tr. 


According to 4], the model (a) represents an acceptable solution to the horizon and 
flatness problem because inflation starts at the Planck scale, and all the dimensionless 
parameters characterizing the initial configuration are of order one. When the phase 
at constant curvature of the model (c) extends in time like in case (a) the two models 
pratically coincide for what concerns the naturalness of the initial conditions, as in both 
cases our Universe emerges at the Planck scale from a single domain of Planckian size, 
and we loose any observational tracks of what happened before. 
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(a) (b) (c) 


Figure 3. Qualitative evolution of the horizon scale and of the proper size of a 
homogeneous region for (a) standard de Sitter inflation with constant Hubble horizon, 
(b) pre-big bang inflation (in the Einstein frame) with shrinking horizon, and (c) pre- 
big bang including a phase of high curvature inflation at the string scale. The time 
direction coincides with the vertical axis. The three horizontal spatial sections to, t 
and t; corresponds, from top to bottom, to the present time, to the end, and to the 
beginning of inflation. The shaded area represents the horizon, and the dashed lines 
its time evolution. The full curves represent the time evolution of the proper size of 
the homogeneous region, controlled by the scale factor. 


The aim of the pre-big bang scenario, on the other hand, is to attempt a description 
of the possible cosmological evolution before the Planck epoch. The main difference 
between case (a) and (c) is that, if the duration of the phase of inflation at constant 
curvature is shorter than the minimal duration required for a solution of all the standard 
kinematic problems, what happened before the Planck scale may then become visible. 
In other words, there are phenomenological consequences that can be ascribed to the 
phase of pre-Planckian evolution, and that can be tested (at least in principle) even 
today (see Section fl). The model of case (b), in particular, is the limiting case in which 
the duration of the high curvature phase shrinks to a point, and the Universe emerges at 
the Planck curvature scale with a homogeneous domain large enough to fill our present 
Hubble radius through the subsequent standard evolution. 

The above discussion refers to the curvature in Planck units, but the same 
arguments can also be applied to the initial value of the string coupling. If the coupling 
is of order one at the beginning of inflation then it is natural, in the sense of P4j, if 
it is much smaller than one, then the inflationary growth of the coupling may have 
observable consequences. 

To conclude this discussion it seems difficult, in our opinion, to discard a model 
of pre-Planckian evolution, like those illustrated in case (b), (c), only on the grounds 
of the large parameters characterizing its initial conditions. Such an argument could 
be applied in the impossibility of observational tests, namely in the absence of any 
phenomenological evidence about the cosmological evolution before the Planck era. But, 
as pointed out before, the pre-Planckian epoch becomes invisible only in the limiting 
case (a), in which the effective models reduces to standard inflation starting at the 
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Planck scale, with no unnatural initial conditions. 

If, on the contrary, the high curvature phase is shorter than in case (a), then the 
model requires an initial horizon larger than Planckian, and a small initial coupling — 
which are possibly unnatural according to standard criteria [24]. In that case, however, 
such initial conditions are in principle accessible to present observations, so why do not 
try to test the scenario observationally, and try to analyze the naturalness in terms 
of a Bayesan approach, as attempted in P7]? In that case, the computation of “a 
posteriori” probabilities suggests that the observation of a large initial horizon and a 
small initial coupling may become “a posteriori” natural P7], because of the duality 
symmetry intrinsic to the pre-big bang scenario. 

Finally, even if the initial state should require a certain degree of fine-tuning, this 
does not necessarily implies that the pre-big bang cosmology described by string models 
is to be discarded (after all, the description of our late-time Universe given by the 
standard cosmological model is rather satisfactory, in spite of the fine-tuning required 
in such a model if the initial state is extrapolated back in time until the Planck epoch). 

Usually, the need for fine-tuning in the initial conditions means that the model 
is incomplete, and that a more general dynamical mechanism is required, to explain 
the particular initial conditions. Thus, it might well be that the pre-big bang picture 
provided by string cosmology does not represents the whole story of our Universe, and 
that only an earlier evolution can explain why, at a certain instant of time, the Universe 
is lead to a state so similar to the string perturbative vacuum. 


3. Quantum cosmology differences 


In the standard inflationary scenario the phase of exponential, de Sitter-like expansion 
at constant curvature cannot be infinitely extended towards the past, for a well known 
reason of geodesic completeness. A complete manifold requires an earlier contracting 
phase: in that case, however, it seems impossible, in models dominated by the inflaton 
potential, to stop the collapse and to bounce towards the expanding phase [§]. One has 
thus the problem of explaining how the Universe could emerge at the Planck scale in 
the initial state appropriate to exponential expansion. 

At curvature scales of order one in Planck units we are in the full quantum gravity 
regime, and the use of the quantum cosmology approach seems to be appropriate. In this 
approach the Universe is represented by a wave function satisfying the Wheeler-De Witt 
(WDW) equation [BI], and evolving in the so-called superspace, whose points represent 
all possible spatial geometric configurations. For pratical applications, however, the 
evolution of the WDW wave function is usually studied in a “minisuperspace” context, 
where only a finite numbers of coordinates is chosen to parametrize the different 
geometrical configurations. 

With an appropriate choice of the boundary conditions it is then possible to obtain 
cosmological solutions of the WDW equation describing the “birth of the Universe” 
as an effect of quantum tunnelling 33]. In that case, if the geometric state of the 
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Universe is characterized by a cosmological constant A (due, for instance, to the vacuum 
energy-density induced by a scalar field potential), the tunnelling probability is found 
to be proportional to exp (—A~+), where A is measured in Planck units. The Universe 
tends thus to emerge in a state of big vacuum energy, just appropriate to the onset of 
inflation. The quantum cosmology approach seems thus to provide a natural mechanism 
to explain the formation of “baby universes”, emerging at the Planck scale, and ready 
to inflate according to the standard inflationary scenario 4]. 

The minisuperspace approach to quantum cosmology is known to be affected by 
various problems of technical nature: the probabilistic interpretation, the unambiguous 
determination of an appropriate time parameter, the semiclassical limit, the ordering 
of quantum operators, and so on. The most unsatisfactory aspect of this approach, in 
our opinion, is however the fact that the boundary conditions for the tunnelling process 
are to be chosen “ad-hoc”. They are by no means compelling, and it is possible indeed 
to impose different boundary conditions, for instance according to the “no boundary” 
criterium [B5], leading to a completely different result for the probability of creation of 
universes — results that are not always appropriate to inflationary initial conditions. 

The source of this problem is the fact that, in a quantum description of the birth of 
the Universe, the final cosmological state (i.e. the Universe that we want to obtain) 
is well known, while the initial cosmological state (before the quantum transition) 
is completely unknown, at least in the context of the standard inflationary scenario. 
Indeed, the cosmological tunnelling is usually referred as a proces of tunnelling “from 
nothing” [2], just to stress the ignorance about the initial vacuum state. The classical 
theory of the standard cosmological scenario cannot help, because the initial state, in 
that context, is the big bang singularity, i.e. just what the quantum approach would 
like to avoid. 

In a string cosmology context, the quantum approach based on minisuperspace 
can be implemented in a straightforward way, with the only difference that the 
differential WDW equation represents the Hamiltonian constraint following not from 
the Einstein action, but from the low-energy string effective action B6, B7, BY]. As 
a consequence, the “minimal” minisuperspace is at least two-dimensional, because the 
action always contains the dilaton, besides the metric. The formal problems related 
to the minisuperspace approach remains, with the possible exception of the operator- 
ordering problem, as the quantum ordering is unambiguosly fixed by the global, pseudo- 
orthogonal O(d, d) symmetry of the low-energy string effective action [BG, 83]. Another 
possible exception is the identification of the time-like coordinate in minisuperspace 9). 

There is, however, a radical difference for what concerns boundary conditions. In 
the context of the pre-big bang scenario the initial, asymptotic state of the Universe 
is unambiguosly prescribed — the string perturbative vacuum — and cannot be chosen 
“ad-hoc”. Such initial state is perfectly appropriate to a low-energy normalization of the 
WDW wave function, and the transition probability of string cosmology only depends 
on the dynamics, i.e. on the effective potential appearing in the WDW equation. 

It is now interesting to observe that if we compute, in the context of the pre- 
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big bang scenario, the transition probability from the perturbative vacuum to a final, 
post-big bang configuration characterized by a non-vanishing cosmological constant, we 
obtain [B7] a probability distribution P(A) very similar to the one of the conventional 
quantum cosmology, computed with tunneling boundary conditions. The reason is 
that, by imposing the perturbative vacuum as the boundary condition to the WDW 
equation, the WDW solutions contain only outgoing waves at the singular spacetime 
boundary, just like in the case of tunnelling boundary conditions [BQ]. In this sense, we 
can say that the “ad-hoc” prescription of tunnelling boundary conditions simulates, 
in a phenomenological way, the birth of the Universe from the string perturbative 
vacuum. This suggests that, instead of “tunnelling from nothing”, we should speak of 
“tunnelling from the string perturbative vacuum” or, even better, of quantum instability 
and “decay” of the perturbative vacuum [AQ]. 

A further, important difference should be mentioned. The transition from the pre- 
to the post-big bang phase induced by the cosmological constant (or, more generally, 
by an appropriate dilaton potential), is represented, in the minisuperspace of string 
cosmology, not like a tunnelling effet, but like a quantum reflection of the WDW wave 
function, over an effective potential barrier. The correct description that we obtain 
in string cosmology for the birth of the Universe, therefore, is that of a “quantum 
scattering” effect Bé, BZ B9. 

The various differences between quantum inflationary cosmology and quantum 
string cosmology are summarized in Table II. Besides the formal aspects (such as 
tunnelling versus reflection), the basic difference is that in the standard inflationary 
scenario the Universe, because of quantum cosmology effects, is expected to enter in the 
inflationary regime, while in the pre-big bang scenario the Universe is expected to exit 
from the inflationary regime (or at least from the phase of growing curvature). So, in 
standard inflation, quantum effects at the Planck scale are expected to be responsible 
for inflationary initial conditions. In string cosmology, on the contrary, initial conditions 
are to be imposed in the opposite, low energy quantum regime, where quantum effects 
are negligible. 

It seems appropriate, at this point, to comment on the fact that the initial state of 
pre-big bang inflation seems to be characterized by a large entropy S, if one assumes, as 
in [24], that the de Sitter relation between entropy and horizon area remains valid also 
when the horizon is not constant in time (or, in other words, if one assumes a saturation 
of the bound provided by the holographic principle [fl], applied however to the Hubble 
horizon [£Q]). If S is large in Planck units, the probability that such a configuration 
be obtained through a process of quantum tunnelling, exp(—S), is exponentially small, 
as emphasized in [24]. However, as stressed above, in string cosmology quantum effects 
such as tunnelling or reflection are expected to be effective at the end of inflation, and 
not at the beginning, i.e. not to explain the origin of the initial state. A large entropy 
of the initial state, in the weakly-coupled, highly-classical regime, can only correspond 
to a large probability of such configuration, which is proportional to exp(+S), like for 
every classical and macroscopic configurations (not arising from quantum tunnelling). 
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Outgoing waves |{tunnelling from nothing || reflection from pre-big bang 
Quantum transition |} beginning of inflation exit from inflation 


Table 2. Quantum cosmology differences between standard and pre-big bang 
inflation. 


Let us stress, finally, another important difference between conventional quantum 
cosmology and quantum string cosmology. In string cosmology quantum geometrical 
effects cannot be fully accounted for, as fas as we limit ourself to a WDW equation 
obtained from the low-energy string effective action. Indeed, when approaching the 
Planck scale, the string theory action acquires (even at small coupling, i.e. at tree-level 
in the quantum loop expansion) higher curvature correction [43], weighed by the inverse 
string tension a’. They are to be included into the Hamiltonian constraint, and lead 
in general to a higher-derivative WDW equation. This problem has been discussed in 
[44], and it has been shown in [45] that when the higher curvature corrections appear 
in the form of an Eulero density, then the WDW approach can only be applied to a 
dimensionally reduced version of the theory. 

The quantum cosmology results reported in this section refer, in this sense, only 
to a model of “low-energy” quantum string cosmology [AQ]. In the full quantum gravity 
regime, in order to include all the higher-derivative contributions, the correct WDW 
equation should follow not from the effective action, but possibly from a conformal, 
sigma-model action [M6], which automatically takes into account all orders in a’. We 
note, however, that duality transformations in toroidal moduli space have recently 
suggested [f7] that the Lorenztian structure of the low-energy minisuperspace may have 
an exact meaning also in an M-theory context, even if the exact M-theory equations 
are expected to be in general different. 

In fact, when the curvature is large in string units (aH? > 1), and also the string 
coupling is large (g? = e® > 1), we necessarily enter the M-theory regime where new 
quantum effects are possible, such as a copious production of higher-dimensional D- 
branes [Aj]. If the curvature is small enough, the strong coupling regime of string 
cosmology is then expected to be described by 11-dimensional supergravity theory, and 
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the dilaton to be interpreted as the radius (i.e., the modulus field) of the 11-th dimension 
9]. In this context string cosmology becomes U-duality covariant [J 50, Bi], and the 
presence in the action of Ramond-Ramond fields may be helpful to evade the problem of 
the curvature singularity [bQ, 63, B4]. The singularity, in addition, could also disappear 
as a result of the embedding of the low-energy solutions of string theory into a higher- 
dimensional (d = 11) manifold [J], 65. 

These results seem to suggests that an appropriate quantum description of the birth 
of the Universe will be probably achieved only within a full M-theory approach to the 
strong coupling regime, in which the pre-big bang acceleration is damped, the curvature 
is regularized, and the Universe bounces back to the phase of standard evolution. 


4. Phenomenological differences 


One of the most important (and probably also most spectacular) phenomenological 
predictions of inflation is the parametric amplification of metric (and of other 
different types of) perturbations [56], and the corresponding generation of primordial 
inhomogeneity spectra, directly from the quantum fluctuations of the background fields 
in their vacuum state (see [b7] for a review). Such fluctuations, when decomposed in 
Fourier modes, satisfy a canonical Schrodinger-like equation, whose effective potential is 
determined by the so-called“ pump field”, which depends in its turn on the background 
geometry. 

It is then evident that different backgrounds lead to different pump fields, to a 
different evolution of perturbations, and thus to different spectra. In string cosmology, 
in particular, there are two main properties of the background that can affect the final 
form of the perturbation spectra. They are: 


e (A) the growth of the curvature scale; 


e (B) the scalar-tensor (i.e. gravi-dilaton) nature of the background. 


Property (A) has two important consequences. The first, that we will call (A1), is that 
the pre-big bang scenario leads to metric perturbation spectra growing with frequency 
[53] (instead of being flat, or decreasing, like in standard inflation), because the spectral 
distribution of metric perturbations tends to follow the behaviour of the curvature scale 
at the time of the first horizon crossing. The second, that we will call (A2), is that 
the growth of the curvature can also force the comoving amplitude of perturbations to 
grow (instead of being frozen) outside the horizon. This effect, implicitly contained in 
the earlier, pioneer studies 9], was first explicitly pointed out in [60], and only later 
independently re-discovered in a string cosmology context [6]. As a further consequence 
of property (A) we should mention, finally, the fact that perturbations are amplified in 
a final “squeezed vacuum” state, and not in a “squeezed thermal vacuum” [62]. 

Let us first discuss the second effect (A2). This effect, on one hand, is interesting 
because it may lead to an amplification of perturbations more efficient than in the 
standard inflationary scenario. On the other hand, however, it is dangerous, because 
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the perturbation amplitude could grow too much, during the pre-big bang phase, so as 
to prevent the application of the standard linearized approach, which neglects effects of 
back-reaction |p 7]. 

Such an “anomalous” growth of perturbations cannot be eliminated by a change 
of frame, because the associated physical (i.e. observable) energy density spectrum 
is obviously frame-independent. However, the breakdown of the linear approximation 
is, in general, gauge-dependent. For the particular case of scalar metric perturbations, 
in three isotropic dimensions, the linear approximation breaks down in the standard 
longitudinal gauge, but is restored in a more appropriate “off-diagonal” gauge [63], also 
called “uniform-curvature” gauge [64]. Moreover, as a consequence of a particolar form 
of duality invariance that appears explicitly in the Hamiltonian approach to perturbation 
theory [65], the final energy-density spectrum can always be correctly estimated by 
neglecting the growing mode, provided one includes in the full Hamiltonian both the 
contribution of the amplitude and of its conjugate momentum. 

There are backgrounds, however, in which the growth of perturbations remains too 
strong even after the elimination of all unphysical gauge effects, and we have to limit 
ourselves to a restricted portion of parameter space for the linear approximation to be 
valid. Even in this case, however, the effect (A1) has two interesting consequences. 

The first is that a growing spectrum leads to the formation of relic backgrounds 
whose amplitude is higher at higher frequency, where in general the backgrounds 
are also more easily detectable. A typical example is the formation of a relic 
background of cosmic gravitons which, in the frequency range of present resonant- 
mass and interferometric detectors (10? — 10° Hz), could be up to eight orders of 
magnitude stronger than expected in the context of standard inflation [66]. Thus 
in principle detectable, in a not-so-far future, by the (planned) advanced version of the 
interferometric gravitational antennas, or by spherical resonant detectors. 

The second consequence is that the normalization of the peak of the spectrum, at 
high frequency, is automatically controlled by the string scale [67]. The peak amplitude 
may be high enough to support a picture in which all the radiation, that becomes 
dominant at the beginning of the standard era, is produced through a process of 
parametric amplification, directly from the quantum fluctuations of the vacuum during 
the pre-big bang epoch [67] 68, 69). Indeed, for the background fields that interact more 
strongly than gravitationally, the amplified fluctuations are expected to thermalize, and 
their energy-density is expected to grow in time with respect to the dilaton kinetic 
energy that was driving the background during the phase of pre-big bang inflation. 
This possibility is absent in the standard inflationary scenario, where the spectrum of 
perturbations is decreasing, and the normalization of the spectrum is determined at 
low frequency by the observation of the large scale CMB anisotropy [OQ]: the resulting 
energy-density of the fluctuations, in that case, is by far too low to dominate, eventually, 
the post-inflationary background. 

Up to now we have reported some phenomenological consequences of the property 
(A). For what concerns the property (B), i.e. the gravi-dilaton nature of the background, 
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we will quote here a peculiar string cosmology effect, the amplification of the quantum 
fluctuations of the electromagnetic field due to their direct coupling to the dilaton, 
according to the effective Lagrangian density —ge-°F,,F"™. 

In general relativity the dilaton is absent, the Lagrangian is invariant under a 
conformal rescaling of the metric, and the coupling of the electromagnetic field to a 
conformally flat metric, typical of inflation, can always be eliminated (unless the coupling 
is non-minimal and/or violates U(1) gauge invariance [70Q]). As a consequence, the 
inflationary evolution of the metric background is unable to amplify the electromagnetic 
fluctuations. In string cosmology, on the contrary, such fluctuations are amplified by 
the accelerated growth of the dilaton (acting as the pump field) during the pre-big 
bang phase. If the high-curvature string phase is long enough, it is then possible to 
produce in this way the “seeds”, required for instance by the galactic dynamo, for 
the generation of cosmic magnetic fields on a large scale [71]. String cosmology thus 
provides a possible solution to a longstanding astrophysical “puzzle”, i.e. the generation 
of the primordial seed fields, through a mechanism which is uneffective in the standard 
inflationary scenario. 

This certainly represents an advantage with respect to the standard scenario. 
The different amplification of perturbations, however, is also asssociated to possible 
drawbacks. In particular, the fact that the metric perturbation spectrum, in string 
cosmology, grows with a very steep slope, and it is rigidly normalized at high frequency, 
makes problematic the matching to the anisotropy observed at the present horizon scale 
BO]. The generation of the observed CMB anisotropy, with the right spectrum, is instead 
one of the most celebrated results of standard inflation P, [7, 57]. 

A possible solution to this problem, in string cosmology, comes from the 
amplification of the fluctuations of the Kalb-Ramond axion, which is one of the 
fundamental fields appearing in the string effective action, already at low energy. Indeed, 
unlike metric perturbations, the axion perturbations can be amplified with a rather flat 
spectrum and, through the (integrated) Sachs-Wolfe effect [73], they can induce the 
temperature anisotropy observed in the CMB radiation on a large scale, both in case of 
massless [74] and massive [75] axion fluctuations. 

It is important to observe, in that case, that the slope of the spectrum is no 
longer arbitrary, but rigidly determined by the COBE normalization (imposed at low 
frequency), and by the string normalization (imposed at the opposite, high-frequency 
end of the spectrum). The resulting slope turns out to be slightly increasing [74 [75], 
but still in agreement with the observational limits at the horizon scale [/@]. At higher 
frequency scales, however, important differences from standard inflation may appear in 
the peak structure of the spectrum [77]. The possible axionic origin of the fluctuations 
of the CMB temperature is thus expected to be confirmed (or disproved) in a very near 
future, by the planned satellite observations. 

The main differences between standard and string cosmology inflation, for what 
concerns cosmological perturbations, are summarized in Table III. The last entry of 
the Table refers to the amplification of the fluctuations of the dilaton background [79], 
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Table 3. Amplification of vacuum fluctuations in the inflationary and pre-big bang 





scenario. 


another peculiar effect of string cosmology, because the dilaton is absent in the standard 
scenario. This effect, analogous to the amplification of tensor metric perturbations, can 
be interpreted (in a second quantization approach) as a process of dilaton production, 
which leads to the formation of a relic background of cosmic dilatons. The background 
is subject to various constraints, depending on the slope of the spectrum and on the 
mass of the dilaton, but if dilatons are light enough (namely m < 10 KeV), they 
are not yet decayed and could represent today a significant fraction of the dark matter, 
that seems required to match various astrophysical observations. 

Detecting such a background, through the gravity-like interactions of the dilatons 
at low-energy scales, is however a challenge that seems beyond the possibilities of present 
technology [BQ], unless the dilaton couples universally to macroscopic bodies, represents 
a significant fraction of dark matter, and its mass lies within the sensitivity band of 
gravitational detectors [81]. 


5. Conclusion 


The pre-big bang scenario provides a model, suggested and supported by string theory, 
of the possible cosmological evolution before our Universe emerged at the Planck scale. 

If the subsequent post-Planckian evolution follows the standard inflationary 
scenario, then initial conditions can be imposed at the Planck scale, and are probably 
natural in the sense of [24], but any track of what happened before disappears from our 
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observational range. If, on the contrary, inflation at the Planck scale is not too long, 
and inside our present Hubble radius there are comoving length scales that crossed 
the horizon during the low-curvature pre-big bang phase, then pre-Plackian initial 
conditions are in principle accessible to present observations, and their naturaleness can 
be discussed in terms of a Bayesan analysis [27], based on “a posteriori” probabilities. 
Quantum cosmology methods can also be applied, taking into account however that 
quantum effects are possibly important at the end, and not at the beginning, of inflation. 

We believe that the possibility of looking back in the past before the Planck era is 
the most distinctive aspect of string cosmology, with respect to the standard inflationary 
cosmology. Concerning the possible tracks of the pre-Planckian Universe, we have 
emphasized , in particular, three effects, referring to observations to be performed 1) ina 
not-so-far future, 2) in a near future, and 3) to observations already (in part) performed. 
These effects are, respectively: 1) the production of a cosmic gravity wave background, 
2) the axion-induced anisotropy of the CMB radiation, and 3) the production of seeds 
for the cosmic magnetic fields. 

These effects are not necessarily compatible among them (at least in the “minimal” 
version of the pre-big bang models), and it seems thus possible to test, and eventually 
exclude (or confirm) the pre-big bang scenario on the grounds of its phenomenological 
consequences. Even if, as recently stressed [82], the idea itself of inflation “cannot be 
falsified” , the particular models can (and must) be tested, and the pre-big bang scenario, 
after all, can be regarded as a particular, unconventional model of primordial inflation. 

It seems thus appropriate to stress, in conclusion, that the pre-big bang scenario is 
not alternative to the idea of inflation, but only alternative to a more conventional 
realization of inflation which, for hystorical reason, is still deeply anchored to the 
standard big bang picture, where the initial state must necessarily represent a very 
small, curve and dense Universe. The effort of this paper aims at stimulating the reader’s 
meditation on the fact that this standard picture is a possibility, not a necessity, and 
that quite different initial conditions are possible, and not necessarily unlikely. 
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1. Introduction 


The standard cosmological scenario [[l], 2], rightfully one of the best celebrated conquests 
of the physics of the XX century, cannot be extrapolated to arbitrarily high energy and 
curvature scales without clashing with the singularity problem. 

A singularity, on the other hand, often represents a signal that the physical laws we 
are applying have been extrapolated outside their domain of validity. As a well known 
example, we may quote here the case of the spectral energy distribution of radiation 
in thermal equilibrium. By applying the laws of classical physics one finds indeed the 
Rayleigh-Jeans spectrum, that diverges like w? at high frequency. By taking into account 
instead the appropriate quantum corrections, this classical singularity is regularized by 
the bell-like Planck distribution, w* (7 — D as illustrated in Fig. 1. 

String theory suggests that the initial curvature singularity of the standard 
cosmological scenario could be similarly regularized by a bell-shaped curve, as 
qualitatively illustrated in Fig. 2. As we go back in time the curvature, instead of 
blowing up, could reach a maximum controlled by the string scale, and then decrease 
towards a state of very low curvature and weak coupling, approaching asymptotically 
the so-called string perturbative vacuum. ‘This behaviour, indirectly suggested by 





duality and thermodynamical arguments [3], as well as, independently, by the motion of 
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Figure 1. The Planck distribution (full line) regularizes the classical Rayleigh- 
Jeans prediction (dashed line), for the spectral energy density of radiation in thermal 
equilibrium. The classical distribution is only valid at low enough frequency scales. 


strings in rolling backgrounds ff], is naturally grounded on the duality symmetry of the 
cosmological string effective action [§], and its possible implementation in the context 
of a realistic model of the early Universe has a lot of dynamical and phenomenological 
consequences [fj]. 

In the string comology scenario of Fig. 2, the big bang singularity is replaced by 
a phase of high but finite curvature. It comes thus natural, in such a context, to call 
“pre-big bang” the initial phase in which the curvature is growing, in contrast to the 
subsequent “post-big bang” phase, with decreasing curvature and standard decelerated 
evolution. 

The conventional inflationary scenario [, [7], on the other hand, suggests a picture 
of the early Universe which is approximately intermediate between the standard and 
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Figure 2. Curvature scale versus time for standard, inflationary (de Sitter), and string 
cosmology models of the Universe. In the pre-big bang scenario the classical curvature 
singularity is regularized, and the standard cosmological evolution is only valid at late 
enough time scales. 
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the string cosmology one. In that context the curvature, instead of blowing up, is 
expected to approach a nearly constant value, typical of a de Sitter-like geometry (see 
Fig. 2). However, a de Sitter phase with exponential expansion at constant curvature, 
implemented in the context of the conventional, potential-dominated inflation, cannot 
be extended back in time for ever, as first discussed in [RJ]. Indeed, quoting Alan Guth’s 
recent survey of inflationary cosmology [J]: 


(% 


Nevertheless, since inflation appears to be eternal only into the future, but 
not to the past, an important question remains open. How did all start? Although 
eternal inflation pushes this question far into the past, and well beyond the range of 
observational tests, the question does not disappear.” 


A possible answer to the above question, suggested by string cosmology and 
represented graphically in Fig. 2, is that all started from a state approaching, 
asymptotically, the flat, cold and empty string perturbative vacuum. Even if this 
starting point is infinitely far into the past, however, the initial state of our Universe 
might be non completely beyond the range of present observations, in contrast to the 
sentence quoted above, because the starting point may affect the dynamics of the 
subsequent inflationary evolution. The initial curvature scale, for instance, is constant 
or decreasing according to the conventional inflationary scenario, while it is growing 
according to the pre-big bang scenario, and this may lead to important phenomenological 
consequences. 

In spite of the existence of a few particular examples [[0], an unambiguous 
regularization of the curvature singularity (to all orders in the string effective action), 
toghether with a complete description of the transition from the pre- to the post-big 
bang regime, is not an easy achievement (see however for recent encouraging results). 
Also, it is fair to say that the pre-big bang models, at present, are not free from other 
(more or less important) difficulties, that some aspects of the pre-big bang scenario 
are still unclear, and that further work is certainly needed for a final answer to all the 
difficulties. 

Assuming that all the problems can (and will) be solved in a satisfactory way, string 
cosmology will provide eventually a model of the early Universe somewhat different, 
however, from the standard inflationary picture. The aim of this paper, therefore, 
is to present in a compact form a comparison (and a short discussion) of the way 
in which a phase of inflation could be implemented within a cosmology based on the 
string effective action, with respect to the standard cosmology based on the Einstein 
equations. Basically all the differences arise, as we will see, from the fact that in string 
cosmology the Universe starts evolving from an initial state at very low curvature and 
weak coupling, while in conventional inflation the initial state is assumed to approach 
the Planckian, quantum gravity regime. 

The paper is organized as follows. We will discuss kinematical and dynamical 
differences in Sect. 2, quantum cosmology differences in Sect. B| and phenomenological 
differences in Sect. fl Sect. [| is devoted to some concluding remarks. We will avoid 
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as much as possible the introduction of technical details — all contained in the papers 
quoted in the bibliography — trying to emphasize the ideas and the main physical aspects 
of the different inflationary scenarios. 

As already stressed in the Abstract, it seems appropriate to recall that this paper 
is not intended as a complete review of all aspects of string cosmology. Rather, the 
paper is narrowly focused on those aspects where there is an important overlapping of 
methods and objectives and, simultaneously, a strong contrast of basic assumptions, for 
the string cosmology and the standard scenario. For a more exhaustive and systematic 
approach, the interested reader is referred to the excellent review paper devoted to a 
presentation and a technical discussion of all presently existing (super)string cosmology 
models [1], as well as to two recent introductory lectures on the pre-big bang scenario 


3. 
2. Kinematical and dynamical differences 


The idea of inflation hystorically was born [[I[4] to solve the problem of monopoles that 
could be largely produced in the early Universe, at the energy scale of grand unified 
theories (GUT). More generally, inflation is now understood as a period of accelerated 
evolution that can explain why the present Universe is so flat and smooth over a so large 
scale of distances [} [7]. 

For hystorical reasons, i.e. because inflation was first implemented as a period of 
supercooling of the Universe trapped in a “false” vacuum state, in the context of GUT 
phase transitions, inflation was first associated to a phase of exponential expansion 
(in cosmic time) of the scale factor a(t), corresponding to a de Sitter (or “quasi- 
de Sitter”) geometrical state. But it was soon realized that any type of accelerated 
expansion (a4 > 0, @ > 0, where the dots denote differentiation with respect to cosmic 
time), can in principle solve the kinematic problems of the standard scenario [[L5}. 

Actually, even accelerated contraction (a < 0, @ < 0) is effective to this purpose [16], 
as expected from the fact that accelerated expansion can be transformed into accelerated 
contraction through an appropriate field redefinition, like the one connecting the String 
and the Einstein frame. Indeed, physical effects such as the dilution of inhomogeneities 
should be independent from the choice of the frame. So, inflation can be generally 
identified, in a frame-independent way, as a period of accelerated evolution of the scale 
factor (sign @ = sign @). 

There are, however, two classes of accelerated evolution very different from a 
dynamical point of view, and depending on the behaviour — growing or decreasing in time 
— of the curvature of the space-time manifold. A first important point to be stressed 
is thus the fact that the pre-big bang scenario corresponds to a phase of accelerated 
evolution characterized by growing (or non-decreasing) curvature [h, [6], while the phase 
that we shall call “standard inflation ” [P} fq is characterized by a curvature scale which 
tends to be constant — in the limiting case of a de Sitter metric — or slightly decreasing 
in time. 
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Before proceeding further, two remarks are in order. The first is that a phase of 
accelerated evolution and growing curvature, also called superinflation (or pole-inflation) 
[iq], is not a peculiarity of string cosmology, but is possible even in general relativity: in 
higher-dimensional backgrounds, for instance, in the context of dynamical dimensional 
reduction. The important difference is that, in string cosmology, superinflation does not 
necessarily requires neither the shrinking of the internal dimensions, nor some exotic 
matter source or symmetric breaking mechanism [[L9]: it can be simply driven, even 
in three spatial dimensions, by the kinetic energy of the rolling dilaton field ¢ fH, (6, 
parametrizing the growth of the string coupling g = exp(¢/2) from zero (the string 
perturbative vacuum), to the strong coupling regime, g ~ 1. 

The second remark is that the words “pre-big bang” should be referred to 
the complete cosmological evolution from the initial state approaching the string 
perturbative vacuum, up to the beginning of the hot, radiation-dominated phase of 
the standard scenario. Altough in most of this paper we shall restrict our discussion to 
the low-energy part of the pre-big bang phase, appropriately described in terms of the 
low-energy string effective action, the complete pre-big bang history necessarily includes 
a high-curvature “stringy” phase [20], which may also be of the inflationary type PI], 
and which has a curvature expected to be, on the average, non decreasing. 

For a power-law, accelerated, conformally flat background, the time-behaviour of 
the curvature scale follows the behaviour of the absolute value of the Hubble parameter, 
|H| = |a/a|. In such a background, on the other hand, the inverse of the Hubble 
parameter (ie. the Hubble horizon |H|~') also controls the (finite) proper distance 
between the surface of the event horizon and the wordline of a comoving observer. Such 
a distance is shrinking for pre-big bang inflation (where |H| is growing), while it is 
non-decreasing in standard inflation. 

As a consequence of the fact that the horizon is shrinking, and the curvature is 
growing, it turns out that the initial state of the phase of inflation, in the pre-big bang 
scenario, is characterized by a curvature which is very small in Planck (or string) units, 
and by a Hubble horizon very large in the same units (for the sake of simplicity we may 
identify, at the end of inflation, the present value of the string length L, and of the Planck 
lenght L,; indeed, at tree-level, they are related by Lg = (oj) lg = (erp o/2) Ls; 
with a present dilaton expectation value (g) ~ 0.3 — 0.03). The initial state is also 
characterized by another very small dimensionless number, the initial string coupling 
g < 1, corresponding to a dilaton approaching the perturbative vacuum value, ¢ — —oo. 

By contrast, the standard inflationary scenario is characterized by a dilaton already 
settled to its present vacuum expectation value; the coupling is always strong (g is of 
order one), and the size of the initial horizon may be of order one in Planck units, if 
the initial curvature approaches the Planck scale. These kinematical and dynamical 
differences between standard and pre-big bang inflation are summarized in Table I. 

As evident from the pre-big bang curve of Fig. 2, the smaller is the value of 
the initial curvature, the longer is the duration of the phase of pre-big bang inflation. 
The request that the inflation phase be long enough to solve the horizon and flatness 
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sa 
Driving energy | inflaton potentiat | dilaton kinetic energy 
Curvature growing 


Initial curvature scale model-dependent | arbitrarily small 
Initial coupling strong, non-perturbativell|arbitrarily weak, perturbative 


Table 1. Kinematical and dynamical differences between standard and pre-big bang 
inflation. 





constant or growing | shrinking 


problems thus imposes bounds on the dimensionless parameters of the initial state, 
controlled by the curvature and by the string coupling. Parameters such as the typical 
size of an initial homogeneous domain, in Planck units, must be by far greater than one 
for inflation to be successful. This aspect of string cosmology was pointed out already in 
the first papers on the pre-big bang scenario [fh] (@] and, even before, also in the context 
of string-driven superinflation ff]. 

The fact that the initial curvature and coupling are small, and that the initial state 
is characterized by very large dimensionless numbers, may be interpreted however as 
a possible fine-tuning of the pre-big bang models [23], or even as a serious drawback, 
preventing the solution of the flatness and homogeneity problems, and supporting the 
conclusion that “the current version of the pre-big bang scenario cannot replace usual 
inflation” [24]. 

Consider, for instance, the horizon/homogeneity problem. At the onset of pre-big 
bang inflation, as usual in an inflationary context, the maximal allowed homogeneity 
scale is bounded by the size of the horizon. The point is that the initial horizon size H~! 
is very large, instead of being of Planckian order. The basic question thus becomes: is 
an initial homogeneity scale of the order of the maximal scale H~! necessarily unnatural 
if the initial curvature is small and, consequently, the initial horizon is large in Planck 
(or string) units? In other words, which basic length scale has to be used to measure the 
naturalness of the initial homogeneous domain, which subsequently inflates to reproduce 
the presently observed Universe? The Planck length or the radius of the causal horizon? 

The choice of the Planck length, emphasized in [24], is certainly appropriate when 
the initial conditions are imposed in a state approaching the high-curvature, quantum 
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gravity regime, like in models of chaotic inflation 4], for instance. In the pre-big bang 
scenario, on the contrary, the initial conditions are to be imposed when the Universe 
is deeply inside the low-curvature, weak coupling, classical regime. In that regime the 
Universe does not know about the Planck length, and the only available classical scale 
of distance, the horizon, should not be discarded “a priori” as unnatural P6). 

This does not mean, of course, that the horizon should be always assumed as 
the natural scale of homogeneity. This suggests, however, that the naturalness of 
homogeneity over a large horizon scale should be discussed on the grounds of some 
quantitative and objective criterium, as attempted for instance in 7], taking into 
account also the effects of quantum fluctuations that could destroy the initial, 
classical homogeneity (see also 29] for a discussion of “generic” initial conditions in a 
string cosmology context). 

Another point concerns the flatness problem. In order to explain the precise fine- 
tuning of the present density to the critical one, the initial state of pre-big bang inflation 
must be characterized by large dimensionless parameters, thus reintroducing from the 
beginning the large numbers that one would like to explain. 

This may seem to be quite unsatisfactory, as emphasized in [B4]. It should be 
pointed out, however, that if one accepts the point of view that large numbers are always 
to be avoided at the onset of inflation, then should also accept the fact that natural 
initial conditions are only possible in the context of models in which inflation starts 
at the Planck scale, in order to have, for the curvature, an initial dimensionless ratio 
of order one. This rules out, as a satisfactory explanation of our present cosmological 
state, not only the pre-big bang scenario, but any model in which inflation starts at scales 
smaller than Planckian (unless we imagine a scenario with different stages of inflation, 
each of them responsible for solving different problems, and occurring at different scales: 
but, again, is this a natural cosmological configuration?) 

Even for a single stage of inflation, occurring very near to the Planck scale, we 
are not free from problems, however, as we are led eventually to the following question: 
can we trust the naturalness of inflation models in which classical general relativity is 
applied to set up initial conditions at Planckian curvature scales, i.e. deeply inside the 
non-perturbative, quantum gravity regime? (in string cosmology, the Planckian regime 
directly affects the exit from the inflationary phase, and only indirectly set constraints 
on the initial conditions, through the finite duration of the low energy phase). 

Assuming that the answer be positive, we are led to a situation that can be 
graphically summarized, in a qualitative way, as in Fig. 3. 


e Case (a) represents a standard inflationary model of the Universe in which inflation 
starts at the Planck scale. The time arrow points from bottom to top, and the 
shaded area at the time tg represents a spatial section of our present homogeneous 
Universe, of size fixed by the present Hubble radius Hj‘. As we go back in time, 
according to the solutions of the standard cosmological model, the horizon shrinks 
linearly in cosmic time, while the proper size of the present homogeneous region, 
controlled by the scale factor a(t), shrinks slowly. When we reach the Planck scale, 
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at the time ty, the causal horizon is smaller than the homogeneous region, roughly 
by the factor 107°°. 

To solve this problem, the phase of standard evolution is preceeded by a phase of 
exponential de Sitter inflation, long enough in time from ¢; to t;, during which the 
curvature and the horizon stay frozen at the Planck scale, and our present portion 
of the Universe may “re-enter” inside the causal horizon. 

It should be stressed that, in a realistic inflationary model, the horizon has to be 
slightly increasing from ¢; to tr, because the scale corresponding to our present 
Hubble radius has to cross the horizon, during inflation, at a curvature scale Hy, 
smaller than Planckian. We must require, in particular, that H,/M, < 10~° in 
order to avoid too much amplification of gravitational perturbations, that would 
contradict the present degree of homogeneity observed by COBE [BOQ] at large 
angular scales. However, for the sake of graphical simplicity, we shall ignore this 
complication that is not essential for our present discussion. 


e Case (b) represents a string cosmology model of the Universe, in which the 

inflationary pre-big bang phase, from ¢; to ty, is represented in terms of the 
contracting metric of the Einstein frame [6], in order to emphasize (graphically) 
the underlying duality and time-reversal symmetry of the scenario (there is no need, 
of course, that in the Einstein frame the pre-big bang scale factor exactly coincide 
with the time-reversal of the post-big bang solution). 
The main difference from case (a) is that in the pre-big bang epoch the curvature 
is growing, and the event horizon shrinks linearly in cosmic time, from ¢, to ty, 
instead of being constant. Since the scale factor shrinks at a slower rate, however, 
it is still possible for the initial homogeneous domain to be “pushed out” of the 
horizon, and for the Universe to emerge at the Planck scale, at the time ¢;, in the 
same configuration as in case (a). The subsequent evolution from t, to to is the 
same as in the standard scenario. 


e Case (c), finally, represents a string cosmology model in which the period of pre-big 
bang inflation corresponds in part to a phase of growing curvature, growing dilaton 
and shrinking horizon (from t; to t;), and in part to a phase in which the curvature, 
the horizon, and eventually the dilaton, are frozen at the Planck scale (from t, to 
tr). The initial horizon is still large in Planck units, but it is no longer reflection- 
symmetric to tp, depending on the duration of the high curvature phase from t, to 


tr. 


According to 4], the model (a) represents an acceptable solution to the horizon and 
flatness problem because inflation starts at the Planck scale, and all the dimensionless 
parameters characterizing the initial configuration are of order one. When the phase 
at constant curvature of the model (c) extends in time like in case (a) the two models 
pratically coincide for what concerns the naturalness of the initial conditions, as in both 
cases our Universe emerges at the Planck scale from a single domain of Planckian size, 
and we loose any observational tracks of what happened before. 
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(a) (b) (c) 


Figure 3. Qualitative evolution of the horizon scale and of the proper size of a 
homogeneous region for (a) standard de Sitter inflation with constant Hubble horizon, 
(b) pre-big bang inflation (in the Einstein frame) with shrinking horizon, and (c) pre- 
big bang including a phase of high curvature inflation at the string scale. The time 
direction coincides with the vertical axis. The three horizontal spatial sections to, t 
and t; corresponds, from top to bottom, to the present time, to the end, and to the 
beginning of inflation. The shaded area represents the horizon, and the dashed lines 
its time evolution. The full curves represent the time evolution of the proper size of 
the homogeneous region, controlled by the scale factor. 


The aim of the pre-big bang scenario, on the other hand, is to attempt a description 
of the possible cosmological evolution before the Planck epoch. The main difference 
between case (a) and (c) is that, if the duration of the phase of inflation at constant 
curvature is shorter than the minimal duration required for a solution of all the standard 
kinematic problems, what happened before the Planck scale may then become visible. 
In other words, there are phenomenological consequences that can be ascribed to the 
phase of pre-Planckian evolution, and that can be tested (at least in principle) even 
today (see Section fl). The model of case (b), in particular, is the limiting case in which 
the duration of the high curvature phase shrinks to a point, and the Universe emerges at 
the Planck curvature scale with a homogeneous domain large enough to fill our present 
Hubble radius through the subsequent standard evolution. 

The above discussion refers to the curvature in Planck units, but the same 
arguments can also be applied to the initial value of the string coupling. If the coupling 
is of order one at the beginning of inflation then it is natural, in the sense of P4j, if 
it is much smaller than one, then the inflationary growth of the coupling may have 
observable consequences. 

To conclude this discussion it seems difficult, in our opinion, to discard a model 
of pre-Planckian evolution, like those illustrated in case (b), (c), only on the grounds 
of the large parameters characterizing its initial conditions. Such an argument could 
be applied in the impossibility of observational tests, namely in the absence of any 
phenomenological evidence about the cosmological evolution before the Planck era. But, 
as pointed out before, the pre-Planckian epoch becomes invisible only in the limiting 
case (a), in which the effective models reduces to standard inflation starting at the 
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Planck scale, with no unnatural initial conditions. 

If, on the contrary, the high curvature phase is shorter than in case (a), then the 
model requires an initial horizon larger than Planckian, and a small initial coupling — 
which are possibly unnatural according to standard criteria [24]. In that case, however, 
such initial conditions are in principle accessible to present observations, so why do not 
try to test the scenario observationally, and try to analyze the naturalness in terms 
of a Bayesan approach, as attempted in P7]? In that case, the computation of “a 
posteriori” probabilities suggests that the observation of a large initial horizon and a 
small initial coupling may become “a posteriori” natural P7], because of the duality 
symmetry intrinsic to the pre-big bang scenario. 

Finally, even if the initial state should require a certain degree of fine-tuning, this 
does not necessarily implies that the pre-big bang cosmology described by string models 
is to be discarded (after all, the description of our late-time Universe given by the 
standard cosmological model is rather satisfactory, in spite of the fine-tuning required 
in such a model if the initial state is extrapolated back in time until the Planck epoch). 

Usually, the need for fine-tuning in the initial conditions means that the model 
is incomplete, and that a more general dynamical mechanism is required, to explain 
the particular initial conditions. Thus, it might well be that the pre-big bang picture 
provided by string cosmology does not represents the whole story of our Universe, and 
that only an earlier evolution can explain why, at a certain instant of time, the Universe 
is lead to a state so similar to the string perturbative vacuum. 


3. Quantum cosmology differences 


In the standard inflationary scenario the phase of exponential, de Sitter-like expansion 
at constant curvature cannot be infinitely extended towards the past, for a well known 
reason of geodesic completeness. A complete manifold requires an earlier contracting 
phase: in that case, however, it seems impossible, in models dominated by the inflaton 
potential, to stop the collapse and to bounce towards the expanding phase [§]. One has 
thus the problem of explaining how the Universe could emerge at the Planck scale in 
the initial state appropriate to exponential expansion. 

At curvature scales of order one in Planck units we are in the full quantum gravity 
regime, and the use of the quantum cosmology approach seems to be appropriate. In this 
approach the Universe is represented by a wave function satisfying the Wheeler-De Witt 
(WDW) equation [BI], and evolving in the so-called superspace, whose points represent 
all possible spatial geometric configurations. For pratical applications, however, the 
evolution of the WDW wave function is usually studied in a “minisuperspace” context, 
where only a finite numbers of coordinates is chosen to parametrize the different 
geometrical configurations. 

With an appropriate choice of the boundary conditions it is then possible to obtain 
cosmological solutions of the WDW equation describing the “birth of the Universe” 
as an effect of quantum tunnelling 33]. In that case, if the geometric state of the 
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Universe is characterized by a cosmological constant A (due, for instance, to the vacuum 
energy-density induced by a scalar field potential), the tunnelling probability is found 
to be proportional to exp (—A~+), where A is measured in Planck units. The Universe 
tends thus to emerge in a state of big vacuum energy, just appropriate to the onset of 
inflation. The quantum cosmology approach seems thus to provide a natural mechanism 
to explain the formation of “baby universes”, emerging at the Planck scale, and ready 
to inflate according to the standard inflationary scenario 4]. 

The minisuperspace approach to quantum cosmology is known to be affected by 
various problems of technical nature: the probabilistic interpretation, the unambiguous 
determination of an appropriate time parameter, the semiclassical limit, the ordering 
of quantum operators, and so on. The most unsatisfactory aspect of this approach, in 
our opinion, is however the fact that the boundary conditions for the tunnelling process 
are to be chosen “ad-hoc”. They are by no means compelling, and it is possible indeed 
to impose different boundary conditions, for instance according to the “no boundary” 
criterium [B5], leading to a completely different result for the probability of creation of 
universes — results that are not always appropriate to inflationary initial conditions. 

The source of this problem is the fact that, in a quantum description of the birth of 
the Universe, the final cosmological state (i.e. the Universe that we want to obtain) 
is well known, while the initial cosmological state (before the quantum transition) 
is completely unknown, at least in the context of the standard inflationary scenario. 
Indeed, the cosmological tunnelling is usually referred as a proces of tunnelling “from 
nothing” [2], just to stress the ignorance about the initial vacuum state. The classical 
theory of the standard cosmological scenario cannot help, because the initial state, in 
that context, is the big bang singularity, i.e. just what the quantum approach would 
like to avoid. 

In a string cosmology context, the quantum approach based on minisuperspace 
can be implemented in a straightforward way, with the only difference that the 
differential WDW equation represents the Hamiltonian constraint following not from 
the Einstein action, but from the low-energy string effective action B6, B7, BY]. As 
a consequence, the “minimal” minisuperspace is at least two-dimensional, because the 
action always contains the dilaton, besides the metric. The formal problems related 
to the minisuperspace approach remains, with the possible exception of the operator- 
ordering problem, as the quantum ordering is unambiguosly fixed by the global, pseudo- 
orthogonal O(d, d) symmetry of the low-energy string effective action [BG, 83]. Another 
possible exception is the identification of the time-like coordinate in minisuperspace 9). 

There is, however, a radical difference for what concerns boundary conditions. In 
the context of the pre-big bang scenario the initial, asymptotic state of the Universe 
is unambiguosly prescribed — the string perturbative vacuum — and cannot be chosen 
“ad-hoc”. Such initial state is perfectly appropriate to a low-energy normalization of the 
WDW wave function, and the transition probability of string cosmology only depends 
on the dynamics, i.e. on the effective potential appearing in the WDW equation. 

It is now interesting to observe that if we compute, in the context of the pre- 
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big bang scenario, the transition probability from the perturbative vacuum to a final, 
post-big bang configuration characterized by a non-vanishing cosmological constant, we 
obtain [B7] a probability distribution P(A) very similar to the one of the conventional 
quantum cosmology, computed with tunneling boundary conditions. The reason is 
that, by imposing the perturbative vacuum as the boundary condition to the WDW 
equation, the WDW solutions contain only outgoing waves at the singular spacetime 
boundary, just like in the case of tunnelling boundary conditions [BQ]. In this sense, we 
can say that the “ad-hoc” prescription of tunnelling boundary conditions simulates, 
in a phenomenological way, the birth of the Universe from the string perturbative 
vacuum. This suggests that, instead of “tunnelling from nothing”, we should speak of 
“tunnelling from the string perturbative vacuum” or, even better, of quantum instability 
and “decay” of the perturbative vacuum [AQ]. 

A further, important difference should be mentioned. The transition from the pre- 
to the post-big bang phase induced by the cosmological constant (or, more generally, 
by an appropriate dilaton potential), is represented, in the minisuperspace of string 
cosmology, not like a tunnelling effet, but like a quantum reflection of the WDW wave 
function, over an effective potential barrier. The correct description that we obtain 
in string cosmology for the birth of the Universe, therefore, is that of a “quantum 
scattering” effect Bé, BZ B9. 

The various differences between quantum inflationary cosmology and quantum 
string cosmology are summarized in Table II. Besides the formal aspects (such as 
tunnelling versus reflection), the basic difference is that in the standard inflationary 
scenario the Universe, because of quantum cosmology effects, is expected to enter in the 
inflationary regime, while in the pre-big bang scenario the Universe is expected to exit 
from the inflationary regime (or at least from the phase of growing curvature). So, in 
standard inflation, quantum effects at the Planck scale are expected to be responsible 
for inflationary initial conditions. In string cosmology, on the contrary, initial conditions 
are to be imposed in the opposite, low energy quantum regime, where quantum effects 
are negligible. 

It seems appropriate, at this point, to comment on the fact that the initial state of 
pre-big bang inflation seems to be characterized by a large entropy S, if one assumes, as 
in [24], that the de Sitter relation between entropy and horizon area remains valid also 
when the horizon is not constant in time (or, in other words, if one assumes a saturation 
of the bound provided by the holographic principle [fl], applied however to the Hubble 
horizon [£Q]). If S is large in Planck units, the probability that such a configuration 
be obtained through a process of quantum tunnelling, exp(—S), is exponentially small, 
as emphasized in [24]. However, as stressed above, in string cosmology quantum effects 
such as tunnelling or reflection are expected to be effective at the end of inflation, and 
not at the beginning, i.e. not to explain the origin of the initial state. A large entropy 
of the initial state, in the weakly-coupled, highly-classical regime, can only correspond 
to a large probability of such configuration, which is proportional to exp(+S), like for 
every classical and macroscopic configurations (not arising from quantum tunnelling). 
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Outgoing waves |{tunnelling from nothing || reflection from pre-big bang 
Quantum transition |} beginning of inflation exit from inflation 


Table 2. Quantum cosmology differences between standard and pre-big bang 
inflation. 


Let us stress, finally, another important difference between conventional quantum 
cosmology and quantum string cosmology. In string cosmology quantum geometrical 
effects cannot be fully accounted for, as fas as we limit ourself to a WDW equation 
obtained from the low-energy string effective action. Indeed, when approaching the 
Planck scale, the string theory action acquires (even at small coupling, i.e. at tree-level 
in the quantum loop expansion) higher curvature correction [43], weighed by the inverse 
string tension a’. They are to be included into the Hamiltonian constraint, and lead 
in general to a higher-derivative WDW equation. This problem has been discussed in 
[44], and it has been shown in [45] that when the higher curvature corrections appear 
in the form of an Eulero density, then the WDW approach can only be applied to a 
dimensionally reduced version of the theory. 

The quantum cosmology results reported in this section refer, in this sense, only 
to a model of “low-energy” quantum string cosmology [AQ]. In the full quantum gravity 
regime, in order to include all the higher-derivative contributions, the correct WDW 
equation should follow not from the effective action, but possibly from a conformal, 
sigma-model action [M6], which automatically takes into account all orders in a’. We 
note, however, that duality transformations in toroidal moduli space have recently 
suggested [f7] that the Lorenztian structure of the low-energy minisuperspace may have 
an exact meaning also in an M-theory context, even if the exact M-theory equations 
are expected to be in general different. 

In fact, when the curvature is large in string units (aH? > 1), and also the string 
coupling is large (g? = e® > 1), we necessarily enter the M-theory regime where new 
quantum effects are possible, such as a copious production of higher-dimensional D- 
branes [Aj]. If the curvature is small enough, the strong coupling regime of string 
cosmology is then expected to be described by 11-dimensional supergravity theory, and 
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the dilaton to be interpreted as the radius (i.e., the modulus field) of the 11-th dimension 
9]. In this context string cosmology becomes U-duality covariant [J 50, Bi], and the 
presence in the action of Ramond-Ramond fields may be helpful to evade the problem of 
the curvature singularity [bQ, 63, B4]. The singularity, in addition, could also disappear 
as a result of the embedding of the low-energy solutions of string theory into a higher- 
dimensional (d = 11) manifold [J], 65. 

These results seem to suggests that an appropriate quantum description of the birth 
of the Universe will be probably achieved only within a full M-theory approach to the 
strong coupling regime, in which the pre-big bang acceleration is damped, the curvature 
is regularized, and the Universe bounces back to the phase of standard evolution. 


4. Phenomenological differences 


One of the most important (and probably also most spectacular) phenomenological 
predictions of inflation is the parametric amplification of metric (and of other 
different types of) perturbations [56], and the corresponding generation of primordial 
inhomogeneity spectra, directly from the quantum fluctuations of the background fields 
in their vacuum state (see [b7] for a review). Such fluctuations, when decomposed in 
Fourier modes, satisfy a canonical Schrodinger-like equation, whose effective potential is 
determined by the so-called“ pump field”, which depends in its turn on the background 
geometry. 

It is then evident that different backgrounds lead to different pump fields, to a 
different evolution of perturbations, and thus to different spectra. In string cosmology, 
in particular, there are two main properties of the background that can affect the final 
form of the perturbation spectra. They are: 


e (A) the growth of the curvature scale; 


e (B) the scalar-tensor (i.e. gravi-dilaton) nature of the background. 


Property (A) has two important consequences. The first, that we will call (A1), is that 
the pre-big bang scenario leads to metric perturbation spectra growing with frequency 
[53] (instead of being flat, or decreasing, like in standard inflation), because the spectral 
distribution of metric perturbations tends to follow the behaviour of the curvature scale 
at the time of the first horizon crossing. The second, that we will call (A2), is that 
the growth of the curvature can also force the comoving amplitude of perturbations to 
grow (instead of being frozen) outside the horizon. This effect, implicitly contained in 
the earlier, pioneer studies 9], was first explicitly pointed out in [60], and only later 
independently re-discovered in a string cosmology context [6]. As a further consequence 
of property (A) we should mention, finally, the fact that perturbations are amplified in 
a final “squeezed vacuum” state, and not in a “squeezed thermal vacuum” [62]. 

Let us first discuss the second effect (A2). This effect, on one hand, is interesting 
because it may lead to an amplification of perturbations more efficient than in the 
standard inflationary scenario. On the other hand, however, it is dangerous, because 
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the perturbation amplitude could grow too much, during the pre-big bang phase, so as 
to prevent the application of the standard linearized approach, which neglects effects of 
back-reaction |p 7]. 

Such an “anomalous” growth of perturbations cannot be eliminated by a change 
of frame, because the associated physical (i.e. observable) energy density spectrum 
is obviously frame-independent. However, the breakdown of the linear approximation 
is, in general, gauge-dependent. For the particular case of scalar metric perturbations, 
in three isotropic dimensions, the linear approximation breaks down in the standard 
longitudinal gauge, but is restored in a more appropriate “off-diagonal” gauge [63], also 
called “uniform-curvature” gauge [64]. Moreover, as a consequence of a particolar form 
of duality invariance that appears explicitly in the Hamiltonian approach to perturbation 
theory [65], the final energy-density spectrum can always be correctly estimated by 
neglecting the growing mode, provided one includes in the full Hamiltonian both the 
contribution of the amplitude and of its conjugate momentum. 

There are backgrounds, however, in which the growth of perturbations remains too 
strong even after the elimination of all unphysical gauge effects, and we have to limit 
ourselves to a restricted portion of parameter space for the linear approximation to be 
valid. Even in this case, however, the effect (A1) has two interesting consequences. 

The first is that a growing spectrum leads to the formation of relic backgrounds 
whose amplitude is higher at higher frequency, where in general the backgrounds 
are also more easily detectable. A typical example is the formation of a relic 
background of cosmic gravitons which, in the frequency range of present resonant- 
mass and interferometric detectors (10? — 10° Hz), could be up to eight orders of 
magnitude stronger than expected in the context of standard inflation [66]. Thus 
in principle detectable, in a not-so-far future, by the (planned) advanced version of the 
interferometric gravitational antennas, or by spherical resonant detectors. 

The second consequence is that the normalization of the peak of the spectrum, at 
high frequency, is automatically controlled by the string scale [67]. The peak amplitude 
may be high enough to support a picture in which all the radiation, that becomes 
dominant at the beginning of the standard era, is produced through a process of 
parametric amplification, directly from the quantum fluctuations of the vacuum during 
the pre-big bang epoch [67] 68, 69). Indeed, for the background fields that interact more 
strongly than gravitationally, the amplified fluctuations are expected to thermalize, and 
their energy-density is expected to grow in time with respect to the dilaton kinetic 
energy that was driving the background during the phase of pre-big bang inflation. 
This possibility is absent in the standard inflationary scenario, where the spectrum of 
perturbations is decreasing, and the normalization of the spectrum is determined at 
low frequency by the observation of the large scale CMB anisotropy [OQ]: the resulting 
energy-density of the fluctuations, in that case, is by far too low to dominate, eventually, 
the post-inflationary background. 

Up to now we have reported some phenomenological consequences of the property 
(A). For what concerns the property (B), i.e. the gravi-dilaton nature of the background, 
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we will quote here a peculiar string cosmology effect, the amplification of the quantum 
fluctuations of the electromagnetic field due to their direct coupling to the dilaton, 
according to the effective Lagrangian density —ge-°F,,F"™. 

In general relativity the dilaton is absent, the Lagrangian is invariant under a 
conformal rescaling of the metric, and the coupling of the electromagnetic field to a 
conformally flat metric, typical of inflation, can always be eliminated (unless the coupling 
is non-minimal and/or violates U(1) gauge invariance [70Q]). As a consequence, the 
inflationary evolution of the metric background is unable to amplify the electromagnetic 
fluctuations. In string cosmology, on the contrary, such fluctuations are amplified by 
the accelerated growth of the dilaton (acting as the pump field) during the pre-big 
bang phase. If the high-curvature string phase is long enough, it is then possible to 
produce in this way the “seeds”, required for instance by the galactic dynamo, for 
the generation of cosmic magnetic fields on a large scale [71]. String cosmology thus 
provides a possible solution to a longstanding astrophysical “puzzle”, i.e. the generation 
of the primordial seed fields, through a mechanism which is uneffective in the standard 
inflationary scenario. 

This certainly represents an advantage with respect to the standard scenario. 
The different amplification of perturbations, however, is also asssociated to possible 
drawbacks. In particular, the fact that the metric perturbation spectrum, in string 
cosmology, grows with a very steep slope, and it is rigidly normalized at high frequency, 
makes problematic the matching to the anisotropy observed at the present horizon scale 
BO]. The generation of the observed CMB anisotropy, with the right spectrum, is instead 
one of the most celebrated results of standard inflation P, [7, 57]. 

A possible solution to this problem, in string cosmology, comes from the 
amplification of the fluctuations of the Kalb-Ramond axion, which is one of the 
fundamental fields appearing in the string effective action, already at low energy. Indeed, 
unlike metric perturbations, the axion perturbations can be amplified with a rather flat 
spectrum and, through the (integrated) Sachs-Wolfe effect [73], they can induce the 
temperature anisotropy observed in the CMB radiation on a large scale, both in case of 
massless [74] and massive [75] axion fluctuations. 

It is important to observe, in that case, that the slope of the spectrum is no 
longer arbitrary, but rigidly determined by the COBE normalization (imposed at low 
frequency), and by the string normalization (imposed at the opposite, high-frequency 
end of the spectrum). The resulting slope turns out to be slightly increasing [74 [75], 
but still in agreement with the observational limits at the horizon scale [/@]. At higher 
frequency scales, however, important differences from standard inflation may appear in 
the peak structure of the spectrum [77]. The possible axionic origin of the fluctuations 
of the CMB temperature is thus expected to be confirmed (or disproved) in a very near 
future, by the planned satellite observations. 

The main differences between standard and string cosmology inflation, for what 
concerns cosmological perturbations, are summarized in Table III. The last entry of 
the Table refers to the amplification of the fluctuations of the dilaton background [79], 
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Table 3. Amplification of vacuum fluctuations in the inflationary and pre-big bang 





scenario. 


another peculiar effect of string cosmology, because the dilaton is absent in the standard 
scenario. This effect, analogous to the amplification of tensor metric perturbations, can 
be interpreted (in a second quantization approach) as a process of dilaton production, 
which leads to the formation of a relic background of cosmic dilatons. The background 
is subject to various constraints, depending on the slope of the spectrum and on the 
mass of the dilaton, but if dilatons are light enough (namely m < 10 KeV), they 
are not yet decayed and could represent today a significant fraction of the dark matter, 
that seems required to match various astrophysical observations. 

Detecting such a background, through the gravity-like interactions of the dilatons 
at low-energy scales, is however a challenge that seems beyond the possibilities of present 
technology [BQ], unless the dilaton couples universally to macroscopic bodies, represents 
a significant fraction of dark matter, and its mass lies within the sensitivity band of 
gravitational detectors [81]. 


5. Conclusion 


The pre-big bang scenario provides a model, suggested and supported by string theory, 
of the possible cosmological evolution before our Universe emerged at the Planck scale. 

If the subsequent post-Planckian evolution follows the standard inflationary 
scenario, then initial conditions can be imposed at the Planck scale, and are probably 
natural in the sense of [24], but any track of what happened before disappears from our 
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observational range. If, on the contrary, inflation at the Planck scale is not too long, 
and inside our present Hubble radius there are comoving length scales that crossed 
the horizon during the low-curvature pre-big bang phase, then pre-Plackian initial 
conditions are in principle accessible to present observations, and their naturaleness can 
be discussed in terms of a Bayesan analysis [27], based on “a posteriori” probabilities. 
Quantum cosmology methods can also be applied, taking into account however that 
quantum effects are possibly important at the end, and not at the beginning, of inflation. 

We believe that the possibility of looking back in the past before the Planck era is 
the most distinctive aspect of string cosmology, with respect to the standard inflationary 
cosmology. Concerning the possible tracks of the pre-Planckian Universe, we have 
emphasized , in particular, three effects, referring to observations to be performed 1) ina 
not-so-far future, 2) in a near future, and 3) to observations already (in part) performed. 
These effects are, respectively: 1) the production of a cosmic gravity wave background, 
2) the axion-induced anisotropy of the CMB radiation, and 3) the production of seeds 
for the cosmic magnetic fields. 

These effects are not necessarily compatible among them (at least in the “minimal” 
version of the pre-big bang models), and it seems thus possible to test, and eventually 
exclude (or confirm) the pre-big bang scenario on the grounds of its phenomenological 
consequences. Even if, as recently stressed [82], the idea itself of inflation “cannot be 
falsified” , the particular models can (and must) be tested, and the pre-big bang scenario, 
after all, can be regarded as a particular, unconventional model of primordial inflation. 

It seems thus appropriate to stress, in conclusion, that the pre-big bang scenario is 
not alternative to the idea of inflation, but only alternative to a more conventional 
realization of inflation which, for hystorical reason, is still deeply anchored to the 
standard big bang picture, where the initial state must necessarily represent a very 
small, curve and dense Universe. The effort of this paper aims at stimulating the reader’s 
meditation on the fact that this standard picture is a possibility, not a necessity, and 
that quite different initial conditions are possible, and not necessarily unlikely. 
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1. Introduction 

A potential source of difficulty for extended-inflation models [1] based on a 
Brans-Dicke theory of gravity [2] is the choice of the correct frame (metric) in 
which to describe the space-time geometry at a cosmological level. One may 
wonder, in particular, in which frame the metric should be of the inflationary 
type, and satisfy the conditions required to avoid the problems of the standard 
cosmological scenario. 

While the choice of the Einstein (E) frame (in which the Einstein-Hilbert term 
takes the General-Relativity form) usually simplifies calculations and is quite pop- 
ular, there are physical motivations for choosing instead the Brans-Dicke (BD) 
frame, in which matter couples to the metric-tensor in the standard way [3]. Ar- 
guments in favour of the BD choice can also be given in string theory [4], where 
the BD frame metric coincides with the o-model metric to which test strings are 
directly coupled. Thus free string motions follow geodesic surfaces with respect to 
the BD (not the E) metric. 

The physical observable properties of a given model should be independent, of 
course, from the field redefinition (Weyl rescaling) connecting BD and E frames. 
And indeed, in the case of extended inflation, the metric describing a phase of 
power-law inflation (with variable Newton constant) in the BD frame, is trans- 
formed into a metric, which is still describing power inflation (of the slow-roll 
type, with exponential potential) in the E frame, as discussed for instance in [5]. 

In a string theory context, the role of the BD scalar is played by the dilaton 
field. In such case, as pointed out in [6], there appear to be serious difficulties in 
arranging a successful phase of dilaton-driven, power-law, extended inflation, at 
least if theoretically motivated dilaton potentials are used. On the other hand, 
the cosmological equations obtained from the low-energy string effective action 
show that the dilaton can drive (even in the absence of a potential) a phase of 
accelerated expansion. This phase, supposedly describing the Universe before the 
big-bang (so-called “pre-big-bang” [7]), is characterized by being just the “dual” 
counterpart (in the sense of ref. [8]) of the “post-big-bang” standard cosmology. 

The “pre-big-bang” phase corresponds, in the BD frame, to a superinflation- 
ary expansion. When transformed to the E frame, however, the same metric 
describes, as we shall see, a contracting Universe. Apparently, this represents a 
difficulty for the whole scenario, since the presence or absence of inflation (and of 
its bonuses) would seem to become frame-dependent. 


In this paper we shall show that, on the contrary, even in the E frame the 


1 


1flatness 
problem 


solutions of the string cosmology equations provide an adequate description of 
the inflationary phase, provided we generically mean, by “inflation”, a phase of 
cosmological evolution that is able to avoid the problems (see for instance [9]) 
related to the decelerated kinematics of the standard cosmological model. 


At the same time, and irrespectively of strings and/or BD theory, we shall 


argue that the solution of many of the standard-cosmology problems achieved by 





section. 


2. Inflation vs. deflation 


It is well known that there are three possible classes of inflationary evolution 
[10], corresponding to a curvature scale that is constant (De Sitter inflation), 
decreasing (power inflation) or increasing (superinflation). Less known, however, 
seems to be the fact that in a phase of growing curvature the solution of the 
standard cosmological puzzles can be realized in two ways, namely by a metric 
describing either accelerated expansion, a > 0,a > 0, or accelerated contraction, 
a < 0,a@ < 0 (a is the scale factor of a homogeneous and isotropic model, and a 
dot denotes differentiation with respect to cosmic time). 

A possible equivalence of superinflation and accelerated contraction is clearly 
pointed out by an elementary analysis of the so-called flatness problem. If we want 
the contribution of the spatial curvature k to be suppressed with respect to the 


other terms of the cosmological equations, then the ratio 


ki k; ; 
tN ee ae 5 H=da/a, (2.1) 


must tend to zero during the inflationary era. Such a condition is clearly satisfied 


by a metric that behaves, for t — +00, as 
ant” » £20 ~ oS, (2.2) 
but also by a metric, which, for t + 0_, behaves as 


axna(—)" | £20 4 Ped. (2:3) 


The case (2.2) corresponds to power inflation, and includes the standard De 


Sitter exponential inflation in the limit a — oo. The second case, (2.3), cor- 


responds, for 3 < 0, to the well-known case of pole inflation (superinflationary 


2 


expansion, 4, a, H all positive). For 0< F< it describes instead an accelerated 


contraction, or deflation (4,a, H all negative). In both cases the curvature scale 


is growing, and H, H diverge as t — 0_. 





A deflationary phase (2.3), with 0 < @ < 1, may also provide a solution to the 

2 HoriZOn so-called horizon problem, The presently observed large-scale homogeneity and 
problem isotropy requires the proper size of the particle horizon to become large enough 
during the inflationary era, and to go to infinity in the limiting case in which 


inflation extends for ever in the past. This means that the integral 


dp(t) = a(t) ‘i “dla“\(t!) (2.4) 
ty 

must diverge, if a is the inflationary scale factor, when t, approaches the maximal 
past extension of the cosmic time coordinate for the given cosmological manifold. 

For the metric (2.3) such a limiting time is —oo, and d, — oo for t; — —o0, 
so that there are no particle horizons in a phase of accelerated contraction. 

As a consequence of accelerated contraction, causally connected regions are 
pushed out of the event horizon, just as in the standard inflationary expansion. 
It is true that the proper size of a causally connected region tends to contract, 
asymptotically, like the scale factor. For a patch of initial size dj ~ (—t,) one 
finds in fact, from eqs. (2.3) and (2.4), that d, — [a(t)/a(ti)|di for |t] << ti]. 


However, the proper size of the event horizon, defined by 


deli) =ald) / dia) (2.5) 


(t2 is the maximal allowed future extension of the cosmic time coordinate), con- 
tracts always faster than d,. Indeed, tg = 0 for the metric (2.3), and one finds 


that d.(t) ~ (—t) for t > 0. The ratio of the two proper sizes at small t 





ajo! weir (2.6) 


shows that the causally connected regions will always cross the horizon, asymp- 
totically, not only in the case of superinflationary expansion (3 < 0), but even in 
the deflationary case (0 << 8 <1). 

We note, for later convenience, that the conditions for a successful resolution 
of the horizon and flatness problem, when expressed in terms of the conformal 


time coordinate 7 (a = dt/dn), are exactly the same for both superinflationary 
expansion and accelerated contraction. Moreover, if the contracting phase is long 


3 


enough to solve the horizon problem, then also the flatness problem is automati- 
cally solved (and vice versa), as in standard inflation. 

Indeed the ratio rg scales in conformal time like n~!, while the ratio r; scales 
like 7?. The horizon problem is solved if ro(ny), evaluated at the end of the 
accelerated evolution (7 = 7), is larger than the present value r2(7o) ~ 1, rescaled 


down at nr. This implies 





a Ty 
Ink = Imol 192 ey, (2.7) 
Inel Ing eV 


Here 7; denotes the beginning of the contracting (or expanding) accelerated evolu- 
tion, T;, the final reheating temperature at 7 = 7s, and the last equality holds in 
the hypothesis of standard, adiabatic, radiation-dominated and matter-dominated 
expansion from 7 down to the present time 7. 

The solution of the flatness problem, on the other hand, is obtained if the ratio 
r; at the end of the accelerated phase is tuned to a value that is small enough, so 
that the subsequent decelerated evolution leads to a present value of r; satisfying 


the condition r1(7) ~ 1. This means 


Up so. & TF 
(Hy? 5 Ep, (2.8) 
which is clearly equivalent to eq. (2.7), and which implies a resolution of the 
flatness and horizon problems (as well as of their rephrasing in terms of the entropy 
[9]) for both expanding and contracting metrics of the type (2.3). 

Besides solving the kinematical problems, a phase of successful inflation is also 
expected to efficiently amplify the vacuum! fictiations of the metic backgroud 
We shall conclude this section by noting that such an amplification can also be 
provided by a long period of deflation. 

Consider, for instance, the amplification of tensor perturbations hy, (similar 
arguments hold for the scalar case also). In a four-dimensional conformally flat 
background, the wave equation for each Fourier component of h can be written in 


terms of the rescaled variable ~ = ah as [11] 


b" + (k° - —)p=0 (2.9) 


(a prime denotes differentiation with respect to conformal time). In a realistic 


case, the phase of accelerated evolution is followed by the standard radiation- 


dominated expansion, with a ~ n, and the amplification of the fluctuations can be 


4 


parametric amplification of VAC fluctuations = graviton prod from VAC 


described as a process of graviton production from the vacuum (such an approach 
will be used in Section 3). Equivalently, in a Schrédinger-like language, the process 
Grishchuk ees ea (| ok 
which is oscillating at 7 — +too, and evolves with a power-law behaviour in the 
regions where the co-moving frequency k is negligible with respect to the effective 
potential a”/a of eq. (2.9). 
By inserting into (2.9) a generic parametrization (in conformal time) of the 


) 


accelerated metric, a(7) = (—7)~°, one finds indeed that the solution behaves like 














exikn 
hw~ Ax : , kn>>1 (2.10) 
h~ A+B =A+t Blip)? . kn << (2.11) 


(Ai, A, B are integration constants). In the case of accelerated expansion (6 > 


0,a + oo for 7 — 0_), the (perturbations are amplified because their amplitude 


tends to stay constant in the 7 — 0 limit, instead of decreasing adiabatically as in 





the oscillating regime (2.10). 

In the case of deflation (5 < 0,a — 0 for 7 — O0_), the amplification process 
is even more efficient than in the previous case, as the amplitude of h grows 
(with respect to the adiabatic red-shift of the subsequent radiation-dominated 
expansion) even in the oscillating regime. Moreover, as shown by eq. (2.11), h 
may even grow asymptotically (instead of being constant) provided 6 < —1/2. As 
we shall see in Section 3, this condition is satisfied in particular, in the E frame, 
by a 3-dimensional phase driven by stretched strings. 


Note that the amplification coefficient corresponding to a phase of acceler- 


ated contraction is different, in general, from the one corresponding to a phase of 


accelerated expansion. It is just because of this difference that the perturbation 


spectrum may remain unchanged, when an inflationary background is transformed 





into a deflationary one through a conformal rescaling, as we shall see in the fol- 


lowing Section. 


3. Pre-big-bang cosmology in the Brans-Dicke and Einstein frames 


In a string cosmology context [7,12], a global (at least semi-quantitative) 


description of the evolution and symmetries of the early Universe is expected to 


be provided by the low-energy string effective action, possibly supplemented by 


the action S,, for macroscopic matter sources: 
1 1 
1ACTION g= Sere ho Igle-*[R + (0,6)? — —H2,, + V] + Sin (3.1) 


nes 
e 


5 


Here H,,,q is the antisymmetric tensor field strength, and V a (possibly non-zero) 


In this paper we will consider a (d+ 1)-dimensional, anisotropic metric back- 


CASE: ground of the Bianchi I type, with time-dependent dilaton, 
goo = 1 ; Gig _ 076i; ; @ = o(t) ’ ae — i, 2, aay (3.2) 


2 conditi ore with vanishing H,ya@ and V(d). The additional matter sources, which are 
from the dilaton in this frame, will be represented by a perfect fluid 


with anisotropic pressure: 
To =p , T? =—pié] =—ypdi . (3.3) 
By defining as usual [8,7,12] 
d=¢-Invi|gl , P=evigl » P=rvigl (3.4) 


3 field Eqghe field equations following from the variation of the action (3.1) can be written 
in the form [8] 


$ -26+ DH? =0 (3.5) 
$ —YlH? =pe8 (3.6) 
2(H; — Hid) = p,e? (3.7) 


where H; = a;/a;, and we use units in which 87G = 1. Their combination gives 
the usual conservation equation 


p ais > Be, =U. (3.8) 


v 


By applying the general procedure illustrated in [7], the background field vari- 
ables can be separated, and the equations can be integrated exactly, by introducing 
. suitable time-like coordinate x such that 


4 COND 

i _  ldz 

intregrability: OT dt 
(L is a constant with dimensions of length, in such a way that x is dimensionless). 


For constant 7; we obtain the following general exact solution of eqs.(3.5-3.7) (a 


similar problem was first solved in a different context in [13]): 


(3.9) 


5solutions: 


velo 2 AF Ja (3.10) 


B= Ds 








A; = ao;|(t — 2+)(x — z_) 


ef = ef? |(x — 24)(@ — 2_)| Ve] -° (3.11) 
= a a—1)/a)% — %+ |-o 
P= 7pxe l(@— 24)(@ —2_)|| vi | (3.12) 
where 


ants, + 7i(0°; Xi — Lo) 
a=1- 2, 0= GY 5 =o eS 
7 a ' a[(X2; wri — Zo)? + aD), 27 — 2G)]*/? 


wae = 13 ti — 00+ (ts — 40)? FQ? 28)? (B.13) 


7 Qa 





and do, $0, Xo, x; are integration constants. 
This solution has various interesting properties, which we shall discuss else- 


where [14]. Here we only note that there are two curvature singularities at 7 = x4, 





and that the region between the singularities is unphysical, in the sense that the 
critical density parameter 
? a + x9)* — >>. (yea +24)? 
Q(z) = me = ( 0) AG, 4) (3.14) 
(@—-1)> A (d—1) do, (ve@ + 24) 
becomes negative. This parameter tends to zero at the singularities, and in this 
limit the metric (3.10) goes over to the vacuum solutions of string cosmology [15,8]. 


For x — x+ one finds indeed 























a;(t) ~ |t—ty|Fi , (3.15) 
where 4 
+ Xi Vit +\2 
= oy =, 3:16 
G; x0 +24 p) di ) ( ) 





contributions’ (such a8! and Joop corrections), this solution is mot expected to 
provide a éliable description of the very high @urvaturel regime, The appropriate 


range of validity of the solution is instead ie Sere, 
SS where it provides a typical example of pre-big-bang evolution, characterize 
a 


y acceleration and growing curvature scale [7]. 





If we consider, in particular, the isotropic case with negative pressure (a; = 
CASE 2: a,7i = y < 0 for all d spatial directions), then at large negative x we have |z| ~ 


|t}¢/2A-%), and the solution (3.10-3.12) becomes, in this limit, 


1 
a(t) ~ (NOH) | Ble) ~ Dina 





validity range 


¢=¢+dlna~ 





Ina , Pra. (a7) 


For y = —1/d, which is the typical equation of state for a perfect gas of stretched 
(or unstable) strings [16], one thus recovers the particular solution already consid- 
ered in [7,12] (“string-driven” pre-big-bang). More generally, however, the back- 
ground (3.17) describes a phase of superinflationary expansion, H > 0,a/a > 0, 
and growing curvature scale, H > 0, for all y < 0. 

This is the picture in the BD frame, which may be regarded as the natural 
one in a string theory context [3]. The passage to the E frame, defined as the 
frame in which the graviton and dilaton kinetic terms are diagonalized and the 


action takes the standard form, 





"string frame" 1 


o~ 1 se 
= d+1 al os + uw 
P= Tere / de/G\[-R@) + 55""8n908] + Sm, (3.18) 


is obtained through the conformal rescaling 


Veneziano ik ale (3.19) 
rescaling 


The E-transformed scale factor, a, and cosmic time coordinate, t, are thus related 








to the original BD ones by 





a@=ae %/(4-) dt = dte~?/(E-0), (3.20) 
The becomes, in the E frame, 
ae “ “ 2 (=a), « 
ty ~ (=F 2) — 
a)~ (I, bw yf na 
a 2(1— 7) 
~ @ 2/8 —————_— 391 
pea P= Gay 2h mad 
where p is conformally related to the original density p as 
V | | = pearrnne) (3.22) 


p=) 
Vial 


(see for instance [17]). For alld > 1 and y < 0, the transformed metric (3.21) 


satisfies 


Qy ar 
x 
i) 
x 
A 
i) 
x 
A 
i) 


(3.23) 


where H = @/a, and the dot denotes here differentiation with respect to t. The 





This result is a consequence of the non-trivial evolution of the dilaton back- 
ground that determines the transformation between the two frames, and it is of 
crucial importance. It implies that, if inflation is long enough in the BD frame 
to solve the kinematical problems of the standard model, then such problems are 
‘also solved in the E frame. Indeed, according to eq. (3.20), the two frames have 
the same conformal time ae 

di a alt) dn (3.24) 
and we have shown in Section 2 that the conditions to be satisfied for solving the 
kinematical problems, when expressed in conformal time, are the same for both 
superinflationary expansion and accelerated contraction. 

Moreover, the spectrum of the metric perturbations amplified in the course 
of the background evolution is also the same in both frames. This can be easily 


shown by considering , for instance, the case of tensor perturbations, and assuming 








a generic model of background evolution characterized by the transition (at 7 = 71) 
from the accelerated phase to the standard radiation-dominated one. In conformal 


time, such evolution can be parametrized as 
a~ (—n) , @~relna , n<<—m 


a~n , @~const , y>>-m. (3:25) 


In order to verify the equality of the spectral behaviour, it is crucial to take 
into account the fact that not only the background solutions, but also the pertur- 
‘bation equations are different, when the frame is changed. In the BD frame, the 
tensor perturbation equation contains explicitly the contribution of the dilaton 


background, and for each component of h;, the equation can be written [7,17] 
wy” + (k? -V)b=0, (3.26) 


where [7,17] 
py = hat V/2_e-9/2 


V= 


See (3.27) 


2a 2 4a? 2a 
By matching the solutions of (3.26) corresponding to the two phases of back- 
ground evolution, one can compute the Bogoliubov coefficients relating |in) and 


9 “\_ The Great BOGO 


jout) vacua, and describing the associated graviton production. For co-moving 
frequencies k that are small enough with respect to the height of the effective 


potential barrier (kn, << 1), the modulus of the Bogoliubov coefficient is [7,18] 


je—(k)| © (km) “PI? (3.28) 
where 
2 ee (3.29) 
y= 5 € 5 : 


and the corresponding spectral distribution of gravitons is determined as p(k) = 





k*|c_|?. In the case of four-dimensional exponential inflation (56 = 1,d = 3,€ = 0) 





one thus finds, in particular, the flat Harrison-Zeldovich spectrum. 
In the more general case of the background (3.17), one finds that, in conformal 


time, the kinematics is parametrized according to eq. (3.25) by 


27 _ dyad 


The coefficient |v| determining the pre-big-bang graviton spectrum in the BD 


frame is thus 
1, dy?-1 


= oT oy a? 

In the E frame, there is no explicit dilaton contribution to the perturbation 
equation for h, which is exactly the same equation as that satisfied by a minimally 
coupled scalar field [11] (the dilaton contribution, however, is implicitly contained 


‘in the rescaled metric background). Such an equation can still be written in the 
form (3.26), (3.27), but with ¢ = const. As a consequence, the spectral coefficient 


|v| of eq. (3.28) is determined by the metric background only, and becomes 


|. (3.31) 


NO] Sr 


(@-1)+5, (3.32) 


y= 


where 6 is the exponent parametrizing, in conformal time, the evolution of the 


contracting E metric (3.21): 


5 27-1) 
eC Troe = 


This value, when inserted into eq. (3.32), provides exactly the same expression for 


|v| as in eq. (3.31), and thus the same graviton spectrum as in the BD frame. 


We want to stress, finally, that the same results hold in the case of conformal 


vacuum backgrounds, namely for solutions of eqs. (3.5-3.7) with p = p = 0 [8,15] 
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(the general vacuum solution for the action (3.1) with non-zero H,,q is given in 
[19]). 
In the vacuum case the analogous of the isotropic, d-dimensional solution 
1 (3.17) is, in the BD frame, 


ax(t) ~ |eJF/Y4 
oz(t) ~ —(1 + Vad) In|t| = 4(Vd + d) naz 


The two signs correspond to the two duality-related solutions [8], and the upper 
sign describes a “dilaton-driven”, pre-big-bang, superinflationary expansion for 


ranging from —oo to 0. 


(3.34) 


2 In the E frame the solution (3.34) becomes (in conformal time) 
aA) = lA", bl) = FV 2d(d—-1)na (3.35) 
and it always describes an accelerated contraction of the type (2.3), independently 


of the choice of sign in eq. (3.34). It is interesting to note that the duality 


transformation, which is represented in the BD frame as an inversion of the scale 


{factor and a related dilaton shift 
Q@47a-=a;' , 64 7¢6-=¢4-2dlnay (3.36) 


becomes, in the E frame, a transformation between what we may call a strong- 


‘coupling and a weak-coupling regime, 6 —- —@, without changing the metric back- 


ground described by a. 


4. Conclusions 


The main goal of this paper has been to show that, for what concerns the 
solution of the kinematical problems (horizon, flatness) of the standard model, 
and the amplification of the vacuum fluctuations, an accelerated contraction of 
the metric is equally good as an accelerated expansion. 


This observation was motivated by the fact (also discussed in this paper) 


already stressed in [7], there are only two ways of implementing a phase of cosmic 


acceleration and simultaneous growth of the curvature scale: accelerated contrac- 


tion and superinflationary (or pole-like) expansion. The latter corresponds to the 


A 





2222.292222999999 





Obviously, a contracting phase cannotAlilute the relic abundance of some 
unwanted remnants, such as the However, 
the same is true for the pre-big-bang scenario in the BD frame, as well as for 
all models in which the phase of inflationary expansion occurs at some higher 
fundamental (near Planckian) scale, which is indeed what is expected in a string 
cosmology context. In this respect, we recall [7] that a pre-big-bang phase should 
be regarded not necessarily as an alternative, but possibly as a complement to 
the more conventional inflationary models, which cannot be extended (at least 
semiclassically) beyond the Planck era. 

Moreover, it is clear that deflationary contraction is adiabatic for what con- 
‘cerns radiation, just like the usual inflationary expansion. Therefore, as recently 
stressed also in [20], a kinematical modification of the standard model can explain 
the large present value of the cosmic black-body entropy, only if the accelerated 
evolution is matched to the standard one through a phase dominated by some 
‘non-adiabatic process (the so-called “reheating” era). 

In the BD picture of the pre-big-bang scenario (see eq. (3.17)), the radiation 
is supercooled and diluted with respect to the sources that drive inflation. The 
conservation equation (3.8) leads in fact to an effective source temperature T, ~ 


a~*’, which grows together with the scale factor for y < 0, and satisfies 


Pe (4.1) 


(r corresponds here to the radiation-like equation of state, y = 1/d). The reheat- 


ing process is thus expected to represent, in this frame, a sort of non-adiabatic 


conversion of the hot sources into radiation, such as a possible isothermal decay 





of the highly excited states of a gas of stretched strings [7]. 
In the E frame (see eq. (3.21)) the fluid sources satisfy a modified conservation 


equation, 


eee eae moa) =; (4.2) 


Radiation still evolves adiabatically, now with a blue-shifted temperature because 
of the contraction, T,. ~ a@~!. The effective temperature of the pre-big-bang sources 


is also blue-shifted, however, since, in the perfect fluid approximation, eq. (4.2) 


leads to 
Pw GY +1-dy—-47")/(y-1) (4.3) 
and thus 7 
= — Ps aa(d-1)(dy-1)/(9-1) (4.4) 
, Pr 
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For a — 0 the temperature of the sources that drive the acceleration (y < 0,d > 1) 
is always growing, even with respect to the radiation temperature. The physical 
picture of reheating as a non-adiabatic decay of the hot sources is still valid, 
therefore, also in the Einstein frame. 

We would like to stress, finally, that the absence of problems related to some 
“preferred frame” description of a string cosmology inflation is to be ascribed, to 
a large extent, to the crucial role played by the dilaton field, which transforms 
conformally a superinflationary expansion into a deflationary contraction. This is 
to be traced back to the duality properties of the string effective action [8,12,19,21], 
and thus gives support to the consistency of an approach to string cosmology based 


on the effective action (3.1). 
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1 Introduction 


The standard cosmological model, formulated and brought to completion by 
various authors during the second half of the last century (see for instance [1, 
2]), provides us with an excellent description of the various important stages of 
our past cosmological history (such as the radiation era, the nucleosynthesis, 
the recombination era, the epoch of matter domination, ...). At early enough 
times, however, such a model is to be modified by the introduction of a “non- 
standard” epoch of accelerated cosmic evolution, called “inflation”, which 
is needed in order to solve the horizon, flatness and entropy problems [3] 
implied by the extrapolation, back in time, of the present state according to 
the standard cosmological equations. 

The introduction of a sufficiently long inflationary phase not only “ex- 
plains” the otherwise unnatural initial conditions required by the subsequent 
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“standard” evolution, but also provides a natural (and very efficient) mecha- 
nism for amplifying the quantum fluctuations of the fundamental cosmic fields 
in their ground state. This mechanism produces inhomogeneous “seeds” for 
structure formation and for the fluctuations of the temperature of the Cosmic 
Microwave Background (CMB) radiation (see e.g. [4]), in remarkable agree- 
ment with recent observations (see e.g. COBE [5] and WMAP [6] results). 

The most popular (and presently most successful) version of the inflation- 
ary scenario is probably the model of “slow-roll” inflation [7], in which the 
cosmological evolution is dominated by the potential energy of a cosmic scalar 
field (the so-called “inflaton” ). The simplest and most conventional version of 
such model, however, is affected by various difficulties of conceptual nature. 
First of all, the peculiar properties of the inflaton (mass, couplings, potential 
energy, ...) prevent a simple identification of this field in the context of known 
models of fundamental interactions: the inflaton field has to be introduced ad 
hoc, and its properties are the result of a suitable fine-tuning of the relevant 
parameters. 

Another difficulty is associated with the kinematic properties of the phase 
of slow-roll inflation, implying that the spatial size of the Hubble horizon 
cH~', proportional to the causal event horizon, becomes smaller and smaller 
as we go back in time (here c is the speed of light and H is the so-called 
Hubble parameter). It can be shown, in such a context, that the proper 
(time-dependent) wavelength of the fluctuations presently observed on a large 
scale (for instance, the temperature fluctuations of the CMB radiation), when 
rescaled down at the beginning of inflation, has to be smaller than the Planck 
length, Ap = (87Gh/c?)!/? ~ 10-*° em, if inflation lasts long enough to solve 
the above mentioned problems (here G and fi are the Newton and Planck 
constant, respectively). As a consequence, the initial conditions on the fluc- 
tuations of the matter fields and of the geometry are to be imposed inside 
an energy range which is presently unexplored, and in which the extrapo- 
lation of standard physics is — at least — questionable. This is the so-called 
“trans-Planckian” problem [8, 9]. 

In addition, if the Hubble horizon is decreasing as we go back in time, then 
its inverse, the spacetime curvature-scale H/c, is necessarily increasing, and 
the extrapolation of the model unavoidably leads to an initial singularity — 
or, at least, to the quantum gravity regime cH~' ~ Ap where we have to deal 
not only with an unknown fluctuation dynamics, but also with an unknown 
dynamics of the background itself. A proof of the unavoidable presence of the 
singularity, in the context of potential-driven inflationary cosmology based on 
the Einstein equations, is given in [10, 11]. 

All these problems, as well as other important problems of primordial 
cosmology (why is our Universe four-dimensional? why does a small vacuum 
energy density seem to survive until today after inflation? ...), should find 
a satisfactory solution in the context of a truly unified theory of all funda- 
mental interactions. The best candidate for such theory, at present, is string 
theory, which is based on the assumption that the fundamental components 
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of all matter and force fields existing in nature are one-dimensional extended 
objects, called “strings”. These objects are characterized by their tension (i.e., 
energy per unit of length) T and, when quantized, have a characteristic size 


As given by: 
As = Vch/T. (1) 


As it will discussed in the following section, the consistency of string the- 
ory requires the existence of extra spatial dimensions besides the three ones 
we are familiar with. In such a context, two possibilities arise. In the most 
conventional unification scenario, in which the extra spatial dimensions are of 
size comparable to the string length scale [12], the parameter A, turns out to 
be extremely small, A; ~ 10 Ap. As a result, all effects pertaining to the finite- 
ness of the string size only come into play at energy scales M,c? = hc/.s, so 
high to be well outside the reach of present (direct) high-energy experiments. 
In such a case the predictive power of the theory is low, as what can be tested 
by accelerator experiments are only the predictions of the so-called low-energy 
string effective action. Unfortunately, at the present stage of our knowledge, 
such an action can only be derived within perturbative computational tech- 
niques, and its precise form is unknown. 

This discouraging conclusion can be avoided, at least in principle, if our 
Universe contains extra spatial dimensions compactified on length scales which 
are small if compared to macroscopic standards, but are nevertheless “large” 
with respect to the parameter A, of string theory [13, 14]. In this case the 
energy scale M,c? may be lowered well below the Planck scale Mpc? = hc/Ap, 
even by many orders of magnitude, thus possibly approaching the energy range 
explorable by near future accelerator experiments. 

In any case, the energy scales typical of string theory (whether near to, 
or far from, the Planck scale) should have been reached during the primor- 
dial evolution of our Universe: string theory can then be properly applied to 
cosmology, to ask if (and how) inflation is naturally predicted, in such a con- 
text. The hope is to obtain, on one hand, a solution to the open problems 
of the conventional inflationary scenario and, on the other hand, a possible 
phenomenological signature of string theory, according to the historical tra- 
dition teaching us that fundamental gravitational theories have always been 
confirmed by astrophysical observations (as, for instance, Newton’s and Ein- 
stein’s theories of gravity). 

In this paper, after a short presentation of string theory in Sect. 2, and of 
the mechanism of brane-inflation in Sect. 3, we shall concentrate our discussion 
on the so-called “pre-big bang” scenario [15], based on the scale-factor duality 
symmetry [16] typical of string theory. It will be shown, in particular, that the 
Universe (thanks to a fundamental string-theory field, the dilaton) may start 
inflating from an initial configuration characterized by a very small curvature 
and a very large Hubble horizon, thus avoiding the singularity and trans- 
Planckian problems, and yet satisfying the properties required for a successful 
scenario. 
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2 String theory: a few basic concepts 


String theory is, at present, the only serious candidate for a fully quantum 
(as well as finite and unified) theory of gravity and of gauge interactions. It is 
therefore the natural framework for formulating and discussing gravitational 
problems in which quantum effects are expected to be non-negligible or, even 
worse, dominant, as in the case in which a spacetime singularity is approached. 
No surprise, therefore, that natural arenas for string theory are the physics 
of quantum black holes (in particular the end-point of their evaporation) and 
that of the cosmological (big bang) singularity. Before discussing the possible 
applications of string theory, however, it seems appropriate to explain why 
this theory includes gravity, in a natural and compelling way, unlike in the 
conventional models of gauge unification. 


2.1 Quantization and gravity 


We should recall, to this purpose, that an extended one-dimensional object like 
a string corresponds, dynamically, to a constrained system. For a complete and 
consistent description of the string motion we must satisfy, in fact, not only 
the Euler-Lagrange equations, but also a set of dynamical constraints (at any 
point along the string trajectory), expressed by the vanishing of appropriate 
functionals. In addition, we have to impose the required boundary conditions, 
different for the case of open strings (with non-coincident ends) and closed 
strings (without free ends, like a loop). 

When the model is quantized, the coordinates and the momentum of the 
string are promoted to operators satisfying the canonical commutation re- 
lations, and also the constraints are represented by operators (the so-called 
Virasoro operatos L,,,). The Hilbert subspace containing the physical states of 
the system (after the elimination of all negative-norm states, called “ghosts” ) 
is then formed by (all and only) those states satisfying the constraints, that 
are annihilated by the application of the Virasoro operators L,, appropriately 
ordered and regularized (see e.g. [17, 18]). Any string models contains an infi- 
nite discrete sequence of such operators L,,, and the constraint of lowest order 
(Lo = 0) corresponds to the mass-shell condition p,p“ = M?c? determining 
the allowed energy levels of the string spectrum (here p,p" is the square of 
the energy-momentum vector, and M the rest mass, of the string). 

A quantized bosonic string, on the other hand, corresponds to a system of 
infinite harmonic oscillators vibrating along the spatial directions orthogonal 
to the string itself. The various states of the discrete string spectrum can be 
obtained (as in the theory of the elementary quantum oscillator) by applying 
the appropriate number of creation operators (along different spatial direc- 
tions, in general) to the lowest energy level. As a consequence, the physical 
string states can be ordered as a tower of states of growing (discrete) mass and 
angular-momentum eigenvalues. And here we find the “miracle” connecting 
strings to gravitational interactions. 
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Looking at the subset of massless eigenstates, in fact, we find that the 
open string spectrum contains (even in the simplest case) a vector A, which 
is transverse (i.e., it has a vanishing divergence, 0“ A,, = 0), and which can be 
associated with an Abelian interaction of vector type, like the electromagnetic 
interaction. The closed string spectrum, instead, contains — besides a scalar 
@, the dilaton, and a second-rank antisymmetric tensor B,,, — a symmetric 
tensor field hy», which is transverse and traceless (O"Ay, = 0 = hy"), and 
which has all the required physical properties of the graviton. Thus, unified 
models of fundamental interactions based on strings must necessarily include 
a tensor interaction of gravitational type. 


2.2 Supersymmetry 


But the virtues of string theory as basis for a unified model of all interactions 
are not limited to this result. We should recall, indeed, that the spectrum of 
the bosonic string that we have considered contains, even after the elimination 
of the ghost states, other states of “tachyonic” type (i.e., with M? < 0). 
To avoid such states (sources of instabilities in a quantum theory context) 
the model of bosonic string has to be “supersymmetrized”. The standard 
procedure is to associate to the coordinates X", determining the position of 
the string in the external “target” space in which the string is embedded, 
the fermionic partners ~“, transforming as two-component Majorana spinors 
on the (two-dimensional) world-sheet spanned by the string motion, and as 
Lorentz vectors (with index j) in the target space manifold. This leads us to 
the so-called superstring models, which can be consistently formulated (from 
a quantum point of view) only in five different versions [17, 18]. 

This generalization of the string model not only eliminates tachyons from 
the physical spectrum — in a supersymmetric theory, the lowest allowed en- 
ergy level corresponds to M? = 0, and negative values are forbidden — but 
also automatically introduces in the model the spinor fields required to de- 
scribe the fundamental matter fields (quarks and leptons). In addition, if we 
consider a model with open and closed superstrings, or a model of heterotic 
superstrings (i.e., closed strings in which only right-moving modes are su- 
persymmetrized, while left-moving modes are not), we can directly include 
into the quantum spectrum also non-Abelian gauge fields, with gauge group 
SO(32) or Eg x Eg [17, 18]. These superstring models, when quantized in a 
flat space-time manifold, are only consistent for a critical number D = 10 of 
dimensions. Remarkably, when D — 4 = 6 spatial dimensions are appropri- 
ately compactified, the above gauge groups could possibly contain a realistic 
(low-energy) standard-model phenomenology. 


2.3 Conformal invariance 


But the most impressive aspect of string theory, for a physicist used to work 
with the standard (classical or quantum) field theory, is probably the ability 
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of fixing in a complete and unique way the equations of motion of all fields 
(bosonic and fermionic, massless and massive) present in the spectrum. This 
means, in other words, that if we accept superstrings as realistic models of 
all existing fundamental interactions, these models not only tell us that in 
Nature must exist, for instance, gravitational fields, Abelian and non-Abelian 
gauge fields, but also give us the equations satisfied by these fields — and, to 
lowest order, these equations miraculously reduce to the Einstein equations 
for the gravitational field, and to the Maxwell and Yang-Mills equations for 
the gauge fields. 

This property of string theory probably represents the most revolutionary 
aspect with respect to theoretical models based on the notion of elementary 
particle: the motion of a point-like test body, even if quantized, does not im- 
pose in fact any restriction on the external fields in which the body is embed- 
ded and with which it interacts. Such background fields can satisfy arbitrarily 
prescribed equations of motion, usually chosen on the grounds of phenomeno- 
logical indications: we can think, for instance, to the Maxwell equations, em- 
pirically constructed from the laws of Gauss, Lenz, Faraday and Ampere. It 
would be possible, in principle, to formulate different sets of equations still 
preserving the Lorentz covariance and other symmetry properties (such as 
the U(1) gauge symmetry) typical of the electromagnetic interactions. Such 
different equations would be possibly discarded only for their disagreement 
with experimental results. In a string theory context, on the contrary, such 
alternative equations must be discarded a priori, as they would be inconsis- 
tent with the quantization of a charged string interacting with an external 
electromagnetic field. 

The above property of string-theory is grounded on the fact that the string 
action functional, representing the area of the two-dimensional world-sheet 
surface spanned by the string motion, is classically invariant under conformal 
transformations, (i.e., local deformations of the two-dimensional world-sheet 
metric Yap, a,0 = 0,1). Thanks to this invariance we can always introduce 
the so-called “conformal gauge” (where the intrinsic metric of the world sheet 
is the flat Minkowski metric, yap = “Jap), and we can always eliminate the 
“longitudinal” string modes, leaving as a complete set of independent degrees 
of freedom only the modes describing oscillations transverse to the string. The 
conformal invariance plays thus a crucial role in the process of determining 
the correct quantum spectrum of physical string states. 

When we have a test string interacting with any one of the fields present 
in its spectrum (for instance the dilaton field, or the gravitational field, or a 
gauge field if the string is charged), we must then require, for consistency, that 
the conformal invariance (determining the string spectrum) be preserved by 
the given interaction, not only at the classical but also at the quantum level. 
This means, in other words, that the quantization of a string model including 
background interactions must avoid the presence of “conformal anomalies” , 
i.e. of quantum violations of the conformal invariance already present at the 
classical level. It follows that the only background-field configurations admis- 
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sible in a string theory context are those satisfying the conditions of conformal 
invariance. Such conditions are represented by a set of differential equations 
corresponding, in every respect, to the equations of motion of the field we are 
considering. 

Unfortunately, however, such equations can hardly be derived in closed 
and exact form for any given model of interacting string. In practice, we 
have to adopt a perturbative approach: the action of the string interacting 
with the background fields (also called “sigma model” action) is quantized by 
expanding in loops the quantum corrections (as in the standard field-theory 
context, but with the difference that we are dealing with a two-dimensional 
conformal field theory). The absence of conformal anomalies is then imposed 
at any order of the loop expansion, determining the corresponding differential 
conditions. As a result, the exact background field equations are approximated 
by an infinite series of equations, containing higher and higher derivative terms 
as we consider loops of higher and higher order. 

To lowest order we then recover the second-order differential equations 
already well known for the classical fields (the Maxwell, Einstein, Yang-Mills 
equations, but also the Dirac equations for the fermion fields). To higher 
orders there are quantum corrections to these equations, in the form of higher 
derivatives of the fields, appearing as an expansion in powers of the parameter 
d2. The corrections to the equations of motion of order \? and higher are a 
typical effect of the theory due to the finite extension of strings: indeed, such 
corrections disappear in the point-particle limit A; — 0, while they become 
important in the strong field/higher curvature limit in which the length scale 
of a typical process (for instance, the space-time curvature scale) becomes 
comparable with the string scale A,. In the context of pre-big bang cosmology 
such corrections can play an important role in the transition to the phase of 
standard decelerated evolution, as we shall see in Sect. 4. 


2.4 Gravitational and cosmological applications 


Let us now come back to one of the main application of string theory in 
a gravitational context, concerning the problem of spacetime singularities. 
Unfortunately, technical difficulties have prevented, so far, to reach clear-cut 
conclusions on the fate of the cosmological singularity (unlike other kinds of 
singularities). By contrast, considerable progress was made on quantum black 
hole physics, in particular a microscopic (statistical mechanics) understanding 
of their Bekenstein-Hawking entropy was achieved for a particular class of 
black holes [19]. Also, the study of (gedanken) superplanckian string collisions 
[20] has led to the conclusion that, in string theory, black holes have a minimal 
size corresponding to a maximal Hawking temperature of the order of string 
theory’s maximal temperature [21, 22]. An obvious interpretation of this result 
stems from the simple observation that fundamental quantum strings, unlike 
their classical analogs, have a minimal optimal size, A;. This physical argument 
strongly suggests a cosmological analogue of the above conclusion. Because of 
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their finite size quantum strings cannot occupy a vanishing volume, suggesting 
an upper limit to the energy density and the spacetime curvature. If so, string 
theory should be able to avoid — or reinterpret — the big bang singularity 
predicted by classical general relativity. 

Other properties of quantum strings that could play an important role in 
a cosmological context are: 


1) Some new symmetries characterizing string theory as opposed to (classical 
or quantum) field theory. 

2) The necessity of new dimensions of space. 

3) The existence of new light fields, at least within perturbation theory. 


Let us comment briefly on each one of them in turn. 

1. An example of a genuine stringy symmetry is the so-called target-space 
duality (or T-duality) [23]. It stems from quantum mechanics since it is due to 
the possibility of interchanging the “winding” modes of a closed string (wind- 
ing number being classically an integer, counting the number of times a string 
is wrapped around a compact spatial dimension) with its momentum modes 
(which in a compact direction are discrete, thanks to quantum mechanics). A 
cosmological variant of T-duality is heavily used to motivate an example of 
pre-big bang cosmology, as we shall see in Sect. 4. 

2. If we wish our string theory to allow for smooth, Minkowski-like so- 
lutions, we have to allow for more than three dimensions of space. At weak 
coupling six extra dimensions are needed, while at strong coupling the dilaton 
field (that controls the coupling) can be reinterpreted as a seventh extra di- 
mension of space (for a total of D = 11 spacetime dimensions). Although one 
would like to have all the extra dimensions to be small and static during the 
recent history of our Universe, it is all but inconceivable that extra dimensions 
may have played some role in the very early (e.g. pre-big bang) Universe. An 
example of making good use of them in order to produce a realistic spectrum 
of density perturbations will be given in Sect. 4 

3. String theory does not automatically give general relativity at large 
scales. Besides the presence of the extra dimensions, string theory also con- 
tains, at least in perturbation theory (i.e. at weak coupling), many massless 
scalar particles in the spectrum that may induce unobserved long range forces 
of gravitational (or even stronger) strength. These particles, and their interac- 
tions, are described by the low-energy string effective action which, as already 
stressed, controls the predictive power of the theory at the experimentally ac- 
cessible energy scales (at least if the string and Planck scale are of comparable 
magnitude). 

One of these particles is the above-mentioned dilaton. Its massless nature 
reflects the fact that, in perturbation theory, the so-called string coupling 
gs is a free parameter (see below for a short explanation of the connection 
between the string coupling and the dilaton). Other (perturbatively) massless 
particles are those controlling the sizes and shapes of the extra dimensions. 
All these unwanted massless particles are generically called “moduli”, and the 
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problem associated with them is called the “moduli stabilization problem” . It 
is generally felt that the mechanism of spontaneous supersymmetry breaking, 
when correctly implemented, will produce a non-perturbative mass for the 
moduli and thus stabilize their value. If, however, as suggested by T-duality, 
the universe started at very weak coupling, the moduli may have been all but 
static in the early Universe, and may have affected its evolution in an essential 
way. Consequences of such an evolution should be observable even today, as 
we shall discuss in Sect. 4. 


2.5 Topological expansion 


It seems finally appropriate, also in view of the subsequent cosmological appli- 
cations, to explain the close connection between the string coupling parameter 
gs, and the dilaton. Let us recall, to this purpose, that the higher-derivative 
expansion in powers of \?, introduced previously, is not the only perturbative 
approximation conceivable in a string theory context. Another (very useful) 
expansion of the equations of motion of the background fields concerns the 
topology of the two-dimensional world-sheet surface spanned by the string: it 
is the so-called “higher genus” expansion. 

Consider for instance a closed string, whose propagation in the target- 
space manifold describes a cylindrical world-sheet surface. If the string splits 
into two strings, which subsequently recombine to form again the initial string 
(with a process analogous to the one described by a one-loop Feynman graph 
in quantum field theory), the world-sheet will acquire the topology of a torus 
(see Fig. 1). A process with n loops will correspond, in general, to a two- 
dimensional Riemann surface of genus n, i.e. to a manifold with n “handles”. 
The interactions among strings can then be described, within a perturba- 
tive approach, by a partition function which can be expanded in world-sheet 
configurations of higher and higher genus. 


Fig. 1. One-loop graph for a point particle (left) and a closed string (right). In 
the left picture the world-line of a physical point particles (solid curve) splits into 
a “world-loop” (dashed curve) representing a virtual particle-antiparticle pair gen- 
erated by the quantum fluctuations of the vacuum. In the right picture, where the 
world-lines are replaced by cylindrical “world-sheet” surfaces, the same process is 
illustrated for the case of a closed string. 
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For a two-dimensional, closed and orientable manifold, on the other hand, 
the genus n is determined by the so-called Euler characteristic x = 2 — 2n. 
This quantity is a topological invariant which (by virtue of the Gauss-Bonnet 
theorem) can be expressed as an integral over the intrinsic scalar curvature of 
the world-sheet surface. The dilaton, by definition, appears in the action S' as 
multiplying such a scalar curvature; hence, for a constant dilaton, S = (¢/2)x. 
The partition function, on the other hand, contains exp(—S). An expansion 
of the partition function in a series of higher-genus world sheets thus becomes 
an expansion in powers of the exponential of the dilaton field, exp ¢. But, by 
definition, the loop approximation is an expansion in powers of the coupling 
constant g?: this gives the (perturbative) relation between a constant dilaton 
and the string coupling parameter, g? = exp ¢. Even if ¢ is not a constant, 
exp @ still plays the role of a local effective coupling. 


3 String cosmology, inflation and branes 


As discussed in the previous section, superstring theory seems to provide com- 
plete and consistent models for all the fundamental components of matter and 
all interactions, valid at all energy scales: thus, it can be appropriately applied 
to describe the evolution of the primordial Universe in the regime in which all 
interactions were unified and possible quantized (gravity included). We can 
then investigate, in this context, the possible (spontaneous?) occurrence of a 
phase of accelerated inflationary evolution, able to provide the correct initial 
conditions for the subsequent, standard regime. We can ask, in particular, 
whether string theory has a natural candidate for the role of the inflaton, and 
for driving a successful phase of slow-roll inflation, without inventing ad hoc 
a new field characterized by the required properties. 


3.1 Inflation 


The answer to the above questions would seem to depend on the particular 
type of superstring model chosen to describe the primordial Universe: there 
are indeed five different models (see e.g. [17, 18]), related by duality trans- 
formations, which probably describe different physical regimes of the same 
underlying theory (the so-called M-theory), and which are characterized by 
a significantly different field content. All these models, however, contain a 
fundamental scalar field, the dilaton, which is coupled to gravity always in 
the same way, and which leads to an effective model of scalar-tensor gravita- 
tional interactions. This scalar field is expected to acquire a non-perturbative 
potential in the strong coupling regime g? ~ 1: any superstring model thus 
automatically contains, in principle, all the required ingredients for the formu- 
lation of an inflationary scenario based on the dynamics of a self-interacting 
scalar field. 
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Unfortunately, a typical string theory potential (without contrived and/or 
ad hoc modifications) seems to be unsuitable for implementing a successful 
model of slow-roll inflation, as shown by various studies at the beginning of 
the Nineties [24, 25]. We are thus left with two possible alternatives: 


i) look for an inflationary scenario based on the dilaton, different from the 
conventional slow-roll inflation; or 

it) look for another mechanism, independent of the dilaton, and able to im- 
plement a phase of slow-roll inflation with some other typical ingredient 
of string theory. 


The first approach (also the first to be investigated, from a historical point 
of view) has lead to the pre-big bang scenario that we shall present in the fol- 
lowing section. The second approach, which only recently seems to have shown 
positive results, has lead to scenarios where the inflaton field corresponds 
to the distance between two three-dimensional membranes (called 3-branes), 
propagating through a higher-dimensional space-time manifold. 

This section is devoted to a brief illustration of this second possibility, 
considering in particular the interaction between a brane and an anti-brane, 
which attract each other because of their opposite “charges” [26] (see [27] for a 
detailed introduction). It should be mentioned, however, that other examples 
of brane-cosmology exist, in which the two 3-branes are “domain walls” rep- 
resenting the space-time boundaries: we are referring to the so-called “ekpy- 
rotic” [28, 29] or “new ekpyrotic” [30] scenario, where the brane interaction 
(and their eventual collision) is associated to the shrinking of an extra spatial 
dimension orthogonal to the branes. For that scenario we refer to the pre- 
sentation of Paul Steinhardt and Neil Turok in this volume. One should also 
mention the so-called models of “multi-brane” inflation [31], where several 
M-theory branes combine their steep interactions to produce an acceptable 
(i.e., flat enough) inflaton potential as in models of “assisted” inflation [32]. 


3.2 Dirichlet branes 


We should explain, first of all, why higher-dimensional extended objects like 
branes naturally (and unavoidably, in some cases) appear in the context of 
strings and superstring models. We recall, to this purpose, that there are two 
types of strings (open and closed), and that when studying the propagation 
of an open string in a (higher-dimensional) space-time manifold we have to 
specify what happens to the ends of the string, imposing appropriate boundary 
conditions [17, 18]. There are two types of such conditions. 


e Neumann boundary conditions, in which the ends of the string move in 
such a way that there is no momentum flowing through the boundaries; 

e Dirichlet boundary conditions, in which the ends of the string are kept 
fixed. 
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In particular, if the string is propagating through a background manifold 
with D spacetime dimensions, then the position of the ends of the string, 
with coordinates X{' and X', with « = 0,1,...,D— 1, can be determined 
so as to satisfy Neumann conditions along p+ 1 space-time dimensions, and 
Dirichlet conditions along the remaining (D — p — 1) (spacelike) orthogonal 
directions. In this way the ends of an open string are localized on two p- 
dimensional hyperplanes at fixed positions X}, X2, with i € [p +1, D — 1] (the 
two hyperplanes can also be coincident, i.e. X{ = X3). Such p-dimensional 
hyperplanes are called p-dimensional Dirichlet membranes, or D,-branes. 

It is important to stress that the ends of the open string are fixed along 
the Dirichlet directions, but can move freely along the (orthogonal) p + 1 
Neumann directions, spanning the “world-hypervolume” of the brane. The 
string ends, on the other hand, can bring charges, sources of non-Abelian gauge 
fields: this gives us a natural implementation of the so-called ” braneworld” 
scenario [33], in which the fundamental gauge interactions are strictly localized 
on a (p+ 1)-dimensional hypersurface which is only a “slice” of the higher- 
dimensional “bulk” manifold in which the D,-brane is embedded. A D3-brane, 
in particular, could represent a simple model of our four-dimensional Universe, 
able to explain the “invisibility” — i.e. the inaccessibility through fundamental 
gauge interactions — of the extra (D—4) spatial dimensions. Such dimensions 
are necessarily required by a consistent theory of quantum strings, but cannot 
be probed by interactions confined to live in four dimensions. 

In the context of superstring models, on the other hand, an extended object 
like a D,-brane acts as a source of a totally antisymmetric tensor field, just as a 
point-like object (for instance, an electric charge) is a source for the vector field 
A,, in the conventional electromagnetic theory. The field A,, (represented by a 
1-form in the language of differential exterior forms) is coupled in fact to the 
world-line X“(€°) spanned by the point-like source, with an interaction pro- 
portional to X “A,,, where X =0X /0€°. In the same way, a one-dimensional 
object is a source for an antisymmetric field (or 2-form) A,,, = —Ay,, which is 
coupled to the two-dimensional “world-sheet” X(€°, €1) spanned by its evo- 
lution: the interaction is proportional to EPO, XH OXY A a, where 0 = 0/0€*, 


a = 0,1, and e® is the Levi-Civita antisymmetric symbol in two space- 
time dimensions. In general, the (p + 1)-dimensional hypersurface X"(£*), 
a = 0,...,p, spanned by the time-evolution of a D,-brane, is coupled to a 


(p + 1)-form (i.e. to an antisymmetric tensor Ajyo... of rank p+ 1), with 
interaction 
ete eX OA ON ee) Awan: (2) 


Thanks to these couplings, extended objects like D,-branes can interact 
among themselves not only gravitationally, but also through the field Ayvo.... 
D3-branes, in particular, interact with the four-form A,,.g present in the 
low-energy spectrum of the type IIB superstring model [17, 18]. Such an in- 
teraction, as in the case of point-like electromagnetic sources, is repulsive for 
sources of the same sign (for instance, two identical particles or two identical 
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branes), and attractive for sources of opposite sign (for instance, a particle- 
antiparticle system, or a brane-antibrane system). In particular, for a system 
of two identical, static, parallel and supersymmetric branes, initially arranged 
in the so-called BPS configuration, one finds that the gravitational attraction 
is exactly balanced by the repulsion due to the antisymmetric-field interaction, 
and the system remains static (modulo non-perturbative corrections). 


3.3 Brane-antibrane inflation 


An inflationary model can be obtained, in that context, if we consider instead 
the interaction of a D3-brane with an anti-D3-brane: in that case there is 
no cancellation between the various types of forces, and the net result is 
an attractive interaction [26] whose non-constant part is associated with the 
potential energy V(Y) ~ Y?~”, where Y is the modulus field controlling the 
interbrane distance, and n = D —p-—1 is the number of spacelike dimensions 
orthogonal to the branes. Thus, V = GY~* for p = 3 branes embedded in the 
D = 10 target space of superstring theory (@ is a dimensionless coefficient of 
order one in natural units). 

After an appropriate dimensional reduction (based on the assumption that 
the n “orthogonal” dimensions are stabilized in a compact configuration) one 
arrives, in this way, to a four-dimensional effective action for the scalar modu- 
lus Y. This modulus behaves like a canonical scalar field, self-interacting, min- 
imally coupled to gravity, and is thus a possible candidate to sustain a phase 
of inflationary expansion of the dimensionally-reduced bulk manifold. Unfor- 
tunately, however, the effective potential generated by the brane-antibrane 
interaction is not flat enough to satisfy the requirements of slow-roll infla- 
tion — at least if the branes interact through flat and topologically trivial 
orthogonal dimensions [27]. 

Two ways out of this difficulty have been suggested in the present litera- 
ture. A first possibility relies on the assumption that the compact transverse 
manifold has the topology of a n-dimensional torus, with spatial sections of 
uniform radius r [26]. When the separation of the brane-antibrane pair is of 
order Y ~ r, the effective potential experienced, say, by the antibrane must 
be estimated including the contribution of all the topological “images” of the 
other brane, forming an n-dimensional lattice. The total effective interaction 
is then obtained by summing over all the contributions of the lattice sites 
occupied by the brane images. The resulting effective potential is quartic in 
the displacement of the antibrane from the centre of the hypercubic cell of 
the lattice, and can satisfy the slow-roll conditions — at least, as long as the 
interbrane separation remains in the range Y ~ r. 

A second possibility (which seems to be preferred, at present, in view 
of a possible stabilization of the extra compact dimensions) is based on the 
assumption that the section of space orthogonal to the D3-branes is not flat, 
but “warped” by a geometry of the anti-de Sitter (AdS) type (with constant 
curvature scale R >> \;), representing a solution of the low-energy effective 
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action of type IIB superstring theory [34]. One can also assume, for simplicity, 
that the antibrane D3 is frozen at the fixed position y = yo < R, located near 
the infrared end of a five-dimensional bulk manifold AdS; (the remaining 
five spatial dimensions are assumed to be compactified at a constant scale). 
The D3-brane, on the contrary, is mobile along the orthogonal direction y, 
driven by the attractive force towards the antibrane, and has a time-dependent 
position y = y; > yo. The coordinate distance of the two branes is then Y = 
Y1—Yo & y1. The Y-dependent part of the interbrane potential is given, again, 
by the inverse of the distance modulus to the fourth power, but — for reasons 
of general covariance — the interaction has to expressed in terms of the proper 
distance of the two branes, given by y11/|9y,| = y1(R/y), where (R/y) is the 
“scale factor” of the AdSs geometry along the fifth dimension y orthogonal 
to the brane. The non-constant part of the potential experienced by the D3- 
brane at y = yo is then V ~ (yo/R)*Y~*, and the slow-roll conditions can 
now be easily satisfied thanks to the suppression factor yo/R < 1 generated 
by the warped geometry of the bulk manifold. 


3.4 The strong coupling regime 


All models of brane-antibrane inflation — either based on a non-trivial topol- 
ogy or on a non-trivial geometry of the transverse dimensions — are consistent 
provided that shape and volume of the extra (non-inflationary) spatial dimen- 
sions are stabilized, using some appropriate mechanism [35] which does not 
affect the relative motion of the two branes. The stabilization mechanism, in 
its turn, seems to require the presence of antisymmetric tensor fields, whose 
“fluxes” are associated to branes “wrapping” around around the compact di- 
mensions and “warping” the compactified geometry [36]. This enforces the 
conclusion that the above realizations of slow-roll inflation are only possible 
when the Universe is in a phase of “brane-domination” . 

On the other hand, in a string theory context, the tension of a D-brane (i.e. 
the mass per unit of spatial (hyper)volume) is proportional to the inverse of 
the string coupling parameter g,: it follows that such branes become light, and 
can be copiously produced, only in the strong coupling limit g, >> 1. A phase 
of brane-antibrane inflation seems thus to be naturally (and unavoidably) 
associated to a phase of strong coupling. 

We are then lead to the question: how to “prepare” the strong-coupling 
(and, possibly high-curvature) regime where the mechanism of brane inflation 
can be implemented? In other words, what happens “before”? what about the 
cosmological evolution before the beginning of the inflationary regime? We 
know, in fact, that slow-roll inflation cannot be past-eternal: going back in 
time, at fixed value of the gravitational coupling, a phase of slow-roll inflation 
necessarily leads to a spacetime (big bang) singularity in a finite amount of 
proper time, and the model of cosmological evolution remains incomplete. 
Is it possible to arrive at the brane-dominated regime, where the Universe 
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possibly undergoes a phase of slow-roll inflation, without starting from an 
initial singularity? 

The pre-big bang scenario, introduced in the following section, may provide 
answers to these questions. 


4 The pre-big bang scenario 


If we look at the “specialized” literature for a description of the birth and of 
the first moments of life of our Universe, we may read, in the (probably) most 
ancient and authoritative book, that 


“In the beginning God created the Heaven and the Earth, 
and the Earth was without form, and void; 

and the darkness was upon the face of the deep. 

And the Breath of God 

moved upon the face of the water.” 


(Genesis, The Holy Bible). 


The most impressive aspect of these verses, for a modern cosmologist, is prob- 
ably the total absence of any reference to the hot, kinetic, explosive state that 
one could expect at (or immediately after) the “big bang” deflagration. What 
is described, instead, is a somewhat quiet, dark, empty state: indeed, we can 
read about “void”, “darkness”, and “the deep” gives us the idea of something 
enormously desert and empty. In this static configuration there is at most 
some small fluctuation (the “Breath”, inducing a ripple on the surface of this 
vacuum). 

It is amusing to note that a state of this type, flat, cold and vacuum, 
only ruffled by quantum fluctuations, can be obtained as the initial state of 
our Universe in a string cosmology context, under the hypothesis that the 
Universe evolves in a “self-dual” way with respect to a particular symmetry 
of the low-energy string effective action [15, 16]. 


4.1 Scale-factor duality 


The symmetry we have in mind is the so-called scale-factor duality [16, 37], 
which generalizes to time-dependent backgrounds the T-duality symmetry 
mentioned in Sect. 2, typical of closed strings in static manifolds with com- 
pact spatial dimensions [23]. According to the T-duality symmetry the en- 
ergy spectrum of a string, quantized in the presence of compact dimensions 
of radius R, turns out to be invariant with respect to the transformation 
R— d?/R, and the simultaneous exchange of the number of times the string 
is wounded around the compact dimensions with the (discrete) level-number 
of the momentum operator associated with the string motion along such com- 
pact directions. 
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In the context of a homogenous, isotropic, spatially flat background, de- 
scribed by the invariant space-time interval 


ds? = c*dt® — a?(t) da,dz’, (3) 


the radius R is replaced by the scale factor a(t), and the invariance under the 
transformation a — a~? is still valid provided the dilaton field ¢ is also simul- 
taneously transformed, according to the (scale-factor duality) transformation 


a>G=a'l, ¢— ¢=¢-—2dlna, (4) 


where d is the total number of spatial dimensions. There are, however, two 
important differences between T-duality and scale-factor duality symmetry: 7) 
the above transformations represent a symmetry of the (tree-level) equations 
of motion of the background fields (not necessarily of the quantum string 
spectrum); iz) there is no need of compact spatial dimensions. 

The invariance of the string cosmology equations under the transforma- 
tions (4) can be extended to include the presence of matter sources, as we shall 
see below. Such an invariance is only a particular case of a more general class 
of symmetries associated to the global transformations of the O(d,d) group, 
for backgrounds with Abelian isometries, both without [38, 39] and with [40] 
matter sources. For the purpose of this paper, however, it will be enough to 
limit ourselves to the transformations of Eq. (4), and to note that new classes 
of solutions can be obtained simply by transforming known solutions. These 
new solutions have kinematic properties representing the “dual counterpart” 
of the initial ones. 

For an explicit illustration of this duality symmetry, and of its applications, 
we need the cosmological equations obtained from the low-energy string ef- 
fective action, describing the dynamics of the graviton and dilaton field to 
the lowest non-perturbative order. For the metric (3), and for a homogeneous 
dilaton field ¢ = ¢(t), in d = 3 spatial dimensions, such equations are (see 
e.g. [41]): 


; 2r2 
¢? — 6H + 6H? = ep, 


; 2 
H — Hé+ 3H? = "ep, 


26 — ¢? + 6H¢ — 6H — 12H? =0. (5) 





We are working in the so-called string frame (where the motion of a test string 
is geodesics), and the dot denotes differentiation with respect to the cosmic 
time t (we have defined H = a/a). We have also taken into account the 
possibility of matter sources, in the form of a perfect fluid with stress tensor 
To° = p and T;? = —pd}. Note that the combination (2A2c/h) exp ¢ plays 
the role of the effective gravitational coupling constant 167G/c? = 2\%c/h. 
Thus, the dilaton controls the relative string-to-Planck length ratio, to this 
approximation, as 
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The above set of cosmological equations is clearly invariant (as in the case 
of the Einstein equations) under the time-reflection transformation t — —t. 
In addition, however, the equations are invariant under the duality transfor- 
mations (4), possibly accompanied by the following transformations of the 
matter sources [16]: 


p> p=pa®, p—p=-—po°. (7) 


Thanks to this symmetry we can always associate to any decelerated solution, 
typical of the standard cosmological model, a “dual partner” describing ac- 
celerated (i.e. inflationary) evolution. We stress that this is impossible in the 
context of the cosmological Einstein equations, where there is no dilaton, and 
no duality symmetry. 

Consider, for instance, a radiation-dominated Universe, characterized by 
the equation of state p = p/3, and by a constant dilaton, db = 0. In this case 
the set of Eqs. (5) is identically satisfied by the particular exact solution 


1/2 
t Po 
a= ’ @ = const, P=" p= 
a 


are ’ t> 0, (8) 
to 


wld 


where tg and fo are positive integration constants. This is also the exact solu- 
tion of the conventional Einstein equations which, for t > 0, properly describes 
the radiation-dominated phase of the standard cosmological scenario [1]. This 
solution describes a phase of decelerated expansion, decreasing curvature and 
constant dilaton for 0 < t < o, 


a>0, a<0, H<0, ¢=0, (9) 


namely a Universe evolving from the past big bang singularity (approached 
as t — 0 from positive values) towards a state asymptotically flat and empty, 
approached as t > +00. 

By applying a combined scale-factor duality and time-reversal transfor- 
mation on the solution (8) we can now obtain a new exact solution of the 
low-energy string cosmology equations (5) which has the form 


t —1/2 a, t ot 
re es , 6=-38n(-—), p=8, p=-£, t<0. (20) 
to a2 3 


This new solution is defined on the negative time semi-axis, —oo < t < 0, and 
describes an (inflationary) phase of accelerated expansion, growing curvature 
and growing dilaton, 


a>0, G@>0, H>0od, ¢>0. (11) 
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The initial cosmological state is asymptotically flat, H — 0, with esponentially 
suppressed string coupling, g? = exp¢@ — 0, as t — —oo (the Universe ap- 
proaches, asymptotically, the so-called “string perturbative vacuum” ). Start- 
ing from this configuration, the evolution leads towards a future singularity 
approached as t — 0 from negative values. 


4.2 Examples of smooth pre-big bang backgrounds 


The two exact solutions (8) and (10) cannot be directly connected to one 
another, being physically separated by a curvature singularity at t = 0. As- 
suming however that the singularity may disappear in a more realistic model, 
after including other fields and/or higher-order corrections, we obtain from 
the duality invariance of the equations a clear suggestion about a possible 
“temporal completion” of the standard cosmological phase, based on a “self- 
duality principle” . 

Indeed, if the scale factor would satisfy (even approximately) the condition 
a(t) = a~*(—t), then the standard cosmological phase would be preceded and 
completed by a dual phase which is automatically of the inflationary type 
(see for instance Eq. (10)). The space-time curvature scale (growing during 
inflation, decreasing during the decelerated evolution) would have a specular 
behavior with respect to a critical “bouncing epoch” centered around t = 0 
(namely would be reflection-symmetric in the {t,H} plane with respect to 
the t = 0 axis, marking the transition from the inflationary to the standard 
regime; see e.g. Fig. 2). Such a bouncing transition, occurring at high but 
finite curvature, would replace the big bang singularity of the low-energy 
equations: thus, one is naturally lead to call “pre-big bang” the initial phase 
(at growing curvature and string coupling), with respect to the subsequent 
“post-big bang” phase describing standard decelerated evolution. 

Regular, self-dual solutions cannot be obtained [42] in the context of the 
low-energy string-cosmology equations (5). Such equations, however, only rep- 
resent a zeroth-order approximation to the exact field equations expected in 
a string theory context, as already stressed in Sect. 2. On the other hand, 
if the curvature and the string coupling keep growing without any damping 
during the phase described by the low-energy pre-big bang solutions, then the 
Universe is necessarily driven to configurations where the curvature and the 
coupling are large in string units (\2?H?/c? ~ 1, g? ~ 1): for those config- 
urations both higher-derivative and higher-loop corrections are to be added 
(possibly to all orders) to the tree-level equations. All studies performed up 
to now [48, 44, 45] (see also [41]) have shown that such corrections can indeed 
contribute to damp the accelerated evolution of the background, and trigger 
the transition to the post-big bang phase. 

Without introducing complicate computations we will present here a phe- 
nomenological example of self-dual solutions based on a special class of dilaton 
potential, depending on ¢ through the “shifted” variable 6 = ¢—3 Ina. Poten- 
tial of that type are motivated by the invariance of ¢ under the transforma- 
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tions (4) [16, 38, 39, 40]; in addition, they could be generated by dilaton loop 
corrections in manifold with compact spatial sections, and can be obtained 
in the homogeneous limit of appropriate general-covariant (but non-local) ac- 


tions [46, 47]. With such potential V = V(¢) the string cosmology equations 
can be rewritten in terms of a, ¢, B = pa? and D = pa® as follows [38, 39, 40]: 








@ — 3H? —V@) = "Fp, 

H-Ho= Mc Fp, 

ue 237 AV Gyno 

2-G —3H? +V@)— 7 =0. (12) 


These equations are still invariant under the duality transformations (4) 
and (7) but, differently from Eq. (5), they admit regular and self-dual solu- 
tions. We can also obtain exact analytical integrations for appropriate forms 
of the potential V(¢), and for equations of state such that p/p can be written 
as integrable function of a suitable time parameter [15]. 

Let us consider, as a simple example, the exponential potential V = 
—Vo exp(2¢) (with Vo > 0), to be regarded here only as an effective, low- 
energy description of the quantum-loop backreaction, possibly computable at 
higher orders. Let us use, in addition, an equation of state (motivated by an- 
alytical simulations concerning the equation of state of a string gas in back- 
grounds with rolling horizons [48]) evolving between the asymptotic values 
p= —p/3 at t > —c and p = p/3 at t > +00, so as to match the low-energy 
pre-and post-big bang solutions (10) and (8), respectively. The plot of the 
corresponding solution (see [15] for the exact analytic form) is illustrated in 
Fig. 2. 

The solution smoothly interpolates between the string perturbative vac- 
uum at t — —oo and the standard, radiation-dominated phase at constant 
dilaton (described by Eq. (8)) at t + +00, after a pre-big bang phase of grow- 
ing curvature and growing dilaton described by Eq. (10). The dashed curves 
of Fig. 2 represent the unbounded growth of H in the low-energy solutions (8), 
(10), obtained in the absence of the dilaton potential. The plot of V in Fig. 
2 shows that the potential contribution dominates the background evolution 
around the transition epoch |t| > 0, and rapidly disappears at large values of 
|t]. 

An even simpler (almost trivial) example is obtained, with the same po- 
tential, in the case p = 0. The system of equations (12) is then satisfied by a 
flat geometry (H = 0 = H) and by a “bell-like” time evolution of the dilaton, 
sustained by a constant energy density [49]: 


$ e?0 
~ 1+ (t/to)? 


(the integration constants ao, do, Po, to are related by po exp do = Vo exp(2¢0) = 
4/t2). For t + —oo one has a globally flat initial Universe, filled with a con- 


a= ao, P= Po, p=0, (13) 
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Fig. 2. Example of smooth transition between a phase of pre-big bang inflation and 
the standard radiation-dominated evolution. The figure gives a qualitative illustra- 
tion of the evolution in time (from —oo to +00) of the string coupling parameter 
gs = exp(@), of the spacetime curvature scale H® = a”/a?, of the effective energy 
density pexp(¢) and pressure pexp(@¢) of the gravitational sources, and of the ef- 
fective dilaton potential V. Note that the pre-big bang phase is characterized by 
growing curvature and negative pressure, the post-big bang phase by decreasing 
curvature and positive pressure. 


stant and uniform distribution of “dust” dark matter, very reminiscent of 
the “Earth without form” mentioned in the Genesis. And only the dilaton is 
moving “upon the face of the water” ... 

The solution is less trivial, however, when transformed in the Einstein- 
frame (E-frame) where the graviton and the dilaton are canonically normal- 
ized, and where the metric and the energy density are no longer constant. 
Using the conformal time parameter 7, the E-frame version of the solution 
(13) takes the form [47] 


n 
2\-1 
e? =e? (1+ 4) , 
"No 
" —3/2 
Pr = poas (1 + 1) ; (14) 
0 


In Fig. 3 we have plotted the exponential of the dilaton field, the E-frame scale 
factor ag, the energy density pz, and the Hubble parameter Hg = a',/a%, 
obtained from Eq. (14). The background smoothly evolves from growing to 
decreasing curvature (and dilaton), but the pre-big bang regime corresponds, 
in the E-frame, to a phase of accelerated contraction (Hg < 0, Hr < 0), with 
a final bounce of the scale factor to the phase of post-big bang (decelerated) 
expansion. 
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Fig. 3. Example of pre-big bang evolution represented in the E-frame, where the 
scale factor ag is shrinking and the Hubble parameter Hz is negative, unlike in the 
string-frame representation of Fig. 2. The figure also illustrates the evolution (with 
respect to the conformal time parameter 7) of the E-frame energy density pz and 
of the string coupling parameter gs; = exp(¢). The plots are obtained from Eq. (14) 
with ao = 0.8, do = 0, po 1, "o 1. 








As clearly illustrated by the above examples, according to the pre-big 
bang scenario inflation starts in a perturbative regime of very small coupling 
(gs — 0), very small curvature (H — 0), and very large space-time horizons 
cH~'. The trans-Planckian problem (mentioned in Sect. 1) is evaded, and 
the initial cosmological evolution can be consistently described by a classi- 
cal, low-energy effective action. This represents a complete overturning of the 
traditional picture — typical of standard models of inflation [50] — where the 
initial evolution takes place at ultra-high density and curvature scales, small 
horizon scale, strong coupling, in a marked quantum regime (see Fig. 4). 

Actually, it is possible to characterize these new initial conditions in terms 
of a principle of “Asymptotic Past Triviality” [51] (APT) according to which 
the Universe becomes empty, flat, and interaction-free as one goes towards the 
asymptotic past, t > —oo. It was argued in [51] that, thanks to gravitational 
instability, “generic” initial conditions satisfying APT unavoidably lead to the 
formation of black holes of many different masses/sizes. It was also shown that 
the spacetime inside such black holes precisely mimics the pre-bounce phase 
of a pre-big bang cosmology. If the singularity inside the black hole horizon 
is avoided, a sufficiently large black hole can then give rise to a successful 
pre-big bang cosmology. 

In conclusion, an epoch of pre-big bang inflation is able to solve the kine- 
matical problems of the standard scenario starting from different initial con- 
ditions which are not necessarily unnatural or unlikely [51, 52] (see also [53] 
for a detailed comparison of the pre-big bang versus post-big bang inflation- 
ary kinematics). A possible exception concerns the presence of primordial 
“shear”, which is not automatically inflated away during the phase of pre-big 
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Fig. 4. Comparison between the time evolution of the Hubble horizon c/H (dashed 
lines) and of the scale factor a(t) (solid curves) in the conventional inflationary 
scenario (left) and in models of pre-big bang inflation (right). For the pre-big bang 
phase we have plotted the evolution of both the expanding string-frame scale factor 
a(t) and the contracting E-frame scale factor ag(t). The vertical axis is the time 
axis, and the shaded areas represent causally connected spatial sections of Hubble 
size c/H at various epochs. The evolution from the end of inflation, ty, to the present 
epoch, to, is the same in both cases. However, during inflation (i.e. from ¢; to tf) 
the Hubble horizon is constant (or slightly increasing) in conventional models (left), 
while it is shrinking in pre-big bang models (right). As a consequence, the size of the 
initial inflationary patch may be very large (in string or Planck units) for a phase 
of pre-big bang inflation, but not larger than the horizon itself, as illustrated in the 
figure. 


bang evolution: the isotropization of the three-dimensional spatial sections 
might require some specific post-big bang mechanism (see e.g. the discussion 
of [54]), unlike in the standard inflationary scenario where the dilution of shear 
is automatic. 


4.3 Phenomenological consequences 


Quantum effects, in the pre-big bang scenario, can become important to- 
wards the end of the inflationary regime. We can say, in particular, that the 
monotonic growth of the curvature and of the string coupling automatically 
“prepares” the onset of a typically “stringy” epoch at strong coupling. This 
epoch could be characterized by the production of a gas of heavy objects 
(such as winding strings [55, 56] or mini-black holes [57]) as well as light, 
higher-dimensional branes [58] (see [59] for a recent review of the so-called 
phase of “string gas” cosmology). In such a context the interaction (and/or 
the eventual collision) of two branes can drive a phase of slow-roll inflation 
[26], as discussed in Sect. 3. 
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At this point of the cosmological evolution there are two possible alterna- 
tives. 


i) The phase of string/brane dominated inflation is long enough to dilute 
all effects of the preceding phase of dilaton inflation, and to give rise to 
an epoch of slow-roll inflation able to prepare the subsequent evolution, 
according to the conventional inflationary picture. 

it) The back-reaction of the quantum fluctuations, amplified by the phase of 
pre-big bang inflation, induces a bounce as soon as the Universe reaches 
the strong coupling regime; almost immediately, there is the beginning of 
the phase of decelerated evolution dominated by the (rapidly thermalized) 
radiation produced by the bouncing transition. 


These two possibilities have different impact on the phenomenology of the 
cosmic background of gravitational radiation and on the anisotropy of the 
CMB radiation, as we shall now discuss. 

In the first case we recover the same phenomenology of conventional mod- 
els of slow-roll inflation, but with the important difference that the inflationary 
initial conditions are now “explained” by the preceding pre-big bang evolution, 
driving the Universe from the string perturbative vacuum to the appropri- 
ate configuration for starting inflation. The slow-roll singularity is eliminated 
and the model becomes geodesically complete, being extended over the whole 
cosmic-time axis. We can still talk of “birth of the Universe from the string 
perturbative vacuum”, as pointed out (in a quantum cosmology context) in 
(60, 61, 62]. 

Here we shall concentrate our discussion on the second possibility, in which 
there is only one inflationary phase of unconventional (pre-big bang) type. 
In that case the effects of the higher-curvature/quantum gravity phase are 
not “washed out” by a subsequent inflationary epoch: the phenomenological 
predictions are possibly less robust, as may depend on (still unknown) details 
of string/Planck scale physics. However, the observable consequences of this 
scenario should bear the direct imprint of the pre-big bang epoch, thus opening 
a window on time scales and energy scales not accessible to conventional model 
of inflation. 

In particular, because of the peculiar kinematic properties of pre-big bang 
inflation, the quantum fluctuations of the metric tensor tend to be amplified 
with an unconventional spectrum which is growing with frequency (instead 
of being flat, or decreasing, as in the conventional inflationary scenario). A 
growing spectrum, on the other hand, simultaneously represents an advantage 
and a difficulty of pre-big bang models with respect to conventional models 
of inflation. 


Tensor metric perturbations 


The (phenomenological) advantage concerns the amplification of the (trans- 
verse, traceless) tensor part of the metric fluctuations, and the corresponding 
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formation of a cosmic background of relic gravitational radiation. In models of 
pre-big bang inflation, in fact, the spectral energy of such background — Q,h?, 
where 12, is the energy density in critical units, and h the present value of the 
Hubble parameter in units of 100 km s~!Mpc™ — is expected to growth with 
frequency [63, 64, 65], with a peak value [66] of about 2,h? ~ 10~°, reached 
around the cut-off frequency of the spectrum (w ~ 100 GHz, roughly corre- 
sponding to the position of the peak of the electromagnetic CMB radiation). 
This behaviour is in sharp contrast with the gravitational background pro- 
duced in models of slow-roll inflation, which is characterized by a peak value 
of order 2,h? ~ 10~'° at the frequency scale of the present Hubble radius 
(w ~ 10718 Hz), and which is monotonically decreasing with the frequency 
(see Fig. 5). 
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Fig. 5. The figure shows, on a logarithmic scale, the typical spectral energy density 
Qh? of a cosmic background of primordial gravitational waves produced in the 
context of (a) minimal models of pre-big bang inflation (top spectra), (b) standard 
models of slow-roll inflation (flat, intermediate spectrum), and (c) ekpyrotic/cyclic 
models of inflation (bottom spectrum). See [41, 68] for technical details on the 
properties of these spectra. The figure also shows the maximal background intensity 
allowed by present CMB data, and the planned sensitivities expected to be reached 
in the near future by Earth-based gravitational detector such as Advanced LIGO 
and by space interferometers such as LISA and BBO. 


Thanks to these properties, the direct detection of a cosmic background of 
pre-big bang gravitons is expected to be much more likely and easier than the 
detection of backgrounds produced in other models of inflation. Indeed, the 
presently operating, Earth-based gravitational antennas (such as NAUTILUS, 
AURIGA, LIGO, VIRGO), and those planned to be operative in space (LISA, 
BBO, DECIGO), cover together a sensitivity band roughly ranging from the 
mHz to the kHz (see e.g. [41]), and in that range the expected signal of pre-big 
bang gravitons is possibly much higher than from other types of primordial 
gravitational backgrounds (see Fig. 5). Conversely, the presence of pre-big 
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bang gravitons is extremely suppressed at the low frequency scales which 
are relevant to the observed anisotropy of the CMB radiation, so that their 
possible contribution to CMB polarization effects [67] is totally negligible. 
Thus, a combined non-observation of tensor polarization effects on the 
CMB radiation, and a direct detection of relic gravitons at high frequencies, 
could represent a strong signal in favor of the pre-big bang scenario [68). 
In the cyclic/ekpyrotic scenario, on the contrary, the primordially produced 
background of cosmic gravitational waves is expected to be quite negligible, 
today, both in the low-frequency and high-frequency range [69] (see Fig. 5). 


Scalar metric perturbations 


The difficulty of a growing spectrum concerns, instead, the scalar part of the 
metric fluctuations. These fluctuations, amplified by inflation, should repre- 
sent the primordial “seeds” responsible for the peak structure of the tempera- 
ture anisotropies AT/T, observed today in the CMB radiation: this requires, 
however, a nearly flat (or “scale-invariant” ) spectral distribution, as confirmed 
by most recent observations [6]. In models of pre-big bang inflation, on the 
contrary, the primordial scalar spectrum tends to be growing [70] like the 
tensor spectrum, in disagreement with present experimental evidence. 

In the absence of a brane-dominated regime, with an associated phase 
of slow-roll inflation able to produce the required spectrum of scalar pertur- 
bations, this problem can be solved by the so-called “curvaton mechanism” 
(71, 72, 73]. Thanks to this mechanism, a scale-invariant, adiabatic spectrum 
of scalar curvature perturbations can also be produced by the post-big bang 
decay of a suitable background field (other than the metric), whose scalar 
fluctuations have been amplified by inflation with a flat spectrum. 

In the context of the pre-big bang scenario the role of the curvaton could 
be played by the fundamental string theory axion a, associated by spacetime 
duality to the four-dimensional components of the antisymmetric tensor By, 
present in the string spectrum [74, 75]. The quantum fluctuations of the axion, 
in fact, can be amplified by a phase of pre-big bang inflation with a flat 
spectrum [76, 77], in sharp contrast with the quantum fluctuations of the 
metric tensor (see Appendix A). 

Assuming that the axion fluctuations are amplified by a flat spectrum, it 
follows that the standard post-big bang phase, on large, super-horizon scales, 
is initially characterized by a sea of “isocurvature” axion fluctuations, with 
a negligible component of metric perturbations (which are amplified by infla- 
tion with a growing spectrum). These fluctuations may act as “seeds” (i.e. 
as quadratic sources to the perturbation equations) for the generation of 
isocurvature metric perturbations [78] (which are possibly allowed only as 
a sub-dominant component of the total observed anisotropy). However, if the 
post-big bang axion background acquires a mass and decays, the axion and 
metric fluctuations become linearly coupled. Thanks to this coupling new 
scalar (curvature) perturbations are automatically generated with the same 
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spectral slope as the axion one, and with a spectral amplitude of the same 
order as the primordial axion amplitude [72, 74, 75]. The net result of this 
“curvaton” mechanism is a (non-primordial) spectrum of adiabatic metric per- 
turbations which, if sufficiently flat, may successfully reproduce the observed 
anisotropies of the CMB radiation. 

By applying the above mechanism, and assuming such an axion origin of 
the large-scale anisotropy, it becomes possible to extract from present CMB 
measurements direct information on models of pre-big bang inflation and on 
their fundamental parameters, such as the inflation scale in string units [74], 
or the kinematics of the extra dimensions. According to recent WMAP data 
[6], for instance, the spectral slope of scalar perturbations (averaged over all 
scales) is given by 

Me = 3+ 2a = 0.95175 Sie: (15) 


This slope slightly (but unambiguously) deviates from an exactly scale- 
invariant spectrum, corresponding to n, = 1 (or 2+ 2a@ = 0). The compari- 
son with Eq. (A.9) then gives Go ~ —0.355, which implies (using Eq. (A.6)) 
>>; 6? ~ 0.62. A flat spectrum associated to a nine-dimensional isotropic back- 
ground would give, instead, 8) = —1/V9 ~ —0.33, and > 6? = 6/9 ~ 0.66. 
The result (15) may thus be interpreted, in d = 9, as the indication of a 
small anisotropy between the time evolution of internal and external spatial 
dimensions. The experimental value (15), however, is also compatible with 
Bo = —1/V8 ~ —0.3535, associated to a model describing the isotropic ex- 
pansion of only 8 spatial dimensions! 


Primordial magnetic fields 


We should add, finally, that the (number and) kinematics of the extra spatial 
dimensions, together with the dilaton kinematics, play a fundamental role also 
in the pre-big bang amplification of the quantum fluctuations of the electro- 
magnetic fields, for a possible “primordial” production of large-scale magnetic 
fields [79, 80, 81]. Remarkably, the values of Go and (; compatible with a 
(nearly) flat axion spectrum are also compatible with an efficient production 
of “seeds” for the cosmic magnetic fields, for various types of photon-dilaton 
coupling (as in discussed in [82] for the specific examples of the heterotic and 
type I superstring models). 


5 Conclusion 


We wish to conclude this short review with a comment concerning a possi- 
ble “cyclic” extension of the pre-big bang scenario (see also [68]). Such an 
extension is in principle possible because, as in the ekpyrotic case [83, 84], 
the big bang is not regarded here as a singular and unique event marking 
the beginning of everything, but only as a transition (even if dramatic, in 
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various respects) between two different (possibly duality-related) cosmologi- 
cal regimes. The big bang is only one among many other (high-energy, but 
smooth) processes of our past cosmological history, induced by the gravi- 
dilaton dynamics, and repeatable, in principle, whenever appropriate initial 
conditions are given. 

A cyclic extension of the pre-big bang scenario might correspond, in par- 
ticular, to a cyclic alternation of the phase of standard evolution and of its 
string-theory dual. However, as the dilaton is monotonically growing during 
the pre-big bang evolution, a cyclic scenario would require — to close the cy- 
cle, and prepare the system to new big bang transition — a late-time phase 
of decreasing dilaton, in order to lead back the system to the perturbative 
regime at the beginning of a new, self-dual cycle (see e.g. Fig. 3). 

Such a bouncing back of the dilaton in the post-big bang regime could 
require the dominant contribution of a suitable (duality breaking? non- 
perturbative?) potential. We thus naturally arrive at the question: could such 
a process of dilaton bouncing be associated to the phase of (low-energy) cosmic 
acceleration that we are presently experiencing? 


Appendix A. The axion fluctuation spectrum 


The quantum fluctuations of the axion o are described by the canonical vari- 
able v = oz, whose Fourier components vz satisfy the equation 


Zl! 
vy + (« - =) UR = 0. (A.1) 


The prime denotes differentiation with respect to the conformal time 7, and 
the “pump field” z(7) is the external field responsible for the cosmological am- 
plification, which in our case depends on the metric and on the dilaton. In an 
inflationary context we can assume for z a power-like behavior in the negative 
range of values of the conformal time parameter, i.e. z = (Mp/W2)(—n/m)*, 
with a < 1/2 (the factor Mp/,/2 is due to the canonical normalization). In 
this case, considering the asymptotic regime “outside the horizon” where the 
kinetic term k? becomes negligible, we can find for Eq. (A.1) the approximate 


solution 
z 


~N 


UR =~ 





(Uk )he (A.2) 


Zhe 
where the subscript “hc” means that the quantity is to be evaluated at the 
horizon crossing epoch |kn| = 1. Using the canonical normalization of the 
quantum vacuum fluctuations, |vg| = (2k)~!/?, we obtain 

Uk 
Up ~ = (kn)®, = 


1 
J2k Zz  MpvVk 


for a resulting (dimensionless) spectrum 


(km), (A.3) 
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5o|2 = k3|og|2 ~ 2422, (A.4) 


The same result is also valid for the metric perturbation spectrum, with the 
only difference that the power a is referred to the graviton pump filed, different 
in general from the axion pump field even in the same given background. 

Consider now a typical low-energy pre-big bang background, represented 
by (the negative-time branch of) a higher-dimensional vacuum solution of the 
tree-level gravi-dilaton equations. We will suppose, in particular, that the ge- 
ometry can be described by a homogeneous Bianchi-I-type metric (namely by 
a cosmological metric which is homogeneous but not isotropic along all spatial 
directions), with three inflationary and isotropically expanding dimensions, 
with scale factor a(7), and n “internal” dimensions, with scale factor b;(7), 
i =1,...,n. In conformal time, and in the string frame, such solution can be 
parametrized for 7 < 0 as [49] 


Gx (—17) 80/080) | bets (—17) 8/80) | 
, Fi +360 -1 
on SiBit Ho = Finn), (A.5) 
1 — fo 
where the constant coefficients Go, 3; satisfy the Kasner-like condition 
363+ 5° BF =1 (A.6) 


(the isotropy of the three-dimensional space has to be assumed ad hoc, as 
already stressed). For the graviton pump field [64, 65, 70] one then finds 


1/2 
tyra (11 6] eo? x (—n) 2, (A.7) 


and always obtains, according to Eq. (A.4), a growing spectrum of metric 
perturbations, |d,|? ~ k? (modulo logarithmic corrections). For the axion 
pump field [76, 77], instead, 





-1/2 
Zea (11 s] eiP esp the atcte), (A.8) 
with a corresponding spectral slope 
1+ 30 
2+ 2a = : A.9 
1— Bo (A.9) 


The axion spectrum, in particular, turns out to be scale-invariant for Gp = 
—1/3 (and 3°, 8? = 2/3, according to Eq. (A.6)). Note that ifd = 3+n= 
9, as prescribed by critical superstring theory [17, 18], and if the external 
six-dimensional space is isotropic (G; = (@ for all directions), then the value 
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of Go required by a flat spectrum is automatically obtained if the internal 
dimensions expand or contract with the same kinematic power as the external 





ones, i.e. 3; = 3 = +1/3. This seems to suggest a close (but still mysterious) 
connection between the background isotropy and the scale-invariance of the 
spectrum. 
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In the standard cosmological model, the birth of our Universe is assumed to coincide 
with the initial big-bang singularity, characterizing the classical solutions of the Einstein 
cosmological equations. Near the singularity, however, the Universe approaches the Planck 
curvature scale and the quantum gravity regime, where a classical description of the space- 
time manifold is no longer appropriate. By adopting, in that regime, a quantum cosmology 
approach, one can describe the birth of the Universe as a “tunnelling from nothing” [l]-B}, 
where the process of tunnelling refers to the Wheeler-De-Witt (WDW) wave function ff] in 
superspace. 

In string cosmology models fh], the Universe starts evolving from the string perturbative 
vacuum, a state with flat metric and vanishing coupling constant. The curvature and the 
coupling grow during an initial “pre-big-bang” phase, and this growth, according to the 
low-energy effective action, leads classically to a singular state which marks the beginning of 
the standard, post-big-bang cosmological era. By applying a quantum cosmology approach, 


the transition through the singular big-bang regime can be described as a scattering of the 


initial pre-big-bang state into a final post-big-bang configuration, in particular as a reflection 
‘of the WDW wave function in superspace. The purpose of this paper is to illustrate this 


effect and to stress analogies and differences with the more conventional tunnelling scenario 


for the birth of the Universe. 





For an easier comparison of the two pictures we shall work with the simplest example of 
non-trivial WDW equation, in which the effective potential is the one induced by a positive 
cosmological constant A, due to an over-critical number of dimensions. We start with the 


tree-level, low-energy string effective action [] 


a [ dia /=Ger* (B+ 0,60"6 +8), (1) 


where @ is the dilaton field, A, is the fundamental string-length parameter governing the 


S= 


derivative expansion of the effective action, and the extra dimensions have been taken to be 
completely inert. For a homogeneous, isotropic and spatially flat metric background, with 


scale factor a and spatial sections of finite volume, we define: 
= In [(@2/23) _/38, 6=v3ina. (2) 
In the cosmic-time gauge, goo = 1, the action (I) becomes: 
= —* f te? (6 -# +A). (3) 
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By using the convenient time reparameterization dt = dre~? we are finally led to the Hamil- 


tonian 
_ 1 2 2 2 ,-26 
H = 55 (Mj — Il + Nene \ (4) 
where IIg, Hz are the canonical momenta 
6S 6S ay 
II == Af, Il- = —S = -A, 5 5 


and a prime denotes differentiation with respect to T. 


This Hamiltonian implies momentum conservation along the ( axis, 
lg, #|=0, ie \,Ge7* = k = const. (6) 


The general solution of the classical equations of motion is well known [ff], [B] and contains 


two distinct branches, 


a(t) = ao (tanh |VAt/2|)"", ~— G= do —Insinh|VAt, k= +4AVRe“™ (7) 





where ap and @p are integration constants. The two branches are defined over disconnected 
ranges of time, t < 0 and t > 0, separated by a singularity of the curvature invariants and 
of the effective string coupling ef att =0 (for simplicity, we have chosen the integration 
constants so as to make the singular ends of both time ranges coincide at t = 0). 

We are interested, in particular, in the branch describing a classical approach to the 
singularity in a state of accelerated expansion, growing curvature, typical of the pre-big- 


bang regime [BJ 


<0, @ = ao|tanh(—VAt/2)] /”°, Gd. = —Insinh (-VA2) 
a> 0, @>0, H>0, k = ,V he > 0, (8) 


and in the branch emerging from the singularity in a state of decelerated expansion, decreas- 


ing curvature, 


t>0, a = ao|tanh(VAt/2)]"”?, 3-9 = —Insinh (Vt) 
@> 0, a4<0, H<0d, k = A,V Ae~®* > 0. (9) 


Both branches have positive canonical momentum II, = k > 0, and are related by a duality 


transformation including time-reflection [H, B], a(t) > a~'(—t), d(t) — 6(-t). Let us call, 


2 


respectively, (+) and (—) the pre- and post-big-bang branches (Q) and (9). In the high- 
curvature, strong coupling regime ¢ — +00 (i.e. near the singularity) they are characterized 


by a constant and opposite value of the canonical momentum along ¢, namely 





lim 1? =_lim (-A.de~*) — sh. (10) 


+00 p>+o0 + 





In the low-energy limit, @ + —oo, the two branches still have opposite canonical momentum 


IIz. The momentum is no longer constant, however, but controlled by d, 





_lim 1 ~ +A,VAe~? (11) 
p——co 


We shall now apply the WDW equation ff], HV = 0, to compute the (classically for- 
bidden) probability of transition from one branch to another, assuming in particular as the 
initial state the pre-big-bang configuration represented classically by the solution (8). For the 
Hamiltonian (), the WDW equation is a simple differential equation in the two-dimensional 


minisuperspace parameterized by ¢ and £, 
( 02 — 03 + NAc? ) WG, B) =0 (12) 


(there is no problem of operator ordering, as the order is uniquely fixed by the duality 
symmetries of the string effective action [f]). By exploiting the conservation property (6) we 
impose 


IIgW;, = 103V = kWy, (13) 


(note the role of the time-like coordinate assigned to @, which is monotonically increasing 


from —oo to +00), and eq. ({[2) can be separated by setting 
U.(G, 3) = vn(Be™, ( 02+? + X2Ae~*? ) de (G) = 0 (14) 


The general solution of eq. ({I4) is a linear combination of Bessel functions [10], J,(z) and 
J_,(z), of index v = ik and argument z = A, VKe~®. In order to fix the boundary conditions 
we observe that, in the strong coupling regime ¢ — +00, the effective potential of eq. (f4) 


becomes negligible, and the WDW solution can be written in the plane wave form as 








WEG, 8) = lim Jaie(z)e** ~ HFA), (15) 


z—0 





In this limit, right- and left-moving waves along ¢ correspond, respectively, to the pre- and 


post-big-bang classical configurations (§) and (§)). Indeed, 











TUES = 1d0Lh = FRU SD (16) 


which is the quantum analogue of the classical relation (IQ) (the opposite sign with respect 
to standard conventions, in the differential representation of IIz, is due to the negative sign 
appearing in the definition (§)). Consistently with the chosen pre-big-bang initial conditions, 
we thus impose that there are only right-moving waves approaching the singularity at ¢ > 
+oo. This is the same as imposing tunnelling boundary conditions BJ, which select only 
outgoing modes at the (singular) boundary of superspace, and uniquely fixes the WDW 


wave function as (NV; is a normalization factor) 
Wi, 8) = NeIin(AsVRe~® ) e*8. (17) 


In the low-energy limit ¢ — —oo, z — oo, the effective potential induced by A be- 
comes dominant, but the solution can still be separated into a left- and a right-moving part 


according to the asymptotic behaviour of J_,(z), namely 


lim &(G,8) ~ VWQLQ+ 0%, 











o——co 
L ‘| 1/2 : k = 
w) (28) = N (=) a ites yd Mal weta/he? i) 
20 Zz 4 2 
By applying the momentum operator we find 
_lim Hg¥°2(6, 8) = #2¥22G, 8) (19) 


$+—00 


so that vO, B) and ve (¢, 3) correspond, respectively, to the pre- and post-big-bang 
branches of the low-energy classical solution, according to eq. ({[]]). Starting from a pre-big- 
bang initial state, we thus obtain a finite probability of transition to the “dual” low-energy 
state. The transition is represented as a reflection of the wave function in minisuperspace 
[9], and the probability is measured by the reflection coefficient R;, as 


(—) y2 
a aes _. ,,—2nk 
= ri 2 =€ (20) 
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By recalling the definition of k and ¢, the transition probability for a three-dimensional 


portion of space of initial proper volume Q); at t — —oo can be written as 


V3 
V12r 2; V3 3 Aja 
or os lan | i 





RA, O39.) = ep 








where g, = e%s/? is the value of the string coupling at the scale H, = \z!. Quite interestingly, 


this probability is independent of A for A >> A;?, and it is peaked in the strong coupling 


Ss 9 


regime with a typical instanton-like dependence on the coupling constant, 
This probability is also invariant under the T-duality transformation (Q;/A2) 3 (A8/Q;), 
93 > 93(4/3)*. 

By contrast, the probability of birth of the Universe from quantum tunnelling may be 


computed from the Einstein-de Sitter action 


1 


oS 
22 


/ déx/—G(R +A) (22) 


where A, is the Planck length. Solving the corresponding WDW equation, with appropriate 
boundary conditions, the tunnelling probability can be estimated as [fl], 2} 


4 
Prep{ sr} (23) 
P 


The main difference between the above string scenario and the standard one is that, in 
the latter, the Universe emerges from the quantum era in a classical inflationary regime, and 
the tunnelling process is completely controlled by the value of the cosmological constant. By 


contrast, in our case, the quantum era is approached at the end of a classical inflationary 


‘epoch. In both cases, however, the appropriate boundary conditions imposed at the big-bang 
singularity play a crucial role, and the probability of the birth of our Universe is given by the 
ratio of the (squared modulus of the) final wave function representing a standard decelerated 
expansion and the initial wave function. Also, in both cases the quantum process seems to 
favour large values (in Planck or string units) of the cosmological constant. 

It is perhaps worth recalling, at this point, the words of Vilenkin while presenting his 
“tunnelling from nothing” scenario [[lj-): 


“.. Here “nothing” means the vacuum of some more fundamental theory....” 


Our work suggests that “nothing” can be just the perturbative vacuum of string theory. The 
different description of the birth process (a wave reflection, rather than a tunnelling) simply 


5 


string 


originates from the deep differences between string and Einstein gravity, which in the string 


case allow for a long, classical (and inflationary!) pregnancy. 
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1. Introduction \and motivations. 


It is well known that fluctuations of the metric background are in the 


context of inflationary cosmologies, and that the amplification of their t¥ansverse, 
traceless (spin 2) component can be interpretéd as graviton production |1]. Models 
of the early universe based on the low-energy string effective action (what we shall 
refer to, for short, as “string cosmology”), are\characterized by the additional 
presence of a dilaton background, ¢(t). It is natural to expect an amplification of 
the fluctuations 6¢ = y of the dilaton background — with corresponding dilaton 
production — to accompany that of the metric for a suitable time-evolution of the 
cosmological fields. 

In this paper we discuss such a dilaton production in the context of the so- 
called “pre-big-bang’ scenario [2], characterized by an accelerated evolution from 
a flat, cold and weakly coupled initial regime to a final hot, highly curved, strong 
coupling regime, marking the beginning of the standard “post-big-bang” decel- 
erated FRW cosmology. With this background, the spectrum of the produced 
dilatons tends to grow with frequency, just like in the (previously discussed [2,3]) 
case of graviton production. As we shall see in Sec.3, the high frequency part of 
the spectral distribution, ,, of the dilaton energy density can be parameterized 
(in units of critical density pp = H*?/G = M7H”) as 


w dp Ww ° 7H. 1 a,\4 

Oh = were iS) PS (=) a S0 1a 
x (w, t) Do dw (=) (F) a y > VU, W< Wy ( ) 

where M, ~ 10'° GeV is the Planck mass. Here Hj is the curvature scale evaluated | 4 

at the time t, marking the end of the inflationary epoch (which we assume to 

coincide with the beginning of radiation dominance); w; = H,a;/a is the maximum omega 

amplified proper frequency; H = d/a, where @&SWSWaLpiS-ENeISCAleACtOROEtH® 9 

‘background metric. The integral over w is thus dominated by the highest frequency 


/ (0) = [Po (w,t) ~ GH? (2) (2)' (1.2) 


and the condition Ny < 1, required to avoid that the dilatons overclose the universe 
in the radiation-dominated era (a ~ H~/?), yields the constraint Hy A ae 


already known [2,3] from the graviton spectrum. 


The prodiiced dilatons, however, cannot be MASSES, Large distance dilaton 


couplings can be estimated [4] and turn out to be at least of gravitational strength. 


Chis Wiolates the tniversality of gravity at low energy and, in particular, induces 


orrections to the effective Newton potential (in the static, weak-field limit), which 





m = O dilaton 





may be reconciled with the present tests of the equivalence principle [5] only for a 


mm agra (1.3) 


The expression (1.2) is thus valid only until the energy density stays dominated 
by the relativistic modes, with w(t) > m. But, at the present time tp (with 


Hy ~ 10°! M,), the maximum frequency w is 


dilaton mass satisfying [4,6]: 


a1 H, 1/2 
to) = Hi— ~ 1074 ( — 
wilt) = hE ~ 10-4 (4) ev ay 
As Hy < Mp, even the highest mode must then become non-relativistie before the 
presentepochibeealse\OFtie"eonStRAMME(HI3). At the scale H(t.) =m the modes 


with w(tm) Am begin to oscillate coherently, with frequency m, and when they 


are dominant the dilaton energy density becomes non-relativistic, with 


Hi\2 (m > a,\3 
2 3 
Q,(t) & GmE; (3) (+) 5>1 (1.5) 


(the dependence on the spectral index 6 disappears for fast enough growth of the 
spectrum, as shown in Sec.5). Such a fraction of critical density grows in time 


CED ane 


the maximum constant value 


H,\2 /m a 
Q, ~ Gm? (=) (+) ; 0>d>1 
H,\*/ 
Q, ~ GmA, | — ; od 16 
x Hp 


where H> ~ 10° Hp is the curvature scale at the matter-radiation transition. The 
condition 2, < 1 provides then, for any given inflation scale H,, an upper limit 


for the dilaton mass, 


1/(5+1) 
) 


m © (H)»MiHi4 


? 


ma Fs Page ods uaa 





valid for m < Hy, under the assumption that its life-time is sufficiently long to reach 
the matter-dominated era (if m > Hj, the dilaton must decay before becoming 
dominant with respect to the radiation, as we shall see in Sec.5, and the critical 
density bound cannot be applied). 

In addition to the constraint (1.7), which is an unavoidable consequence of 
the quantum fluctuations of the dilaton background, one should also consider, in 
general, the constraints following from possible classical oscillations of the back- 
ground around the minimum of the potential [7]. The initial amplitude of such 
oscillations is, however, to a large extent model-dependent and, as discussed in 
Sec.5, we shall work under the assumption that classical oscillations are negligible 
with respect to the quantum fluctuations amplified by the cosmological evolution. 
‘This assumption will give us the mazimum allowed region in parameter space. 

In the absence of classical oscillations, the upper limit on m obtained from 
eq.(1.7), combined with the lower limit (1.3), define for each value of 6 and Hy an 
allowed window for the dilaton mass such that, near the upper end of the window, 
the produced dilatons can close the universe. Such a dilaton dominance, however, 


can last only until their energy density is dissipated into radiation, which occurs 


at a decay scale 


HawTara 5: (1.8) 


We are thus led to the first interesting result of this analysis. If 6 ® 0.1, the upper 


limit (1.7) turns out to be larger than the lower bound (1.3) even for inflation 
scales Hy > 10~° M,. Moreover, always for H; > 10~° Mp, the largest value of m 
allowed by eq.(1.7) ism ~ 100 MeV (obtained for 5 > 1), and it implies Hg ~ Ho. 
This means that, for fast enough growing spectra, and “realistic” (at least in a 
string cosmology context) inflation scales H; > 10~° M,, we can be left today 
with a background of relic dilatons possibly representing a significant fraction of 
the dark matter background [8]. The allowed ranges of m corresponding to this 
interesting possibility lie around the upper limits given in (1.7) and thus depend 
on 6 and Hy, in a complicated way. For 0.1 < 650.72 the range of H, for which 


this possibility can be realized is given by 


Hy, Ss Oe cam) (1.9) 





while for 6 > 0.72 values of H,/M, up to 1 are possible (the case 6 > 1 is illustrated 
in Fig.1). The lower bound on 6 is imposed by the simultaneous requirements 
H, > 10~° M, and m > mo, together with eq.(1.7). As Hi/M, is varied between 


so that m HAS a 
mass 
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10-° and 1 the corresponding dilaton mass vary over the whole domain from 
10-4 eV to 100 MeV. For lower spectral slopes (5 < 0.1), the present existence 
of a dominant dilaton background becomes possible only for (unrealistically) low 
inflation scales, as first pointed out in Ref.[9] for the case of scalar perturbations 
with a flat (6 = 0) spectrum. Note that, according to eq.(1.9), a final inflation scale 
H, exactly coinciding with the string scale itself, ~ 10~' M,, would be compatible 


with a present light dilaton dominance only for 6 ® 0.61. 


The inflation scale H; determines also the amplitude of scalar perturbations 
and it is thus constrained by the scalar contribution to 


the CMBR anisotropies (the contribution of tensor perturbations turns out to be 
negligible in our context, as their spectrum grows very fast with frequency [2,3]). 
The behavior of the scalar perturbation spectrum, as we shall see, depends in 
general on the adopted model of matter sources and background evolution, and it 
is fair to say that our present knowledge of the details of the stringy pre-big-bang 
phase is to poor to make stringent predictions on the exact value of the spectral 
index 6. On the other hand, fortunately enough, the properties of a massive dilaton 
background are only weakly dependent on the value of the spectral index for 
6 > 0, and rapidly become spectrum-independent as soon as 6 > 1. The particular 
example chosen in this paper (see Sec.4) to discuss dilaton production, namely a 
three-dimensional, isotropic, dilaton-dominated background with negligible matter 
sources, gives the same spectrum (very fast growing, 6 = 3), for scalar (7), dilaton 
(x) and tensor (h,,) perturbations. However, such an example is chosen here for 
‘simplicity reasons only, in order to develop a first qualitative sketch of the scenario 
associated with dilaton production, and it should not be taken as particularly 
indicative for what regards the spectral properties of the metric perturbations. For 
a phenomenological discussion it is better to leave open the possibility of different 
spectra for w and y (possibility which is in general allowed in this context, as we 


shall see in Sec.3), and to parameterize the scalar (metric) energy density as 


Qy(w,t) ~ GH? (2)" (2) 2): (1.10) 


with n — 1 in general different from 0. 


The interesting question to ask at this point is whether, in the same range of 
H, which we believe to be realistic, it is possible to produce enough dilatons to 


close the present universe and, at the same time, to generate scalar perturbations 
with a spectrum consistent with the anisotropy observed by COBE [10]. This 


4 


amounts to require 


Wo 


5 2 Hy < = a= 
LOPS 1, 0,(to) 1, Oy (was ta) = GH ( ) s 10° (41) 


p Wy 


where wo = Ho is the minimum amplified frequency corresponding to a wave cross- 
ing today the Hubble radius, and f2 is the time of matter-radiation equilibrium, 
nearly coincident with the time of recombination. 

The answer, perhaps surprisingly, is yes: the last requirement of eq.(1.11) is 
compatible with eq.(1.9), for the same range of Hi, provided the scalar spectrum 
is also growing, with 

1S nA 1.34 (112) 


This allowed range of n is well contained in the range of the spectral index originally 
determined by COBE [10], n = 10.5, and is also consistent with the new recent fit 
[11] which gives n = 1.540.5. It may be interesting to recall, in this context, that 
growing scalar perturbations, with n ~ 1.25, are also required for a simultaneous 
fit of the COBE anisotropies and of the observed bulk motion and large voids 
structures on a 50 Mpc scale [12]. Growing scalar spectra can be obtained in the 
“hybrid inflation” model proposed by Linde [13] and recently generalized to the 
class of “false vacuum inflation” [14] (see also [15]). Note also that the condition 
(1.12) would not be incompatible with the lower bound on 6 required for a present 
dominant dilaton background (according to eq.(1.9)), even in the case of equal 


scalar and dilaton spectrum, 6 = n— 1. 


Concluding this qualitative analysis, we can say that the possibility of pro- 


ducing a dilaton background which saturates the closure density, together with 


scalar perturbations which provide the observed cosmic anisotropies, seems to be 


naturally associated with a growing dilaton spectrum, 6 > 0. The fact that such a 


spectrum is typical of string-based pre-big-bang models represents, in our opinion, 





an interesting aspect of such models, and motivates the study of dilaton production 
in the string cosmology scenario. A requirement analogous to eq.(1.11), formulated 
however in the context of extended inflation models where the fluctuation spectrum 
of the Brans-Dicke scalar is not growing, may be satisfied [16] only for a reheating 
temperature T;. < 10'3 GeV, namely for very low scales H, ~ T?/M, < 107! My. 
We note, finally, that the possibility of inflationary production of massless scalar 
particles, associated with excitations of the Brans-Dicke field, was also pointed 


out in Ref.{17], and previously discussed in Ref.[18] for the massive case (with 


m < Hj), but always in the context of exponential inflation, which is not the 
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natural inflationary background corresponding to the low energy string effective 
action. 

The paper is organized as follows. 

In Sec.2 we present the general exact solutions (for space-independent fields) 
of the system of background field equations, including classical string sources, fol- 
lowing from the tree-level string effective action at lowest order in a’. The explicit 
form of the solution is displayed, in particular, for a perfect fluid model of sources, 
in D =d+1 dimensions, for any given equation of state. The low curvature and 
large curvature limit of such solutions are given both in the Brans-Dicke and in 
the conformally related Einstein frame. In Sec.3 we derive the coupled system of 
scalar (metric plus dilaton) perturbation equations, including the perturbations 
of the matter sources in the perfect fluid form. Such equations are applied to 
compute the scalar perturbation spectrum for a specific case of background evolu- 
tion motivated by a model of sources (presented in Sec.4) in which the dominant 
form of matter is a sufficiently diluted, non-interacting gas of large macroscopic 
strings. The background describes a phase of growing curvature and accelerated 
kinematic (of the pre-big-bang type), which is expected to evolve towards the stan- 
dard, radiation-dominated cosmology. The frame-independence of the inflationary 
properties of such background is also discussed in Sec.4. The corresponding spec- 
trum of the produced dilatons is discussed in Sec.5, where it is shown that, because 
of its fast growth with frequency, the phenomenological constraints leave open a 
window compatible with the possible dominance of not yet decayed dilatons (in 
the hypothesis of negligible classical oscillations of the dilaton background). The 


main results of this paper are finally summarized and briefly discussed in Sec.6. 


2. General solution of the background field equations. 
We will assume the evolution of the Universe to be described at curvatures 


below the string/Planck scale by the equations 


1.,v 1 


RaW + VV" o— 55n 36 qHnop Ht’? = 8G pe®Ty, (2.1) 
ave 
ot 2 ue sates BE pv __ 
R—- (Wud) +2 Tun VO+V a6 TD niall 0 (2.2) 
Av (V/\gle-? H*") = 0 (2.3) 
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Such system of equations follows from the low-energy (D-dimensional) effec- 
tive action of closed (super)string theory [19], 
1 


1 
Se 2 —¢ a va 
: may | tP igle [e+ 9,00" wall” +V(d)|+Su1 (2-4) 





Here ¢ is the dilaton field, and H,,,. the field strength of the two-index anti- 
symmetric (torsion) tensor B,, = —By,,. We have included a possible dilaton 
potential, V(¢), and also a possible phenomenological contribution of the matter 
sources represented by the action S),, whose metric variation produces the stress 
tensor T),). 

We shall consider, in this paper, homogeneous backgrounds which are inde- 
pendent of all spacelike coordinates (Bianchi I type, with d Abelian isometries), 
and for which a synchronous frame exists where goo = 1, goi = 0 = Box (con- 
ventions: w,v = 0,1,....D=d+1; i,j = 1,2,....d). We shall assume, moreover, 
that the action Sy, describes “bulk” string matter, satisfying the classical string 
equations of motion in the given background. At tree level V is a constant. In 
terms of the “shifted dilaton” 


= $— Flnldet(gur) (2.5) 


the field equations (2.1)-(2.3) can be written in matrix form as [20] 


ee = Tr (Mn)? —V =0 (2.6) 
22 1 : - 
ot 3 Tr (Mn)? -V= pe? (2.7) 
Aigo ; = 
Ge on) aT (2.8) 


(a dot denotes differentiation with respect to the cosmic time t, and we have used 
units in which 87Gp = 1, so that ~ and T have both dimensions L~?). Here M is 


a 2d x 2d matrix, 
G-} —-G'B 
aes Ge a) Ce) 


where G and B are matrix representation of the d x d spatial part of the metric 


(g:;) and of the antisymmetric tensor (B;;), in the basis in which the O(d, d) metric 


pee ¢ 2 (2.10) 
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7 is in off-diagonal form, 


(I is the unit d x d matrix). T is another 2d x 2d matrix representing the spatial 
part of the string stress tensor [20] (including the possible contribution of an 


antisymmetric current density, source of torsion). Finally 7 is related to the energy 


P = pv/ |det(gur)| (2.11) 


The three equations (2.6)-(2.8) correspond, respectively, to to the dilaton 


density p = Ty ° by 


equation (2.2) and to the time and space part of eqs.(2.1), (2.3) for the homo- 
geneous background that we have considered. Their combination provides the 
covariant conservation equation for the source energy density, which can be writ- 


ten in compact form as [20] 
re | = . 
p+7tr (T7MnMn) =0 (2.12) 


The set of equations (2.6)-(2.8), (2.12) is explicitly covariant under the global 
O(d, d) transformation [21,20] 


@¢-¢, BPoDp, M-ATMA, T-A'TA (2.13) 
where A is an O(d,d) constant matrix satisfying 
ATnA =n (2.14) 


For a suitable class of dilaton potentials such a system can be solved by quadra- 
tures, following the method presented in Ref.|2]. 

Here we shall concentrate, in particular, on the case V = 0, corresponding 
to strings in critical space-time dimensions (which does not exclude, however, 
a description of d = 3 evolution in case we add the right number of spectator 
dimensions in order to compensate the central charge deficit). We introduce a 


suitable (dimensionless) time coordinate x, such that 


1 dx 


Ao 9.15 
saear? (2.15) 


(L is a constant with dimensions of length), and we define 
a 
T= ‘i = de! (2.16) 
p 


The equations (2.6)-(2.8) can then be integrated a first time, with the help of 
eq.(2.16) and of the O(d, d) identity 


(MnMn)? = —(Mn)’, (2.17) 
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to give [2] 


a ee 

p= ae (2.18) 
= 2 
— pe + 0) (2.19) 
MnM' = = (2.20) 
D 
where 

D=(2+249)? - sr (In)? (2.21) 


(a prime denotes differentiation with respect to x, and zo is an integration con- 
stant). 

By exploiting the fact that M is a symmetric O(d,d) matrix, MnM =n, and 
that, because of the definition of T (see Ref.[20}) 


Myf = -T'nM, (222) 


eqs.(2.19), (2.20) can be integrated a second time to give 
= dx 
$(x) = 0 —2 pi + x9) (2.22) 


M(x) =P, exp(—4 f =Pn)Mo (2.24) 


where ¢o and Mo are integration constants (Mp is a symmetric O(d,d) matrix), 
and P, denotes x- ordering of the exponential. For any given “equation of state’, 
providing a relation T = T(p) between the spatial part of the stress tensor of 
the sources and their energy density, eqs.(2.23) and (2.24), together with (2.18), 
represent the general exact solution of the system of string cosmology equations, 
for space-independent background fields and vanishing dilaton potential. 

Such a solution presents in general singularities, for the curvature and the 
effective coupling constant e%, occurring in correspondence of the zero of D(z). 
It is important to stress that, near the singularity, the contribution of the matter 
sources becomes negligible with respect to the curvature terms in the field equa- 
tions (just like in general relativity, in the case of Kasner’s anisotropic solution). 

The relative importance of the source term is measured indeed by the ratio 
(see for instance eq.(2.7)) 

fiiSse— es (2.25) 
(d —1) Tr (Mn)? 
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(we have normalized 2 in such a way that it reduces to the usual expression for the 
effective energy density in critical units, Q = p/p,., when the dilaton is constant 
and the metric isotropic). According to eqs.(2.18), (2.20) 


_ @ 
MnM = —T (2.26) 


so that, by exploiting the O(d, d) properties of M, 


26 


: € 
Tr (Mn)? = ae Tr (Tn)? (2.27) 
Therefore , D 
Q = ——_—__ 22 
d—1Tr (In)? ce) 


goes to zero at the singularity (D — 0). 

In this limit, the matter contribution becomes negligible and the general so- 
lution presented here reduces to the V = 0 case of the general vacuum solution of 
the string cosmology equations [22]. Denoting indeed by t. a singular point such 
that D(t.) = 0, I(t.) 4 0, from eq.(2.26) we have, near this point, 


MnMe~* = A (2.29) 
where the constant matrix A satisfies 
A=—~“=-AT, MnA+AnM =0 (2.30) 
because of the property (2.22) of [. Moreover, from (2.18) and (2.19) 


2  ¢@2¢ 


o = aa + 20)" (2:31) 


so that, by using (2.27), 


> | ; 26 
$ +=Tr(Mn)? =< 


: Tz te) = 0 (2.32) 


Eqs.(2.29) and (2.32) correspond exactly to the equations defining the general 
vacuum solution of Ref.[22], for the case of vanishing dilaton potential. 
Consider now the particular case in which B,,, = 0, and we are in a diagonal, 


but not necessarily isotropic, Bianchi-I type metric background, 


goo = I, 9ij = —a? (t) bi; (2.33) 
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(this is the background that will we used here to discuss dilaton production). The 
matter sources can be represented in the perfect fluid form, but with anisotropic 


pressure, 
Ty =p) Spb, pi pA = const (2.34) 


In this case we obtain, from the previous definitions, 


G, Wey ee =e 
MnM' = 9 : a; ~*J ; Pe = a DiOij 
—-“§,, 0 —Pisii 0 


a; ~'J 
ne 0 ). Dy =e ae 
D=(x#£+2) — So (ya + 0%)? =a(x —2x+)(4 — z_) (2.35) 


i 
where 


PR=pVig a=1-liv 


1/2 


os Wii — 20)? + a(d om £2) (2.36) 








ie =+ Siti — 20 + 


and 2;, Zo are integration constants. The general solution (2.18), (2.23), (2.24) 
becomes explicitly [23] 








pep B= Bie. 
a4 = agi|(w — 4)(@ — w_)|%! ae ; (2.37) 
@ —l/a;t — &+\~o 

e? =e" |(2 —24)(x—2_)| | (2.38) 

= obo} (4 — _ (a-1)/a)% 7 2+ )-o 
P= T7p2e eat ee) ae (2.39) 

where 
ari + Vid 1, ViLi — Zo) 

o= Saas a= =e ee ae (2.40) 

‘ a [0,21 — 20)? + (dD), 27 — O)I 


and ajo, do are additional integration constants. 


This solution has two curvature singularities at « = r+. Near the singularity, 





the presence of matter becomes negligible, 


a(x — x4)(% — x_) a, 
(d—1) di (m@ + 24)? 
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Ax) = (2.41) 


and one recovers the anisotropic vacuum solution of string cosmology in critical 
dimensions [24,25]. Indeed, for « — x, one has |z| ~ je[e/Gtad for) and the 


solution behaves like 





























a(t) ~ |t—ta|% , O~—In|t—te| (2.42) 
where i 
+ X54 Vite +\2 
Se see 2.43 
ga B OE | De (2.43) 





In the large |x| (small curvature) limit, on the contrary, the relation between 
x and cosmic time is |x| ~ |t/°/?@-™, and the solution (2.37)-(2.39) behaves like 
(for |2| — +00) 


a(t) ~ je|2%/ AFD) Oe In |¢| 


2 
Lee ye 
rel 
br 22h init Br |t-22#/G+D We) (2.44) 
‘Vi 


The critical density parameter, in this limit, goes to a constant 


=," HOS; We 
Oe = Doe co 


which is obviously 2, = 1 for an isotropic, radiation-dominated background with 
Ae Sly a: 

It is interesting to point out that, for any solution a;,¢ corresponding to a 
given set of equations of state, pj = y:p, there are the corresponding “dual” solu- 
tions obtained through the reflection y; + — 7;, which leads to a;(¥;) — aj(—y;) = 
a; '(y), preserving however the values of @ and @ (scale-factor duality [25,26]). 
Such a duality transformation, combined with the time- inversion t — —t, trans- 
forms any given metric describing (for 7; > 0) decelerated expansion with decreas- 
ing curvature, a; < 0, H; > 0, H; <0, into a new solution describing (for 7; < 0) 
a superinflationary expansion with increasing curvature, a; > 0, H; > 0, H,; > 0 
(see also [2]). 

It is convenient, for later use, to write down explicitly the isotropic version 
of the asymptotic backgrounds (2.42) and (2.44), as a function of the cosmic time 
t and conformal time 7 such that dt = adn. In the (d + 1)-dimensional isotropic 
case, the small curvature limit (2.44) becomes, in cosmic time, 


dy — 


1 
a(t) ~ e277 +477) ow Ina, pw q~ty+) (2.46) 
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while in terms of 7 we have 
aa) |p ee (2.47) 
The vacuum, dilaton-dominated limit (2.42) becomes, in the isotropic case, 
az(t)~ |tlF/Y4, dg ~ Vd(Vd $1) Ina (2.48) 


and, in conformal time, 





azn) ~ [nF YtY) (2.49) 


Note that for y = 1/d, and t — +o, eq.(2.46) describes the standard, radiation- 
dominated cosmology with ¢ = const; the dual case, y = —1/d and t — 0, with 
t < 0, describes instead a typical pre-big-bang configuration [2], with a superin- 
flationary expansion driven by a perfect gas of stretched strings [27]. The dual 
solution obtained through a more general O(d,d) transformation, applied to the 
radiation case, corresponds to a non-diagonal metric and an effective viscosity in 
the source stress tensor, and has been discussed in Ref.[20]. 

We note, finally, that the solution presented in this section is given explicitly 
in the Brans-Dicke (BD) frame, whose metric coincides with the o-model metric to 
which strings are directly coupled. The passage to the Einstein (E) frame, defined 
as the frame in which the graviton and dilaton kinetic terms are diagonalized, and 


the action takes the canonical form 


1 lL. 
oe = TenGp / d?av/\gzl [-Rtafi) + 598 ond0 (2.50) 





is obtained through the conformal rescaling 


7 = 2 
he = Guve 20/(4 = op = eae (2.51) 


The E-transformed scale-factor, ag, and the cosmic time coordinate, tz, are thus 


related to the original BD ones by 
ap = ae P(E), dt = dte~?/(-) (2.52) 


The asymptotic limit (2.46) of the previous general solution thus becomes, in 
the E frame, 


2 (d—1)(1-d 
an(te)~ tel’, dew yf IE na 
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—2/8 a(l=7) 
~ — 2.53 
ee ends 
where pz is conformally related to the BD energy density p by 
op = p NIGEL = poeta) (2.54) 
V|gel 

In conformal time, 

an(n) ~ |y|~20-D/4G-DG-294 dy’) (2.55) 


(note that the conformal time coordinate is the same in the E and BD frame, 


Ake dt _ dt 
Te eelim) sab) 





= dn (2.56) 
because of eq.(2.52)). The high curvature limit (2.48) becomes, in the E frame, 


a= (te) ~ |te|'/", of ~ $\/2d(d — 1) nag (2.57) 


and, in conformal time, 
a& (ne) ~ |p|? (2.58) 


It should be stressed that the radiation-dominated solution, with y = 1/d, 
@ = const, is obviously the same in both frames, see eqs.(2.53) and (2.48). We 
note also that in the vacuum, dilaton-dominated case, the duality transformation 
which is represented in BD frame by the inversion of the scale factor, with related 
dilaton shift, 
ad£7a¢=ay', $1 > d¢ =b4 —2dlnay (2.59) 

















in the E frame becomes a transformation between the weak coupling and the strong 
coupling regime, 
of > o% =-0§, (2.60) 


without changing the metric background. 








Concluding this section, we want to stress that the solutions discussed so far 
describe the situation in which the dilaton potential can be neglected, namely 
the background evolution at early enough times when the effective coupling e? is 
small enough. Indeed, because of non- renormalization theorems, the potential is 
expected to appear at the non-perturbative level only, and has to be extremely 
small (V(¢) ~ exp|—exp(@)|) in the weak coupling regime. At later times, and 


large couplings, the main effect of the dilaton potential will be taken into account 
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in the form of a dilaton mass term (see Sections 3,5), which freezes the Newton 


constant at its present value. 


3. Scalar perturbations with dilaton and perfect fluid sources. 

In order to obtain the equations governing the classical evolution of scalar 
perturbations, we choose to work in the Einstein frame, where the explicit form 
of the equations is simpler. This is a legitimate choice since, as we shall see at 
the end of this Section, the scalar perturbation spectrum, just like the graviton 
spectrum [23], is the same in the Einstein and Brans-Dicke frames. 

In the E frame, the background field equations (with B,, = 0 but with a 


non-vanishing dilaton potential V) take the form 


1 
2Ry * — OR = On,b0" Ob + OF, lv — (90) sel ae: (3.1) 
OV 
i Eshe = 
Vu dae Pia 0 (3.2) 


where c = ,/2/(d—1) (the Einstein frame index, E, will be omitted throughout 
this Section). The coupling of the dilaton to the stress tensor of the matter sources 
is fixed by the conformal rescaling (2.51), (2.54). We start, for simplicity, with a 


(d + 1)-dimensional isotropic background, with perfect fluid sources, 
Guv = diag(1, —a"6;;), ) = o(t) 


T,” =(p+p)upu” — poy, ub = 05 (3.3) 


and we consider the pure scalar part of the metric perturbations, dg,, = hyv, 
together with the perturbations of the dilaton background, 6¢ = y, and of the 
matter sources, dp, dp, du“ (in the linear approximation scalar, vector and tensor 
perturbations are decoupled, and evolve independently). We use here for the 
metric the Bardeen variables ®, yw, that are invariant under those infinitesimal 
coordinate transformations which preserve the scalar nature of the fluctuations 


[28-30]. In the longitudinal gauge we have thus the first-order expressions [30] 
hoo = 20 = h”, ho: = 0 
hi; = 2a76d;; hi = z 6’ 
7. a yp a9 =- rk 
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6To ° = dp, 6T; J = —61 dp, Cs = peu (3.4) 


These are to be inserted into the first order perturbation of the Einstein equations 
(3.1), 
—2h”° Rua + 2g” ORpa — 54(9* 5 Rag — h*’ Rag) = 


OV 
= —h*°0,,d0a6 + 0x0" + O,G0"X + Oar D6 x- 
1 
—554,(29°7OabD9x — h*9O.0058) + OT, ” (3.5) 


and of the dilaton equation (3.2) 
2 


do 


Here the covariant derivatives are to be performed with respect to the background 





O-V 
hh Ja Tab + Tn TX — 9°" (Tag “Oud + =X + = 5 (6p - dép) =0 (3.6) 


metric g,,, and 6R,,, 61 are to be computed to first order in hyp. 


pV 
By using the background field equations, the (7, 7) component of eq.(3.5), with 

i# J, gives 
= (d—2)w (oer) 
which allows us to eliminate everywhere one of the two Bardeen’s variables. The 
(i, 0) component gives a constraint which can be written, in terms of the conformal 


time 7), as 


a; {ata 1) |= (a 20 + | x0" = (ot vad (3.8) 


(a prime denotes differentiation with respect to 7). The (0,0) component provides 


an expression for the density perturbation dp in terms of the scalar variables w 





and yx, 
Ge ac ee GAO elite 
viv — dey! — [ald 2(S)? - "| = 
aoe areca °6 3.9 
= qa + Ggexte p) (3.9) 


Finally, the (7,7) component of eq.(3.5) and the perturbed dilaton equation (3.6) 
give, respectively, 


Nl 


y+ (2d — 3) 2 + {(d-2) pe 





= (d'x’ - ae x+ a” dp) (3.10) 


/ 02V 
" eee 2 a ee 
x +(d ye PO a VX 
© 


=2(d - tov’ - a2) | 5 


OV 
(p — dp) + =| a’ —5a°(Sp—dép) (3-11) 


The linear system formed by the four coupled equations (3.8)-(3.11) deter- 
mines the classical evolution of four independent perturbation variables w, y, dp 
and du (an additional relation between dp and dp is to be provided by the detailed 
model of matter sources). In the absence of dilaton background (¢ = 0 = yx) 
one recovers the usual system of equations for hydrodynamical perturbations [30], 
while in the absence of fluid sources (T/y = 0 = 67/7) one has the usual perturbation 
system for a scalar field minimally coupled to the metric [30]. 

When ¢ and T,,, are both non-vanishing, and dp can be parametrized in 
terms of dp as dp = e(t)dp, we may eliminate dp by means of eq.(3.9), and the 
system reduces to a pair of second-order differential equations (3.10), (3.11) for 


the coupled variables ~ and y. By introducing the bi-dimensional vector 


Z= 3 (3.12) 


and by the dilaton background as 
o@=Glna, B = const (3.13) 
the abovementioned pair of equations can be represented in compact form as 
ieee 2% az} + (k°B+C)Z, =0 (3.14) 


where Z, = (We, Xx) represents the Fourier component of the perturbation vari- 
ables, \72Z, = —k?Z,, and 


a=( 3(2d — 3 + de) — qn 
—(d-1)[$(—de) +6] 3(d-1)- $(1- de) 6 


B= a Gs 1) 


Be jae + (d—2)[d-4+de + SPL)? ) 
—cd(d — 2)(y — )[a(d —1) - Sey? 0 


a 


(3.15) 


(we have neglected here the possible contribution of the dilaton potential, by 
putting OV/0¢ = 0 = 07V/0¢7). We note that a system of coupled scalar pertur- 


bation equations similar to (3.14) was previously considered also in Refs.[31,32] 


Lf 


where, however, a scalar field model of source (“inflaton” matter) was used, instead 
of the fluid model adopted in this paper. 

Without further approximations, ~ and y are thus in general non-trivially 
mixed, with time-dependent mixing coefficients determined by the explicit model 
of sources, y = p/p, € = Op/dp, and by the background kinematics, a(t), $(¢), 
according to eq.(3.14). The solution of (3.14) provides in turn, for any given 
background configuration, a unique determination of the density contrast dp/p 
through eq.(3.9), and of the velocity perturbation du; through eq.(3.8). 

Eqs.(3.8)-(3.11) are linear in the perturbations and just describe their clas- 
sical evolution without specifying their absolute magnitude. As clearly stressed 
in Ref.[30] (see also Refs.[33,34]), in order to determine the absolute magnitude 
of the vacuum fluctuations and their spectral distribution, one must express the 
perturbations in terms of the correctly normalized variables satisfying canonical 
commutation relations. These can be determined by expanding the action to sec- 
ond order in the fluctuations. 

For the pure metric-scalar field system (T7’ = 0) such a canonical variable is 
known to be fixed by the following linear combination of y and w [35-37] 

a*d 


v=axt zy, Bae (3.16) 





For a pure fluid source (¢ = 0), with constant €, the canonical variable is instead 
[38,39] 





w= 2(f-&), g=4 (3.17) 


where f is the velocity potential determining the fluid perturbations as 


a/p+p du; = —Ve Of 
2 


OT ORE =e nara We 3.18 
a*dp = ——(p + pb — = (24?) me 


Je 


(we have assumed d = 3 in the previous three equations). The variables v, w play 
the role of “normal coordinates” decoupling the system of perturbation equations, 
and reducing the action to the free scalar field form [30]. Only when w is expressed 
in terms of such variables one gets a canonical normalization of the Fourier modes 


w,, and then the correlation function for the metric fluctuations 


a dk sin kr 


a duh)? (3.19) 


(Y(x)b(2")) 
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provides the correct spectral distribution for the metric 
[oy (k)|? = RP lbe |? (3.20) 


and for the dilaton, 6,(k), through eq.(3.16). 
If T/ and ¢ are both non-vanishing, one could try a perturbative approach to 
the spectrum (like in Refs.[32,40]), by keeping fixed the definitions of v and w as 


a zeroth-order approximation. In such case, the constraint (3.8) gives (in d = 3) 


U + y= 16'x- Gvelo tp (3.21) 


By eliminating f and x in terms of v and w through eqs.(3.16), (3.17), by using 
the constraint (3.21) and the background field equations, one can then express the 


Fourier mode w ,, from eq.(3.9), as 
wy = We (v,v',w, w’, k) (3.22) 


Moreover, the system of equations formed by eq.(3.11) and by the combination 
of eqs.(3.9), (3.10) obtained by eliminating 6p, can be written as a system of two 
second-order differential equations for the coupled modes vz and wz. Its solutions, 
when inserted into eq.(3.22), provide a first approximation to the scalar pertur- 
bation spectrum (3.20). From eq.(3.17) one has then the corresponding dilaton 
spectrum, |6,| = k3/?|x;,|, and from eqs.(3.18), (3.17) the density perturbation 
spectrum |6,| = k°/?|(dp/p) x. 

In general, dilaton and metric fluctuations will have different spectral distri- 
butions, |d,| A |d,|. The coupled system of equations is rather complicated, but 
it seems possible, in principle, to obtain a large variety of spectra as the equation 
of state and the ratio ép/dp are appropriately varied [41]. 

In this paper we shall consider a model (see Sec.4 for its motivations) in 
which the universe evolves from a three-dimensional, dilaton-dominated phase 
of the pre-big-bang type (with negligible fluid sources, Ti? = 0 = 677”), to the 
standard radiation-dominated phase (p = p/3), adiabatic (« = 1/3), and with 
frozen Newton constant (¢@ = const). More complicated scenarios will be analyzed 
in future works [41]. The phase of pre-big-bang inflation is assumed to extend in 
time from —oo up to the time 7 = —n, < 0, which marks a sudden transition to 


the phase of radiation dominance. For 7 < —7, the constraint (3.8) thus becomes 


peg jen (3.23) 
k vk = A? Xk : 
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where, according to eq.(3.16), 
v a 
Xk = — oy (3.24) 
a a 


When the constraint is inserted into eq.(3.9), and eq.(3.24) is used in order to 
eliminate y and x’, we are led to a relation of the form (3.22), namely 
/ 

nage (2) a9 
In the absence of matter sources, eq.(3.11) becomes equivalent to the combination 
of eqs.(3.9) and (3.10). By expressing x, in terms of vz according to eq.(3.24), and 
by eliminating ~’, ~” through eq.(3.23), we finally get the canonical perturbation 
equation [30], valid for 7 < —m, 


vg + (k? — —)uz = 0 (3.25) 


In the second, radiation-dominated phase (yn > —7,), we assume that the 
dilaton acquires a mass m, and it stays frozen at the minimum of the potential 
(with possible small oscillations around it), so that 


_ av eve, 


ae ag ™ (3.26) 


In this case y decouples from the metric fluctuations (see eqs.(3.8)-(3.11)), that 
are coupled now to the fluid perturbations only; the canonical variable for their 
quantization is thus given by eq.(3.17). As a”/a = 0 in the radiation phase, it 
turns out however that for 7 > —7, both w and ay satisfy the free oscillator equa- 
tion, w/w = const (apart from the dilaton mass term, assumed to be negligible 
at early enough times, see Sec.5). As a consequence, w and yx will have the same 
spectrum (identical, in this case, to the tensor perturbation spectrum), which can 
be computed by adopting a second quantization approach, regarding the amplifi- 
cation of the perturbations as a process of particle production from the vacuum, 
under the action of the cosmological background fields [30]. 


The Bogoliubov coefficients cz, for such a process are obtained by matching 





the solution of eq.(3.25) to a general solution of the plane-wave type, 


1 
VE = —=(cye—**" + c_e®*") (3.27) 


Vk 


valid for 7 > —n,. By assuming, for 7 < —7,, that 


a~ (—n)%, ¢=Clna (3.28) 
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nena 2” a” a(a +1) 
— = — = (3.29) 
z a n 
The solution of eq.(3.25) describing oscillations with positive frequency at 7 = —oo, 
and defining the initial vacuum state, is thus given in terms of the second kind 


Hankel function, H), as 


1 
vp, = 2H) (kn), Pie Oars (3.30) 
The continuity of v; and vj, at the transition time 7 = —7, fixes the Bogoliubov 


coefficient c_(k), and the corresponding expectation number of particles produced 


in the mode k. For k < 1 we obtain 
(n(k)) = |e_(k)|? & (km) 2" (3.31) 


(higher mode production turns out to be exponentially suppressed [8, 42], and 
can be neglected for the purpose of this paper). In terms of the proper frequency 
w =k/a, the energy density p, of the produced dilatons is thus characterized by a 


el 


spectral distribution wdp,/dw ~ w which may be written, in units of critical 


density p, = H?/G, 


4 =0-S6 2—2a 2 4 

(wt) = 2 Pee (2) sen(=) (FB) (8) oa 
where w;(t) = H,a;/a(t) is the proper frequency of the highest excited mode (here 
we have supposed a > —1/2). This is the same spectrum as that obtained in the 
graviton case [43], with an intensity normalized to the final inflation scale H,. It 
is growing for a phase of superinflationary pre-big-bang expansion (a < 1), flat 
for de Sitter (a = 1), and decreasing for power-law inflation (a > 1). 

It should be stressed that this second quantization approach is convenient 
to discuss the squeezing properties of the produced radiation [3,34,44-47] but, for 
what concerns the perturbation spectrum, it is completely equivalent to the more 
traditional approach in which one computes the parametric amplification of the 
perturbation amplitude. In this second approach one has indeed, according to 
the “effective potential” 2’’/z of eq.(3.25), a mode amplitude which is constant, 


|v, ~ 1/Wk, in the initial region 7 — —oo where k? >> aah a ie fa 


, and 
which grows with power-like behaviour in 7 in the non-oscillatory region defined by 
k? << |z"/z| (in the subsequent radiation era the solution for v is again oscillating, 
with frozen amplitude). In the non-oscillatory region 
7 dr! ed a 4 
meet ene f sey ~ Be | aon | dn!’ z*(n") + O(k*) (3.33) 
27(n') 2?(n') 
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(c,, Cg are integration constants) is the general solution of eq.(3.25) to first order 
in k? (the first sub-leading term has been included to have non-trivial derivative 
of v/z). This gives, for the background (3.28) (with obvious redefinition of c1, co, 


and introducing a further numerical constant c3), 
vp = er |q|~* + caly|?F% — egk*|n|?-% (3.34) 


For a > 0 (inflationary expansion) the first term is the dominant one in the 
the |n| — 0 limit, and the wave amplification achieved in this limit can thus be 
estimated as [30] 


The variable at the denominator is to be evaluated at the time 7 ~ k~', where 





the mode k “hits” the effective potential barrier 2’ /z ~ n~? (otherwise stated: at 
the time of first horizon crossing, when H = w). By inserting this value of v into 


eqs.(3.25) and (3.20), and recalling the definition of z, we are led to 


k\2 BD 
BoP = MhnP= (2) (=) (3.36) 
kvraH 


kvaH @ 


which is the standard expression for the scalar perturbation spectrum [35,48] asso- 

ciated with the inflation-radiation transition (see Sec.4 for a proof of the fact that 

the same result is recovered in the case of contracting backgrounds). The same 

spectrum is obtained for the dilaton perturbations as we have, from eq.(3.24), 

2 3 Uh 2 Fai 18 BY. 2 

B= HIE Sve (2) = (3.37) 
It is important to stress that this expression, when multiplied by G, exactly 

coincides with the spectral energy density (3.32) (modulo numerical factors of 

order unity), evaluated in the radiation era. Indeed, multiplying and dividing 

eq.(3.37) by H? ~ (a1n1)~? we have 


H? 2 2 2 
Gli, ~G (=) ~ (=) ~ GH? (2) 
O Pier aN) h~aH aN / k~aH 


2—2a 
uy Ww) w d 
c rad 





in agreement with eq.(3.32) fora ~ t!/? ~ H-1/?, 
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As already stressed in Ref.[14] for the tensor perturbation case, we want to 
remark finally that the scalar perturbation spectrum is the same in the E and BD 
frame, as a consequence of the equality of the two conformal time coordinates (see 
Sec.2). Indeed, quite independently of the computational method (first or second 
quantization) the spectral behaviour of the energy density is fixed by the Bessel 
index v of the solution of eq.(3.25), which depends, in turn, on the slope of the 
effective potential 2’”/z. For a generic d = 3 background in the E frame we have 


(recall eq. (2.55) ) 
D aett| 


~ [ay 43 een 


a(y) 


so that, according to eq.(3.29) 


1 1 = 1 3 as 1 
(=) = (<) = beh ieee Creme (3 : ) (3.40) 
ay ie Ope. Hel 29 3") 
Eq.(3.25) for vz, is not conformally invariant, and in the BD frame the effective 


potential becomes 


Zl! Zl! a”! , a’ 1 ii 1 /2 
(=) = (=). (app, ¢BD) = (=) gee ? BD (=) = 5° BD +7? Bp 
(3.41) 
In this frame, however, the spectrum is determined by the conformally transformed 


backgrounds, namely by the solutions (2.46) ,(2.47) of the BD field equations. By 


inserting their explicit expressions for d = 3 we get 


z/) pp "pep (1-27 +37")? 


which coincides with the effective E-frame potential (3.40) because of the equality 
NBD = Ng. The same results holds for a dilaton-driven evolution, described by the 


solution (2.57) and their BD-transformed expressions. 


4. Pre-big-bang scenario in the Brans-Dicke and Einstein frame. 
As seen in the previous Section, the spectral distribution of the perturbations 
is uniquely fixed by the explicit form of the background solution. The time- 
evolution of the background fields is determined, in turn, by the particular model 


of matter sources. As in our previous work [20,27], our model of sources consists of 
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a sufficiently diluted gas of classical fundamental strings whose mutual interactions 
are described, in a mean-field approximation sense, as the interaction of each single 
string with the background generated by all the others according to the tree-level 
effective action (2.4). The source stress-tensor appearing in eq.(2.1) is thus given 
by a sum over all strings (labelled by 7) of the stress-tensor of each individual 
string T#”, where 

AXP dX? dX? dX? 


a odt DIX —x 
Tr (@) arg | eee dr do do ee) (eT) 














and, for each 7, the coordinates X" satisfy the string equations of motion in the 
given background, 
OXY axe re aS 4, axe dX® dx? 
ar dar OB. dr do dr do 


AXH AX” dX" dX” AX" dx” 
v(—— =:0); y—— =0 4.2 
Suv dr dt - dao do ) Gu dr do (a2) 


Here (27a’)~! is the string tension, [", the Christoffel symbol for the background 














metric g,,,, T and o the usual world-sheet time and space variables (we are using 
the gauge in which the world-sheet metric is conformally flat). 

The general exact solution of the system of equations (2.1)-(2.3), (4.1), (4.2) 
is hard to find and certainly impossible to express in closed form. In some ap- 
propriate asymptotic regime, however, the solution of the string equations of mo- 
tion, when inserted into the energy-momentum tensor (4.1), provides an effective 
equation of state which allows to describe the string sources in the perfect fluid 
approximation [20,27], and to recover then the general background solutions of 
Sec.2. The cosmological solution we are looking for is characterized in particular 
by having, as initial configuration, the string perturbative vacuum, namely flat 
spacetime with vanishing torsion and coupling constant, Hyve = 0, 6 = —oo. In 
this regime strings move freely, do not decay and behave as a pressureless gas 
with an energy density p. We shall assume p to be small enough initially so that, 
as we shall see, it will represent a negligible source of curvature. On the other 
hand a finite p is certainly sufficient to make the dilaton evolve away from the 
perturbative minimum. 

Indeed, the negative branch (2 < x_) of the general background solution with 
perfect fluid sources, eqs.(2.37)-(2.31), may be written in the case of vanishing 
pressure (7; = 0) as 


t—2T Fi 16L72e—% 1 dz e?o 
e — 


pt lenaryy ? ne 


ai(t) = aio| Ld 40? 
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1/2 


(t; are integration constants, and we have performed a time translation to shift 
the singularity from 2 = x_ to the origin, by choosing 79 = —T(e®°/4L)). This 
background is certainly consistent with the solution of the string equations of 


motion (4.2) in the t — —oo limit. Indeed, in this limit, the metric is flat, 
a; = const, g@~—2ln(-t), p=const (4.4) 


and the solutions of eqs.(4.2) are characterized by 57 ,(dx'/dr)? = )>,(dx'/do)?. 
Eq.(4.1) gives then Ty = const, T! = 0, namely a stress tensor describing dust-like 
matter in the perfect fluid approximation. For t ~ —T’, however, the curvature 
scale begins to increase, the string sources progressively enter a non-oscillating 
unstable regime [27], and one must then take into account the fact that the ratios 
7; = pi/p begin to evolve in time. 

In connection with this last point we note that the solution (4.3), which, for 


t <0, gives 


2t; = 24t—T) oe 
t(t—2T)’ a igor 


4 = 


= WE aT) = pe® , (4.5) 
is characterized by two scales. One is the curvature scale (|H7| ~ T~+ at t ~ —T) 
at which the transition from flat to curved spacetime regime oes and inflation 
begins. At t ~ —T, the curvature H? is of the same order as é or pe? while, 
much earlier, it was negligible. By contrast, much later than t = —T, it is pe? 
which becomes negligible and one recovers the vacuum solutions. T' is a free 
phenomenological parameter of the solution. The other scale is the maximal scale 
|H,| ~ t,', at the time t ~ —t,, after which the solution is no longer valid, because 
higher orders in a’ have to be added to the low energy effective action (2.4). This 
final scale t; is thus determined by the string tension as t; ~ Va’ = A,, where 
A; is the fundamental (minimal) length parameter of string theory [49], which 
may be assumed to coincide roughly with the present value of the Planck length, 
lL, = My 1 The important point to stress is that, in any realistic inflationary 
scenario, J’ and A, cannot be of the same order as we will now show. 

When |t| < 7, the solution describes an accelerated evolution given asymp- 


totically by 


a,(t) ~ (—t)-%, — Jay| <1, Y= (4.6) 
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and which is of the type given in eq.(2.42) (we call “ accelerated” a configuration 
in which a, G@ and H have the same sign, positive for expansion, negative for 
contraction [2,23,27]). In this metric, the particle horizon along any given spatial 


direction, 
t 


di,(t) = a,(t) / dias *(t) (4.7) 


—Co 


evolves for |t] << T like the scale factor, d!, ~ a;, while the event horizon 


d.(t) = a;(t) i dt'a;*(t') (4.8) 
t 
shrinks linearly in time, d’. ~ (—t), for t —~ 0. The ratio of the two proper sizes 
r'(t) = di,/d’, thus grows in time, for |t| << T, as (-t)"“%~* ~ (—n)~'. On the 
other hand, the horizon problem of the standard cosmological model [50] is solved 
if, for every spatial direction, the growth of the ratio r’(¢) when |t| is ranging from 
T to t,, is large enough to compensate the decreasing of the ratio in the subsequent 
decelerated phase down to the present time tg. This implies, in the hypothesis that 
the pre-big-bang era is followed by the standard radiation-dominated (until t = t2) 


and matter-dominated evolution, 


yf ee eel aa to = 
T — Ay ao ty 
_ th —1/2 ta ee hh 1/2 Ho ae Hy (49) 
to to Hy Ho ~ My 


(the same condition is required to solve the flatness problem, see below). For an 
expanding d-dimensional isotropic background a; = 1/V/d (see eq.(2.48)), and the 


previous condition gives in particular, for t; ~ A, ~ M, os 


Te OCU ye Hes 10 ee, (4.10) 


We shall thus assume that the scale T appearing in the solution (4.3) is much 
larger than the string scale \, ~ M;'. 

This fact has an important consequence. In this case the background (4.3) 
becomes in fact a good zeroth-order approximation to the general solution of the 
full system of equations, consistent with the string equations of motion not only 
in the asymptotic limit £ — —oo. 

By adopting an iterative approach, let us assume indeed the solution (4.3) to 


be a zeroth-order approximation, and let us compute the first order corrections by 


26 


inserting that solution into the string equations of motion, in order to obtain the 
corresponding value of y;(t). To this aim we observe that the given background is 
characterized, asymptotically, by an accelerated metric with shrinking event hori- 
zons (see eq.(4.6)). We recall that, in such a background, the string equations of 
motion admit oscillating solutions, corresponding to strings with constant proper 
size L,, provided L, is smaller than the size of the event horizon ~ H~1(t) (stable 
strings), while the solutions describe non oscillating strings with L,(t) ~ a(t) if 
L, > H~! (unstable strings) [27]. 

The evolution of a network of strings with some initial distribution in back- 
grounds of the type discussed above can be investigated [51]. One can show that 
the number n(Lz,t) of strings (per unit length) of given size L,, at time t, must 


satisfy in the given background the approximate evolution equation [51] 


On O a4 
— = —H—/nL.o(L. — 4.11 
; Vee a sO(L,-H~~)| ( ) 


where @ is the Heaviside step function. Its general solution can be written in 


implicit form as [51] 


n(Ls,a(H)) = no(Ls)0(H~' — L,)+ f (=) (Leo), 


f (=) = no(H~}) (1+ = (4.12) 


where no is the initial string distribution. 








The energy associated at a time t with stable (#,) and unstable (,,) strings 
can be estimated as 


CO 


Ho} 
re | Litby hale —po% i Len(Ls,t)dL, (4.13) 
vg H-1 


However, for a perfect gas of stable strings ps = 0, while, for unstable strings, py = 
+pyu /d, with the sign fixed by the exponent a; of eq.(4.6), sign{pu} = —sign{a;}, 
as discussed in [27]. Therefore, the ratio y = p/p as a function of time, for a perfect 
gas of strings in an accelerated metric background, can be approximated as 
1 py 

y(t) = £5 = 4+ Ge (4.14) 
By inserting into eqs.(4.13), (4.14) the solution (4.12) expressed for our particular 
metric (4.6), with an initial string distribution no(L,) ~ Ly?, one then finds for 


Ss ? 


each spatial direction [51] 


yi(t) = —5).Fhi(t), (4.15) 
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where H; is given by eq.(4.5). The above result is valid for |H;| < A;' ~ M, and 
is not very sensitive to the initial string distribution. 

We insert now this expression into the right-hand side of the field equations 
(2.18), (2.19), by recalling that, for the pressureless background (4.3) one has, to 


zeroth-order, 


go 
Poe (4.16) 


Then, to next order, 


e bo d. f da; 
— tal ae oe Cones 
raat f OE ap - d / | 


—oo —oo 


= 7°) c = a In (—*)| (4.17) 


According to our iterative approach, the integration of eqs.(2.18), (2.19) with D(x) 





determined by this new expression for I’; provides a first order approximation to 
the background fields a(t), ¢(t). The corrections to the solution (4.3) due to a non- 
vanishing effective pressure of the string gas are certainly negligible for |t]| >> T, 
in the regime in which the background (4.3) satisfies H? << pe? ~ o. However, 
as clearly shown by eq.(4.17), if T >> A, then the De order corrections keep 
small also in the t ~ —T regime, in which H? ~ pe? ~ re and even in the limit 
t > —t; ~ Ag, in which pe? << - ~ H?. Within the assumption that T is 
very large in string units, the solution (4.3) becomes then a good approximation 
to the exact solution of the system of background equations and string equations 
of motion, for the whole range —oo <t < —-t, ~ As. 

We stress that, in this scenario, when |t| << T the source term pe? becomes 
negligible with respect to H? and o (see eq.(4.5)); quite independently of the exact 
value of the pressure and of the particular type of equation of state at the scale 
T, the background rapidly converges, for |t| << T, to a phase of vacuum, dilaton- 
driven accelerated evolution (as discussed in Sec.2), described by the metric (4.6). 
We are left, therefore, with two phenomenological possibilities. 

The first is the case in which 7’, and then the temporal extension of the 
regime (4.6), is much larger than the minimal value fixed by eq.(4.9) to secure a 


phenomenologically sufficient amount of inflation. This means, in conformal time, 


H 1/2 
por] >> 10% (FI = bo (4.18) 
Pp 
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where 7 is the time when the largest scale, corresponding to the minimum fre- 
quency mode wo = Ho, was pushed out of the event horizon during the pre-big- 
bang phase. In this case, all today’s observable scales crossed the horizon in the 
dilaton-driven regime (4.6), so that the presently observed perturbation spectrum 
is wholly determined by the metric behavior of that regime, quite independently 
of possible earlier matter corrections to the background. 

The second possibility is the case of nearly “minimal” inflation, corresponding 
to the equality in the condition (4.9), which implies then |7r| ~ |7o|. In this case 
the largest scales crossed the horizon when the contribution of the string sources 
to the metric background was of the same order as the dilaton contribution. As 
a consequence, the low frequency part of the scalar perturbation spectrum may 
be affected by the matter corrections, and may be sensitive to the particular type 
of equation of state. The spectrum is thus to be computed by including the non- 
trivial mixing induced by the source terms T),, and their perturbations, dT), as 
discussed in Sec.3. 

As anticipated in Sec.3, in this paper we will discuss the first possibility only. 
We shall assume, in particular, that the phase of accelerated evolution responsible 
for the solution of the standard kinematic problems, and for the amplification 
of the perturbations (at all presently accessible scales), is described by a three- 


dimensional, isotropic, dilaton-dominated background with 
a(t) ~ (V8, a(n) ~ (-m) VM YF9, 6 ~ (3+ V8)Ina, 


t<-t, <0 n<-m < 0 (4.19) 


(according to eqs.(2.48), (2.49)). More complicated scenarios, in particular with 
higher-dimensional, anisotropic, sourceless backgrounds will be analyzed elsewhere 
41). 

The metric (4.19) describes superinflationary expansion [52]. In order to 
obtain the dilaton spectrum, by applying eq.(3.32), we must transform however 
the solution (4.19) into the E frame, where it takes the form (see eqs.(2.57), (2.58)) 


ap(te) ~(—te)',  ap(n)~(-n)'?, bp ~ -V12Inag (4.20) 


This metric describes, for t — O_, a contracting background. Potentially, this 
represents a difficulty of the whole scenario: indeed, the approximation of a diluted 
string gas might be no longer valid in a contracting background, as well as the 


approximated expression (3.36) for the perturbation spectrum, obtained in the 
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case of inflationary expansion. Most important, it might seem impossible, in a 
contracting background, to achieve a solution of the standard kinematic problems 
[50], thus rendering “frame-dependent” the inflationary virtues of the pre-big-bang 
scenario. 

Surprisingly enough, however, this is not the case, as a consequence of the 
fact that the contraction of the metric (4.20) is of the accelerated type, with a < 0, 
a <0, H <0 (one can show, in general, that all the BD solutions describing super- 
inflationary expansion, with or without matter sources, are transformed through 
the Wey] rescaling (2.52) into E backgrounds whose metric describes accelerated 
contraction [23]). Let us show, first of all, that a phase of accelerated contraction 
is equally good to solve the kinematic problems of the standard model as a phase 
of superinflationary expansion, characterized by @ > 0, @ > 0, H > 0. Consider in- 
deed the so-called flatness problem: the spatial curvature term becomes negligible 


with respect to the other terms of the cosmological equations if the ratio 


k k 
ri(t) = age as (4.21) 


goes to zero during inflation. Such a condition is certainly satisfied by a metric 


which behaves, asymptotically, as 
a(t) ~~ (-t)®, t<0, a<l (4.22) 


for t — O_. For a < 0 this metric parametrizes the known case of pole-inflation 
(superinflationary expansion [52]). For 0 < a@ < 1 one has instead accelerated 
contraction. In both cases the curvature scale is growing, and H, H diverge as 
t— 0_. 

Accelerated contraction can also provide a solution to the horizon prob- 
lem. Indeed, by recalling the previous definition of particle (eq.(4.7)) and event 
(eq.(4.8)) horizon, one finds that the ratio of their proper sizes in the background 
(4.22), 


dp(t) ani 
Cid a a (4.23) 


diverges for t — 0_. This means that causally connected regions will always cross 


T92 (t) = 





the horizon, asymptotically, not only in the case of superinflationary expansion 
(a < 0), but also in the case of accelerated contraction (0 < a < 1). 

It is important to stress that the condition for a successful resolution of the 
horizon and flatness problems, when expressed in conformal time, is exactly the 


same for superinflation and accelerated contraction. Quite independently of a, in 
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1 while r; scales as 7?. The horizon problem is solved 


fact, the ratio rg scales as n7 
if ro, evaluated at the end of inflation (7 = nf), is larger than a present value of 


rg of order unity, rescaled up to 77. Namely 


Indl x Ino! (4.24) 
Ing! nel 





where 7; denotes the beginning of the (contracting or expanding) accelerated evo- 
lution (see also eq.(4.9)). The flatness problem is solved ifr, at 7 = ny, is tuned 
to a small enough value, so that the subsequent decelerated evolution leads to a 


present value of the ratio r1(7) <1. This implies 


(i) Ga) 


which is clearly equivalent to the previous condition, as expected. 

Therefore, if the accelerated phase of pre-big-bang is long enough to solve the 
kinematic problems in the BD frame, where the metric describes superinflationary 
expansion, then the solution holds also in the E frame where the metric describes 
accelerated contraction, because the conditions are the same in conformal time, 
and the conformal time is the same in the two frames [23]. (We note, incidentally, 
that the kinematic problems can thus be solved also if one chooses negative inte- 
gration constants, t; < 0, a; < 0, for the background solution (4.6), corresponding 
to a metric describing accelerated contraction already in the BD frame). For the 
solution of the entropy problem, of course, a non-adiabatic phase associated to the 
inflation-radiation transition is necessarily required, in addition to the accelerated 
kinematic, as recently stressed also in [53]. 

For what concerns the dilution of the string gas, we recall that in the BD 
frame a model of source as a weakly interacting string network is a very good 
approximation. In that frame, indeed, by starting at some initial time t; with a 
packing factor = (average distance/average size) of order unity, one ends up, at 
any subsequent time ty, with a number of strings per unit of string volume which 
is diluted as n/n; = (ai/ay)* (< 1 since the metric is expanding). In the E frame 
the metric is contracting, but the string proper size L#(t) shrinks with time as 
L(t) = (ag/a)As, where a is the BD scale factor. As a consequence, the number 
of strings per unit of string volume scales as n(t) = (L¥/A,)4az" = a~4, and it is 
again diluted as time goes up, exactly by the same amount as in the BD frame. In 
other words, one finds that, at the end of inflation, a region of space of initial linear 


dimensions O(A,) has become exponentially large in Planck units irrespectively of 


dl 


the frame one is using. With similar arguments one can show [23] that the heating 
up of the string gas with respect to the radiation, which is easy to understand in 
the BD frame where the metric is expanding and the radiation is red-shifted, also 
occurs in the E frame in spite of the fact that the radiation is blue-shifted because 
of the contraction. 

We want to show, finally, that the result (3.36) for the scalar perturbation 
spectrum is also valid if the transformed metric, in the E frame, is a contracting 
one. Consider in fact eqs.(3.33), (3.34), for the mode vz in the non-oscillating 
regime. Since the variable z = ab/ HT goes like a for ¢ ~ Zlna, it might seem that 
for fast enough contraction the second term of the expansion could dominate the 
first one, asymptotically, thus changing the perturbation spectrum. We must re- 
call, however, that in the scenario that we are considering the universe evolves from 
an initial phase of pre-big-bang to the standard, decelerated, radiation-dominated 
expansion. In the BD frame the universe is always expanding, Hgp > 0, while in 
the E frame an initial contraction (Hg < 0) turns into a final expansion (Hg > 0), 
with a necessary turning point of Hg at some time 7* near the transition time 
—n,. On the other hand, the conformal transformation (2.52) gives (in d = 3) 
Hy = (Hep — $/2)e%/?: it follows that ¢ 4 0 where Hg = 0, and that z — oo 
for 7 > 7*, so that the first term of the expansion (3.33) is still the dominant one 
even in the E frame. 

By putting, in this frame, a’/a ~ (a’/a))(n — *) for n — n* (z > ov), the 
amplification of w, in this limit can thus be estimated as (using eq.(3.25)) 


plz (UR! (G1.)" (=) 1 (=) 
~ |—— | —) |e | ~—_ [ - ~ —[(- 4.26 
He 2a ( z | Je (a’ ay, z soe VE XZ) peal oe 
where ¢/, = ¢'(n,), and we have used the background equation ¢’2 = —6(a’/a)’. 
We thus recover for |dy,|* = k?|y,|? in the E frame the standard result (3.36), in 


spite of the contracting character of the transformed pre-big-bang metric. 


5. Phenomenological constraints on the dilaton spectrum. 
In the simplified model of pre-big-bang motivated and discussed in the pre- 
vious Section, and described by the background (4.20), the dilaton perturbations 


are amplified with a growing spectral distribution: one has, from eq.(3.32), 
3 2 
Ay ay 4 
Q,(w,t) ~ GH? (2) (= (=) 5.1 
x (w ) ‘f (=) ( H ) a ( ) 
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The total dilaton energy density p,(t) is thus dominated by the highest frequency 


mode w}, 


Ww 2 
px(t) i * dw 2 ( a (2) 
Ot) = —,(w,t) ~ GH; | = — 5.2 

x ) pelt) Ww x( ) 1 H a ( ) 
and since p,(t) decreases in time like the radiation density (~ a~*), its value in 
critical units, Q,(t), remains constant during the radiation-dominated era (H ~ 
a~*). The requirements that the produced dilatons do not overclose the universe 


(Q, <1) in the radiation era thus imposes the condition 
H, <M, (5.3) 


which is also needed from a similar constraint on gravitons (this constraint is valid 
not only for the particular case (5.1) but also, more generally, for all growing 
dilaton spectra, whose integration leads to an 2,(t) similar to that of eq.(5.2)). 

If the dilaton would be massless, this would be the end of the story. However, 
in spite of some recent attempt [54] trying to motivate the possibility of a massless 
dilaton in a string theory context, present conventional wisdom seems to favor a 
non-vanishing dilaton mass, with a mass value closely related, in particular, to the 
phenomenology of supersymmetry breaking (see [55] for a recent discussion). But, 
even independently from possible supersymmetry motivations, a non-vanishing 
mass seems to be a compulsory consequence of the fact that dilatons couple non- 
universally to macroscopic matter, with coupling strength larger than (or at least 
equal to) the gravitational one [4]. We shall reproduce below, for completeness, 
the argument given in ref. [4] making it actually slightly more general. 

The large distance behavior of dilaton couplings is determined indeed by the 
string effective action [, whose general form, including possible loop corrections, 


can be written as 


p= — | d?aV(Gl[Zn(0)R(G) + Z9()G"9,00,6 + V(0)] + Pa 


Du = yy |G| 5 Z4(0)G" A, vOua + Z! (¢)w? + interaction terms 
(5.4) 


Here Zp, Z4, Zp, Zm are complicated (known in principle, but unknown in practice) 
coupling functions, G,, is the (dimensional) sigma-model metric, and we have 
represented the matter part of the action as a set of (dimensionless) scalar fields 


y, (fundamental fermions can be added without difficulty [4]). In order to evaluate 
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the effective dilaton couplings we must restore, first of all, the canonical form of 
the kinetic energy terms, by rescaling field and masses. The dilaton coupling to 
matter fields is then obtained from the effective interaction Lagrangian, expressed 
in terms of the rescaled variables. 

To this aim we note that the graviton kinetic term of eq.(5.4) reduces to the 


canonical Einstein Lagrangian by putting 
—2/(d-1 
Cy Sagi g (5.5) 


where g,, is the dimensionless Einstein metric. By defining a new scalar field 


(with canonical dimensions) o, such that 











‘ 1/2 
do _ ypta-vj2|_24_ (dinZr\" _ 44 (5.6) 
dp d—1\ dd Ws 
and new rescaled matter fields 
° zs Zj,(2) 
= mene, | Zhe) oy. 5.7 
d= MDA TE (5.7) 
the action (5.4) can be written in canonical form as 
R 1 
PS - [ a av/ialt- (9) + —g""0,00,0 —W(o)+ 
167Gp 2 
l 8, thot ieee ee (5.8) 
a ye J (Sat abdut 1 5h (od?) 
where 167G'p = M}~4, W = VM81Z,7") and 
2M2Z?_ (oc) 
pi (0) = z (5.9) 


= ei 2/(d—-1 
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We expand now the effective matter-dilaton interaction Lagrangian, 1? 
around the value of o which extremizes the dilaton potential (and which can 


always be assumed to coincide with o = 0, after a trivial shift). Defining 


1 * Lee » 
shilobs = smidi + god; + O(0°) , (5.10) 


we can express the rescaled mass of the matter fields as 


Zi 
2 2 i m 
mi = [Mi @iliezs = 2M, (ae) (5.11) 
Zig ) a 
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and the effective matter-dilaton couplings (including loop corrections) as 


ae 1 (+) me (oo) _ 
ss Oh ay pee eos | ay eee 


—1/2 
2 2 2 

7 CUE | “ (Se) - 258 E in (HG) (5.12) 

2M; dp 4R\ 2, | Ms /] yo 


d—1 
In the weak coupling regime Zr = Z% e-? = g~*, where g is the gauge 























coupling constant of the superstring unification group, and one finds that the 


effective dilaton coupling strength g;/m; deviates from the standard “gravitational 


charge” \/4t7Gpm, by the factor 
O [hj : 
22> ] a 
: Og? »( tr) | 


: daa 


O Zi 
~1+ E In ( Zi )] a (5.13) 


where the last equality refers to d = 3. As already stressed in Ref.|4], eqs.(5.12) 











and (5.13) clearly show two important phenomenological effects. The first is that 
string loop contributions violate the universality of the effective dilaton couplings, 
as the factors k; being different for particles whose mass has different origins; the 
second is that the dilaton coupling is even stronger than the graviton coupling, 
as k; > 1 for all known cases [4] and, in particular, for the confinement-generated 
component of hadronic masses. Such a conclusion has been recently challenged 
[54] on the basis of a possible new mechanism forcing eq.(5.13) to give a vanishing 
(or very small) result. It is difficult for us to understand how such a cancellation 
can occur for any realistic present value of the dilaton. 

The existence of a non-universal scalar force of gravitational strength may be 
reconciled with the Eotvos-Dicke-Braginski experiments only if its range is finite 
[56]. By considering the present results obtained from tests of the equivalence 
principle [5], it follows in particular that the dilaton corrections to low energy 
Newtonian gravity are only allowed if their range is smaller than about 1 cm, 
namely for a dilaton mass 

m®& mo = 10-4eV (5.14) 


We now turn to the discussion of bounds following from the energy stored 
in the dilaton perturbations (or, if we prefer, in actual scalar particles associated 


with that field). Our discussion follows closely that of ref. [8]. We recall now 
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that the expression (5.2) for the dilaton energy density was obtained neglecting 
the contribution of the rest energy to the proper oscillation frequency E(t) = 

(k/a)? +m? (see eq.(3.27)). Therefore, for a massive dilaton, eq.(5.2) is only 
valid at early enough times such that wi(t) = ki/a > m (and thus it is certainly 
not valid today, in view of the previous bound and of eq.(1.4)). At later times 
eq.(5.2) is to be corrected to take into account the mass contribution. Let us 
suppose, first of all, that m < H, = w,(t1), so that eq.(5.2) holds initially, at the 
beginning of the radiation era, and that 0, stays dominated by the highest mode 
w also in the non-relativistic regime. The proper frequency w is red-shifted as the 
curvature scale decreases in time, and the dominant mode becomes non-relativistic 
at a scale Hy, = A(tn,) such that 


BT Cen eae: pee (5.15) 


Onr 





For H © Hy, the oscillation frequency E}(t) = w?(t) + m? is dominated by the 
mass contribution, and the corrected dilaton energy density can be obtained from 


eq.(5.2) through the rescaling 


4 


OS 5 ext ~ Gmiy (2) (@)" Cr ey (5.16) 





(see also [8]). The cosmological bounds on 2, become then bounds on the dilaton 
mass, and provide us with a phenomenologically allowed region in the (m, H;) 
parameter space. 

Consider, first of all, the critical density bound Q, < 1. Once that the 
condition (5.3) is satisfied, the dilaton density p, is certainly subcritical (and 
constant with respect to the radiation density p,) for all scales H > Hy,. When 
the scale drops below H,,, however, the dilaton density becomes non-relativistic 
according to eq.(5.16), the ratio p,/p. begins to grow in time like the scale factor, 
and the equality p, = p. may be reached at some initial scale H; = H(t;). We 
have now various phenomenological possibilities, depending on the value of H; and 
Ee. 

Suppose first that the transition to the non-relativistic regime occurs when the 
universe is already matter-dominated, namely for H,,, AH 2 (where Hy ~ 1072%eV 
is the scale of radiation-matter transition) which means, according to the definition 
(5.15) 


mA V/A He (5.17) 
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In the matter-dominated era, the dilaton energy density (in critical units) (5.16) 


stays fixed at the value 
m 


Vl Hz 
The requirement Q, < 1 is thus automatically satisfied, in this case, because of 
eqs.(5.9), (5.17). The same happens if H,,, > Ho, but the scale AH; of dilaton- 
radiation equilibrium belongs to the epoch of matter domination, H; < H». In 
this case, indeed, Hy, = m?/H;, and H; is fixed (according to eq.(5.16)) by 


0, ~ GH? (5.18) 





2/3 
colt) _ taller) oh gpm (HEY <1 Gs) 
py(ti) — Py(tnr) @nr : VA A \ Hi , 


The condition H; < Hz, reading now m © /H,Ao(GH2)—!, again implies Oye ls 
where (2, is the constant dilaton density (5.18). 

Dilatons are always subdominant even if H,, > H; > H2, but the decay scale 
Hq (1.7) is larger than H;, so that dilatons are forced to dissipate their coherent 
energy density, converting it into radiation before becoming dominant. In this 


case we have, from eq.(5.16), 








2 2773 

H 

= i, ao] ee ae (5.20) 
py(tnr) M3 


and the condition Hy > H; reads 


m> Hy (#4) (5.21) 


Mp 
If, on the contrary, H,, > H; > Hz and H; > Hg, then in order to avoid con- 
tradiction with the presently observed density of non-relativistic matter it is nec- 
essary, first of all, to impose that dilatons already decayed, Hg > Ho. This gives 
m3 > M? Ho (numerically, m > 100 MeV). This is not sufficient though and one 
is left, in this case, with two possible alternatives. 
The first is the one in which the reheating temperature J; associated with 
dilaton decay 
Peary 
T, ~ \/MpHa ~ (=) (5.22) 
Mp 
is smaller than the temperature scale Ty ~ 1MeV required by nucleosynthesis. 
This provides 
m~* 104 GeV (5.23) 
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In such case we must impose that nucleosynthesis occurred before dilaton dom- 
inance, Hy ~ (1MeV)?/M, > Hj, and that the entropy AS associated with 
dilaton decay is small enough, in order not to destroy all light nuclei already 
formed. The temperature Ty of the radiation gas already present at the scale Hg 


is in fact, from eq.(5.20), 





2/3 10 \ 1/6 
Qj Ha m 
Ty = T; ( — ) ~ (MpH,)/? | = ae (sale 5.24 
s=n(Z)=onno? (Ge) =Gpa) O29 
The reheating of the radiation gas from Ty to TJ; thus produces an entropy increase 
T 3 HB 1/2 
AS~{—]) & : 5.25 
(=) Ga vee 


By imposing AS < 10 in order to preserve nucleosynthesis [57] one obtains the 


bound 1B 
> ae 
m* 10 a7 (5.26) 
Pp 

The second alternative corresponds to T), oD. 'v, Le. ™m ® 104 GeV, and al- 
lows then a nucleosynthesis phase subsequent to dilaton decay. In such case, the 
only phenomenological constraint is possibly imposed by primordial baryogene- 
sis. The maximum tolerable amount of entropy, in order not to wash-out any 
pre-existing baryon-antibaryon asymmetry, is somewhat model-dependent, but in 


general AS < 10° seems to be acceptable [57,58]. This implies the bound 


Hy 


g—19 peas 
M; 


meal (5.27) 
Note, however, that this last condition may be evaded in the case of low energy 
baryogenesis and, in particular, in the case of baryogenesis associated with the 
dilaton decay itself [55,58], occurring at scales not much distant from nucleosyn- 
thesis. 

The bounds so far considered refer to the case in which the dilaton energy 
density stays always dominated by the contribution of the highest frequency mode 
w 1, even in the non-relativistic regime. This is certainly true for the distribution 
(5.1), with spectral index 6 = 3, but for a more complete phenomenological dis- 


cussion let us consider also * the coherent oscillations, with frequency m, of the 


* The necessity of considering lower modes and of distinguishing two intervals 


in 6 was pointed out to us by A. Starobinsky. 
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lower modes with w(tm) Sm, which begin at the scale Hm = H(tm) =m, when 
the mode w is still relativistic (m > Hy,). For H S m such modes provide a 
non-relativistic contribution to the dilaton energy density which can be written 


(for a general spectrum with 6 > 0) as 


6 2 eas 
Ay > /m\? (am 3 Ay m 2" fa,\3 
ott) = Gm? ()* (™)* (2m)? = me (HL) (MY * (22)? 5.08 
x(t) mn? (FF) (F) a cae ere an OE a) ee 
This contribution is initially negligible with respect to the relativistic part of the 
dilaton energy density, ~ GH?, dominated by w;. However, during the radiation 


era it grows in time with respect to GH?, and it may dominate the total dilaton 


energy if the equality 


2 $ 3/2 
Gm? (=) (=) (=) = GH? (5.29) 
occurs at a scale H > H,, = m?/H,, namely for (m/H,)>~! > 1, which implies 
0 
The previous bounds, obtained in the hypothesis of w,-dominance, are thus 
valid for all growing spectra with 6 > 1. For lower spectral slopes, 0 < 6 < 1, the 
dominant contribution to Q, (the one to be bounded) becomes that of eq.(5.28) 
and, as a consequence, the bounds acquire a dependence on 6. Indeed, let H; be 
the scale marking the equality p, = p,. Then the condition Q, < 1, with Q, 
given by eq.(5.28) and 0 < 6 < 1, is always satisfied for H; < H2, which means 


m < (HyMAHs-4y VC) (5.30) 
It is also satisfied if H; > Ho, but Hg > H;, which means 
m > (Ht-§m52)\ve™ (5.31) 


If, however, H; > Hz and H; > Hg, then the dilatons must have already decayed, 
Ha > Ho. Their decay generates an entropy 


1/2 
Te 3 Hi °m>-? 
= (ea) =| .32 
AS (=) ( vA (5.32) 


If m < 104 GeV the reheating temperature is too low to allow nucleosynthesis: 
we must impose that nucleosynthesis already occurred, H; < Hy, and that [57] 
ASS 10, which means 


yee? 


m*® (10-°M,? Ht? (5.33) 
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If, on the contrary, m > 10* GeV, the nucleosynthesis scale is subsequent to 


dilaton decay, and the only possible constraint [57,58] is AS < 10-5 , hamely 


mA CURL. rs: ae aa (5.34) 


This complete the compilation of the phenomenological bounds for a growing 
dilaton spectra, 6 > 0, with m < H,. Let us consider also, for the sake of com- 
pleteness, the ”heavy dilaton” case, m > Hy, although this case is very unnatural 
in a string theory context where Hj, is expected to be close to the Planck scale. 

As discussed in Sec.3, in the radiation phase (H < H,,a ~ 7) the dilaton 
modes yx decouple from the other scalar fluctuations, and satisfy the free equation 


(which includes in general the mass contribution) 
Xe + (k* +:m?a")x;, = 0, Xk = OXk (5.35) 


For all modes that are relativistic at the beginning of the radiation era (7 = —7), 
namely for k > may, one then recover the dilaton spectrum (3.32) by matching 
the pre-big-bang solution (3.30) with the plane wave (3.27), which is solution of 


eq.(5.35) in the case of negligible mass. If, however, 


k; 
m > Hy = w(t) = — (5.36) 
ay 
then the mass term cannot be neglected even in the case of the highest mode ky. 
All modes are non-relativistic already at 7 = —7,, and satisfy the approximate 
equation 


Sl 


Xy, + max, =0 (5.37) 
By using the identity m?a? = m?H?aitn?, valid in the radiation era, the general 
solution of (5.37), for mH a?n? ~ (m/H)(n/n,)? > 1 can be expressed as 

1 


< aay 


The matching of this solution with the Bessel solution (3.30) gives then the Bo- 


goliubov coefficient for the case m > Hy 


(cpe~* ein” 4 ¢ gimtiain’) (5.38) 


le_(K)P? ~ (km) 2" (5.39) 


m 
1 
and the corresponding non-relativistic dilaton spectrum (in critical units) 


cP 





Gw dp mu? 
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~ Gm? (2) ° ea (4) (5.40) 


(we recall that 2 — 2a = 3 for the particular model of pre-big-bang that we have 
considered). 
For a relic background of massive dilatons with m > Hj, eq.(5.2) is thus to 


be replaced by the non-relativistic energy density 


Q(t) = i Mout) er ey (1)" (5.41) 


a 


One must thus impose the bound 
m~ M, (5.42) 


to avoid an over-critical density of massive dilatons at the beginning of the radi- 
ation era. In this case there are no further bounds on m since, as a consequence 
of eq.(5.42), the dilaton energy is dissipated before a possible dominance. Indeed, 
the initial scale H; corresponding to Q, = 1 is, from eq.(5.41), 


H; = Hy (2): (5.43) 


Therefore, H;/Hg = Aym/M; < 1, just because of eq.(5.42) (unless H, > M,, but 
this is to be excluded to avoid over-critical dominance of other massless particles, 
such as gravitons, produced by the same background transition). 

By collecting all previous phenomenological constraints we obtain a final al- 
lowed region in the (m, Hj ) plane, which depends on 6 and which is illustrated 
in Fig.2 for the three cases 6 = 0, 6 = 0.5 and 6 = 1. We recall that for large 
enough spectral slope, 6 > 1, the bounds become slope-independent and coincide 
with those of the 6 = 1 case, which defines then the maximum allowed region 
for a growing dilaton spectrum (as stressed also in [8]). As clearly shown by the 
pictures, one of the main effects of a positive spectral index is that light, not yet 
decayed dilatons become compatible with higher and higher inflation scales as 6 
ranges from 0 to 1. If we take, for instance, H; ~ 10~° M, as a typical reference 
value, we find allowed mass windows for a presently dominating background of 
relic dilatons for all spectra with 6 & 0.1. For 6 & 1, moreover, even the TeV mass 
range, which is supported by some supersymmetry breaking arguments [55], but 
which lies in the most unfavorable region for the various cosmological constraints, 


may become compatible with H; ~ 107° M,. 
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We note, finally, that our allowed regions refer to the cosmological amplifica- 
tion of the quantum fluctuations of the dilaton background. The classical dilaton 
background is assumed here to sit at the minimum of the dilaton potential, with 
negligible (with respect to quantum fluctuations) oscillations around it. The clas- 
sical oscillation amplitude, however, could be too large to be negligible. In that 
case one should add, to the bounds discussed here, the bounds on m obtained 
by taking into account the contribution of the classical oscillations to the total 
cosmological energy density [7]. The initial amplitude of such possible classical 
oscillations depends, however, on the details of the transition from the acceler- 
ated to the decelerated regime. Having neglected such possible additional bounds, 
the allowed region determined here is to be regarded, for each value of 6, as the 


maximal allowed region in parameter space. 


6. Conclusions. 


In this paper we have presented the general solution of the equations obtained 
from the low energy string effective action, for the case of space-independent back- 
ground fields, vanishing dilaton potential and classical strings as possible matter 
sources. In the perfect fluid approximation, the solution is uniquely fixed by the 
choice of the equation of state. We have shown that a model of initial sources such 
as a pressureless gas of weakly interacting strings provides an approximate, but 
consistent solution to the full system of background equations and string equations 


of motion. 


This model supports a scenario in which an initial flat perturbative string 
vacuum evolves towards a high curvature, strong coupling regime through a phase 
of accelerated expansion or contraction. This is the so-called pre-big-bang epoch, 
originally motivated in [2,25,27] by the duality symmetries of the string effec- 
tive action. Accelerated contraction, typical of an Einstein frame representation 
of the pre-big-bang scenario, works as well as the more conventional inflation- 
ary kinematic (accelerated expansion) in order to solve the standard cosmological 


problems. 


We have derived, for an isotropic background, the general coupled system of 
scalar (metric plus dilaton) perturbation equations, and shown that the transition 


from the pre-big-bang phase to the standard, radiation-dominated cosmology, is 
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associated with a copious production of cosmic dilatons, whose spectral distribu- 
tion grows with frequency. We have discussed the consequent phenomenological 
bounds on the dilaton mass and on the inflation scale, by combining it with other 
bounds obtained from tests of the equivalence principle. As a result, we have found 
allowed windows for the dilaton mass compatible with a possible “dilatonic” solu- 


tion of the dark matter problem. 


The particular model of pre-big-bang considered in this paper leads, however, 
to scalar metric perturbations which cannot be taken as the origin of the observed 
CMBR anisotropy, since their spectrum grows too fast with frequency. This can 
be a welcomed result to people believing in a different source of anisotropy (e.g. 
in cosmic strings, which could naturally arise in this context as remnants of the 
violent, non-adiabatic transition from the growing to the decreasing curvature 
regime). On the other hand, such a result cannot be really taken as typical of our 
scenario, since we have neglected various effects which may decouple metric and 
dilaton perturbations leading to a different (possibly flatter) spectrum of metric 
perturbations. We have in mind, for instance, the contribution of matter sources to 
the background solutions during the phase of parametric amplification of the vac- 
uum fluctuations and/or a non-trivial evolution of the internal dimensions, whose 
dynamical compactification introduces at least one additional scalar variables in 


the perturbations equations. 


The most serious omission of this paper is, however, the lack of a detailed 
description of the transition between the pre-big-bang regime (growing dilaton and 
curvature scale) and the post-big-bang regime (constant dilaton and decreasing 
curvature scale). We avoided to face this problem in this paper, as we believe 
that the low energy effective action adopted here cannot represent any longer 
an adequate approximation for that purpose. A recent investigation [59] strongly 
suggests that higher curvature corrections should play a fundamental role in solving 
the “gracious exit” problem in string cosmology. Furthermore a non-perturbative 
dilaton potential must be added in the post-big-bang era in order to pin down the 


dilaton to its present value and to give it a mass. 


We do not conceal that the high-curvature transition from inflation to stan- 
dard cosmology is, at present, the least understood aspect of the whole string 
cosmology scenario and that it certainly deserves future detailed investigations. 
We stress however that, once the mechanism which stops the growth of the dila- 
ton and of the curvature and converts non-adiabatically their kinetic energy into 


radiation is clarified, the phenomenology developed in this paper should remain 
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valid without further modifications and quite independently of the details of the 


transition process. 
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Fig.1 


Fig.2 


Figure captions 


The dashed area defines the allowed windows for the dilaton mass m (given in 
units of mp = 10~* eV) and the final inflation scale H, which are compatible 
with a present large contribution of non-relativistic dilatons to Q, under the 
assumption that they are produced with a fast enough growing spectrum, 6 > 
1. For lower spectral slopes the allowed window is shifted towards lower values 
of mass, according to eq.(1.9). Masses higher than 100 MeV are excluded by 
dilaton decay, masses lower than 107+ eV by tests of the equivalence principle. 
Inflation scales higher than M, are excluded in order to avoid over-critical 


density in the primordial relativistic particle production. 


Maximum allowed region (inside the full lines) relative to the cosmological 
production of dilatons with growing spectrum, illustrated for three differ- 
ent spectral slopes 6 = 0, 6 = 0.5 and 6 = 1 (the last case applies to all 
6 > 1). The dilaton mass is given in units of my = 10~*eV. The lines 
marked by a,b,c, d,e, f,g represent the most significant bounds quoted in 
the text, and correspond respectively to: a) m = mo, lower bound on m 
from the equivalence principle; b) Hj = M,, upper bound on Hy, from the 
closure density; c) T; = 1 MeV, lower bound on the reheating temperature 
for nucleosynthesis; d) m = M,, upper bound on m > Hy, from the closure 
density; e) m = (Helis tier), upper bound on m from the present 
matter-to-radiation energy density ratio; f) m = (107!0M5?H}°)/2-9), 


upper limit on entropy production in dilaton decay from primordial baryo- 








genesis; g) m = (10-7, 2H}~°)1/(2-9) upper limit on entropy production 


from nucleosynthesis. 
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One of the greatest challenges of modern cosmic physics is that of explaining 
the large level of entropy observed on a cosmological scale. While it seems clear 
that inflationary kinematics has to play a fundamental role in providing such an 
explanation, the nature of the (micro)physical mechanism that may have acted as 


a source of the cosmic entropy is, on the contrary, still unclear. 


A natural candidate for such a mechanism, well known even before the ad- 
vent of the inflationary models, is the production of particles by the changing 
background metric. The pair production from the vacuum (otherwise stated, in a 
wave-mechanics language, the parametric amplification of the background fluctua- 
tions) provides indeed a natural cosmological arrow [1], which is not inverted even 
if the expansion turns into a contraction, and which may thus be used to define 
also an appropriate arrow of time [2]. The problem is, however, that of quantifying 
in an unambiguous way, and in agreement with the usual notion of entropy, the 


information loss associated with pair production. 


A possible solution to this problem comes from the observation that the pro- 
duction of particles by an external gravitational field can be conveniently repre- 
sented in the squeezed state formalism [3]. Within this context, one can define 
indeed two canonically conjugate quantum variables (the so-called “quadrature 
operators” [4]): one operator has a variance that is “squeezed” with respect to the 
vacuum, while the variance of the other (the “superfluctuant” one) is correspond- 


ingly expanded. 


Using this approach, we have recently proposed [5] a way to measure the loss 
of information associated to the cosmological particle production, in terms of the 
increased dispersion of the superfluctuant operator. According to the standard 
(information-theoretic) definition of non-equilibrium entropy, such a coarse grain- 


ing approach then provides an expression in which the entropy growth AS, is 


i) 


completely determined, for each mode k, by the squeezing parameter rz [5] : 
AS; = 2rK. (1) 


Our definition of entropy is consistent with analogous results, recently obtained in 
the large squeezing limit, for the entropy of the cosmological perturbations [6]. In 
our case, however, eq. (1) is an exact result and can be applied also in the small 
squeezing regime. 

By using eq. (1) we can estimate the entropy growth for a realistic case in 
which particles (e.g. gravitons) are produced by the transition between the in- 
flationary era and the radiation-dominated era (occurring at a given scale H;). 
We can assume, in particular, that their mode-number density has a power law 
behaviour, characterized as usual by the spectral index n (such that k(dp/dk) ~ 
k4 sinh? rp ~ k”~1). In such a case the total produced entropy inside a co-moving 
horizon, obtained by summing the entropy density (1) over all squeezed modes, 
and measured in units of the usual black-body entropy S., associated to the elec- 


tromagnetic CMB radiation, turns out to be [5] 


AS He 
a els ac y) 
3 | 5 nl (G2) (2) 


This result is particularly interesting for a recently developed string cosmol- 
ogy scenario [7], in which the spectral density of the cosmic graviton background 
increases with frequency, in such a way that the usual low-frequency bounds on 
the inflation scale are evaded, and the maximum allowed value of H; can be as 
large as the Planck mass Mp [8]. In such a context H, ~ Mp is indeed the natural 
transition scale, so that the entropy stored in the relic graviton background could 
be comparable to the observed large scale entropy of the black-body radiation. 

The expression (1) for the mode-entropy density, however, was obtained in 
Ref. [5] for the “minimum uncertainty” squeezed vacuum state, i.e. under the 


assumption that the initial state, whose fluctuation are amplified by the external 


2 


gravitational field, is the vacuum, or a “displaced” vacuum (namely a coherent 
state, in general). In this paper we shall show that eq. (1) holds exactly, even if 
the initial state is any eigenstate of the number operator or, more generally, any 
statistical mixture of number states. 

Consider indeed a pair production process described by a Bogoliubov trans- 
formation connecting, for each mode k, the particle (b, bt) and antiparticle (0, b‘) 


annihilation and creation |in) operators to the out) ones (a, at, @, @'): 
a, =Uebedt, al = sy! a. (3) 
Here %y, is the two-mode squeezing operator [4], 
ae exp(zibyb_x — zpbtbt ,) ‘ rf rere, (4) 


parametrized by the complex number z,, which depends on the dynamics of the 
external field leading to the process of pair creation. In terms of the variables x 
and x, whose variance in the final squeezed state is amplified with respect to their 


initial value, a and @ have the differential representation [5] 


n= 5c [(coshr;, — sinh r;,)(x — i%) + (coshr; + sinh r;) (0, — i0z)] 


Qr 


= se [(cosh rz, — sinh r;,)(a + 7%) + (cosh rz + sinhr,)(Oz + 70%)] (5) 


(the relative phase has been chosen with respect to J;, in such a way as to identify 
the x and & operators with the superfluctuant ones). 
In the (x, £)-space representation, the normalized squeezed vacuum wave func- 
tion o,z,(@,£) (such that aw, = 0 = ay.) is thus given by [5] 
1 
Poway (@,8) = (w&|Dx00) = (=)"e“ FOF) | ope, (6) 
where |0) is the |in) vacuum state, 6|0) = 0 = 6|0). When n pairs are already 


present in the mode k (bby |n~n_x) = n|nzn_z)), however, the pair production 


3 


leads to a two-mode squeezed number state, whose wave function in this space has 
the explicit representation 


: - _(atat,)” 
Yn2x(®,) = (w8|Delnan—x) = (ve|— FB, 0) 


1 
= eine (=) : digs (0% (27 os z)) e7 He? +87) 
1 


1 n 
= ¢in(n— 29%) (=) eo Be by, cal ay 2m (VOKt) Han —2m(V one) 

(7) 
where L, and H, are the Laguerre and Hermite polynomials, respectively. It 
should be noted that, because of pair correlations, this wave function cannot be 
simply factorized in terms of two decoupled squeezed oscillators in an excited state, 
which are known to provide the usual representation for the one-mode squeezed 
number wave function [9]. One can easily verify, however, that x and & are super- 


fluctuant operators for the state (7), i.e. 


Ax)? Az)? 
( 1 gee = ( 1 en 2 e2Tk = i (8) 


(Ax); (Az); 





where 
(A) oe = (npn x [Ufa2E,|ngn k) 
(Ax)? = lim (Ax)?.., (9) 


and the same for Z. 


Suppose now that the initial state is a generic mixture of number states, 
Pe=) | Pal) ences) 4. Se Pes: (10) 
The final state will correspond to the squeezed mixture: 
Bek = >, Pu(k)Eelnan—n)(nan—alDp.- (11) 


4 


Apart from the possible initial entropy, the pair production process is accompanied 
by a loss of information corresponding to a larger dispersion of x and % around 
their mean values. According to [5], the reduced density operator associated to 


such an increased uncertainty, for the initial mixture (10), can be written 
por = > Pal) / fede ae aie eet (12) 


By using the explicit form of the wave function (7), the net entropy growth 


due to the pair production is thus 
AS; = —Tr(psk ln psk) + [Tr (Psk In psk)5,=1 = — D_Palk )Ino, = 2r, (13) 


i.e. exactly the same as that obtained starting from the vacuum (eq. (1)). This 
supports the internal consistency of our definition of entropy [5], and the whole 
approach to the cosmological entropy based on the squeezed-state formalism [5,6]. 

We conclude by noting that the result (13) has an important application to 
the case of an initial thermal mixture. 

The inflationary models based on a temperature-dependent phase transition 
require indeed, as initial condition, a thermal bath at a finite temperature higher 
than the inflation scale. Such a non-zero temperature affects the spectral energy 
density of the amplified perturbations, which may deviate from the flat Harrison- 
Zeldovich form even in the case of pure exponential inflation [10]. The result 
(13) shows instead that the produced entropy is not affected by finite tempera- 
ture corrections to the initial state. The entropy depends only on the squeezing 
parameter (i.e. on the coefficients of the Bogoliubov transformation, determined 
by the changing geometry), and the expression (2) for the total entropy of a given 
cosmic background of relic particles is always valid, irrespective of the initial field 


configuration. 
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Abstract 


String theory can (in principle) describe gravity at all curvature scales, and 
can be applied to cosmology to look back in time beyond the Planck epoch. 
The duality symmetries of string theory suggest a cosmological picture in 
which the imprint of a primordial, pre-big bang phase could still be accessi- 


ble to present observations. The predictive power of such a scenario relies, 


however, on our ability to connect in a smooth way the pre-big bang to the 
present cosmological regime. Classical radiation back reaction seems to play 
a key role to this purpose, by iSotropizing and turning into a final expansion 


any state of anisotropic contraction possibly emerging from the pre-big bang 


at the string scale. 
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The standard cosmological model is, rightfully, one of the most celebrated scientific con- 
quests of the present century. Such a model, however, cannot be extrapolated back in time 
beyond an initial regime approaching a state of infinite density and curvature — the so-called 
“big bang”. The history of the Universe from the big bang down to the present time is more 
or less well known, and its various aspects are under active study since more than forty years 
[i]. But what happened before the big bang? 

This question has not been raised until very recently, mainly because of the lack of 
a systematic application to cosmology of the powerful instruments of modern theoretical 
physics, able (in principle) to look back in time beyond the Planck scale. As a consequence, 
the big bang has represented so far a sort of “Hercule’s Pillars” of cosmology. In the ancient 
times, when nobody knew the world beyond the Straits of Gibraltar, because nobody sailed 
the sea beyond that point, it was common opinion that Gibraltar would represent the end 
of the world itself. In the same way, today, the big bang is often popularly referred as the 
beginning of the Universe, the beginning of spacetime, the beginning of “Everything” , just in 
view of the lack of information about earlier time scales. There are also respectable scientific 
attempt, in a quantum cosmology context, to explain the origin of the Universe and of the 
spacetime itself as a process of tunnelling “from nothing”, i.e. from some unspecified vacuum 
[2]. They are affected, however, by problems of boundary conditions [], arising just because 
of the ignorance, intrinsic to standard cosmology, about the state of the Universe before it 
emerged at the Planck scale. 

The standard cosmological scenario has been complemented and improved, in many as- 
pects, by the inflationary scenario ff]. Concerning however the very beginning of the Uni- 
verse, i.e. the state and the evolution of the Universe before the Planck epoch, the situation 
in conventional inflation is not so much different from that of the standard model, because 
a phase of conventional inflationary expansion, at constant curvature, cannot be extended 
back in time for ever [fH]. Quoting Alan Guth’s recent survey of inflationary cosmology [fj]: 

“... Nevertheless, since inflation appears to be eternal only into the future, but not to 
the past, an important question remains open. How did all start? Although eternal inflation 
pushes this question far into the past, and well beyond the range of observational tests, the 
question does not disappear.” 


String theory seems to suggest an answer to this question and, most important, seems 


to suggest that the beginning of the Universe, namely its evolution at times earlier than 


‘Planckian, might be not completely beyond the range of present observational tests, in 
contrast to the sentence quoted above. The technical instrument used by string theory to 
look back in time, beyond the Planck scale and the big bang singularity, is (a general version 
of) the duality symmetry which, together with supersymmetry, is probably one of the most 
powerful and important tools of modern theoretical physics (at least, because they are both 
at the grounds of superstring theory [7], which is at present one of the best candidate for a 
Theory of Everything). 

Just like supersymmetry associates to any bosonic state a fermionic partner, and vice- 
versa, duality associates to any cosmological configuration with decreasing curvature a ge- 
ometric partner with growing curvature, and vice-versa. Just like supersymmetry cancella- 
tions can eliminate the field theory divergences, duality symmetries are expected to regu- 
larize the spacetime and curvature singularities. The assumption of (at least approximate) 
‘“self-duality” symmetry, which combines duality and time reversal, suggests in particular a 
complete model of cosmological evolution, defined in cosmic time from minus to plus infinity, 
in which the Universe expands around a fixed point of maximal (finite) curvature, controlled 
by the fundamental length scale L, of string theory 

The big bang singularity is replaced in this context by a phase of high (nearly Planckian) 
‘curvature, which marks the transition from an initial accelerated growth of the curvature 
H and of the string coupling g, (parametrized by the dilaton ¢ as g, = e%/?), to a final 
state of radiation-dominated, decelerated expansion at constant dilaton. It comes natural, 
in this context, to call “pre-big bang” the initial phase of growing curvature, in contrast to 
the subsequent, standard “post-big bang” evolution, with decreasing curvature. 

The most revolutionary aspect of this scenario is probably the fact that the high- 
curvature, Planckian regime is reached at the end, and not at the beginning of inflation. 
Thus, the state of the Universe at the Planck scale does not represent an initial condition, 
but is rather the result of a long and classical pre-big bang (i.e. pre-Planckian) evolution, 
which starts from a state of very low curvature and small coupling (H « Ly', g, < 1), 
and is well controlled by the low-energy string effective action. In other words, the Universe 
is far from being a “new-born baby” at the time of the big bang transition, being instead 
almost in the middle of a very long, possibly infinite, life. 

From a phenomenological point of view, the important aspect of this scenario is the fact 


that the cosmological evolution preceding the Planck epoch may become accessible to present 


(direct or indirect) observations. I would like to recall, in particular, three possible effects, 


referring to observations to be performed i) in a not so far future, ii) in a near future, and 


iii) to observations already (in part) performed. They are, respectively: the presence of a 


graviton background much stronger than expected in standard inflation [9], the contribution 


of massless (or massive) axion fluctuations to the CMB anisotropy spectrum [IQ], and the 
production of primordial “seeds” for the cosmic magnetic fields [LI]. 


The predictive power of this scenario relies however on the construction of non-singular 





models, describing a smooth transition from the pre- to the post-big bang regime. Imple- 


menting such a transition is in general problematic in the context of the tree-level, gravi- 


dilaton string effective action; there are “no-go theorems” {12} excluding a regular transition 


also in the presence of perfect fluid and axionic Kalb-Ramond sources, and suggesting the 


need for higher order (quantum loops and higher curvature [[4]) corrections. Examples 
of a complete transition through the strong coupling regime have been implemented, up to 


date, but only with the help of “ad hoc” corrections: a non-local two-loop or four-loop 


dilaton potential, a higher derivative dilaton kinetic term [17]. 





The above non-go theorems are all formulated in the context of homogeneous and 
isotropic backgrounds. It is known, on the other hand, that the singularity can be “boosted 
away” already at the tree-level (through an appropriate transformation of the global, 
pseudo-orthogonal duality symmetry group), provided the metric is allowed to be anisotropic. 
There are examples [[§], dating back to the early studies of the pre-big bang scenario, of 
anisotropic solutions with a non-trivial axion background which satisfy all the conditions 
|l'7| necessary for a “graceful exit” from the pre-big bang phase, and which describe indeed 
a perfectly smooth transition from an initial growing curvature and dilaton phase, to a final 
decreasing curvature and dilaton phase. 


Such examples are usually regarded as unrealistic, mainly because in the final post-big 
hang regime the metric background may be contracting; if expanding, it is nevertheless 


highly anisotropic, with only two dynamical (spatial) dimensions (the background is frozen 


in all the other space directions). 





It should be taken into account, however, that the background transition described by 


the above solutions generates a large amount of radiation: the quantum fluctuations of the 


initial pre-big bang state are amplified by the accelerated evolution of the background, and 
re-enter the horizon in the subsequent decelerated phase, contributing eventually to the 
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back reaction 


post-big bang sources as a gas of relativistic particles. In the post-big bang phase, this 


radiation tends to become dominant with respect to the axion sources [[5J. and it is well 
known that the fadiation Can isotropize an initially anisotropie mettie PQ]. In a contracting 


background, we may expect that the radiation energy density become dominant even faster, 
and may even turn the initial contraction into a final expansion, as suggested by the general 


radiation-dominated solution of the gravi-dilaton cosmological equations [21]. 





To confirm this expectation, I will now present the results of a numerical computation 
which shows the changes induced by the radiation back reaction in the final state of the 


regular solutions [1§]. The aim is twofold: 1) to stress the possibility of a smooth connection 


between the pre-big bang Universe and the present isotropic, expanding Universe also to 


lowest order in the string effective action, without any “ad hoc” higher order correction (the 


importance of the low energy string effective action has been recently stressed also in the 
context of M-theory [22]); 2) to point out the possible relevance of contracting backgrounds, 
for the solution of the graceful exit problem of string cosmology. 

I will concentrate on the particular class of regular backgrounds obtained by boosting 
the dual of the two-dimensional vacuum Milne solution. The dilaton, the non-vanishing 
components of the metric and of the antisymmetric axion field, B,,, = —B),, can be written 


in the synchronous gauge as follows [19]: 








+ Bb*t? Jaf (1 + bt?) 
es H242 pee sa cl is eee aoe ee 
¢=¢0—In (8 +O ) » Gul B+obe Ji2 B+ be 
900 = —922 = —933 = 1, Birs=g2, a=coshy+1, 8=coshy—1], (1) 


where ¢o, 6 and y are real arbitrary parameters. This background represents an exact 


anisotropic solution of the tree-level string cosmology equations: 
Vy Vv 1 va 2 UL i pva 
iy + VyV O= Zi mall =; R— (Vyud)* + 2V,V"%¢ -— Jp Huvell =, 
0; ( gle oP?) = 0, peg = 3!0) Bag) (2) 


The time evolution of the dilaton and of Hy, which represents the rate-of-change of the 


distance along the x, direction between two comoving geodesics, is illustrated in Fig. 1. 


The parameter Hj, which is the analog of the Hubble parameter for anisotropic, off-diagonal 


metrics, is defined by H; = 6,,n"n”, where n“ is a unit space-like vector along x, and, in 
the synchronous frame, 6,,, = V(,Uv) is the so-called expansion tensor for a congruence of 























FIG. 1. Smooth evolution from an expanding pre-big bang configuration to a contracting 


post-big bang configuration, according to the solution (i), with dg = 0, andb=v7y=1. 


co-moving geodesics u“ P3]. As clearly shown in Fig. 1, the initial accelerated expansion 
(H, > 0, H, > 0), evolves smoothly into a final decelerated contraction (H, < 0,H, > 0). 
The evolution is non-trivial only in the {z), 22} plane, as Hy = H3 = 0. Notice that, with 
an appropriate choice of the parameters, it is always possible to bound the peak values to 


be smaller than one in string units, consistently with the low-energy effective action. 


In the above background, the transition to the post-big bang regime amplifies the quan- 
tum fluctuations of the initial pre-big bang state. In other words, the final post-big bang 
state is characterized by a large number of massless particles (gravitons, dilatons, photons...), 
produced in pairs from the vacuum [19]: their total energy density p is bounded by the max- 


imal curvature scale of the background, which, in its turn, is controlled by the string length 
scale L,. Their effective averaged stress tensor is traceless [24], and we can thus represent 
their contribution to the post-big bang background like that of an effective radiation fluid, 
with (p) = (3p) and (p) S Lz*. This contribution is weighed by the dilaton, in the string 
frame [J], as (p)e%, and it is initially subdominant at the beginning of the post-big bang 
phase, but tends to grow in time with respect to the axion. 

To take into account this back reaction, I have added to the right hand side of the 


first of equations (Q) the contribution of the effective radiation stress tensor, e®(T;, ”) (in 
units 8mG = 1), and I have numerically integrated the system of equations (2) plus the 
conservation equation V,(Z,, ”) = 0 (which is still valid in the usual form, in spite of the 


dilaton [§]). I have imposed the boundary conditions that the background starts initially (at 


large and negative times) in the configuration described by the solution ({l]), and that the 
radiation keeps negligible until the background is well inside the post-big bang regime. The 
evolution is thus unchanged in the pre-big bang phase, but the final stage of the post-big 
bang evolution is qualitatively affected by the radiation back reaction, as illustrated in the 
three following figures where the results of the numerical integration (plotted as solid curves, 


with time measured in units of b-') are compared to the unperturbed solution. 


10 50 100 500 1000 5000 





0.001 
0.00075 
0.0005 
0.00025 
0 
-0.00025 





-0.0005 
-0.00075 














10 50 100 500 1000 5000 


FIG. 2. Time evolution of H,. With the inclusion of the radiation back reaction (solid curve) 
the decelerated contraction of Fig. 1 (dashed curve) becomes decelerated expansion, with Hy 


positive and asymptotically decreasing. 
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FIG. 3. Time evolution of the dilaton. The friction of the radiation back reaction tends to stop 


the dilaton (solid curve), with respect to the axion-dominated solution of Fig. 1 (dashed curve). 


There are three main effects: the contraction turns eventually into a standard decelerated 
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FIG. 4. Time evolution of H,, H2,H3, with the inclusion of the radiation back reaction. All 
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the spatial dimensions become dynamical, and the background converges to a state with the same 


rate of decelerated expansion along any direction. 


expansion, with H, > 0 and Hy < 0 (Fig. 2); the dilatons tends to stop (Fig. 3), as the 
background converges towards the radiation-dominated, frozen-dilaton asymptotic solution; 
the frozen spatial dimensions start to expand (H,, H, # 0), and the expansion tends to 
become isotropic (Fig. 4), asymptotically approaching a state in which H,; = Hz = Hs, and 
in which the expansion rates along the three spatial directions are all positive and decreasing. 

This example is not completely realistic, for various reasons (for instance, an appropriate 
non-perturbative dilaton potential is expected to be included, in the post-big bang phase, 
to give a mass to the dilaton, and to fix the final string coupling to a realistic value [5] 


Already from this simple example we can learn, however 


MASS of 
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Abstract 
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1 Introduction 


The cosmological solutions of the low-energy string effective action, and their duality symme- 
try properties, have recently motivated the study of an inflationary scenario [I]-[B] in which 
the universe evolves from the string perturbative vacuum to the high curvature, strong 
coupling regime. One of the main problems, in this context, is the “graceful” exit from 
such an accelerated (also called pre-big-bang [[l]) phase to the decelerated, decreasing cur- 
vature phase typical of the standard (post-big-bang) cosmological evolution. Both phases 
are present in the exact solutions of the tree-level, lowest order in a’, string effective ac- 
tion 2 B]. However, for vanishing torsion and dilaton potential, these phases correspond to 
different (duality-related) branches of the solution, defined over disconnected ranges of the 
time parameter and separated by a singularity of the curvature and of the coupling. 

The graceful exit problem would be solved, at the classical level, by an exact cosmological 
solution connecting smoothly the two branches, and thus describing a continuous evolution 
from accelerated to decelerated expansion. Unfortunately, confirming a previous conjecture 
4), it has been rigorously proved {hj that such a change of branch cannot be simply catalyzed 
by any (realistic) dilaton potential, if we limit ourselves to lowest order in the a’ expansion 
of the string effective action. Such a no-go theorem has been recently extended, for spatially 
homogeneous and isotropic manifolds, to the case of non-vanishing torsion background [] 
and non-vanishing spatial curvature [f]. 

A possible way of incorporating branch-changing in the pre-big-bang scenario is thus to 
resort to the conformal field theory approach ], where all higher orders in a’ are taken 
into account. On the other hand, in such a “stringy” regime dominated by higher-derivative 
terms in the effective action, the curvature is expected to approach the Planck scale and 
thus the quantum gravity regime. This suggests a quantum approach to the graceful exit 
problem (quantum cosmology methods in a string theory context were previously introduced 
also in [9, [I0}). 

By applying the Wheeler-De Witt (WDW) equation to the gravi-dilaton system, we show 
in this paper that the transition from a pre-big-bang to a post-big-bang classical solution 
corresponds to a reflection of the wave function in minisuperspace. A classical configuration 
describing branch-changing gives a reflection coefficient R = 1. The reflection probability 


is in general non-vanishing, however, even if the given classical background forbids branch- 


changing. This is the main result of this paper, which may allow a systematic classification 
of the initial conditions compatible with the present state of our Universe, even ignoring 
kinematical details during the quantum transition era. 

The paper is organized as follows. In Section 2 we derive from the low energy string 
effective action the WDW equation for homogeneous, spatially flat cosmological backgrounds, 
including a non-trivial antisymmetric (torsion) tensor. We show, in particular, that the 
operator ordering problem is trivially solved because of the O(d, d) covariance of the kinetic 
part of the Hamiltonian, which implies a globally flat minisuperspace metric. In Section 3 we 
study the free wave equation, and we identify the left and right moving modes in superspace 
with the two branches of the classical vacuum solution. The reader not interested in technical 
complications due to the presence of a non-trivial torsion background can move directly to 
Section 4, where we give two self-contained examples of “quantum” branch changing, in the 
two-dimensional minisuperspace parameterized by the dilaton field and by the (isotropic) 
metric scale factor. While the first example has a classic analogue, the second corresponds 
to a background configuration in which branch changing is classically forbidden. A brief 


summary, and our concluding remarks, are finally presented in Section 5. 


2 O(d,d)-covariant Wheeler-De Witt equation 


At low energy, the tree-level, (d+ 1)-dimensional (super)string effective action can be written 
as |[LJ) 
S= — 





ae i fat ayigle *(R + O,~d"d — — HyoaH + v). (2.1) 
Here ¢ is the dilaton field, A, is the field strength of the two-index antisymmetric torsion 
tensor B,, = —B,,, and \, = (a’)'/? is the fundamental string length parameter governing 
the high derivative expansion of the action. Note that we have included a possible dilaton 
potential V, and we have chosen to work in the String (or Brans-Dicke frame), whose metric 
coincides with the sigma-model metric to which strings are directly coupled. The more 
conventional choice of the Einstein frame leads to an equivalent description of the same 


cosmological scenario 3, [12], but it is less convenient for exploiting the duality symmetries 


of the underlying theory. 

We shall consider, in this paper, homogeneous backgrounds with d Abelian isometries, 
for which a synchronous frame exists where goo = 1, gop = 0 = Bo;, and the fields are 
independent of all space-like coordinates x’ (i, 7 = 1,..,d). We also assume spatial sections 
of finite volume, (f d%7\/|g|):=const < 00. For such backgrounds the action can be rewritten 
as [Lol 

s= 88 fate? (6) + atk M(M"yY4+V (2.2) 
where a dot denotes differentiation with respect to the cosmic time t, and we have chosen to 


express length and energies in string units through \,. Here ¢ is the “ shifted” dilaton field, 
@ = ¢—In|det g,,|'” (2.3) 


(we have absorbed into ¢ the constant shift —In(A;7¢ f déx) required to secure the scalar 
behaviour of ¢ under coordinate reparametrization). Finally, M is the 2d x 2d matrix 
Gl —G'B 
M= (2.4) 
BG"! G—BG'B 
where G and B are, respectively, matrix representations of the spatial part of the metric 
(gi;) and of the antisymmetric tensor (B;;). 


For constant V, the whole action (2.3) is invariant under global O(d, d) transformations 


LS} 


o@— ¢, M—27MQ (2.5) 
where 
OF nQ = n, n= (" :) (2.6) 
I 0 
In addition, M satisfies 
MnM = 7. (2.7) 


This O(d,d) symmetry is preserved in the presence of bulk string matter [14] satisfying the 
string equations of motion, and it reduces to the scale factor duality symmetry [[9, (for 
torsionless, diagonal metric backgrounds) in the particular case in which we restrict 2 to 7 
in eq. (2.5). 

By using as time parameter 7, with dt = e*dr, the action (2.2) leads to the Lagrangian 


(a prime denotes differentiation with respect to T) 
As La 1 3 
L(r) = - (o "4 git M'(M71)' + eV (2.8) 


whose corresponding Hamiltonian is 


1 4 As p 
M12 + —Tr (M IyM Iv) + Boe (2.9) 


—— 
Die 8 Ns 





where Hz and Ij, are the (dimensionless) canonical momenta 


oL = oL A 
7 S=S a= As Il SS te ae =, 2.1 
oy ee wOM 8 “ oe 


The variation of the action (P.1}) with respect to the “lapse” function, ,/goo, provides the 


II 


canonical constraint H = 0. The WDW equation [7], implementing in superspace such a 
constraint through the differential representation IIZ = +d /5¢, I = +16/5M, would seem 
to be affected (as usual) by problems of quantum ordering, as [M, II] 4 0. In our context, 
however, the problems actually disappear because our (d? + 1)-dimensional minisuperspace 
is globally flat, as a consequence of the O(d,d) symmetry. Indeed, by using the O(d, d) 
property (2.7), we can always rewrite the M-dependent part of the kinetic operator as 
0 M'(Mty = ah (M’n)?. (2.11) 
The corresponding Hamiltonian 
L 


H=-—I 
DD, 


4 ee: 
—— (7 Tye 7 Ta) + ae oe (2.12) 


has a flat metric in momentum space, and leads to a WDW equation 
oe + 8Tr ee + \Ve*# | W(d, M) =0 (2.13) 
5p "<M "5M Ss b) a p) : 


which is manifestly free from problems of quantum ordering. 

If we introduce curvilinear coordinates in minisuperspace, adopting for instance the 
parametrization of eq. (2.9), the ordering imposed by the O(d,d) symmetry is equivalent 
to the general covariance of the Laplacian operator, as can be easily checked for the simple 
isotropic case B = 0, Gy; = —a"6i;. In that case the kinetic part of the Hamiltonian (2.12) 


is represented as 


skin = -318 —A4Tr (nly)? = —02 — 2d(ad, + 070°). (2.14) 


1 
°¢ 
The parametrization of eq. (2.9), on the other hand, corresponds to the metric 


. at 1 
Yuu = diag (-2, 4d’ Ada ’ b,Yv= 1,2,3 ’ (2.15) 


in the three-dimensional space spanned by the differential operators 


; _{ Oo 0 O 
II, = 104, =1 ( ae’ Baa’ Baz (2.16) 
and the covariant Laplacian gives 
1 1 
_V, Vl =a, (ya. = 50% — 2d(ad, + 0°02) = A.A (2.17) 


hl 


The ordering fixed by the scale factor duality symmetry of the classical Hamiltonian is 
thus the same as that imposed by the requirement of general reparametrization invariance 
in minisuperspace (note that in our case there is no possible contribution to the ordered 


Hamiltonian from the scalar curvature of superspace [18], as the metric is globally flat). 


3 Branch changing as wave reflection 


We shall apply, in this paper, the WDW equation (2.13) to study the probability of transition 
from a given initial background configuration of the pre-big-bang type, to a final configu- 
ration typical of the standard cosmological scenario. This amounts to solving eq. (2.13) 
for a given value of the dilaton potential V(¢), with appropriate boundary conditions. The 
systematic study of the transition probability for a “realistic” (supersymmetry breaking) 
non-perturbative dilaton potential is postponed to a future work. The main goal of this pa- 
per is to show that in a quantum cosmology context it is possible to tunnel from one branch 
to another of the low energy classical solutions, even if the two branches are not smoothly 
connected, but they are separated by curvature singularities and unphysical regions of finite 
size. 

To this aim we shall work in the simplifying hypothesis of O(d,d) symmetry of the whole 


(in general non-local) action, assuming V = V(@), because in that case the WDW equation 


(2.13) can be separated by setting 
U(¢, M) = xa(M)va(9) (3.1) 


where 


ier 1 
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and 


o> 1 — ~ 
ie + Tr (An) +AsV(d)e*] bald) = 0. (3.3) 
We have used here the momentum conservation [MIIy,H] = 0, in agreement with the 


classical equations of motion obtained from the Lagrangian (2.8), which imply [13, 
Meceach 2 
MIIy = —_ MnM = —g4n (3.4) 
where A is a constant 2d x 2d matrix satisfying 
MnA+AnM =0. (3.5) 


If we consider, in particular, the “free” wave equation (V = 0), eq. (8.3) is easily solved by 


a linear superposition of left and right moving waves, 








an 1/2 
VE@) = ox {455 [Ft (Anp] (36) 


For simplicity, we shall restrict our subsequent discussion to a diagonal, Bianchi I type 


vacuum background with G;; = —a;(t)d;; and B = 0, corresponding to [13] 


0 —Ag 
A= (. ; (Aa)iy = cidig (3.7) 


where c; are arbitrary constants. The metric-dependent part of the wave function becomes 


in this case 
Z 
xA(G;) = Kew] SE ona}, (3.8) 
j 


as one can check after realizing that the operator MII, contains in this case only d inde- 


pendent variables. By defining 


2 - 1 ‘laa 2 
Ce = Cj dS =¢ [5th (An) | ; ya, =1 (3.9) 
j 


the solutions of the WDW equation can finally be written in the form 











VP'G.M) = xl MB = Nee {-5 ft (40) (x aa - oy) 


where N., is an overall normalization coefficient. 





For fixed a;, namely for a given eigenstate of MIIy,, the left and right moving modes 





— 


WU) correspond to different branches of the exact solution of the vacuum string cosmology 


equations [P} B} (3, (15, (16, 


aj = ajolt/As|-™, 0% = $ — b9 = —In|t/As| = = >L a; Ina;, (3.11) 
j j 





where ajo and @¢ are integration constants. What is important, for our purpose, is that if 
we apply the momentum operator Hz = i0/0¢ to the right moving wave wu) (the opposite 
sign with respect to the standard convention is due to the definition of Ig, eq. (2.10) ), we 


reproduce the canonical momentum 


Il; = —A,ge7? = —e-” <0 (3.12) 


$ 
of a classical configuration corresponding to an accelerated, expanding background, with 


growing curvature and dilaton coupling: 


a~(-t)%, £<0, a>0, $-¢=YiajIna;, $>0. (3.13) 
j 


By applying Hj to the left mover vw), labelled by the same eigenvalue A, we find instead a 


configuration with the opposite canonical momentum, 


I= —,de~? =e">0 (3.14) 


$ 
corresponding again to an expanding branch of the same classical solution, but decelerated 


and with decreasing curvature: 
Get, t > 0, a; > 0, —¢ =— > a; Ina; 6<0. (3.15) 
J 


A branch transition of the type required to solve the graceful exit problem, involving a scale 
factor duality transformation and time reversal [ll], namely a(t) — a~'(—t), is thus equivalent 
in this context to the spatial reflection of the WDW wave function in minisuperspace, vw? => 


wy. 


4 ‘Two simple examples 


As no reflection is possible for free waves, let us introduce an appropriate dilaton potential, 


considering for simplicity a d = 3 isotropic background, and setting 
B=0, a(t) = exp [8(t)/v3]. (4.1) 
The lowest order gravi-dilaton effective action, 


ne 





1 
ay | Hev—Ge* (R+ 9,05" + V), (4.2) 


after integrating by parts, and using as before the convenient time parameterization dt = 


dre~?, reduces to (in the gauge goo = 1): 


= Xs =l2 12 —2¢ 
s=-3 far( — f? + Ve? ) (4.3) 
where 
p=¢= Inf (d2/X3) 4/30. (4.4) 
The corresponding Hamiltonian 
1 eg 2 
H= ay (Me - G+ NVe** ), = Tg =2,6', Tg =-Asb (4.5) 


is a particular case of eq. (2.12), for the torsionless isotropic background considered here. The 
WDW equation then takes the general form of a two-dimensional Schrodinger-like equation 
in the plane (4, (3): 

[ 02 — 83 + XV, Be? ] W(G, B) = 0. (4.6) 


As anticipated in the previous section, we shall assume in this paper V = V(¢@), in order 


to separate variables. Let us discuss first the particular case 
V(¢) = =e, Vo = const, Yo > 0 (4.7) 


as a toy example of classical gravi-dilaton configuration allowing branch changing. A negative 
non-local dilaton potential, V(¢) < 0, although hard to motivate in a realistic superstring 
theory context, is indeed the only case in which exact analytical solutions are known [fl], 


connecting smoothly the pre- to the post-big-bang regime. 


With the above potential, the classical equations of motion following from the Hamilto- 


nian (f.5) imply momentum conservation along the ( axis, 
Ilg = 2.0’ = A,Ge-° = k = const (4.8) 


and are solved exactly by 


= 1 NVo _ kt? 
b= —5n (+ SF), a= ag 


1/V3 





k24 hag? \ 1? 
ee (1+ (4.9) 


AsV Vo 5Vo 


(ao is a dimensionless integration constant). This is a regular “self-dual” solution, a(t)/ao = 








ay/a(—t), characterized by a bell-like shape of the curvature scale and of the coupling e®. 
It describes a background that evolves from an initial state of accelerated expansion and 


increasing curvature, 


t — —00, a ~(-t) "3 Gx —In(-t) = V3Ina= 
a=) 20, S50 (4.10) 


to a final state of decelerated expansion, decreasing curvature, 


t — +00, a ~tlv3, @~ —In(—t) = -—V3lna = —6 
a>0, a@<0, H<0O. (4.11) 


For the background generated by the potential (1.7), the WDW equation (ff.6) can easily 
be separated by putting U(¢, 3) = e~*’v,%(¢), where k belongs to the continuous eigenvalue 
spectrum of II,, 
TI,W, = i0gV;, = kW, [I,z, H] =0 (4.12) 

and wy, satisfies 
( B+ — X2Ve"* ) dx (9) = 0 (4.13) 
(note the role of time-like coordinate assigned to 3, monotonically ranging from —oo to +00). 
The general solution for ~, is then a linear combination of modified Bessel functions K,(z), 
I,(z) PI], of complex index v = ik and argument z = \sVVoe®. We impose the regularity 
condition |U;,| < 0, corresponding to a vanishing wave function in the “impenetrable” 
region of infinite effective potential, 7;,(¢) — 0 for ¢ — +oo. This condition uniquely selects 


(modulo a normalization factor) the WDW solution as 
Wi(G, 8) = NKin(Asy/Voe® ) e**. (4.14) 
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For ¢ — —oo, ie. in the low energy regime, this solution contains asymptotically left 


and right moving waves, as [I] 


*k 6 -ik(6—8)  e—ik(9+9) 
lim 04,8) Na (ex) see Cas | 


eee = sin(ik7) 








2 (1 + tk) 2 T(i — ik) 
= wy yO) (4.15) 


As discussed in the previous section, the right movers represent the accelerated, negative 
time branch (£10), with 3 = ¢, the left movers the decelerated, positive time branch (£11), 
with @ = —d. The reflection coefficient, Ry, = |W? |?/|WO 2, measures the probability of 
transition between the two branches of the low energy classical solution. In the low energy 
limit, according to eq. (4.15), R;, — 1 for all k, as expected because we have considered an 
example in which the two branches are smoothly connected already at the classical level. 


Consider now an example with the opposite potential, 
V (6) = Voe’®, Vo = const, Vo > 0. (4.16) 


In this case branch changing is classically forbidden. Indeed, the momentum conservation 


(H.8) is still valid, but the classical solution becomes 

1/V3 
= 1. {Re Av / 
o) = In = 5 a= ao 


Sas 41 
2 \ v2 ke cae 





kt ke ue 
setla-l 
NVVo — \ASVo 
The low energy (large time limit) branches (f.10) and (f.11)) still exist, but they are now 
separated by an unphysical region, of extension |t| < \?.\/Vo/k?, where the dominant energy 





condition is violated, and the expansion rate (H) and the dilaton coupling (e*) become 
imaginary. A curvature singularity is present at both ends of such a region, where the 
branches (f.10) and (f-1ll) respectively end and start. 

Nevertheless, the quantum probability of transition between the two branches is non- 
vanishing. In fact, the solution of the WDW equation can be factorized as before, with the 


difference that eq. (4.13) is replaced by 
( OF + ke + Ve? ) Pe(b) = 0. (4.18) 


The general solution for yy, can now be written as a linear combination of first and second 
kind Hankel functions BY], H(z) and H?)(z). By assuming for the Universe an initial pre- 


big-bang configuration, we impose that in the high-curvature limit z — oo there are only 
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right moving waves (G oO, Te < 0) approaching the singularity. This condition exactly 
coincides with the boundary conditions allowing tunnelling through classically forbidden 
regions of superspace (which select only outgoing waves at the superspace boundary, 


where classical trajectories can end but not begin), and fixes the wave function as 
4G, 8) = NH’ As Voe® ) e*?. (4.19) 


Asymptotically, in the low curvature, perturbative regime ¢ — —oo, we then have 


‘wtiy" ew ihB-8) (Av) © al 





2 [(1 + tk) 2 T(1 — ik) 
= wa gt) (4.20) 


$+—00 


lim ;(¢,8) = iN csc(ikr) e( 


and the relative amplitude of left and right modes defines the probability 





= HO? _ ~-20k 
for transitions from the classical trajectory with 3 = ¢ to the duality-related one, 3 = —¢. 


By recalling the definition of k (eq. (£.8)) and of ¢, 
3 
k= WB f dey=e*H = const (4.22) 


we can eventually express the above transition probability as 


VJ125 Aa, 
R(gs, @s) = exp {- 2 © ) 








(4.23) 


Here Q(a;) and g, = e®:/* are, respectively, the values of the proper spatial volume and of 
the coupling, at the time t = t, at which H = \;1. For values of the coupling g, ~ 1 the 
probability (f.21}) is of order 1 for the formation of “bubbles” of unit proper size (or smaller) 
in string units at t = f,. 

The above example is not “realistic”, in the sense that it does not describe the formation 
of a radiation-dominated or matter-dominated Universe similar to the one we live in today 
(we postpone the discussion of a more realistic scenario to a forthcoming paper). Neverthe- 
less, it is an example of how the Universe can emerge from the inflationary phase in the right 
branch corresponding to decelerated expansion, and it is quite interesting that the probabil- 
ity of such a process is peaked in the strong coupling regime, with a typical instanton-like 


behaviour R ~ exp(—g~*). 


i 


We note, finally, that eq. (4.21) is valid for k > 0, namely for the transition between two 
expanding branches with sign[H] = sign[G] = sign[k] > 0, and that it implies 0 < Ry, <1 
(Ry — 0 for k — oo, as expected when the effective potential in eq. (18) becomes neg- 
ligible). If we consider transitions between contracting branches, k < 0, the probability 


~27k|_ The appearance of an always negative argu- 


becomes e?™* so that, in general, R; = e 
ment in the exponential is a general consequence of applying tunneling boundary conditions 


in superspace, as clearly stressed recently also in [23]. 


5 Conclusion 


In string cosmology, a classical description of the background evolution based on the low 
energy string effective action is allowed both at early and late times (i.e. at large time scales 
in string units), but it is not allowed in the intermediate epoch, when the background is 
expected to exit from the inflationary regime. A classical model of transition from the initial 
string perturbative vacuum to the present standard cosmological regime conflicts both with 
phenomenological constraints and with formal no-go theorems. 

In this paper we have shown that such a transition can be studied quantum mechanically, 
and can be formulated as a problem of reflection of the Wheeler-De Witt wave function in 
superspace. By using tunneling boundary conditions, we find that the transition can occur 
(with finite probability) even in the case of background configurations in which it would be 
classically forbidden. 

This quantum approach to the graceful exit problem is free from ambiguities of operator 
ordering, because of the underlying O(d, d) symmetry of the kinetic part of the Hamiltonian. 
It thus seems to provide an appropriate tool for a systematic classification of the initial 
conditions, irrespective of the (unknown) kinematic details of the high curvature, strong 
coupling, transition regime. 

Various problems, in this approach, are still to be solved, such as the physical interpre- 
tation of the wave function and the univocal choice of an appropriate time parameter (these 
problems affect in general the WDW approach to quantum cosmology, not only our scenario). 


We believe, however, that the result presented in this paper may improve our understanding 


12 


of the birth and of the evolution of the Universe in terms of the basic principles of string 


theory. 
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Abstract 


We consider a late-time cosmological model based on a recent proposal that 
the infinite-bare-coupling limit of superstring/M-theory exists and has good 
phenomenological properties, including a vanishing cosmological constant, and 
a massless, decoupled dilaton. As it runs away to +oo, the dilaton can play 
the role of the quintessence field recently advocated to drive the late-time 
accelerated expansion of the Universe. If, as suggested by some string theory 
examples, appreciable deviations from General Relativity persist even today 
in the dark matter sector, the Universe may smoothly evolve from an ini- 
tial “focusing” stage, lasting untill radiation—matter equality, to a “dragging” 
regime, which eventually gives rise to an accelerated expansion with frozen 


Q(dark energy) /Q(dark matter). 





To appear in Phys. Rev. D 


Typeset using REVTRX 


I. INTRODUCTION 


According to recent astrophysical observations, our Universe, since a red shift of O(1), ap- 
pears to have undergone a phase of accelerated expansion [|]. This result can be combined 
with the recent estimates of the average mass density of the Universe J, Q,, ~ 0.3 — 0.4 
(in critical units), and with recent measurements of the CMB anisotropy peaks M], pointing 
at a nearly critical total energy density, Qr ~ 1. One is then led to the conclusion that 
the present cosmological evolution, when described in terms of an effective fluid entering 
Einstein’s equations, should be (marginally) dominated by a “dark energy” component p, 


characterized by a (sufficiently) negative effective pressure, p, < —p,/3. 


The simplest candidate for such a missing energy is a positive cosmological constant A, of 
order Hj. Such an identification, however, unavoidably raises a series of difficult questions. 
In particular: a) Why is A so small in particle physics units? Explaining a finite but very 
small value for A may turn out to be even harder than finding a reason why it is exactly zero. 
This is the so-called fine-tuning problem for A, see for instance []; and b) Why is A ~ pmo, 
where Pmo is the present value (in Planck units) of the (dark) matter energy density? This 


is the so-called “cosmic coincidence” problem [6]. 


At present, the most promising scenarios for solving (at least part of) the above prob- 
lems introduce a single scalar field, dubbed “quintessence” [f7], whose potential goes to zero 
asymptotically (leaving therefore just the usual puzzle of why the “true” cosmological con- 
stant vanishes). The scalar field slowly rolls down such a potential reaching infinity (and 
zero energy) only after an infinite (or very long) time. While doing so, quintessence pro- 
duces an effective, time-dependent, cosmic energy density p, accompanied by a sufficiently 
negative pressure, i.e. a sort of effective cosmological constant. By making A.;, ~ H? time- 
dependent, this can naturally explain the smallness of the present effective vacuum energy 
density. However, if, as in General Relativity, dust energy and an effective cosmological 
constant have different time dependence, it can hardly explain why A ~ pyo. For a recent 


review of the relative merits of a cosmological constant and quintessence, see Ref. [R]. 


As far as identifying quintessence is concerned, the inflaton itself could be a candidate 
[9]. But also more exotic possibilities have been considered, in particular some motivated by 
the wish to solve the above-mentioned cosmic coincidence problem [IQJIi]. In any case, as is 
the case for the inflaton, the quintessence field does not have, as yet, an obvious place in any 
fundamental theory of elementary particles. One should also mention, at this point, that, if 
quintessence may help with the problems typical of the cosmological constant interpretation, 
it is likely to create a new one of its own: in order to play its role, the quintessence field must 


be extremely light and can thus mediate a new long-range (of order Hy ') force, which is 


strongly constrained observationally. This is an important constraint to be imposed on any 
specific scalar field model of quintessence, either minimally or non-minimally coupled to 


gravity. 


At first sight, the search for a quintessence candidate in particle physics looks easier 
than the one for an inflaton. For instance, fundamental or effective scalar fields with po- 
tentials running to zero at infinity are ubiquitous in supersymmetric field theories and/or in 
string/M-theory. They are usually referred to as moduli fields since, in perturbation theory, 
they parametrize the space of inequivalent vacua and correspond to exactly flat directions 
(equivalently, to exactly massless fields). Non-perturbative effects (e.g. gauge-theory instan- 
tons) are expected to lift these flat directions, just preserving those that correspond to small 
or vanishing coupling. Examples are the run-away vacua of supersymmetric gauge theories 
(see, for instance, for quintessence models based on the latter possibility), or the dilaton 


modulus ¢ in the limit ¢ — —oo. 


However, if we were to take one of these moduli as quintessence, we would immediately 
run into the problem that the acceleration of the Universe should be accompanied by a drift 
of interactions towards triviality. For Newton’s constant, and even more so for the fine- 
structure constant, this kind of time variations is very strongly constrained. Furthermore, 
typical couplings of moduli fields to ordinary matter are of gravitational order, and this 
creates the already mentioned problem of new, unwanted long-range forces. For all these 
reasons the conventional attitude towards moduli fields has been (see e.g. {[[4]) to postulate 
that they develop non-perturbative potentials, providing them with both a mass and a 
freezing mechanism (see however [[5] for an alternative that is closer, in spirit, to the one 


advocated here). 


Another possible problem with the identification of a string modulus with quintessence 
is that we would like to freeze the moduli at values that provide the correct values of the 
coupling constant and unification scale of grand unified theories (GUTs). For instance, the 


dilaton and compactification volume Vg should be frozen at values such that 


Walp ~ (Mp/M,)2~e*, = Mp/Mgur ~ agile gt’, (1.1) 


where Mp, M, and Maur are the Planck, string and GUT scales, g, = e?VM$ is the string 
coupling, and e® is the tree-level effective four-dimensional coupling (thus, in more standard 
string-theory notation [17], our dilaton is related to the real part of the S modulus by Re{S} 
=¢*). 

Unfortunately, it looks unlikely that non-perturbative effects will be significant enough 


in this region to stabilize the moduli. Also, perturbative unification gives too low a value for 


Mp/Meur {LG{L§]. In this respect, the situation can be drastically improved by considering 
the M-theory limit, g, — oo, while still keeping the four-dimensional effective couplings 
perturbative (S >> 1) [18]. Even then, the moduli would presumably freeze out in a typical 
(and cosmologically tiny) particle-physics time, and therefore cannot implement the conven- 
tional, slow-roll quintessential scenario. In spite of these difficulties, unconventional models 
of quintessence based on the stabilization of the dilaton in the perturbative regime are not 


completely excluded, as recently discussed by one of us [19]. 


There is, however, another possibility for making the dilaton a candidate for quintessence. 
As we have already mentioned, the region of large negative @ corresponds to the trivial 
vacuum. The idea that the Universe may have started, long before the big bang, in this 
region is actually the basis of the so-called pre-big bang scenario in string cosmology (for 
recent reviews see [2Q]). Here we are asking instead whether the dilaton can play the role of 
quintessence at very late times (such as today), not by evolving towards —oo and triviality, 
but by going towards +oo and strong coupling. Such a proposal looks absurd at first since, 
if we do not see a drift towards zero coupling, we do not experience one towards increasing 
strength either. In order for this idea to make sense we have to assume that the strong- 
coupling limit of string/M-theory exists, is smooth, and resembles our world. Can this make 


sense at all? 


It has been argued by one of us PI] that the answer to the above question can be 
affirmative, if we assume a certain structure of the quantum loop corrections to the string 
effective action suggested by large-N counting arguments. In the strong coupling limit (which 
could either be the self-dual value S = 1 or, if S-duality is broken, ¢ — +00) gravitational 
and gauge coupling would be determined entirely by loop corrections (as in the so-called 
induced-gravity/gauge idea 22]), and would “saturate” at “small” values because of the 
large number of fields entering the loops (e.g. the large number N of gauge bosons, or the 
large value of the quadratic Casimir C'4, for gauge groups like Fg). Typically, eq. ({1.1]) 
would be replaced (at @ >> 1) by 


Ogur ~ Cat O(e*) , (Mp/M,)? ~ N + O(e?). (1.2) 


In this picture there is naturally an asymptotic decoupling mechanism of ordinary matter 
to the dilaton, whose effective mass goes to zero at late times. The problem remains, of 
course, of explaining why the cosmological constant vanishes in superstring/M-theory, not 
only at zero coupling where supersymmetry protects it, but also at infinite (bare) coupling. 
Possibly, some new, stringy symmetry can explain this. It will simply be assumed to be the 


case in this paper. 


As the dilaton is non-universally coupled to different types of matter fields, its coupling 
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to ordinary matter can be asymptotically tiny (as to satisfy constraints from gravitational 
experiments [I5]), and much stronger (as first suggested in B3]) to typical dark matter 
candidates, such as the axion. In that case, the dilaton to dark-matter coupling leads to 
an initial evolution, which is similar to the “tracking” regime |24] of conventional models 
of quintessence, but takes place before potential energy becomes appreciable. Later on, 
the interplay of the dark-matter dilatonic charge and of the dilaton potential leads to an 
accelerated expansion in which the relative fraction of dark energy and dark matter remains 
fixed (and of order 1), thus offering a possible explanation of the cosmic coincidence, as we 


will illustrate through explicit examples. 


The paper is organized as follows. In Sect. [] we present the effective string cosmol- 
ogy equations, in the small curvature —but arbitrary coupling— regime, with generic matter 
sources non-minimally coupled to the dilaton. In Sect. [TI] we discuss analytically a possi- 
bile late-time attractor characterized by a constant positive acceleration and a fixed ratio 
of dark matter and dark energy. In Sect. [Vj we provide a semi-quantitative description 
of the previous phase, during which the dilaton potential can be neglected. This phase is 
characterized by a “focusing” of the energy densities of the various components of the cos- 
mological fluid (which occurs before the epoch of matter—radiation equilibrium), and by a 
subsequent “dragging” regime in which the dilaton energy density tends to follow that of 
non-relativistic (dark) matter. We also discuss here the main phenomenological constraints 
that have to be imposed on the scenario. In Sect. [Vj we consider a typical example of string 
cosmology model including radiation, baryonic and cold dark matter, and we present the 


results of explicit numerical integrations. Our conclusions are summarized in Sect. 


II. COSMOLOGICAL EQUATIONS IN THE STRING AND EINSTEIN FRAMES 


Our starting point is the string-frame, low-energy, gravi-dilaton effective action [7], 
to lowest order in the a’ expansion, but including dilaton-dependent loop (and non- 
perturbative) corrections, encoded in a few “form factors” ~(@), 7(¢), a(@), ..., and in 
an effective dilaton potential V(@) (see also [[5]). In formulae: 





x -G Rs 210) (Vo) al 


M2 
tts ae ~—— F?, +Tn(@, g, matter) (2.1) 


(conventions: metric signature: (+,—-,—,—), Rwa® = OP ya? ..., Rw = Raw). Here 


My! = 4, is the fundamental string-length parameter, g is the sigma-model metric minimally 


coupled to fundamental strings, R, V are the curvature and the covariant derivative referred 
to g, and F,,, is the gauge field of some fundamental (GUT) group (a(@) is the corresponding 
gauge coupling). We imagine having already compactified 6 dimensions and having frozen 
the corresponding moduli at the string scale. Following the basic proposal made in PI], we 
shall assume that the form factors ~(@), Z(@), a(@) approach a finite, physically interesting 
limit as ¢ — +00 while, in the same limit, V — 0. 


The fields appearing in the matter action [,,, are in general non-minimally and non- 
universally coupled to the dilaton (also because of the loop corrections [I4]). Their gravita- 
tional and dilatonic “charge densities”, T yw and o, are defined as follows: 


or 1 ae or a =a 
age V9 Tw; jer oN (2.2) 


and it is important to stress that, when o ¥ 0, the gravi-dilaton effective theory is radically 
different from a typical, Jordan—-Brans—Dicke type model of scalar-tensor gravity 5]. We 


shall give a prototype form of I’, in the following section, after passing to the Einstein frame. 


The variation of (2-I]) with respect to g,, then gives the equations: 
Cw + UViV iG + [eZ — 0? +0] VeVi0 


i oe — és 
+59 | (2p? — 20" — eZ) (Vo)? — 2'(V7o) — e*V(O)| = Ae”, (2.3) 
where G w is the Einstein tensor, and a prime denotes differentiation with respect to @. The 


variation with respect to ¢, using the trace of eq. (2.3) to eliminate R, leads to the equation 


(3'? — 262) (W79) + [e¥ (Zo! — 2’) +o! (34" - 30’7)] (Vo)? 
+e" (2W'V + V') + Ne® (W/T +) =0 (2.4) 

We shall assume an isotropic, spatially flat metric background (appropriate to the present 
cosmological configuration), and a perfect fluid model of source. In the cosmic-time gauge 


we thus set 
Suv = diag ee —a°(t) 5i;) ’ a = diag (A, —p 6) ’ ) = o(t), c= a(t), (2.5) 


and one can easily check, combining the above equations, that the matter stress tensor is 


not covariantly conserved (even in this frame), but satisfies the equation 


p+3H(p +p) = 56. (2.6) 


For the purpose of this paper, and for an easier comparison with previous discussions 
of the quintessential scenario, it is however convenient to represent the dynamical evolution 
of the background in the more conventional Einstein frame, characterized by a metric gw 
minimally coupled to the dilaton, and defined by the conformal transformation Gy, = Ciguve”. 


Here c? parametrizes the asymptotic behaviour of w(d), 


cr = ,lim exp{—v(9)}, (2.7) 


and thus controls the asymptotic ratio between the string and the Planck scale, M? = c?M?. 
In the Einstein frame the action (2.]]) becomes: 


s=-2E fatey=i |r-S wo? + Fre) 


Mp 
~ fds — ~— F?, +Tn(, C79", matter) ; (2.8) 
where we have defined 
k?(b) = 3)? — 2e%Z, V =cte"V . (2.9) 


For later use it is also convenient to define a canonical dilaton field by: 


do = —=k(¢)d¢ , (2.10) 
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although, in solving the equations, it will be easier to work directly with the original field ¢. 


We now choose, also in the Einstein frame, the cosmic-time gauge, according to the 


rescaling 
a= cyae"!? dt = cidte”/?, 
p=ce'’p, p= cre" 5, a= cies : (2.11) 
From the (0,0) and (i,7) components of eq. (2.3) we obtain, respectively, the Einstein 
cosmological equations (in units such that M2 = c?M? = (87G)~' = 2) 
6H? =p+ pg, (2.12) 


4H + 6H? = —p— pg, (2.13) 


while from the dilaton equation (2.4) we get 


k?($) (¢+ 3H) + k(d) k'(d) @ + V(b) + ; [eb'(4)(p — 3p) + 0] = 0. (2.14) 


In the above equations H = a/a, a dot denotes differentiation with respect to the Einstein 


cosmic time, and we have used the definitions: 


A 


po = She +V(¢), Pe = Sh) ~V(d). (2.15) 


The combination of equations (2.12))—(R.14) leads finally to the coupled conservation equa- 
tions for the matter and dilaton energy density, respectively: 


p+ 3H(p +p) — 5 [W"(0)(p — 3p) +0] =0, (2.16) 


jo + 3H (po + ps) + 54 (U!(6)(0 — 3p) + 0] =0. (2.17) 


For further applications, and for a more transparent numerical integration, it is also 
convenient to parametrize the time evolution of all variables in terms of the logarithm of 
the scale factor, x = In(a/a;), where a; corresponds to the initial scale], and to separate the 
radiation, baryonic and non-baryonic matter components of the cosmological fluid by setting 

1 


=Prs 0 =0,+0,+ 04g = Or + Om: (2.18) 


P = Pr + Pb + Pd = Pr + Pm, P~3 


The dilaton equation and the Einstein equation (2.1) can then be written, respectively, as 


Pd 1 dé do\? _. 
DH? + k? G Led +0) 2 4 omen (2 +2V'4+WU'pm +o=0, (2.19 
he hm + sP 7 a p (2.19) 
d : 


The matter evolution equation (2.14) can be split into the various components as 





dpy o, do 

dj ay, 2.21 
a oa =0 (2.21) 
d 1 d 
eee 3/Pb— = 5 (bps + 05) = 0. (2.22) 
dx dx 
dpa de 

— = — 0. 2.2 

a + 3p = pa + a) = ae 0 (2.23) 


*The relation between x and the redshift z is y = —In(1+ z) + In(ao/a;), where ag is the present 


value of the scale factor. 


Finally, eq. (2.19) is also equivalent to the dilaton conservation equation (2.17), which 
becomes 


d A 1 d 
OOS pec BV (ay Wate) Su (2.24) 
dx 2 dx 


Ill. ACCELERATED LATE-TIME ATTRACTORS WITH CONSTANT QQ), 


As a first step towards a “dilatonic” interpretation of quintessence we will now discuss 
the possibility that the above equations, together with a string-theory motivated potential 
and loop corrections, are asymptotically solved by an accelerated expansion, a@ > 0, with 
frozen ratio pm/py of the order of unity. This last property, in particular, is expected to 
solve (or at least alleviate) the cosmic coincidence problem [[O[I7]. 


Under the assumption made in that the form factors appearing in (2.]]}) have a finite 
limit as @ — +00, and assuming the validity of an asymptotic Taylor expansion, we write: 
eM) = 2 +he?+ Ole), Z(o) = —c3 + bee? + O(c) , 

a(¢)* = ap! + be? + O(e-*) , (3.1) 





where c?,c} are assumed to be of the same order (typically of order 10? since, as already 
noted, c? = (Mp/M,)), and ag is to be identified with the unified gauge coupling at the GUT 
scale, i.e. Qo ~ 1/25. Unlike the model discussed in [26] our model thus describes, in the 
strong coupling limit ¢ — oo, a minimally coupled, canonical scalar field ¢ = V2(c2/c1), 
see eq. (2.10). In the opposite limit, ¢ — —oo, the gravi-dilaton string effective action 
reduces, as usual, to an effective Brans—Dicke model with parameter w = —1. We note that 
it is not hard to chose u(@¢) and Z(@) in such a way that the kinetic term of the dilaton 


keeps the correct sign at all values of ¢ (see the example given in Sect. [¥)). 


Similarly, the assumption that V originates from non-perturbative effects, and that V — 


0 as ¢ > o, allows us to write, quite generically: 


V(¢) = Ye? + O(e-**). (3.2) 


Since the overall normalization of the potential Vo is non-perturbative, it should be related 


to the asymptotic value of the gauge coupling ap by an expression of the form: 


4 
Vo = M? exp (-=) = Mi, (3.3) 


with some model-dependent (one-loop) (-function coefficient G. For a comparison with 
earlier studies of an exponential potential we also note that, when referred to the 
canonically normalized dilaton field ¢ defined in (2.10), the Einstein frame potential (B.) 
asymptotically exibits an exponential behaviour V ~ exp(—A@¢/Mp), with A = c,/¢. = V2/k 
at @ — +00. 


It is important to discuss the size of the potential needed for the viability of our scenario. 
Since the acceleration of the Universe appears to be a relatively recent phenomenon (even, 
possibly, an extremely recent one, as recently argued in [29]), the potential V must enter the 
game very late, i.e. at an energy scale of the order of p'/4 ~ 107° eV. Unless we want to 
play with an unnaturally large present value of @, this also fixes the scale of the potential 
in (B.2) as Vo ~ (10~%eV)*. As far as we know, this is feature is common to all quintessence 
scenarios: the problem of an outstandingly small cosmological constant is traded for the 


introduction of another unnaturally small mass scale M,. 


In our context, we easily find that, in order to have a properly normalized potential, 
we need the constant 3 appearing in the exponent of (8.3) to be somewhat smaller than 
the coefficient 33 of the QCD beta function (see also the discussion after eq. (B.5))), say 
3 ~ 0.603. Given our ignorance of the origin of the dilaton potential, this looks perfectly 
acceptable, a priori. However, this apparent resolution of the fine-tuning problem should not 
hide the fact that the potential has to be adjusted very precisely if one wants to start the 
acceleration of the Universe not earlier that at red-shift z ~ O(1), and not later than today. 
To the best of our knowledge there is no obvious explanation, at present, of this aspect of 


the coincidence problem. 


Let us now come to the matter sector of the action (2.8). As a typical example of I’, we 
take: 


Din(@, g, matter) = [aev=a N [id + my()] N + 5 | tev=a [e%(a,D)? _ eM) 2D?) 
(3.4) 


the first term representing baryonic matter, the second (scalar) cold dark matter, while the 
gauge term appearing explicitly in (2.9) can already represent the radiation component of 


the cosmic fluid. 


The non-observation of appreciable cosmological variations of the coupling constants 
[80], as well as the precision tests of Newtonian gravity in the context of long-range 
dilatonic interactions, force us to assume that ordinary matter and radiation have nearly 
metric couplings to 9,,, i.e. that o,,0, ~ 0 as @ — ov. It is not hard to see how such a 


near—vanishing of dilatonic charges can be achieved starting from the actions (2.8), (B.4). 
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Following ref. we have: 


on O a O 

— ~ —(In Agcp), —~ (Ina). (3.5) 

po apace)» a Bg 
Given that Agcp ~ M, exp (—1/(3a) (with (3 the coefficient of the QCD (-function), and 
using (B.])) for a, it is clear that both o, and o,. are exponentially suppressed at large, positive 
@. This decoupling mechanism is similar in spirit to the one proposed in [15], although it is 


supposed to occur at infinite bare coupling. 


In the dark matter sector, on the contrary, we shall assume more generic quantum cor- 
rections. By taking for instance the action in eq. (B.4), one has for the dilatonic charge of 


dark matter: 
oa = — C (6) &(0, D)? + 7/(6) €™ pw? D*. (3.6) 


Furthermore, the equations of motion for the D field give a relation between the time- 
averaged quantities, eS) (D?) = pe" (D?) (which is consistent with the interpretation of 
D as non-relativistic matter, pg = 0, as assumed in the preceding section), and relate og and 
pa by a (generally ¢-dependent) proportionality factor 


Jalpa = a(¢) = n'(¢) -—C(4). (3.7) 


The lat-time behaviour we will discuss takes place if we assume that, in the strong 
coupling limit (i.e., ¢ >> 1), q(@) tends to a positive constant of order unity, and that the 
dark matter component dominates over baryonic matter and radiation. Thus, the regime we 
are considering is characterized (according to eqs. (8.1), (8-2)) by 


k?() = 265/G — 2/?, c=04 p=pa, Uo)=q=O(1), oa=4 pa: (3.8) 


It follows that the dilaton coupling to the stress tensor can be asymptotically neglected with 


respect to the coupling to the dilatonic charge, as W’ ~ e~?/c? < 1. The dilaton and dark 
matter conservation equations (2.23), (2.24) and the Einstein equations (2.1), (2-13) can 


then be written, asymptotically, in the form 


pa + 3H pa — 5 bm =0, pg t+6Hpx + 5 Pm = 0, (3.9) 
2H 
1=0¢4+ 02,4 Qv, 1+ are = Ov — Oe, (3.10) 


iT 


where we have defined 


p= On Oy, Po = Pk + Pv; 
pr = 6H?Q, = ¢2/d’, pv = 6H?Oy =V. (3.11) 


We now look for solutions with asymptotically frozen dark-matter over dark-energy ra- 
tio, and frozen “equation of state’. From the constraint (B.10) this is equivalent to the 


requirement that pz, py and pg scale in the same way, i.e. 


dlog p¢ _ dlog pa d log py _ dlog pa (3.12) 
dx dx’ dx dx | 
The first condition and the conservation equations give 
dd 6 
— = -(Oy — Oz). ala 
i = = (Ov) (3.13) 


Expressing dé/dy through Q, = (dé/dy)?/6A?, and inserting it in the second condition 
(B.1J), we obtain, respectively, 


| 6 Qy — Ox 
= ,/— (Oy — =2—_——_—_— 14 


where in the latter the asymptotic form of the potential (B.2)) has been used. The last two 
equations can be solved for Q;, and Qry, 


6 Q q 


%=—=———~—, WH=am%t—, 3.15 
"(2+ 9)? vO G2 ee) 
giving easily 
12 2)\? 2)r2 
_ 12+4(¢+2) . a q(q +2) . (3.16) 
(q + 2)?\2 12+ g(q+2)A2 


where the last equation for wg = (Qx — Qy)/(Q, + Qv) provides the dilaton’s equation of 
state. 


The above asymptotic solution, first obained in 2], and recently studied in [B3,B4], 
generalizes the results discussed in ref. 7] to the interacting dark matter case, and is very 
similar to the results obtained by including suitable non-minimal couplings in a Brans—Dicke 
context [2], or by including an effective bulk viscosity in the dark matter stress tensor [10,B5]. 
Our eq. (B.9) corresponds indeed, formally, to a dissipative pressure I = —qpm(¢/6H) (in 
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the notation of B5]). See also B34] for a discussion of the parameter values compatible 
with such an asymptotic solution. 


Once QQ; and Qy are given, one can easily compute all the relevant kinematic properties 
of the asymptotic solution as a function of only two parameters, q and \ = c/c2, which 
are in principle calculable for a given string theory model. The asymptotic value of the 
acceleration, in particular, is fixed by eq. (B.10) as 

a H q-—1 
ee tk Se. aot 
aH? a AH? q+2 ( ) 
One can also easily obtain, through a simple integration, the asymptotic evolution of the 


Hubble factor and of the dominant energy density, 


FP ws q3/(2+4) pr gq 6/(2+49) | (3.18) 


In order to illustrate the range of parameters possibly compatible with present phe- 
nomenology, we have plotted in the {A ,q} plane various curves at Qg = Q, + Qyv = const, 
and wg = (Q, — Qv)/(Q, + Qv) = const. (Fig. 1). Note that the case discussed in Reef. 
[27] corresponds to staying on the \ axis. In that case, the critical value of 4 below which 
N¢/Q4g > 0 is V3. The addition of g makes parameter space two-dimensional, with the point 
= V3 replaced by the left-most curve 0, = 1. Beyond that curve, i.e. for \? < 6/(2 + q) 
(as well as for all values of A if g < —2), the ratio Qg/Q4 goes to zero. However, while in the 
case of acceleration and a finite ratio Qg/Q4 are incompatible, this is perfectly possible 
in a large region of the {X ,q} plane. 


In fact, it is possible to determine the region of our parameter space that survives the 
various observational constraints (Type la supernovae, CMB anisotropies, large-scale struc- 
ture ...). The present values of Q4 and wg have to lie in the range 06 5 Oe 07, 
and —1 < wg S$ —0.4, but the two allowed intervals are not uncorrelated. Assuming that we 
are already in the asymptotic regime, the allowed region lies roughly between the two curves 
Qy = 0.6 and Qs = 0.7 and above gq = 2. Other phenomenological (but somewhat more 
model-dependent) constraints on g and \ can be obtained from the recent measurements of 
the position of the third anisotropy peak in the CMB distribution [B8], which constrains the 
value of Q, today and at last scattering, as well as the time-averaged equation of state (wg) 
[89]. In the final part of this paper we shall present a model of dark matter that seems to 


be compatible with all the above-mentioned constraints. 
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FIG. 1. The asymptotic configurations in the plane {A ,q}. The full bold curves corre- 
spond to asymptotic solutions with fixed ratios pg/pq and with the following values of Qy: 
1, 0.8, 0.7, 0.6, 0.5, 0.4. On the right vertical axis we have reported the corresponding q-dependent 
acceleration parameter, Ga/a?. The thin dashed curves correspond to fixed asymptotic values of 


the dilatonic equation of state wg = pe/py, respectively —0.4, —0.7, —0.9 and —0.95. 


IV. FOCUSING AND DRAGGING WITH V =0: AN ANALYTIC STUDY OF 
EARLY-TIME EVOLUTION 


Having discussed, in the previous section, the late-time accelerated expansion caused 
by the interplay of the dilaton potential and the dark-matter dilatonic charge, it looks 
appropriate to illustrate the earlier evolution, i.e. before the dilaton potential starts entering 
the game. In this section we shall provide a semi-quantitative, analytic analysis of this 
behaviour as it follows from the string cosmology equations (2.21])—(2.24), by imposing on the 
non-perturbative normalization (B.3) the constraint Vo! * << Heg, where Heq is the curvature 
scale at the epoch of matter-radiation equality. In such a way the dilaton potential may 


eventually become important only at late times, in the matter-dominated era. We will show 
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that this early evolution can be roughly divided in three epochs, providing, altogether, an 
intermediate attractor that nicely connects to the accelerated behaviour described in Section 
IT. 

Let us start by considering an initial, post-big bang and post-inflationary regime of 
expansion driven by the standard radiation fluid, with negligible dilatonic charge, o, = 0. 
Possible non-relativistic matter, if present, is highly subdominant with respect to the other 
components (Pm < Pg, Pr) and, consequently, the dilatonic terms in eq. (2.24) can be 
neglected. The conservation equations can be easily integrated to give 


Pr = pac Po = pape ™. (4.1) 


Therefore, the dilaton (kinetic) energy density, even if initially of the same order as p,, is 
rapidly diluted like a~®. The dilaton itself, starting from a value ¢; ~ O(1) typical of the 
moderately-strong coupling post-big bang epoch, tends to settle down to a constant value 


(as already noticed in AO]), that can be easily estimated as follows 


k2 do\?  k? (de\? 
Ra (2) -5(¢) (Pr + po) = Po- (4.2) 


For pri = Poi we get 


do vV12 oy\ 1/2 
ry a (1 +'¢ ") , (4.3) 
which, for k = const., leads to a solution with asymptotic value ¢ = @, related to the initial 
value ¢; = (0) by the constant shift 


V12 


Ag = $1 - 6 = in + V2) ~ 5 of) 


a 4.4 

k /2 Co ( ) 
independently of ¢; and of the initial y (the last equality holds for ¢, large enough to justify 
the asymptotic relation k = V/2/,). 


Such an initial regime is effective until the dilaton kinetic energy becomes of the same 
order as Pm. At that point, some oscillations are triggered by the interference term of eq. 
(2.24), but the dilaton energy density keeps decreasing, on the average, until it enters a 
“focusing” regime, during which it is diluted at a much slower rate (like a~”), so as to 
converge, at equality, towards the larger values of p,, and p,. Eventually, when dark non- 
relativistic matter becomes the dominant source (pq 2 p,), the dilaton energy density tends 


to follow the dark matter evolution, as if it were “dragged” by it. 
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Before turning to a quantitative analysis of these two regimes we note that the time evo- 
lution of pg, in the “tracking” quintessence, is determined by the slope of the potential. In 
the present context, instead, the focusing and dragging effects are not due to the potential, 
but they are controlled by the non-minimal coupling induced by (’+q) (thus implementing 
an attractor mechanism already proposed for a class of non-minimal scalar-tensor models 
of quintessence |H1]). Thanks to the focusing effect, which seems to be typical of the string 
effective action (even if similar, in a sense, to the “self-adjusting” solutions of general rel- 
ativity with exponential potential [27]), the dilaton energy density at the matter—radiation 
equality turns out to be fixed independently from its initial value, and only slightly depen- 
dent from the initial value of the dilaton, ¢;. For large enough values of g, however, even the 
dependence upon @; tends to disappear, because the value of the dilaton itself gets focused, 


as will be discussed in the next section. 


For a quantitative analytical study of the “focusing” and “dragging” regimes, we start 
from eqs. (2.21)—(B.24). Lumping together baryonic and dark matter, neglecting V, and 


assuming, according to (8.7), 7 = 0m = 4(@) Pm, those equations can be easily recast in the 


form: 
dp, 
po BiG, (4.5) 
dx 
-1 Um 1/2) _ 
Pri — + [3 F VB €(06/p)"/?| = 0, (4.6) 
dx 
dp 
a + 6p4 + V3€ pm(p¢/p)'”” = 0, (4.7) 


where we have introduced the important parameter: 


v'(o) +49) 
e(o) = ——~, 4.8 

@= 5 (1.8) 
and the sign ambiguity comes from solving eq. (4.9) for dé/dx in terms of pg. The focusing 

solution is then characterized by the relation: 

n?(@) Pim 
jp = he (4.9) 
p 

ie. Qg = n?(d) Q?,, which holds under the assumption that both € and n are slowly varying. 


Indeed, we can establish the connection between these two quantities by inserting the ansatz 


(£.9) into 7). This gives: 
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dn 9 -1dpm ade 


4.10 


—~6 V3 © = an 
n 
where on the right-hand side the logarithmic derivative of (£.9)) has been taken. By using 
(f.6) one finally has 


d 
oe + V3 [n- +20mn| = 2n-°— ~ 0. (4.11) 
x 


We can now discuss a few cases of interest. During the radiation—dominated phase, and 
after the kinetic energy of the dilaton is quickly red-shifted away, we can neglect the term 
with Q,, in eq. (4.11), we set do/dx = —4p, and obtain: 


V3e do apie 3 p2, é7 
ney —, ee po 
dx 2k p 16p 








; (4.12) 


We refer to this behaviour as “focusing” since it implies that p,, lies, modulo a factor 
(16/3)e~?, at the geometric mean between p ~ p, and py. Hence, as we approach radiation- 
matter equality, pg is effectively focused towards the same common value of the other two 
components (see eq. (ff-15) below). Note that, for a positive €, this happens thanks to a 
negative dd/dy. 


In the matter-dominated regime it is no longer safe to neglect the term in Q,, in eq. 


(f4.11]), unless e < 1. In that case, the solution is 


ia any 
n~ V3e (=o) : Ng & 307, (- 2) ; (4.13) 


During matter domination, using dp/dy = —3p, one gets 


€ do 2¢ Pm€ 
Te a, = > Po = : 
4/3 dy k 3 





(4.14) 


tS 


In other words, the focusing regime has been turned into a dragging one: the dilaton energy 


is dragged along by the (dark) matter energy and keeps a (small) constant ratio to it. 


Incidentally, at the epoch of exact matter-radiation equality, using dp/dy = —3.5p, we 
easily get (still at small €): 
PO, BE (4.15) 
Peq 49’ 


which is always smaller than 6% for € < 1. 
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In order to understand what happens at larger values of € it is useful to find the reason 
why, for small €, p4/Pm stays constant. This comes about because the corrections to the a~? 
and a~® laws for pj, and pg, due to the non-vanishing ¢, push the two towards each other. 
It is easy to check that, precisely if pg/(Pm + ps) = €/3, both energies scale like gq (Bre), 
We note, incidentally, that the above ratio of energies nicely fits with the value given in 
(£14) when « < 1. Ife < 1, the decrease of pg is still slower than the a~* of p,, which 
justifies neglecting the latter. However, if « > 1, this is no longer the case and we have a 
third kind of behaviour, which can be called “total dragging”. In that case, as shown by a 
simple analysis, all three components of p scale like radiation, with the following sharing of 
the “energy budget” (remember that we are always at ( = 1): 

Qu 1 ae | 


Q SS. SSS SS_ = 7 . 
co) 9 362’ Q, €2 (4 16) 





In the next section we will see how numerical integration confirms in full detail the analytic 
behaviour we have discussed. We end this Section by discussing some constraints on our 


parameters. 


As already mentioned, we assume the ordinary components of matter (radiation and 
baryons) to have a nearly metric coupling to g,, (see discussion after eq. (B.4)). To be 
more specific, let us define the ratios between dilatonic charges and energy densities in a 


way similar to that used for cold dark matter in eq. (B.7), ie. 
Gr(@) = Or/ Pr, q(o) = o/pr. (4.17) 


Since it is precisely the ratio (w’ + q,»)/k, which controls both the effective coupling of 
the dilaton to ordinary macroscopic matter, as well as a possible time-dependence of the 
fundamental constants [f2|\A3], we shall assume that both q and q, are at most of order 
y’, in agreement with the discussion after eq. (B.5). We then find that there are neither 
appreciable violations of the equivalence principle in the context of macroscopic gravitational 
interactions, nor significant contributions to the time-variation of the fundamental constants, 
both effects being controlled by y'/k for gq.» — 0. In the strong coupling regime we have 
w'/k ~ e-?/(cyc2). For a non-negative ¢;, and c{,c3 of order 107, there is no appreciable 
deviation from the standard cosmological scenario down to the epoch of matter-radiation 
equality, so that one easily satisfies the early- Universe constraints on dark energy, as reported 


for instance in {44}. 


The dilaton charge of dark matter is not restricted by the experimental tests of long— 
range gravitational interactions: this is the reason why we can play with it in order to 


produce an acceleration. Still, from the above discussion on the early phases of the universe, 
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it is clear that high values of the dark-matter parameter € may result in dangerously high 
values for 24, and thus in radical deviations from the standard cosmological scenario. Until 
radiation-matter equality the situation is relatively harmless: we can easily estimate the 
dilaton energy density at the equality and at the nucleosynthesis scale, Hy ~ 10!°Heq, 
using the fact that the dilaton, during the focusing regime, is not significantly shifted away 
from the value ¢; + Ad, fixed by eq. (£4). Because of the focusing behaviour we find 
Q,(nucl) ~ 107° Qg(eq), and therefore the most stringent bound comes at equality, where, 
thanks to (#.15), it is comfortably satisfied for € < 1. 


During the dragging phase, however, we must certainly impose € < 1, otherwise, the 
phenomenon of “total dragging” takes place. This would represent a dramatic deviation 
from the standard cosmological scenario, since all the components pg, p,, Pa (except baryonic 
matter) would redshift in the same way (a~*) from equality until the potential starts to be 
felt. Even if « < 1, but not sufficiently small, the unusual scaling p,, « a~°-© tends to 
change the global temporal picture between now and the epoch of matter-radiation equality 
and, from eqs. (£14), values of Q4 ~ €?/3 (while in agreement with possible constraints at 
last scattering [44]]) can be dangerously high. In our context, a bound (Q4(drag) < 0.1, ice. 
e?(drag) < 0.3, appears to be necessary in order to agree with the observed CMB spectrum 


and with the standard scenario of structure formation. 


On the other hand, due to the smallness of w’ ~ e~?/c? in the dragging regime, an upper 
bound on « effectively turns into a bound on the value of q/k, i.e. on the dilatonic charge 
of the dark matter component. The above constraints thus translate into a bound for the 


combination Aq: 


A q( Gare) < 0.8, (4.18) 


where we used the already mentioned asymptotic relation \ = /2/k. It is clear that a 
constant q cannot satisfy the above bound and, at the same time, provide the present 
acceleration of the Universe by means of the mechanism described in Section (see also 
Fig. 1), that requires q\ % 4. 


A time— (or, better, @- ) dependent qg, however, is allowed. For this reason we have 
to consider cold dark matter models like the one of eq. (B.4)), whose dilatonic charge (B.7) 
switches on at large enough values of the dilaton. The transition to large values of @ is 
rapidly activated as the potential comes into play, py ~ pg. At that point, the dilaton 
energy density stops decreasing and freezes at a constant value, necessarily crossing, at some 
later moment, the matter energy density, pg ~ pg. From then on, the dilaton starts rolling 
towards +oo, triggering the effect of the dilatonic charge, which rapidly freezes the ratio 


Po/Pm and (for suitable values of g) leads to the accelerated asymptotic regime described 


19 


by eqs. (B.16))—-(B.17). Explicit numerical examples of such a behaviour will be discussed in 
Section [V} 


For a realistic picture, in which the positive acceleration regime starts around the present 
epoch (and not much earlier) and the standard scenario of structure formation is implemented 
successfully, we have to require that the contribution of the dilatonic charge (as well as the 
effect of the dilaton potential) come into play only at a late enough epoch. The importance 
of this constraint was already discussed in the context of other scalar-tensor models of 
quintessence where, for instance, the non-minimal coupling of the scalar field to the trace 
of the dark matter stress tensor was assumed to be ¢-dependent, to interpolate between a 


small and a large mixing regime. 


V. NUMERICAL EXAMPLES 


Finally, after the analytic discussion of the previous section, it seems appropriate to 
illustrate the “run-away” dilaton scenario with some numerical example, both in order to 
confirm the validity of some approximations made in deriving the analytic results, and in 
order to see how the various regimes we discussed can be put together. To this aim, we shall 
numerically integrate eqs. (2.19)—(2.23), using eq. (2.20) as a constraint on the set of initial 
data, and assuming an explicit model for the dilatonic charges and the dilaton potential. 
Also, following the “induced-gravity” ideas [RIl], we shall specialize the loop form-factors 


according to eq. (B.]]), using the “minimal” choice 


e Yo) = ¢? ae ce : Z(¢) = ee es : (5.1) 


First of all, for a clear illustration of the “focusing” and “dragging” regimes, let us put 
V =0, 0, = 0 = 95, and og = gpa, with q = const. By choosing, in particular, c? = 100, 
c5 = 30, we have integrated eqs. (2-19)—(2-23) for three different values of the charge, q = 0, 
q = 0.01, and g = 0.1, starting from the initial scale H; = 10°? Hq, 


t fig ue mat 
(=) = (=) = (22) 2 79- (5.2) 

Qeq Hi; Pri 
and using pg; = Pri, 6; = —2 as initial conditions. It should be noted that such initial 
conditions are generic, in the sense that different initial values of pg and @ may change the 


fixed value reached by @ during the focusing phase, but do not affect in a significant way the 


subsequent evolution, as will be discussed at the end of this section. 
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FIG. 2. Time evolution of pg for q = 0 (dash-dotted curve), q = 0.01 (dashed curve) and 
q = 0.1 (dotted curve). The initial scale is a; = 10~?°aeq, and the epoch of matter-radiation 
equality corresponds to x ~ 46. Left panel: the dilaton energy density is compared with the 
radiation (thin solid curve) and matter (bold solid curve) energy density. Right panel: the dilaton 
energy density (in critical units) is compared with the analytical estimates (4.1), (4.13), (4.14) for 
the focusing and dragging phases. 


The results of this first numerical integration are illustrated in Fig. 2. The left panel 
clearly displays the initial regime of fast dilaton dilution (pg ~ a~®), the subsequent focusing 
regime (pg ~ a~*, see eq. (4.12)) triggered (after some oscillations) soon after pg falls below 
Pm, and the final dragging regime (pg ~ Pm, see eq. (H.14})) in the epoch of matter domination 
(the epoch of matter-radiation equality corresponds to y ~ 46). Note that the constant 
values of g have been chosen small enough to avoid the phenomenon of “total dragging”, 
see Section [V}. Note also that, in this example, p,, always coincides with pg. In the right 
panel the evolution of Q,, obtained through the numerical integration, is compared with the 
analytic estimates (4.19), (£13), (£14), for the three different values of g. In all cases, Q4 
grows like a? during the focusing regime (in the radiation era), while the final stabilization 
Q, = const, after the epoch of matter-radiation equality (y 2 46), clearly illustrates the 


effect of the dragging phase during which pg and p,, evolve in time with the same behaviour. 


For a realistic model of quintessence, however, a constant dilatonic charge cannot drive 
the Universe towards an asymptotic accelerated regime and, simultaneously, satisfy all the 


required phenomenological constraints during the earlier epochs (as discussed in the previ- 


Pall 


ous sections). By keeping 0}, 0, ~ 0 at large coupling (see eq. (B.5) and the discussion 
thereafter), we shall thus consider the explicit model of scalar dark matter (8.4), with the 


following simple loop form—factors 


eS) = 1 4 00 /¢?, e?) — const (5.3) 


(note that, by a field redefinition, one of the two loop factors can always be taken to be 
trivial: what really matters is the ratio eS/e”). Using (B.7)) we immediately get 


Oa eso? 


qo) =— =% 


>—— 5.4 
Pa c? + e909? ” Of 


which is exponentially suppressed in the perturbative regime, and approaches g = qo at large 
coupling (for go > 1 it is thus compatible with an asymptotically accelerated cosmological 
configuration, see Fig. 1). For our numerical example we shall choose gg = 2.5 and c? = 150, 
but the behaviour of the solution is rather stable, at late times, against large variations of 


the latter parameter (see the discussion at the end of this section). 


In addition, we have to specify the form of the dilaton potential. In agreement with 
its non-perturbative origin, and with the assumtion of exponential suppression at strong 
coupling (see Section [[V)), the simplest choice is a difference of terms of the type e Biota), 
We shall thus consider the bell-like potential (in units M/? = 2) 


V(¢) = mj [exp (-e~*/,) — exp(-e-*/e)],  O< a < hh, (5.5) 


which leads, asymptotically, to the large-¢ behaviour of eq. (B.2)). The mass scale my, related 
to the mass M, of eq. (8-9), will be fixed at my = 10-* Hg, together with 3; = 10, % =5, 


for a realistic scenario that starts accelerating at a phenomenologically acceptable epoch. 


With all the parameters fixed, we have numerically integrated the evolution equations 
(B.19)—(2.23), for our model of charge (6.4) and potential (6.5), using the same initial con- 
ditions as in the previous example, but separating the dark and baryonic components inside 


Pm. In particular, we have set, initially, pg = 10~?°p,;, py = 7 X 1077p, ,. 


The resulting late-time evolution of the various energy densities is shown in the left 
panel of Fig. 3. Dark matter and baryonic energy densities evolve in the same way, until 
the potential comes into play, starting at a scale around y ~ 49. The potential first tends to 
stabilize pg to a constant but then (thanks to the contribution of q) the system eventually 
evolves towards a final regime in which pg and pq are closely tied up, and their asymptotic 
evolution departs from the trajectory of the standard, decelerated scenario (in particular, 


they both scale, asymptotically as a~°/(?+9), see eq. (8.18). It is amusing to conjecture that 
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FIG. 3. Left panel: Late-time evolution of the dark matter (solid curve), barionic matter 
(dashed curve), radiation (dotted curve) and the dilaton (dash-dotted curve) energy densities, 
for the string cosmology model specified by eqs. (5.4), (5.4). The upper horizontal axis gives the 
logj9 of the redshift parameter. Right panel: for the same model, the late-time evolution of q 
(fine-dashed curve), wg (dash-dotted curve), Q4 (solid curve) and of the acceleration parameter 


aia/a? (dashed curve). 


the different time-dependence of p, and rg could be responsible for the present small ratio 


Po/ Pa- 

In the right panel we have plotted the time evolution of the dilatonic charge q, of the 
energy density 04, of the equation of state wg, and of the acceleration parameter a/aH”. 
When the potential energy becomes important, all the above quantities rapidly approach 
their asymptotic values given in eqs. (B.14)-(B.17). Note that, with our choice of parameters, 
we have go = 2.5 and A = ¢/c2 = (10/3, corresponding to an asymptotic value Q4 ~ 0.733, 
slightly exceeding the best fit value suggested by present observations |B6,B7]. It is important 
to stress, however, that the asymptotic attractor may be preceded by a (short) oscillating 
regime, which, as illustrated in the right panel of Fig. 3, can easily allow for values of the 
cosmological parameters different from the asymptotic ones to be compatible with present 
observations. Note also that, when switching from the focusing to the dragging phases, the 
dilaton starts to move back towards decreasing values of q, as will be illustrated also by a 
subsequent numerical integration. This may slow down the evolution of pg with respect to pm, 


during the dragging, as shown for instance in the left panel of Fig. 3. Because of this effect, 
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FIG. 4. Time evolution of the dilaton field, for different initial conditions ¢; = —4,—2,0,2. All 
the other parameters are the same as in the example of Fig. 3. After the plateau associated with 
the focusing regime, and for a strong enough dilatonic charge, the solutions tend to converge to a 
common value of ¢. The subsequent running to +00, driven by the potential, is thus completely 


independent from the initial value. 


however, the dilaton can easily satisfy, during the dragging phase, the phenomenological 
bounds discussed in the previous sections. This does not require fine tuning, the validity if 
the bounds being guaranteed for a large basin of initial conditions by a convergent behaviour 


of the solutions during dragging. 


During the focusing phase, in fact, the dilaton is practically frozen, as can be argued 
from eq. (f.12), and its effective constant value, as determined by eq. (£4), depends on 
@;. However, if such a value is high enough, the presence of the dilatonic charge may 
become important, and may contribute to the focalization towards the epoch of matter- 
radiation equality, as already anticipated. This is illustrated in Fig. 4, which shows the time 
evolution of the dilaton obtained by numerically integrating the same model as in Fig. 3, 
for different initial values ¢; = —4,—2,0,2. Although we start with different dilaton values 
at the plateau associated with the focusing regime, all the solutions tend to converge as we 
enter the dragging regime, so as to make the subsequent (potential-dominated) evolution 


insensitive to the initial value of the dilaton]. 


'The preceding evolution, of course, is not sensitive either, since during focusing the order of 
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FIG. 5. Time evolution of q(¢), from eq. (6.4), for three different values of the parameter c. 
All the other parameters are the same as in the example of Fig. 3. During the dragging phase the 


value of q converges to the regime q < 1. 


This new focusing effect, which is very different from the one of the energy densities 


during the radiation-dominated phase, can also be understood analytically by writing the 


solution of eq. (#.14) as: 


—. _ fe KG) 5 
AMS Iss, DEO) si ee) 





Since k is almost constant, a variation d¢eq on the initial value of ¢ changes the solution 
(x) by an amount 6¢(x) = [e(@)/€(Geq)]OGeq, Which rapidly decreases (with g(¢)) during 
the dragging phase. This is why the solution has become independent of the initial value of 


@ by the time the potential becomes an important component. 


For the same reason, the model is only weakly affected by variations of the parameter c in 
eq. (5.4), which roughly gives the transition scale between small and large dilatonic charges: 
@s = (2/qo) loge. Indeed, because of the above mechanism the dilaton is pushed back during 
the dragging phase the dilaton is pushed back, with a velocity as high as needed to reach, 
in any case, the safe zone q < 1. This effect is illustrated in Fig. 5, where we have plotted 


the time evolution of q(@), for the same model as Fig. 3, and for three different values of c. 


It should be noted, in conclusion, that the above class of models depends in crucial way 


magnitude of Q4 is given by Q2, as in (4.1). 


25 


on three important parameters: my, go and the ratio X = c,/cg. The first one controls the 
transition time between the epoch of standard cosmological evolution and the final acceler- 
ated regime (as can be easily checked, for instance, by repeating the numerical integration 
of Fig. 3 with different values of my). The other two parameters control the asymptotic 
properties of the model (acceleration, equation of state, ...), as discussed in Section [I] 
Future precision data, both from supernovae observations and from measurements of the 
CMB anisotropy, could give us a good determination of these parameters, thus providing 
important indirect information on the parameters of the string effective action in the strong 


coupling regime. 


VI. CONCLUSION 


Let us conclude by summarizing the main points of our work. We have argued that a 
run-away dilaton can provide an interesting model of quintessence under a well-defined set 


of assumptions that we list hereafter: 


e The limit of supertring theory, as its bare four-dimensional effective coupling goes 
to infinity (so called induced gravity/gauge or compositeness limit), should exist and 
make sense phenomenologically, i.e. should yield reasonable values for the unified gauge 
coupling at the GUT scale and for the ratio Mp/Mgur, thanks to the large number of 


degrees of freedom at Mceur; 


e In the visible-matter sector, the couplings to the dilaton, either direct or through the 
trace of the energy-momentum tensor (i.e. via a conformally rescaled metric), should 


vanish in the @ — +00 limit; 


e In the dark matter sector, there should be a surviving coupling to the dilaton (and 
thus violations of the strong and/or weak equivalence principles) even in the ¢ — +00 


limit; 


e The dilaton potential should be non-perturbative, go to zero asymptotically, and have 


an absolute scale not too far from the present energy density. 


Under these circumstances, it is natural for the dilaton energy in critical units, Q4, to 
be: i) subdominant during radiation domination; ii) a (small) fraction of the total energy 
at matter-radiation equality; iii) a (small) fraction of Q,,, during the earlier epoch of matter 
domination; iv) a fraction of dark-matter energy since a red-shift O(1). This very last phase 


is characterized by an accelerated expansion. 
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In other words, this framework seems to be naturally consistent with present astrophysical 
observations and with known cosmological constraints. From a theoretical point of view the 
model appears to combine nicely previous ideas on dilaton stabilization and decoupling 
with those recently advocated (e.g. in 28]) so as to have acceleration while keeping the ratio 
Q(dark energy) /Q(dark matter) constant. 


It must be stressed, of course, that the analysis presented in this paper is still prelimi- 
nary, and that various problems are still open. In particular, a precise computation of the 
CMB anisotropy spectrum, and of the spacing of acoustic peaks expected in this context, 
as well as a comparison with currently available measurements [J], could provide significant 
bounds on the parameters of the string cosmology models we have discussed. Such an in- 
vestigation is postponed to future work. Nevertheless, we believe that the results of this 
paper are encouraging, as they suggest that the dilaton, which can hardly play the role of 
the inflaton in the standard inflationary scenario |f5], could play instead a successful role as 


the quintessential field in post-inflationary, late-time cosmology. 
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Abstract 
The decay of the string perturbative vacuum into our present cosmological 
state is associated to the transition from a phase of growing curvature and 
growing dilaton, to a phase of decreasing curvature and frozen dilaton. The 
possible approaches to a classical and quantum description of such a transition 
are introduced and briefly discussed. 


tC 
ON 
ON 
sl 
= 
= 
= 
ioe) 
— 
— 
>! 
ves, 
Lc 
© 
\O 
© 
~ 
ON 
~ 
oO 
T. 
4 
oN 


‘arXiv 


r 





To appear in 
Proc. of the Euroconference “Fourth Paris Cosmology Colloquium” 
Observatoire de Paris, June 1997 — ed. by H. De Vega and N. Sanchez 
(World Scientific, Singapore) 


fine!! 


BIRTH OF THE UNIVERSE IN STRING COSMOLOGY 


MAURIZIO GASPERINI 


Dipartimento di Fisica Teorica, Universita di Torino, 
Via P. Giuria 1, 10125, Turin, Italy 
and Istituto Nazionale di Fisica Nucleare, Sezione di Torino, Turin, Italy 


Preprint No. DFTT-35/97; E-print Archives: pr-qc/970603 


1. Introduction 


In the context of the pre-big bang cosmological sostintiol, based on the string ef- 
fective action, the process of “birth of the Universe” corresponds to the transition 


“stringy” effects may become important. Such a process may be qualitatively illus- 


trated as in Fig. 1, by plotting the time evolution of the curvature scale from the 
initial vacuum down to the present cosmological state. The aim of this paper is to 
introduce, and briefly discuss, the classical and quantum approach to the transition 
from the pre-big bang to the post-big bang regime. 

Before starting the discussion, let me stress that the physical system that we 
call Universe evolves in time, like all physical systems. For our convenience, its 
evolution can be divided into various phases: now we are in the matter-dominated 
phase, but in the past there was certainly a radiation-dominated phase, and an 
explosive phase of very high curvature and density, that we may call “big bang”. 


I cannot find any convincing reason, however, to believe that before the big bang 
there was “nothing”. 

To make an analogy with another physical system, consider for instance the 
(G-decay of a neutron. The initial neutron is transformed into a proton, an electron 
and a neutrino. For these three particles, the decay process is a sort of “big bang” 
which marks the beginning of their existence. This does not means, however, that 
these three particles spring out of nothing: initially, the system was in a different 
quantum state, representing a neutron. 


In the same way, coming back to cosmology, the high curvature big bang phase 


certainly marks the beginning of the present state of the Universe, i.e. of the stan- 


dard Friedmann phase that we can observe today. It seems quite reasonable, how- 
ever, to wonder about the state of the Universe preceeding the big bang explosion. 
The answer suggested by string theory is illustrated in Fig. 1: our present cosmolog- 
ical phase, decelerated, with decreasing curvature, might have been complemented 
by a dual phase, accelerated, with growing curvature, which seems natural to call 
“pre-big bang”. In this context, the very early cosmological evolution from the 
perturbative vacuum, i.e. from a configuration with asymptotically flat metric and 
vanishing coupling constant, can be consistently described by the lowest-order string 
effective action, as will be discussed in the following Section. 
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Figure 1: Curvature scale versus time in the pre-big bang scenario. 


2. Low-energy pre-big bang evolution 


In the context of the pre-big bang scenario, the global evolution of the universe can 


be conveniently represented in the phase space spanned by the Hubble factor and 
by the dilaton kinetic energy. 

Consider in fact the lowest order gravi-dilaton effective sétiond, which in d crit- 
ical spatial dimensions, and in the string frame, takes the form 


1 


eT 





/ dy /[gle-* (R+ 0,40"). (2.1) 


(A; = (a’)!/? is the basic string length parameter). For an isotropic and spatially 
flat background (but we “q also consider more general initial conditions, spatially 


curved and inhomogeneous), the asymptotic solutions approaching the singularity 


scale factor 


+ lambda! 


can be written aah 











a) Gaye", @(t) = —In(+4), (2.2) 
where a is the scale factor, and @ is the so-called “shifted” dilaton: 
déx 


¢=¢-dlna—In 





x (2.3) 
(we are assuming spatial sections of finite volume). Such solutions are characterized 
by four branches, depending on the range of time, and on the power of the scale 
factor. As illustrated in Fig. 2, these solutions are represented by the bisecting lines 
in the plane spanned by VdH and ¢ (H = @/a, and a dot denotes differentiation 
with respect to the cosmic time t). 

The string perturbative vacuum is characterized by H = 0 = @, and corresponds 
to the origin of that plane. In the limits |H| — oo, {¢| — oo, the background 
approaches a curvature singularity. The four branches of the solution describe ex- 
pansion or contraction depending on the sign of H, and represent a pre-big bang 
configuration (evolving towards the curvature singularity) or a post-big bang con- 
figuration (evolving from the singularity towards an asymptotically flat spacetime), 
depending on the sign of ¢. Notice that, in the isotropic case, only the branch called 
“expanding pre-big bang” in Fig. 2 describes a true evolution from the perturbative 
vacuum (i.e. from a state of zero string coupling), because in the contracting branch 
the true dilaton ¢ is cat and the string coupling e® is also decreasing. 

The four branches of the solution are connected by QED transformationd: 


a>a=a, o— ¢, (2.4) 
and t-reversal transformations: 
a(t) — a(—t), Gt) > G(-t). (2.5) 


A monotonic (expanding or contracting) transition from pre- to post-big bang thus 


requires a combination of both T and ¢ transformations, as illustrated in Fig. 2. 





The simplest potential is the one induced by a Sana constant, V(¢) = A. 
In that case the solutions are characterized by the conditio 


62 —(VdH) =A, (2.6) 


representing an hyperbola in the plane of Fig. 2, and the initial vacuum is shifted to 
a state of flat metric and linearly evolving dilaton. The solution is still characterized 
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Figure 2: Global view of the possible cosmological evolution from and 
towards the string perturbative vacuum. 


by four branches disconnected by a curvature singularity, so that a transition from 


the pre- to the post-big bang phase remains classically forbidden. It may be allowed, 
however, at a quantum level. 

If we compute, with the Wheeler-De Witt (WDW) equation, the probability of 
‘transition to a post-big bang phase with A # 0, we find indeed that such a proba- 
bility is finite and non-vanishing, in spite i he presence of a curvature singularity 
disconnecting, classically, the two regimesHB (such transitions are represented by 
the dashed curves of Fig. 1). 


The transition from a state of positive ¢ to a state of negative ¢ is allowed 
even classically, and even in the absence of a dilaton potential, provided we add 
to the lowest-order action (P-1) the higher-derivative corrections, arising from an 
expansion_of the string effective action in powers of the curvature (the so-called a’ 
expansiong). Already to first order in a’, we can find indeed exact solutions which 
smoothly interpolate between the pre- and post-big bang regimd4, connecting the 
perturbative vacuum to a final state of constant curvature and linearly evolving 
dilaton, as illustrated by the solid curve of Fig. 2. 

Fig. 2 illustrates the two possibilities (classical, solid line, and quantum, dashed 
lines) of transition from pre- to post-big bang, and thus provides a schematic sum- 
mary of my subsequent discussion. 


3. Quantum string cosmology 


‘The quantum approach to the transition is based on the WDW equation, obtained 





SCS/=pBBS 





‘from the low-energy String effective Action, All the standard quantum cosmology 


problems (time parameter, probability interpretation, semiclassical limit) remain, 
except perhaps the problem of quantum ordering, since the ordering is fixed by the 
duality symmetry. The aim of this approach is to compare, and possibly contrast, 


the quantum results obtained in the context of the standard cosmological scenario, 


with the results obtained, with the same method and the same assumptions, in the 
context of the pre-big bang scenario. 

The main difference between the two scenarios is qualitatively illustrated in Fig. 
3, in which we compare classical cosmology, quantum cosmology with tunnelling 
boundary conditiond HE 
nario. While in classical cosmology the initial singularity is unavoidable, in quan- 


and quantum string cosmology for the pre-big bang sce- 


tum cosmology the Universe may avoid the singularity, emerging from the quantum 


regime through a tunnelling process, (The natural suggestion of string theory is that 
‘but from the preceeding pre-big bang phase. 


3.1. Quantum transition from pre- to post big bang 


For a sort, but self-contained, illustration of how this program could be imple- 
mented, we can start with the simplest gravi-dilaton action .1), supplemented by 


a dilaton potential V(@), in d = 3 isotropic dimensions: 


_ Xs e? ny 
= fat (4 —¢ -V), (3.1) 


N is the usual lapse function, and Quem The variation of the lapse, in the 


cosmic time gauge N = 1, gives the Hamiltonian constraint 

113 — 112 + 2V(6,d)e?* =0, (3.2) 
and the WDW equation 

[a2 - 03 + 2V(G,9)e?4] d =0, (3.3) 


where we have introduced the canonical momenta: 


ita 5s ee te Pa (3.4) 
eo @ 
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In the absence of a dilaton potential the WDW equation 6.3) reduces to the 
massless Klein-Gordon equation, and we aoe a plane wave representation of the 
four branches of the classical solution, wf ys ) wv etikBtikd where 
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They corresponds to expansion (IIg > 0), contraction (IIg < 0), growing dilaton 
(Ig < 0), decreasing dilaton (IIz > 0), according to eq. 6.4). A transition from 
a state of pre-big bang expansion to a state of post-big bang expansion thus corre- 
sponds, in this representation, to a transition from a state of positive momentum 
IIg and negative momentum Uy, to a state with positive Hg and IG. In other 
words, the transition corresponds to a monotonic evolution along the ( direction, 
and to a reflection along the ¢ direction. 


in the minisu- 
perspace spanned by ( and @, in which @ plays the role of the time-like coordinate, 
and ¢ plays the role of the space-like coordinate, as illustrated in Fig. 4. The initial 
pre-big bang state, » ~ et'***, is partially transmitted towards the singularity, 


and partially reflected back to a post-big bang configuration, wy ~ e~'*?-**8_ The 
transition probability is controlled by the reflection coefficient, R = we? Fy? wo? le 
(see Ref. [13] for a rigorous definition of scalar products in the appropriate Hilbert 


The boundary conditions, in this context, are unambiguously fixed by the choice 
of the perturbative vacuum as the initial state of the Universe. It may be noted that, 
with this choice, there are only outgoing waves at the singular spacetime boundary 
(¢ — +00), just like in the case of tunnelling boundary conditiond4, We may thus 


look at the process as at a sort of “tunnelling from the string perturbative vacuum’ , 


even if, in this minisuperspace representation, the WDW wave function is actually 


reflected. 

er the reflection is induced by a cosmological constant, V = A, we have 
checked that the transition probability is indeed very similar to the tunnelling 
probability. Both are exponentially suppressed, unless the cosmological constant 
is very large and the proper size of the transition volume is very small in string 
units. The only basic difference is that, in a string cosmology context, the coupling 
constant is controlled by the dilaton and it is thus running in Planckian units. As 
a consequence, the Universe tends to emerge from the pre-big bang phase in the 
strong coupling regime, since the transition probability has a typical instanton-like 
behaviour ~ exp(—g;7), where g, = exp(#/2) is the string coupling parameter. 


It is important to stress, finally, that the WDW eq. 6.3) is free from problems 
of operator ordering. Indeed, thanks to the duality symmetry of the effective action, 
the WDW Hamiltonian is associated to a globally flat minisuperspace. 


For a more general discussion of this point, we may add to the effective action 
®.1) a non-trivial antisymmetric tensor (also called torsion) background, B,, 4 0. 
The kinetic part of the action may then be written in compact form as 


c= = / dte~? Go he a M(M~?)| , (3.6) 


where M is a symmetric 2d x 2d matrix, including the spatial part of the metric, 


G = gij, and of the torsion, B = B,;: 


Gq B 
— ee Bee et) 


This action is invariant under global O(d, d) wanstortiationss which leave invariant 
the shifted dilaton, 
o— 4, M => OF MQ, (3.8) 


where 
0 1 
OF 7Q = 9, n= € - (3.9) 


The Hamiltonian associated to torsion-graviton background, 
H ~Tr (M IIyM Ilys), IIy = 0S/6M, (3.10) 


would seem to have ordering problems, because [M, I] 4 0. However, thanks to 
the O(d,d) properties of M, 
MnM =n, (3.11) 


we can always rewrite the kinetic part of the action in terms of the flat O(d,d) 
metric 77: 
Tr M(M~'y = Tr (Mn)?. (3.12) 


The corresponding Hamiltonian 
AwtTr (n Ilys 7) IIs) (3.13) 


has a flat metric in momentum space, with no ordering problems for the correspond- 
ing WDW equation. 

It may be noted that, for a general curvilinear parametrization of superspace, 
the ordering fixed by the duality symmetry is equivalent to the ordering fixed by 
the requirement of reparametrization invariancad. It is crucial, for this equivalence, 
the fact that there are no contributions to the ordered Hamiltonian from the scalar 
curvature of minisuperspace, because minisuperspace is globally flat. 


3.2. Quantum transition from expansion to contraction 


The transition discussed in the previous Section was characterized by a monotonic 
evolution of the scale factor. In the context of the pre-big bang scenario, how- 
ever, it is also important to consider the possibility of transitions from expansion 
‘to contraction. Indeed, if we start with a higher-dimensional and anisotropic per- 
turbative vacuum, the injtial growth of the dilaton requires a large enough number 
of expanding canes in general larger than 3. On the other hand, a model 
of dynamical dimensional reduction requires only three expanding dimensions, with 
all the other dimensions contracting down to a final compactification scale. The 
late-time transition of an appropriate subsection of the spatial manifold, from the 


expanding pre-big bang phase to the contracting pre-big bang phase, may thus be 
useful to implement a realistic cosmological scenario. 

Tf the dilaton potential depends only on @, the action (B.1) is duality-invariant, 
the momentum along / is conserved, [IIg, H] = 0, the evolution of the scale factor 
is monotonic, and the transition from expansion to contraction is classically for- 
bidden. Such a transition is allowed at the quantum level, however, where it can 
be represented (in a third quantization formalism) as a process ee 
(pairs of universes, in this case), out of the string perturbative vacuum. This 
process is described by the same action, same Hamiltonian, same minisuperspace 
as before, but with different boundary conditions, and with a 90 degree rotation of 
the time axis (see Ref. [16] for a classification of the different types of scattering of 
the perturbative vacuum in the (3,¢) minisuperspace). 

Consider in fact the configuration illustrated in Fig. 5, where we have one in- 
coming wave in the weak coupling regime ¢@ — —oo, and two waves, one incoming, 
the other outgoing, in the strong coupling regime ¢ — +00. All the asymptotic 
states appearing in Fig. 5 are eigenstates of Ig, with positive momentum k > 0. 
However, if ¢ is the time-like coordinate, the final state is a mixture of positive and 
negative frequency modes, ye, In a quantum field theory context, this configura- 

BOGO!!! tion describes alBogolinbov process of pair creation outof the vacwim, in which the 


negative frequency mode is re-interpreted as an anti-particle of positive frequency (Feynm an) 
(i.e. positive energy) and opposite spatial momentum. 





In our case the spatial momentum is IIg, and a negative value of IIg corresponds 
to a contraction. The final state of the process illustrated in Fig. 5 thus describes, 
in a third quantization formalism, the production from the vacuum of a universe— 


anti-universe pair, one expanding, the other contracting. 

With such a boundary conditions, the process cannot be interpreted as a tun- 
‘nelling. It can be interpreted, instead, as an “anti-tunnelling from the string pertur- 
bative vacuum”, i.e as aprocess in which the WDW wave function is parametrically 
‘amplified in superspacd4. The probability of the process is indeed controlled by the 


‘Bogoliubov coefficient which weights the anti-universe content of the final state, and 
which becomes, in the parametric amplification regime, the inverse of the quantum 
mechanical transmission coefficient associated to the scattering process. 





a solution to the antimatter pb 


4. Classical evolution from pre- to post-big bang 


A classical description of the transition, in terms of an exact solution connecting 
in a smooth way the pre- and post-big bang regime, is known to be excluded in 
the context of the lowest-order string effective action, for any local (and realistic) 
dilaton potential. It may be allowed, however, when higher order corrections to 


the action are taken into account. 
In string theory there are two types of mean order corrections: higher-derivative 


terms, appearing in the so-called a’-expansio d and higher loops in the string 
coupling parameter g, = e%/?. The first is : due to the 


presence of the minimal, fundamental length \, = (a’)!/?; the second is a quantum 





1 alpha’ 


corrections 





CFT condition 


effect, controlled by the expectation value of the dilaton field. 

Both types of corrections are probably required for a complete and successful 
description of the transition. For pedagogical reasons, however, it is better to discuss 
their effects separately, starting with the a’ corrections that are probably the first 
to come into play when the background evolves from the perturbative vacuum. 


4.1. Higher-derivative corrections 


To first order in a’, ie. including all terms required by the gravi-dilaton sector 
of string theory up to four derivatives in the tree-level action, the action can be 
written ast 





/ 
o= va / a’ xy/|gle ° [e+ (Vo)? -— + (Rep -(V9)')], (4.1) 
s 

where R&p = Ri,43 — 4Ri, + R? is the usual Gauss-Bonnet invariant. Note that 
there are no free parameters, except a possible number of order unity in front of the 
a’ corrections, depending on the particular (super)string theory (bosonic, heterotic, 
...) adopted. We have chosen here a convenient field-redefinition that eliminates 
higher-than-second derivatives from the equations of motion, but at the price of 
introducing dilaton-dependent a’ corrections. 

A numerical integration of the equations of motion (in any number of dimen- 
sions) shows that, already to this order in a’, the effect of the higher-derivative 
terms is to contrast the growth of the curvature and of the dilaton, leading the 
background to a final regime in which the curvature is constant, and the dilaton 
is linearly growing (in cosmic time). This is clearly illustrated in Fig. 6, which 
shows the result of a numerical integration of the equations of motion, with the 
perturbative vacuum (H = 0 = ¢) as initial conditions att— —oo. The plot refers 
to the case d = 3, but the result is qualitatively the samd4 for any d. 

It is important to stress that such a state of frozen curvature and linear dilaton 
may represent a solution to all orders in a’ of the tree-level action. Indeed, the 
complete set of the string o-model (@-function equations, for a Bianchi-type I gravi- 
dilaton background, has been shown to reduce, to all orders, to an algebraic set 
of d+ 1 equations in d+ 1 unknowns, representing the (anjsotropic) linear rate of 
growth of the log of the metric and of the string coupling. The existence of real 
solutions for this system is a sufficient condition for the existence of an exact (in 
the sense of conformal field theory, i.e. to all orders in a’) solution with constant 
curvature and linearly evolving dilaton. 

It may be noted that a solution with H = const, b = const, is in general allowed 
in many higher-derivative models of gravity. Such a fixed point of the cosmological 


2 One loop 


corrections 





equations, however, is in general disconnected from the trivial fixed point H = 0 = @¢ 
(the perturbative vacuum, in this case) by a singularity, or by an unphysical region 
in which the curvature becomes imaginary. For the action (4-1), on the contrary, 
the constant fixed point is a late time time attractor for all isotropic backgrounds 
emerging from the string perturbative vacaunlil 

This attraction property, unfortunately, is not invariant under field redefinition, 
as we have checked, until the action is truncated at a given finite order in a’. Also, 
and most important, the growth of the curvature is stopped, but the transition 
is not completely performed. Indeed, the final fixed point is in the post-big bang 
regime @ < 0, as illustrated in Fig. 2, but the transition cannot proceed further 
towards the lower curvature regime, without including additional corrections or an 
appropriate dilaton potential in the effective action. 

The reason for this incompleteness is that the action 4.1) is invariant under 
time reflections, but is not duality-invariant. As a consequence, what is regularized 
is the expanding pre-big bang branch of the lowest order solution, and its time- 
symmetric counterpart, the contracting post-big bang branch. This is illustrated 
in Fig. 7, where we plot the evolution in time of the curvature scale, according 
to a numerical integration of the equations of motion. The dashed curves are the 
four branches of the corresponding lowest-order, singular solution. The expanding 
post-big bang branch remains singular, and cannot be smoothly connected to the 
regularized pre-big bang branch. More corrections are to be added to the effective 
action. 


4.2. Loop corrections 


One-loop corrections to the string cosmology equations have been discussed by 
various authors, in D = 2 and D = 4 spacetime dimengions. In two dimensions, 
the one-loop corrections to the so-called CGHS model lead to the action 


k 
S = Stree + 5 [evs (RO-?R+€4R), (4.2) 


where Stree is the tree-level action, and k is a dimensionless parameter that depends 
on the number of conformal scalar field present in the model. Notice that the trace- 
anomaly term RO-?R has been supplemented by the local covariant counterterm 
eR, that one is free to add to preserve classical cores 

In four dimensions, the dimensionally reduced one-loop action can be written 


























S = Stree — a5 / d'a/—g€(0)F [R?, (0,¢)*, R09)”, ....] (4.3) 


where 6 is a model-dependent number of the order of unity, €(0) ~ —(27/3) cosha is 
a function of the modulus field o parametrizing the size of the internal compactified 
manifold, and F' is a complicated four-derivative function of the metric and of the 
dilaton, that in the Einstein frame factorizes into the Gauss-Bonnet form times a 
dilaton-dependent function. The tree-level action, in eq. (4.3), includes the modulus 
field and the first order a’ corrections. 
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a bounce in 


Both the analytical and numerical solutions of the actions (4.2) and show 


that the effect of loop corrections is to induce a bounce in the curvaturdSE4 the 


curvature grows, reaches a maximum and then decreases, with a typical “bell-like” 
shape which mimics the effects of a transition from pre- to post-big bang. 

The dilaton, however, remains growing from —oo to +oo0. It is true that a 
monotonic evolution of the dilaton from weak to strong coupling is equivalent, via 
S-duality transformations, to a smooth interpolation between two different weak 
coupling regimes. The final value of the string coupling should go to a finite con- 
and this 








stant, however, and not to zero. 
probably requires the addition of a realistic, non-perturbative potential. 

with the cosmological solutions of the one-loop corrected action, at 
least for the cases that we have analyzed, is that the final background configuration 


is still characterized by ¢ > 0. This means, in other words, that there is no branch 


changing: the background is still in the pre-big bang regime (in spite of the fact 





that the curvature is decreasing), 4 the dilaton is not ready to be attracted to 
any stable minimum of the potential/4. 


We may thus conclude, to the best of our present understanding of string cosmol- 
ogy, that a’ and loop corrections can separately implement different aspects of the 
transition from pre- to post-big bang. They are both required, however, together 
with an appropriate non-perturbative potential, for the description of a complete 
transition. 


5. Conclusion 


String theory can provide (at least in principle) a consistent description of the Uni- 
verse at all curvature scale. The duality symmetries of string theory, in particular, 
suggest a cosmological scenario in which the Universe evolves from the string per- 
turbative vacuum, through a pre-big bang phase characterized by an accelerated 
growth of the curvature and of the string coupling (controlled by the dilaton). 

I do not conceal that what I have presented here is no more than an approximate 
sketch of a complete and possibly realistic cosmological scenario. A lot of work is 
still needed to clarify all the aspects of this scenario, and in particular the dynamical 
details of the transition to the standard cosmological regime. 

It seems to me, however, that such a work is worth to be done, because the s 
of this pre-big bang scenario, and of the associated non-standard seeneediee | 
may provide an efficient way to test string theory as well as alternative models of 
Planck scale physics. 
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Figure 4: Transition from pre- to post-big bang represented as a spacelike 
reflection of the wave function, in the minisuperspace spanned by @ and @. 
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Figure 5: Production from the vacuum of a universe—anti-universe pair, 
one expanding, the other contracting. 
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Figure 6: Numerical integration of the equations of motion for the action 
), in d = 3, and with pre-big bang initial conditions. 
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Figure 7: Time-reversal symmetry of the regularized solution (the dashed 
curves represent the four branches of the lowest order, singular solution). 


15 


a 


arXiv:hep-th/9504083v1_ 17 Apr 1995 


CERN-TH/95-85 


Primordial Magnetic Fields 


from String Cosmology 


M. Gasperini 
Dipartimento di Fisica Teorica, Via P. Giuria 1, 10125 Turin, Italy 
M. Giovannini and G. Veneziano 


Theory Division, CERN, CH-1211 Geneva 23, Switzerland 


Abstract 
Sufficiently large seeds for generating the observed (inter)galactic magnetic fields emerge 
naturally in string cosmology from the amplification of electromagnetic vacuum fluctuations 
due to a dynamical dilaton background. The success of the mechanism depends crucially on 
two features of the so-called pre-big-bang scenario, an early epoch of dilaton-driven inflation 
at very small coupling, and a sufficiently long intermediate stringy era preceding the standard 


radiation-dominated evolution. 
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It is widely believed that the observed galactic (and intergalactic) magnetic fields, of 
microgauss strength, are generated and maintained by the action of a cosmic dynamo fl]. 
Any dynamo model, however, requires a primordial seed field; in spite of many attempts 
-§), it is fair to say that no compelling mechanism able to generate the required seed 
field (coherent over the Mpc scale, and with an energy density to radiation density ratio 
Pp/py210~**) has yet been suggested. 

A priori, an appealing mechanism for the origin of the seed field is the cosmological 
amplification of the vacuum quantum fluctuations of the electromagnetic field, the same 
kind of mechanism which is believed to generate primordial metric and energy density per- 
turbations [@]. The minimal coupling of photons to the metric background is, however, 
conformally invariant (in d = 3 spatial dimensions). As a consequence, a cosmological evo- 
lution involving a conformally flat metric (as it is effectively the case in inflation) cannot 
amplify magnetic fluctuations, unless conformal invariance is broken. Possible attempts to 
generate large enough seeds thus include considering exotic higher-dimensional scenarios, or 
coupling non-minimally the electromagnetic field to the background curvature [2] with some 
“ad hoc” prescription, or breaking conformal invariance at the quantum level through the 
so-called trace anomaly fH]. 

In critical superstring theory the electromagnetic field F,, is coupled not only to the 
metric (gy), but also to the dilaton background (@). In the low energy limit such interaction 
is represented by the string effective action [[/], which reads, after reduction from ten to four 


external dimensions, 
1 
—— / Tn J—Ge-*(R + ub" + 7FwF™) (1) 


were ¢ = ®—In Y% = In(g’) controls the tree-level four-dimensional gauge coupling (® being 
the ten-dimensional dilaton field, and Vg the volume of the six-dimensional compact internal 
space). 

In the inflationary models based on the above effective action [| 9] the dilaton background 
is not at all constant, but undergoes an accelerated evolution from the string perturbative 
vacuum (@ = —oo) towards the strong coupling regime, where it is expected to remain frozen 


at its present value. In this context, the quantum fluctuations of the electromagnetic field 


can thus be amplified directly through their coupling to the dilaton, according to eq.({l]). In 
the following we will discuss the conditions under which such mechanism is able to produce 
large enough primordial magnetic fields to seed the galactic dynamo (a scalar-vector coupling 
similar to that of eq.(l) was previously discussed in J, but ¢ was there identified with the 
conventional inflaton undergoing a dynamical evolution much different from the dilaton 
evolution considered here). 

Let us first define a few important parameters of the inflationary scenario (also called 
” pre-big-bang” scenario) discussed in [9]. The phase of growing curvature and dilaton cou- 
pling (H >0,¢> 0), driven by the kinetic energy of the dilaton field, is correctly described 
in terms of the lowest order string effective action only up to the conformal time 7 = 7, at 
which the curvature reaches the string scale H, = AS A,= Va’ is the fundamental length 
of string theory). A first important parameter of this cosmological model is thus the value ¢, 
attained by the dilaton at 7 = 7,. Provided such value is sufficiently negative (i.e. provided 
the coupling g = e®/? is sufficiently small to be still in the perturbative region at 7 = 75), it is 
also arbitrary, since there is no perturbative potential to break invariance under shifts of ¢. 
For 7 > 7; high-derivatives terms (higher orders in a’) become important in the string effec- 
tive action, and the background enters a genuinely “stringy” phase of unknown duration. It 
was shown in that it is impossible to have a graceful exit to standard cosmology without 
such an intermediate stringy phase. An assumption of string cosmology is that the stringy 
phase eventually ends at some conformal time 7; in the strong coupling regime. At this time 
the dilaton, feeling a non-trivial potential, freezes to its present constant value ¢ = ¢; and 
the standard radiation-dominated era starts. The total duration 7,/7,, or the total red-shift 
z, encountered during the stringy epoch (i.e. between 7, and 7), will be the second crucial 
parameter besides ¢, entering our discussion. For the purpose of this paper, two parameters 
are enough to specify completely our model of background, if we accept that during the 
string phase the curvature stays controlled by the string scale, that is H ~ gM, = Az" (M, 
is the Planck mass) for 7, <7 < m. 

We will work all the time in the String (also called Brans-Dicke) frame, in which test 


strings move along geodesic surfaces. In this frame the string scale A, is constant, while 


the Planck scale A, = eT \, grows from zero (at the initial vacuum) to its present value, 
reached at the end of the string phase. We have explicitly checked that all our results also 
follow in the more commonly used (but less natural in a string context) Einstein frame, 
in which the gravi-dilaton action is diagonalized in standard canonical form. Moreover, our 
parameterization in terms of ¢, and 7/7, is completely frame-independent, since the dilaton 
field and the conformal time coordinate are the same in the String and Einstein frame [9. 
We shall now consider, in the above background, the amplification of the quantum fluc- 
tuations of the electromagnetic field, assuming that, at the very beginning, it was in its 
vacuum state. In a four-dimensional, conformally flat background, the Fourier modes A’ of 
the (correctly normalized) variable corresponding to the standard electromagnetic field, and 


obeying canonical commutation relations, satisfy the equation 


A+ (k?-Vin)|Ar=0 , Vin)=g9(97)” , g(in=e 


This equation is valid for each polarization component, and is obtained from the action ([l)) 
with the gauge condition 0, [e-?O" (e# A”)] = 0 (a prime denotes differentiation with respect 
to). Note the analogy with the equation for the tensor part of metric perturbations [6]. The 
latter have the same form as (2) with the inverse of the string coupling, g~', replaced simply 
by the Einstein-frame scale factor az = ae~*/?, expressed in conformal time. Equation () 
clearly shows the absence of parametric amplification whenever ¢ is constant. 

The effective potential V (7) grows from zero like n~?, for 7 — 0_, in the phase of dilaton- 
driven inflation (where |, PB} ¢ ~ —V3In|n]), is expected to reach some maximum value 
during the string phase, and then goes rapidly to zero at the beginning of the radiation- 
dominated era (where ¢ = const). The approximate solution of eq. (2), for a mode k 
“hitting” the effective potential barrier at 7 = jx, and with initial conditions corresponding 


to vacuum fluctuations, is given by: 
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where 7, and 7,- are the times of exit and reentry of the comoving scale associated with 


k, defined by the conditions k? = |V(nex)| = |V(me)| ( C, D, cz are integrations constants). 





We are following here the usual convention for which a mode in the underbarrier region is 
referred to, somewhat improperly, as being ” outside the horizon”. Hence the names ” exit” 
and “reentry”. Moreover, we are considering a background in which the potential V (7) 
keeps growing in the string phase until the final time 7, so that a mode crossing the horizon 
during dilaton-driven inflation remains outside the horizon during the whole string phase, 
Ge Tipe = Wis 


The Bogoliubov coefficients c,(k), determining the parametric amplification of a mode 





k < |V(m)|, are easily determined by matching these various solutions. One finds: 
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If we remember that reentry occurs during the radiation epoch in which the dilaton freezes 
to a constant value (g/., ~ 0), it is easy to estimate the complicated looking expression (4) 


and to obtain, for the leading contribution, the amazingly simple and intuitive result: 


\c_| ~ Ire e723 (Pex —bre) (5) 
expressing the fact that the amplification of the electromagnetic field depends just (to leading 
order) on the ratio of the gauge couplings at reentry and at exit. 

The coefficient (6) defines the energy density distribution (pg(w)) over the amplified 
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fluctuation spectrum, dpg/dInw ~ w*|c_(w)|? , where w = k/a is the red-shifted, present 


value of the amplified proper frequency. We are interested in the ratio 


WwW dps w* wt Gre : 
= = (w)|? ~ — (== (6) 
Py GW Py Py \Gex 





measuring the fraction of electromagnetic energy stored in the mode w (in particular, for 
the intergalactic scale, wq ~ (1Mpc)~! ~ 10-“Hertz), relative to the background radiation 


energy p,. 


The ratio r(w) stays constant during the phase of matter-dominated as well as radiation- 
dominated evolution, in which the universe behaves like a good electromagnetic conductor 
J. In terms of r(w) the condition for a large enough magnetic field to seed the galactic 
dynamo is [}] 

r(wa)210 #4 (7) 


Using the known value of p, and e®re we thus find, from eqs.(, [7): 
Jex(we) < 10-8 (8) 


i.e. a very tiny coupling at the time of exit of the (inter)galactic scale wg (we may note, 
incidentally, that it looks very unlikely that such a large ratio of ge/gex can be obtained 
through the trace anomaly mechanism of Ref. ff). 

In order see whether or not the previous condition can be fulfilled we go back to our 
two-parameter cosmological model. We recall that, in the string phase, the curvature stays 
controlled by the string scale, so that H ~ \;' = constant in the String frame, and a,/a; = 
ns/1 = Zs. The discussion is greatly helped by looking at Fig.1 where we plot, on a double- 
logarithmic scale against the scale factor a, the evolution of the coupling strength (i.e. of 
e®/?) and that of the “horizon” size (defined here by a|V|~'/?, whose behavior coincides with 
that of the Hubble radius H~! during the dilaton driven epoch). The horizon curve has 
an inverted trapezoidal shape, corresponding to the fact that V = 0 during the radiation 
era, that ¢ and H are approximately constant during the string era, and that, during the 
dilaton-driven era [, 9], 

1 
V3 
Here = = >; G? represents the possible effect of internal dimensions whose radii 6; shrink 


like (—t)* for t + O_ (for the sake of definiteness we show in the figure the case © = 0). 


a= (1), a= 
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The shape of the coupling curve corresponds to the fact that the dilaton is constant during 
the radiation era, that ¢ is approximately constant during the string era, and that it evolves 


like 43 
1 3 

r 
gin) =a, \= 508+ Ee 





) (10) 


during the dilaton-driven era [§, [9] (© = 0 is the case shown in the picture). 

We can now easily see when a sufficient amplification is achieved. The galactic scale of 
length wg’ was about 10?° in string (or Planck) units at the beginning of the radiation era. 
By definition, at earlier times it evolves as a straight line with a positive slope on our plot and 
thus inevitably hits the horizon curve sometimes during the string or the dilaton-driven era. 
At that time, the value of g should have been smaller than 10~%°. One can easily convince 
her/himself that this is all but impossible provided: i) z, = a,/a, is a sufficiently large, and 
ii) the dilaton evolution during the string era is sufficiently fast. For the first condition a 
red-shift z, of 10!° is necessary, while for the average ratio ¢/H during the string era a value 
below but not too far from the one just before 7, is sufficient. The combination of i) and ii) 
also implies that the coupling at the onset of the string era has to be smaller that 10~7° or 
so, which thus supports the scenario advocated in for the gracious exit problem. 

We can express our results more quantitatively by showing the allowed region in the 
Js — Zs plane in order to have sufficiently large seeds. Considering the possibility of galactic 
scale exit during the string or the dilaton-driven phase, we find from eq.(6) that r(w@) can 


be expressed, in the two cases, respectively as: 


wa \* dexwo) . (2G\*t 
r(we) = (<2 eo ~ | —_ » Ws WG < Wy (11) 
Wy Wy 
and 
wa\* 27 _» 
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where y = Aa/(a — 1), w = Hia;/a ~ 10"'Hertz is the maximal amplified frequency, and 
Ws = w/z. In the previous formulae (I), ({[J) we used the fact that, according to our 
model of background, the transition scale H; has to be of the order of the Planck mass M,, 
so that p,(t) ~ Ht {ai/a(t)|* = wy?. 

The resulting limits obtained by imposing eq.({/) are plotted in Fig.2, where they provide 
the right-side border of the allowed region (the shaded area). According to the previous spec- 
trum, however, the amplitude of the electromagnetic perturbations is not constant outside 
the horizon, but tends to grows, asymptotically, with a power-like behavior (similar effects 


are known to occur also for metric perturbations in string cosmology backgrounds [IT]]). A 


further bound on the allowed region thus emerges in the context of this model, as we must 
require for consistency that our perturbative treatment of the vacuum fluctuations remains 
valid at all the times, or, in other words, that the energy density of the produced photons is 


smaller than critical also in the radiation era, i.e. 
r(w) <1 (13) 


at all w. For electromagnetic perturbations crossing the horizon during the dilaton-driven 
period, in particular, this condition is most stringent at w = ws. 

Using eqs. (Ij), (79) and (3) we find that the two different branches of the photon 
spectrum give the same bounds, g, < 1 and log,)g, > —2log,,9 z,, the latter determining 
the left border of the allowed region. Actually, a slightly tighter bound (rS0.5) could also 
be imposed in order to avoid perturbations of the standard nucleosynthesis scenario {[[2j, 
but this does not affect in significant way the result presented in Fig.2, which should be 
regarded, in any case, as an order of magnitude estimate of the allowed region. 

We want also to mention that in the described scenario is not only possible to seed 
the galactic dynamo (according to eq.((q)), but also to produce directly fields of the same 
strength as that of the galactic magnetic field, by requiring J r(we) ~ 107°. In our case 
this is achieved if z, > 107! and if the coupling is sufficiently tiny at the end of the dilaton 
driven era, log;y)g; < —43. The possible impact of such a small value on the problem of 
freezing out the classical oscillations of the dilaton background, in the presence of a” realistic” 
supersymmetry breaking, non-perturbative potential, is left as an interesting subject for 
future research. 

We want to recall, finally, that our results were obtained in the framework of the tree- 
level, string effective lagrangian. We know that we could have corrections coming either 
from higher loops (expansion in e®) or from higher curvature terms (a’ corrections ). Since 
we work in a range of parameters where the dilaton is deeply in his perturbative regime 
we expect our results to be stable against loop corrections, at least for scales leaving the 
horizon during the dilaton driven phase. As to the a’ corrections, they are instead invoked 
in the basic assumption that the dilaton-driven era ends when the curvature reaches the 


string scale \>?, and leads to a quasi-de Sitter epoch. It should be clear, nevertheless, that 
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the basic ideas of our mechanism and its implementation do not depend too strongly on the 


detailed features of the string epoch. 
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Note added 


While this paper was being written, we received a paper by D. Lemoine and M. Lemoine, 
”Primordial magnetic fields in string cosmology”, whose content overlap with ours for what 
concerns the effects of dilaton-driven inflation on the amplification of electromagnetic per- 
turbations. Their model of background does not include, however, a sufficiently long, in- 
termediate stringy era whose presence is instead crucial to produce the large amplification 


discussed here. 
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Figure captions 


Fig. 1 

Plot showing the evolution of the horizon scale H~! (thick lines) and of the coupling scale 
g = e?/? (dashed lines) while the galactic scale wg' (thin line) was beyond the horizon. Two 
case with a different z, are compared, showing that, for a sufficiently fast variation of the 


dilaton during the string era, a larger z, helps achieving the bound g.z(wg) < 107°3. 


Fig. 2 
The shaded area represents the allowed region determined by the conditions (qj) and (13), 
and defines the values of z,, g; compatible with an amplification of the electromagnetic 


vacuum fluctuations large enough to seed the galactic magnetic field. 
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Abstract 
In the inflationary scenarios suggested by string theory, the vacuum fluctuations of the 
electromagnetic field can be amplified by the time-evolution of the dilaton background, 
and can grow large enough to explain both the origin of the cosmic magnetic fields and of 
the observed CMB anisotropy. The normalization of the perturbation spectrum is fixed, 
and implies a relation between the perturbation amplitude at the COBE scale and the 
spectral index n. Working within a generic two-parameter family of backgrounds, a large 
scale anisotropy AT/T ~ 10~° is found to correspond to a spectral index in the range 
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In the standard inflationary scenario, the anisotropy of the Cosmic Microwave Back- 
ground (CMB) recently detected by COBE []]} QJ is usually attributed to the cosmological 
amplification of the quantum fluctuations of the metric. These consist of both tensor (grav- 
itational waves) and scalar perturbations, the latter being coupled to the energy density 
fluctuations. The observed inhomogeneities of the CMB radiation could also emerge from 
the vacuum fluctuations of the electromagnetic radiation itself, through their contribution 
to dp/p. However, the minimal coupling of photons to the metric is conformally invariant in 
d = 3 spatial dimensions, and it is difficult, in general, to obtain a significant amplification 
of the electromagnetic fluctuations in the context of the standard inflationary scenario [p}. 

In the inflationary models based on the low energy limit of critical superstring theory 
4. 6), 6], the electromagnetic field F,,, is coupled not only to the metric (g,,) but also to the 


dilaton (@) background, according to the dimensionally reduced, effective action [7] 
1 
—— i d'a|det(gu)|e-%(R + ,60"6 + FFF) (1) 


In this context ¢, which controls the tree-level four-dimensional gauge coupling g? = e®, is 
rapidly changing in time and can amplify directly the electromagnetic vacuum fluctuations 
8, BP]. On the other hand, tensor metric perturbations, as well as the scalar perturbations 
induced by dilatonic fluctuations, are characterized in this context by “blue” spectra strongly 
tilted towards large frequencies [G, [10, [LI], with an amplitude on large angular scales which is 
far too low to match COBE’s observations. It becomes thus crucial, for the purpose of testing 
string theory through its astrophysical consequences [[[J], to decide whether or not the CMB 
anisotropy could originate from the vacuum quantum fluctuations of the electromagnetic 
field itself, after they have been amplified by the time-evolution of the dilaton background. 

The purpose of this paper is to show that, in an appropriate range for two arbitrary pa- 
rameters characterizing a generic string cosmology scenario, such an electromagnetic origin 
of the anisotropy is possible, is consistent with the linearization of perturbations around a 
nearly homogeneous background, and is also consistent with various phenomenological con- 
straints (following from pulsar timing data and nucleosynthesis). In that range of parameters, 
moreover, the same mechanism that amplifies the electromagnetic vacuum fluctuations can 


also be responsible for the production of the observed galactic (and extragalactic) magnetic 
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fields |B], and can thus explain why the average energy density of the cosmic magnetic fields 
and of the CMB radiation are of the same order. 

Let us consider the evolution of the quantum fluctuations of the electromagnetic field, 
according to the action ([l]). In a four-dimensional, conformally flat background, the Fourier 


modes Af of the (canonically normalized) electromagnetic variable satisfy the equation 
A, +[k?—V(nlAr=0 , Vin)=99)" , g(n) Se” (2) 


This equation is valid for each polarization component, and is obtained from the action ([l)) 
with the gauge condition 0, [e~ #0" (e? A”)] = 0 (a prime denotes differentiation with respect 
to the conformal time 7). Note the analogy with the tensor part of the metric perturbation 
equations [13], which has the same form as (P]) with the inverse of the coupling, g~*, replaced 
simply by the Einstein-frame scale factor ag = g- ta. 

In our context V(7) represents an effective potential barrier, approaching zero as 7 — 
+oo. A mode of comoving frequency k, “hitting” the barrier at the time 7 = 7.2(k), is thus 


parametrically amplified just like in the case of tensor perturbations. The modulus of the 


Bogoliubov coefficient |c(k)| describing this amplification turns out to be given, to leading 





order, by the ratio of the gauge coupling at reentry and at exit 


Gre _ J 
Oe a= exp{—5 19 (nex) — (tire) ]} (3) 


where ez(k) and 7,e(k) are defined by k? = |V(nex)| = |V(Mre)|. The Bogoliubov coefficient 
c(w) defines the energy distribution p(w) of the amplified fluctuation spectrum, through the 
relation dp/dlnw ~ (w*/16m7)|c(w)|?, where w(t) = k/a(t) is the red-shifted, present value 
of the amplified proper frequency. We are interested, in particular, in the ratio 


w dp wt [eet] 
Jea(w) 


1) ~ Pemb dw 7 LOW" Doe 





(4) 


measuring the fraction of electromagnetic energy stored in the mode w, relative to the CMB 
energy density Pemp- 
In order to compute this ratio, we must use the explicit time evolution of the dilaton 


background, as predicted by the inflationary models based on the string effective action J, (@]. 


In such models the dilaton undergoes an accelerated evolution from the string perturbative 
vacuum (g = 0, @ = —co) towards the strong coupling regime, where it is expected to 
remain frozen at its present value (g = g, = e®'/? = const). The initial phase of growing 
curvature and dilaton coupling (also called “pre-big-bang” scenario [h} (J) is driven by the 
kinetic energy of the dilaton field (with negligible contributions from the dilaton potential), 
and can be described in terms of the lowest order string effective action only up to the time 
7 = Ns at which the curvature reaches the string scale H, = Ay! = (a’)~'/? [determined 
by the string tension (a’)~']. The value ¢, of the dilaton at 1 = 7, is the first important 
parameter of our scenario. Provided such value is sufficiently negative it is also arbitrary, 
since we are still in the perturbative regime at 7 = 7,, and there is no perturbative potential 
to break invariance under shifts of @. 

For 7 > 7s, however, higher orders in a’ become important in the string effective action, 
and the background enters a genuinely “stringy” phase of unknown duration, assumed to 
end at 7 = 7, with a smooth transition to the standard radiation-dominated regime (where 
¢ = ¢, =const). As shown in [4], it is impossible to have a graceful exit to standard 
cosmology without such an intermediate stringy phase, after which the dilaton, feeling a non- 
trivial potential, is attracted to its present constant value. The total red-shift z, = a,/as 
encountered during the stringy epoch, will be the second crucial parameter (besides ¢,) 
entering our discussion. For our purpose, two parameters are enough to specify completely 
our model of background, if we accept that during the string phase the curvature stays 
controlled by the string scale, that is H ~ Az! for n, <7 < m. 

We will work in the so-called String frame, in which the string scale \, is constant, while 
the Planck scale A, = r,e?/? grows from zero (at the initial vacuum) to its present value 
A» ~ 107'*(GeV)~* reached at the end of the string phase. In the low energy phase driven 
by the dilaton, the dilaton evolution is exactly known ff, 6} 6] and is given, in the String 


frame, by 
6 = (3+ V3) na+ const = —V3 In |n| + const, Hs (5) 


Internal dimensions affects slightly the above numerical constants without affecting the re- 


sults of this paper. During the string phase the curvature stays constant (H ~ A;') so that, 
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in this frame, the string epoch is characterized by a de Sitter-like evolution of the metric 
background, with n,/7, = a;/a, = zs. In addition, the rate of growth of the coupling during 
the string phase should also be bounded by the string scale (like the space-time curvature). 
Defining 6 ~ 26H ~ 26A;1, where 3 is some constant of order of unity [for instance, eq.(5) 
gives 3 ~ 2.37 in the dilaton driven epoch], the “average” time behaviour of the dilaton 


between 7, and 7; can be parameterized as 


@ = —28 ln |n| + const, B= Ps 1), Ns<1 <M (6) 
21n z, 


For this model of background, the effective potential V(7) of eq.(Q) grows like n~? for 
7 — O_ in the dilaton-driven phase, keeps growing during the string phase , where it reaches a 
maximal value ~ 7,7 around the final time 7, and then goes rapidly to zero at the beginning 
of the radiation dominated era, where g(7) = g; =const. A mode hitting the barrier (or 
“crossing the horizon”) during the dilaton phase thus remains under the barrier during the 
whole string phase. As a consequence, 1c > 7 and ¢;e(w) = ¢; =const for all w. 

The spectral distribution r(w) is now completely fixed in terms of our two parameters @, 
and z,. Using pems(m) & MPH? ~ g, Hi, (M, being the present value of the Plank Mass), 
eq. (A) leads simply to 





rw) = Bh (2) eae (7) 


167? \wy 
where Adex(w) = ¢ex(w)—¢1, and w, = Hya,/a ~ (g;/47)'/710"Hz is the maximal amplified 
frequency (the amplitude of modes w > w is exponentially suppressed, and will be neglected 
throughout this paper). For modes w > w; = w;/zZ;, crossing the horizon during the string 


phase, we thus obtain the spectrum 





2 4-28 
g wW 
r(w) ~ ae (=) , We<W<uy (8) 


For modes crossing the horizon in the dilaton phase (w < w,) we have instead, from 


eqs. (BIE), 





2 4/3 
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The above electromagnetic spectrum has been obtained by using a homogeneous and 


isotropic model of metric (and dilaton) background. It is thus valid provided the amplified 
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fluctuations remain, at all times, small perturbations of a nearly homogeneous configuration, 
with a negligible back-reaction on the metric. This requires r(w)S1, at all w. This bound is 


satisfied, for (g:/47)S1, provided 
(9s/91)Rz5° (10) 


which restricts the allowed region in the two-dimensional parameter space (z,,g;) of our 
background model. 


! reentering the horizon in the radiation era. The asso- 


Consider now a length scale w7 
ciated electromagnetic perturbation represents, at the time of reentry, a coherent field over 
the horizon scale which, consistently with the bound (IQ), could be strong enough to seed 
the galactic dynamo mechanism, or the galactic magnetic field itself B]. Soon after reentry, 
however, the perturbation may be expected to thermalize and homogenize rapidly since, 
unlike metric (scalar and tensor) perturbations, photons are not decoupled from matter in 
the radiation era, and the shape of their spectrum remains frozen only outside the causal 
horizon. 

For all scales reentering the horizon after the decoupling epoch, however, the electro- 
magnetic perturbations can contribute to the inhomogeneity of the CMB radiation, with a 
spectral distribution p = r(w) determined by egqs.(Q,9). Such a spectrum grows with fre- 
quency, with the position of its peak fixed in the plane (w,r) (ie. r & g?/167? at w ~ uw). 
The perturbation amplitude r(w) at a given scale w can thus be uniquely determined as a 
function of the unknown duration and slope of the “stringy” branch (8) of the spectrum, 
namely in terms of the two parameters Z,, gs. 

A large enough perturbation to match COBE’s observations [| BJ, AT/T ~ 10~° at the 
present horizon scale wo would require a spectral energy density such that, in critical units, 


Q(wo) = po" |dp(w)/dInw),=u) ~ 101°. In terms of our variable r(w) this implies 
r(wo) ~ 107°, wy ele Az (11) 


If the scale wo crossed the horizon during the dilaton phase (i.e. if z,$10?%), this condition 
is compatible with eq.(1Q) only in a very small region of parameter space. In such case an 


electromagnetic origin of the CMB anisotropy is possible, but requires a certain degree of 


fine-tuning. If, on the contrary, the horizon crossing of wg occurred during the string phase 
(2.2107), and we define as usual the spectral index n for eq.(§) as n— 1 = 4—2(3, then the 


present electromagnetic contribution to the anisotropy at the scale wo can be written as 
1 
logig "(wo) & —29(n — 1) + 5(5—n) logio( 2). 26.210” (12) 
T 


This equation (which is the main result of this paper) relates the perturbation amplitude 
at the scale wo to the spectral index n, and provides a condition on the parameter space 
(z,,¢s) which is always compatible with eq.((LQ), as (g,/47) < 1. The requirement ({I1]), in 


particular, is satisfied for 
_, 35 + 3 logio(gi/47) 
~ 29 + § logio(g1/477) 


Typical values of (g,/47)? range from 107! to 10~° [[5]. The COBE observations are 


n (13) 


thus accounted for, in this context, for values of the spectral index that are typically in the 
range n ~ 1.11 —1.17. Such a spectral index is certainly flat enough to be well consistent 
with the analysis of the first two years of the COBE DMR data [2]. It may be worth recalling 
that slightly growing (n > 1, also called “blue” ) spectra, like this, have been invoked [[@] to 
explain the claimed bulk flow and large voids in the galaxy distribution, on scales of order 
10?Mpc (see also [[L’7]). Our range of values, moreover, is consistent with the upper bound 
n < 1.5 recently obtained by using the COBE FIRAS limits on the CMB spectral distortions 
[[§]. Note that, according to eq.([[3), n depends very weakly on the precise value of g, so 
that our estimate is quite stable, in spite of the rather large theoretical uncertainties about 
gi. Note also that the above value of n corresponds to an average value of / 2H BOL 
about 1.9, which is not far from the value 2.37 characteristic of the dilaton-driven era. 

In order to give some concrete estimate of the phenomenological bounds relevant for the 
problem we will set gi/4a ~ 1 in the following [if the value of (g:/47)? would be smaller 
the constraints which we will discuss will be satisfied even better, thanks to the flatter 
ensuing spectrum]. In such case, the CMB anisotropy can receive a complete electromagnetic 
explanation provided the parameters of our background are constrained to lie on (or near) 
the half-line log,) 9g; = —1.90 logy) zs, logig z, > 29. The resulting perturbation spectrum 


(w) ~ (—“_ a <10"H (14) 
TV) & lous ; wW z 


gives then r ~ 107° at the intergalactic scale we = (1Mpc)~', which is large enough to 
seed not only the galactic dynamo, but also the cosmic magnetic field directly |B]. This 
results holds in general for any realistic value of g;, and leads to consider a scenario in which 
the CMB anisotropy and the primordial magnetic fields have a common origin. The peak 
value of order unity of the electromagnetic spectrum can then easily explain the (otherwise 
mysterious, to the best of our knowledge) coincidence that the total energy density of our 
galactic magnetic field, pg = Pomp [”! r(w)dw, is of the same order of magnitude as the CMB 
energy density. We also note that, at the scale corresponding to the end of nucleosynthesis 
(wy ~ 10~'*Hz), eq.(I4) predicts r ~ 10~*”. It is thus automatically consistent with the 
bounds following from the presence of strong magnetic fields at nucleosynthesis time [[L9], 
which impose r(wy)S0.05. 

The above discussion refers to the case in which all scales inside our present horizon 
crossed the horizon, for the first time, during the string phase, i.e. for z, > 107°. Such 
a phase was characterized by a de Sitter-like metric evolution, with a curvature scale of 
Planckian order. In the standard inflationary context such a background configuration is 
forbidden, as it would lead to an overproduction of tensor perturbations: a phase of constant 
Planckian curvature can last only up to a total red-shift z < 10’? BO], to be compatible 
with the bounds obtained from pulsar timing data PI]. In a string cosmology context, 
however, we must recall that the de Sitter-like evolution of the metric refers to the String 
frame, where tensor metric perturbations are also coupled to the dilaton background [[[Q]. 
As a consequence, the spectral distribution r,(w) of tensor perturbation is growing with 
frequency (instead of being flat like in the standard de Sitter scenario), with a peak value 
which is again of order one around 10''Hz. Moreover, the growth is so fast (rg ~ w”?, 
where n is the spectral index of the electromagnetic perturbations), that the contribution of 
rg is negligible at the scale wo, and it is also largely consistent with the pulsar bound 
which requires Tg(wp)S10~? at wp ~ 107°Hz. 

A further remark related to the long duration of the string phase concerns the validity 
of the spectrum (8), which has been obtained from the tree-level, low energy action ({l]). It 


is true that, in the string phase, we may have corrections coming both from higher loops 


(expansion in e®) and from higher derivative terms (a’ corrections ). However, in order to 
reproduce the large scale anisotropy we have to work in a range of parameters where the 
dilaton is deeply in his perturbative regime. Eq.({[4) holds in fact for g, = e%/2<10-5, We 
thus expect our results to be stable against loop corrections, at least at all the scales which 
are relevant for the observed anisotropy and for the generation of primordial magnetic fields. 

As to the a’ corrections, they are instead crucial in the basic assumption that the dilaton 
driven era leads to a quasi de Sitter epoch when the curvature reaches the string scale. 
Concerning the higher derivative corrections of the form (a/F,,,F"”)™, m > 2, they can 
modify in principle the equation determining the evolution of electromagnetic fluctuations 
(eq.(2])). We are expanding, however, our perturbations around the vacuum background 
Fi = 0. Therefore, no higher curvature correction may provide significant contributions as 
long as we work in the region of parameter space in which perturbations can be consistently 
treated linearly, namely in the region in which eq. (10) is satisfied. 

We thus believe that the main conclusion of this paper, namely that an electromagnetic 
origin of the CMB anisotropy is allowed in a realistic string cosmology scenario, is not only 
compatible with the various phenomenological bounds, but is also quite independent of the 
(unknown) kinematic details of the high energy “stringy” phase, preceding the phase of 


standard cosmological evolution. 
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The pre-big bang scenario describes the evolution of the Universe from an initial state approaching 
the flat, cold, empty, string perturbative vacuum. The choice of such an initial state is suggested 
by the present state of our Universe if we accept that the cosmological evolution is (at least par- 
tially) duality-symmetric. Recently, the initial conditions of the pre-big bang scenario have been 
criticized as they introduce large dimensionless parameters allowing the Universe to be “exponen- 
tially large from the very beginning”. We agree that a set of initial parameters (such as the initial 
homogeneity scale, the initial entropy) larger than those determined by the initial horizon scale, 
H+, would be somewhat unnatural to start with. However, in the pre-big bang scenario, the initial 
parameters are all bounded by the size of the initial horizon. The basic question thus becomes: is a 
maximal homogeneity scale of order H~! necessarily unnatural if the initial curvature is small and, 
consequently, H~' is very large in Planck (or string) units? In the impossibility of experimental 
information one could exclude “a priori”, for large horizons, the maximal homogeneity scale H~' as 
a natural initial condition. In the pre-big bang scenario, however, pre-Planckian initial conditions 
are not necessarily washed out by inflation and are accessible (in principle) to observational tests, 
so that their naturalness could be also analyzed with a Bayesan approach, in terms of “a posteriori” 
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probabilities. 


Recently, the validity of the pre-big bang scenario as 
a viable inflationary model has been questioned on the 
grounds of its initial conditions (i. 

The main criticism raised against models in which the 
Universe evolves from the flat, zero-interactions, string 
perturbative vacuum is mainly based on two points 
The first concerns the homogeneity problem, in partic- 
ular the largeness of the initial homogeneous region in 
string (or Planckian) units; the second concerns the flat- 
ness problem, and in particular the two large dimension- 
less parameters (the inverse of the string coupling and 
of the curvature, in string units) characterizing the Uni- 
verse at the beginning of inflation. The fact that, as a 
consequence of these large numbers, “the pre-big bang 
Universe must be very huge and homogeneous from the 
very beginning” is quoted as a serious problem, support- 
ing the conclusion that “the current version of the pre-big 
bang scenario cannot replace usual inflation” ia} 

I agree with the remarks concerning the initial size of 
the Universe (indeed, the need for an initial state with a 
Universe very large in Planck units was already noted in 
the first paper on the pre-big bang scenario [2] and, even 
before, in the context of string-driven superinflation |B}; 
in particular, the condition on the duration of inflation, 
reported in [ll] as eq. (8), was already derived in (). The 
large initial size of the Universe is only part of the condi- 
tions to be imposed at the onset of pre-big bang inflation, 


and I also agree with the fact that a successful pre-big 
bang scenario requires an initial state characterized by 
very small (or very large) dimensionless ratios measuring 
the initial curvature and coupling constant, and possibly 
leading to a fine-tuning problem, as first pointed out in 
[5]. I disagree, however, with the conclusion presented in 
[1], and I would like to point out some arguments, hop- 
ing to clarify a different point of view on a large initial 
Universe. 

I will concentrate, in particular, on the largeness of the 
initial horizon scale, which can be thought to be at the 
ground of the various objections discussed in i. The 
large dimensionless ratios of the initial state, when re- 
ferred to the Einstein frame in which the Planck length 
is fixed, correspond indeed to a small initial curvature 
in Planck units, and then to a large horizon (in Planck 
length units), allowing a large homogeneous domain as 
initial condition. I do not pretend, of course, to provide 
a final answer to all problems. The modest aim of this 
paper is to stress that the problems raised in [fl] reduce, 
in the end, to the question of whether the horizon scale, 
irrespective of its size, may be a natural scale for deter- 
mining the inflationary initial conditions (in particular, 
the size of the initial homogeneous region), and to sug- 
gest the possibility that the answer is not negative “a 
priori”, at least when the initial conditions are imposed 
well inside the classical regime, like in the case of the 


pre-big bang scenario. 

Let me start recalling that the kinematical problems 
of the standard scenario can be solved by two classes of 
accelerated backgrounds bl. Consider, for instance, the 
flatness problem, requiring a phase in which the ratio 
r = k/a?H? ~ a~? decreases, so as to compensate its 
growth up to the present value r < 1 during the sub- 
sequent phase of standard evolution. By parametrizing 
the scale factor as a ~ |t|°, the decrease of r ~ |t|?—9) 
can be arranged either by 1) @ > 1, t — +00, or 2) 
B<1,t— 0_. Both classes of backgrounds are accel- 
erated, as sign d = sign ad. The first class corresponds 
to power-inflation, and includes de Sitter inflation in the 
limit @ — oo. The second class includes superinflation 
for 3 < 0, and accelerated contraction for 0 < 6 <1. 

The main kinematic difference between the two classes 
is the behaviour of the event horizon, whose proper size 
is defined by 


df= a(t) [ “ dt'a~*(t’). (1) 


Here ty is the maximal future extension of the cosmic 
time coordinate for the inflationary manifold. Therefore, 
ty; = +oo for the first class, and t,y = 0 for the second 
class of backgrounds. In both cases we find that the in- 
tegral converges, and that d.(t) ~ |H|~1(t), so that the 
horizon size is constant or growing for class 1), shrink- 
ing for class 2), following the inverse behaviour of the 
curvature scale. The phase of pre-big bang evolution, in 
particular, is dual to a phase of standard, decelerated 
evolution: its accelerated kinematics is characterized by 
a growing curvature scale (i.e. growing |H|), and may 
be represented as superinflation, in the string frame, or 
accelerated contraction, in the Einstein frame a. 

In order to recall the criticism of [fl] we will now com- 
pare the kinematics of standard de Sitter inflation and 
pre-big bang superinflation, for an oversimplified cosmo- 
logical model in which the standard radiation era be- 
gins at the Planck scale, and it is immediately preceeded 
by a phase of accelerated (inflationary) evolution. Also, 
for the sake of simplicity, we will identify at the end of 
inflation the present value of the string length LD, with 
the Planck length L, (at tree-level, they are related by 
Ly = (g)Ls = (exp ¢/2) Ls, with a present dilaton expec- 
tation value (g) ~ 0.1 — 0.01). 

At the beginning of the radiation era the horizon size is 
thus controlled by the Planck length L, ~ Ls, while the 
proper size of the homogeneous and causally connected 
region inside our present Hubble radius, rescaled down at 
the Planck epoch according to the standard decelerated 
evolution of a(t), is unnaturally larger than the horizon 
by the factor ~ 10°°L,. During the inflationary epoch, 


the ratio 
proper size horizon scale H-\(t) 


——— 
proper size homogeneous region a(t) 





(2) 


must thus decrease at least by the factor 107°°, so as 
to push the homogeneous region outside the horizon, of 
the amount required by the subsequent decelerated evo- 
lution. Since the above ratio evolves linearly in conformal 
time 7 ~ f a~‘dt, the condition of sufficient inflation can 
be written as 


Ingl/Ini| S 10-*°, (3) 


where 7; and nf mark, respectively, the beginning and 
the end of the inflationary epoch. 

Let us now compare de Sitter inflation, a ~ (—7)~+, 
with a typical dilaton-dominated superinflation, a ~ 
(—t)-V/V3 ~ (—n)~1/(V3+) (the same discussed in (ii). 

In the standard de Sitter case the horizon and the 
Planck length are constant, H~' ~ L, ~ Lp; as we go 
back in time, according to eq. ®), a(t) reduces by the 
factor 10~°° so that, at the beginning of inflation, we 
find a homogeneous region just of size L,, like the hori- 
zon. In the superinflation case, on the contrary, during 
the conformal time interval ®), a(t) is only reduced by 
the factor a;/af = 10-39/(1+V3) ~ 107", s0 that the size 
of the homogeneous region, at the beginning of inflation, 
is still large in string units, ~ 1090V3/0+V3) 7, ~ 10!9L.. 
The situation is even worse in Planck units since, at the 
beginning of inflation, the string coupling exp ¢/2, and 
thus the Planck length Ly, are reduced with respect to 
their final values by the factor [A] L,/Ls = Ing /m|V3/2 ~ 
10-}5V3, so that 10!°L, ~ 104°L»y. This, by the way, is 
exactly the initial size of the homogeneous region evalu- 
ated in the Einstein frame in which Ly is constant, and 
the above dilaton-driven evolution is represented as a 
contraction, with a ~ (—n)'/? (see Fig. 1 for a qual- 
itative illustration of the differences between de Sitter 
inflation and pre-big bang inflation). 

According to [[l], case (a) of Fig. 1 provides an ac- 
ceptable example of inflationary scenario, as the initial 
homogeneity scale is contained within a single domain of 
Planckian size. Case (b), on the contrary, is not satisfac- 
tory because of the initial homogeneity on scales much 
greater than Planckian, 1019L, ~ 10*°L,. Quoting Ref. 
fh. this situation “is not much better than the situation 
in the non-inflationary big bang cosmology, where it was 
necessary to assume that the initial size of the homoge- 
neous part of our Universe was greater than 10°°L,,”. 

I would like to stress, however, that in case (b) the ini- 
tial homogeneous region is large in Planck units, but not 
larger than the horizon itself. Indeed, during superinfla- 
tion, the horizon scale shrinks linearly in cosmic time. 
As we go backwards in time, for the particular exam- 
ple that we are considering, the horizon increases by the 
factor Hy*/H;* = |ti|/|ts| = (ni/ng)¥9/C+”), so that, 
at the beginning of inflation, H~! ~ 1030V3/G+Vv3) 7. ~ 
10!°L, ~ 10*°L», ie. the horizon size is just the same 
as that of the homogeneous region (as illustrated in Fig. 
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(a) constant event horizon (b) shrinking event horizon 











FIG. 1. Qualitative evolution of the horizon scale and of 
the proper size of a homogeneous region for (a) standard de 
Sitter inflation, and (b) pre-big bang superinflation, repre- 
sented in the Einstein frame as a contraction. The time di- 
rection coincides with the vertical axis. The three horizon- 
tal spatial sections corresponds, from top to bottom, to the 
present time, to the end and to the beginning of inflation. 
The shaded area represents the horizon, and the dashed lines 
its time evolution. The full curves represent the time evolu- 
tion of the border of the homogeneous region, controlled by 
the scale factor. 


1). In this sense, both initial conditions, in cases (a) and 
(b), seem to be equally natural. The difference is that in 
case (b) the initial horizon is large in Planck units, while 
in case (a) it is of order one. This is an obvious conse- 
quence of the different curvature scales at the beginning 
of inflation. 

The question about the naturalness of the initial con- 
ditions seems thus to concern the unit of length used, in 
particular, to measure the size of the initial homogeneous 
domain, and, more generally, to characterize the initial 
geometric configuration at the onset of inflation: which 
basic length scale has to be used, the Planck (or string) 
length, or the radius of the causal horizon? 

This, I believe, is the question to be answered. Pro- 
viding a definite answer may deserve a careful analysis, 
which is outside the scope of this brief paper. Let me 
note that, according to fil, it is the Planck (or string) 
scale that should provide the natural units for the size 
of the initial homogenous patches and for the initial cur- 
vature and coupling scale. This is certainly reasonable 
when initial conditions are imposed on a cosmological 
state approaching the high-curvature, quantum gravity 
regime. In the pre-big bang scenario, however, initial 
conditions are to be imposed when the Universe is deeply 
inside the low-curvature, weak coupling, classical regime. 
In that regime the Universe does not know about the 
Planck length, and the causal horizon H~! could repre- 


sent a natural candidate for controlling the set of initial 
conditions. For what concerns homogeneity, however, I 
am not suggesting that the horizon (which is the maxi- 
mal homogeneity scale) should be always assumed as the 
natural scale of homogeneity. I am suggesting that this 
possibility should be discussed on the ground of some 
quantitative and objective criterium, as attempted for 
instance in fA. and not discarded a priori, as in (see 
also |B] for a discussion of “generic” initial conditions in 
a string cosmology context). 

One might think that, accepting the horizon size as a 
natural homogeneity scale, there is no need of inflation 
to explain our present homogeneous Universe fil. This is 
not the case, however, because if we go back in time with- 
out inflation our Universe should start in the past from 
a homogeneous region unnaturally larger than the hori- 
zon (see Fig. 1). Only with inflation the homogeneous 
region, going back in time, re-enters inside the horizon. 
So, only if there is inflation, an initial homogeneity scale 
of the order of the horizon scale is enough to reproduce 
our present Universe. 

Also, one might think, as noted in fi. that the classical 
homogeneity of the horizon might be destroyed by quan- 
tum fluctuations amplified during the contraction pre- 
ceeding the onset of the inflationary era, in such a way 
as to prevent the formation of a large homogeneous do- 
main. This problem has been recently discussed in ig for 
the case of a homogeneous string cosmology background 
with negative spatial curvature: it has been shown that 
quantum fluctuations die off much faster than classical in- 
homogeneities as they approach the initial perturbative 
vacuum, and remain negligible throughout the pertur- 
bative pre-big bang phase. For classical perturbations, 
however, the situation is different, and no general re- 
sult is presently available. The initial amplitude of the 
classical inhomogeneities is not normalized to a vacuum 
fluctuation spectrum, the results of [9] cannot be applied, 
and inflation can occurr successfully or not depending on 
the initial distribution of the classical amplitudes. 

Finally, one might argue that a large initial horizon, 
assuming a saturation of the bound imposed by the holo- 
graphic principle in a cosmological context (oj, implies a 
large initial entropy, S = (horizon area in Planck units), 
and thus a small probability for the initial configuration. 
Indeed, if S' is large, the probability that such a configura- 
tion be obtained through a process of quantum tunnelling 
(proportional to exp[—S]) is exponentially suppressed, as 
emphasized in fi}. However, in the pre-big bang scenario, 
quantum effects such as tunnelling or reflection of the 
Wheeler-De Witt wave function are expected to be im- 
portant towards the end of inflation (ua}, and not the 
beginning, as they may be effective to exit (4, eventu- 
ally, from the inflationary regime, not to enter it and to 
explain the origin of the initial state. A large entropy 
of the initial state, in the weakly coupled, highly classi- 
cal regime, can only correspond to a large probability of 


such configuration, (proportional to exp[S]), as expected 
for classical and macroscopic configurations. 

In conclusion, let me come back on the large dimen- 
sionless parameters characterizing the initial state of pre- 
big bang inflation fi). The physical meaning of those pa- 
rameters, i.e. the fact that the initial string coupling and 
curvature are very small in string (or Planck) units, is to 
be understood as a consequence of the perturbative initial 
conditions, suggested by the underlying duality symme- 
tries. On the other hand, whenever inflation starts at 
curvature scales smaller than Planckian, the initial state 
is necessarily characterized by a large dimensionless ra- 
tio — the inverse of the curvature in Planck units. If one 
believes that such large numbers should be avoided, then 
should be prepared to accept the fact that natural initial 
conditions are only possible in the context of models in 
which inflation starts at the Planck scale: for instance 
chaotic inflation, as pointed out in fil. 

This is a rather strong conclusion, that rules out, as 
a satisfactory explanation of our present cosmological 
state, not only the pre-big bang scenario, but any model 
in which inflation starts at scales smaller than Planckian 
(unless we have a scenario with different stages of infla- 
tion responsible for solving different problems). Even for 
a single stage of inflation very close to the Planck scale, 
however, we are not free of problems, as we are led, even- 
tually, to the following question: can we trust the natu- 
ralness of inflation models like chaotic inflation, in which 
classical general relativity is applied to set up initial con- 
ditions at Planckian curvature scales, i.e. deeply inside 
the non-perturbative, quantum gravity regime? 

The Planckian regime is certainly problematic to deal 
with, both in the string and in the standard inflationary 
scenario: in string cosmology, in particular, it prevents 
a simple solution of the “graceful exit” problem (3). 
The pre-big bang scenario, however, tries to look back in 
time beyond the Planck scale by using the powerful tools 
of superstring theory, in particular its duality symme- 
tries. According to duality, the pre-Planckian Universe 
approaches initially the state of a low-energy system, and 
initial conditions are to be set up in a regime well de- 
scribed by the lowest order effective action, in which all 
quantum and higher-order corrections are small, and un- 
der control. It is true, however, that the presence of the 
Planckian regime can indirectly affect the initial condi- 
tions also in a string cosmology context, as it imposes 
a finite duration of the low-energy dilaton-driven phase: 
the initial homogeneity scale, as a consequence, has to 
be large enough to emerge with the required size at the 
Planck epoch, and to avoid the need for a further period 
of high-curvature, Planckian inflation [14]. 

It should be stressed, finally, that the main difference 
from the standard scenario, in which any tracks of the 
pre-Planckian cosmological state is washed out by infla- 
tion, is probably the fact that the pre-Planckian history 
may become visible, in the sense that its phenomenologi- 


cal consequences can be tested (at least in principle) even 
today (5). So, while in the context of standard inflation 
the naturalness criterium can be safely applied to select 
an initial state at the Planck scale, it seems difficult (in 
my opinion) to apply the same criterium in a string cos- 
mology context, and to discard a model of pre-Planckian 
evolution only on the grounds of the large parameters 
characterizing the initial conditions. Such initial condi- 
tions have consequences accessible to observational tests, 
and the analysis of the “a posteriori” probabilities with 
the Bayesan approach of (ail suggests that a state with a 
large initial horizon may become “a posteriori” natural, 
because of the duality symmetries intrinsic to the pre-big 
bang scenario. 

However, much further work is certainly needed be- 
fore a final conclusion is reached. Irrespective of the final 
results, such work will certainly improve our present un- 
derstanding of string theory and of the physics of the 
early Universe. 
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1 Introduction 


Standard cosmology |[l] assumes that the primordial Universe was in a hot, dense, and highly 
curved state, very close indeed to the so-called big-bang singularity. By contrast, the duality 
symmetries of string theory [2] B, ff] motivate a class of “pre-big bang” cosmological models 
i, 6) in which the Universe starts very near the cold, empty and flat perturbative vacuum. 
This scenario, although theoretically appealing, can only make sense phenomenologically if 
such unconventional initial conditions evolve naturally into those of the standard scenario 
at some later time, smoothing out the big-bang singularity. Does this happen? 

The early evolution of a Universe that starts at very low curvature and coupling is 
well described by the low-energy, tree-level string effective action {6} [7]. The corresponding 
field equations imply that the string perturbative vacuum, with vanishing coupling constant 
gs = e?/? = 0, is actually unstable towards small homogeneous fluctuations of the metric 
and the dilaton ¢, which can easily ignite an accelerated growth of the curvature and of the 
coupling {f, HJ. However, in the absence of higher-order corrections to the effective action, 
such a growth is unbounded: as conjectured in [§] (and later proved to a large extent in [B]), a 
singularity in the curvature and/or the coupling is reached in a finite amount of cosmic time, 
for any realistic choice of the (local) dilaton potential. Is such a singularity unavoidable? 

Higher-order corrections to the effective action of string theory are controlled by two 
independent expansion parameters. One is the field-dependent (and thus in principle space- 
time-dependent) coupling g,, which controls the importance of string-loop corrections. The 
other parameter, a’, controls the importance of finite-string-size corrections, which are small 
if fields vary little over a string-length distance 4, = Va’. Only when this second expansion 
parameter is small, can the higher-derivative corrections to the action be neglected and does 
string theory go over to an effective quantum field theory. 

As discussed in previous examples [[0-[I3], quantum corrections arising in the strong 
coupling regime can regularize the curvature singularity of the tree-level pre-big bang models, 
already at the one-loop order. With the exception of the very particular case of two space- 
time dimensions, the inclusion of loops is necessarily associated with the appearance of 
higher-derivative terms in the effective action, and thus requires also, for consistency, the 
inclusion of higher orders in a’. Instead, if the initial value of the string coupling is small 


enough, it is quite possible that the Universe reaches the high-curvature regime in which 


higher-derivative (a’) corrections become important, while the coupling is still small enough 
to neglect loop corrections. 

According to the above considerations, we shall discuss hereafter the regularization of 
the curvature singularity just as a result of “stringy” a’ corrections, but at lowest order in 
gs. We will consider, in particular, the possibility that a cosmological background evolving 
from the perturbative vacuum be attracted into a state of constant curvature and linearly 
running dilaton, i.e. of constant H and ¢ (H = a/a is the Hubble parameter in the so-called 
string frame, i.e. in the frame most directly related to the o-model parametrization of the 
action, and the dot stands for differentiation with respect to cosmic time in that frame). 

A high-curvature string phase with frozen string-size values of H and ¢ was previously 
conjectured as a crucial ingredient for a successful pre-big bang scenario, and has important 
phenomenological consequences [i4]. Such a state exists in general as a cosmological solution 
of higher-curvature effective actions, but is in general disconnected from the perturbative 
vacuum (the trivial solution with H = ¢ = 0) by a singularity, or by an unphysical region in 
which H becomes imaginary. String theory, on the contrary, provides examples in which the 
two states are smoothly joined by the evolution of the background already to first order in a’, 
as we will show in this paper. In this sense string theory automatically implements, without 
a scalar potential and in any number of dimensions, the “limiting curvature” hypothesis 
previously introduced ad-hoc, with various mechanisms [f.5, [14], to regularize the curvature 
of cosmological backgrounds. 

A final state with linearly evolving dilaton can also be obtained in the context of one-loop- 
regularized models. The main difference between the loop case and the one at hand is that 
our final shifted dilaton ¢ satisfies, in d isotropic spatial dimensions, as = ¢-—dH <0. This 
is a necessary condition for the background to be subsequently attracted by an appropriate 
potential in a state with expanding metric (H > 0) and frozen dilaton (¢ = 0), the starting 
point of standard cosmology. In fact, since the dilaton keeps growing after the transition 
to the string phase, the effects of loops, of a non-perturbative dilaton potential, and of the 
back-reaction from particle production must eventually become important, and are expected 
to play an essential role in the second transition from the string phase to the usual hot big 
bang scenario. Leaving this second transition to further investigation, the main purpose of 


this paper is to give arguments in favour of the occurrence of a smooth evolution, in the weak 


coupling regime, from the dilaton phase to the constant curvature string phase dominated 
by the a’ corrections. 

The paper is organized as follows. In Section 2 we discuss the general structure of 
tree-level, o-model (@-functions for generic Bianchi-type I backgrounds (including a time- 
dependent dilaton). In Section 3 we specialize the equations to the case of constant curvature 
and linear dilaton, and show that in this case we obtain a system of (d+1) algebraic equations 
in (d+ 1) unknowns (d Hubble constants and ¢). The equations look like those for the fixed 
points of a renormalization group (RG) flow in physical cosmic time (as opposed to the RG 
“time”). In Section 4 we consider an example to first order in a’ (i.e. four derivatives), 
determine the fixed points, and show, by numerical integration, that any isotropic pre-big 
bang background necessarily evolves smoothly towards the regular fixed points, thus avoiding 
the singularity. The fixed points have in general an attraction basin of finite area, in the space 


of initial conditions, also for anisotropic backgrounds. Section 5 contains our conclusions. 


2 Bianchi I tree-level 6-functions 


It is well known (6, [7] that the field equations for the background fields appearing in the 
o-model action of string theory correspond to the vanishing of a set of 3-function(al)s. We 
shall call the latter “o-model (3-functions” in order to avoid a possible confusion with another 
set of effective 3-functions to be introduced later. It is also known [6 [7] that the o-model 
G-functions vanish on a set of field equations that can be derived by varying a space-time 
effective action I, which is also the generating functional of the string S-matrix. 

We shall consider in this paper a o-model background in (d+ 1) dimensions, consisting 
of just a time-dependent dilaton ¢(t) and an anisotropic Bianchi-type I metric, g,,,, which 


can be conveniently parametrized as: 
Ju = diag (N?(t), —a?(t)6,;) ; i,j =1,...,d. (2.1) 


Here N(t) is the lapse function and a,(t) are the scale factors along the d different spatial 
directions. We will not consider, for the sake of simplicity, an additional antisymmetric- 
tensor background B,,,, which is needed in order to discuss the O(d,d) symmetries [[7, 
associated with the presence of d Abelian isometries, but our considerations can easily be 


extended to such a case. 


Using the general covariance of the string effective action and the fact that, at tree-level 
in the string-loop expansion, the dependence on a constant dilaton is fixed in the string 
frame, we can immediately write the exact, tree-level effective action for this background, in 


terms of the fields 
o=o-) Bis 6; =In ai, (22) 
in the form: 
re / dtNe~®L (a, 9,") (2.3) 
The effective Lagrangian L is a general function of the (properly covariantized) time deriva- 


tives of the fields 3; and ¢, at all orders in n > 1: 
f=T(24) oo, 9 =1(24) a0 (2.4) 
a N dt > N dt 


In this paper we shall limit our attention to the case of critical (super)strings in which 
no cosmological constant appears in L. Thus, even when we discuss the case d # dai, we 
shall assume that other “passive” sectors are present to cancel the central charge deficit 
(d — deri) /3a’. 

There are just three kinds of o-model 3-function equations that follow from (2.3). They 
correspond, respectively, to the field equation for the lapse, for each scale factor, and for the 
dilaton ¢. However, these (d+ 1) equations are not independent. The relation among them 
follows from the general fact that, in a theory with coordinate reparametrization invariance, 
the set of “non-dynamical” field equations representing constraints on the initial data are 
covariantly conserved [fi], as a consequence of the Bianchi identities. In our particular case, 
the residual time reparametrization invariance implies the relation: 

aS +Oe = noe. (2.5) 
On the equations of motion each one of the three terms in eq. (2.5) vanishes separately, 
so that only (d+ 1) equations are independent, to all orders, in agreement with a general 
property of the o-model (-functions [1 9}. 

The variation of the action (2.3), in the cosmic time gauge N = 1, gives rise to the 
following system of field equations: 

OL ga (— OL 


ee a VE), 
a, ater =| + eed (2.6) 
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Equation (2.4), obtained by varying (;, defines a set of d charges Q; whose conservation 


s od +...=0. (28) 


follows from the fact that [ depends only upon derivatives of the 3;. The second equation is 
the (shifted) dilaton equation, while the last equation is the so-called Hamiltonian constraint, 
following from the variation of the lapse. Relation (2.5) can be directly checked at the level 
of eqs. (2.4)—(2.9). 

Equation (2.5) can be exploited in several ways when solving the system (2.6)—(2.8). The 
first way, which we adopt here, is to solve the first two equations and to impose the constraint 
only on the initial data. After solving the equations numerically, we can double check that 
the constraint remains valid at all times. Alternatively, we can just use the constraint and 
the conservation equations and ignore the dilaton equation. Equation (2.5) then guarantees 


that the dilaton equation is automatically satisfied provided ¢ is not identically zero. 


3 The constant curvature case 


Let us now consider a very special class of backgrounds, those with constant curvature and 
a linear dilaton, B; and b constant, where the fields are referred to the so-called string frame 


defined by the action (2.3). In our coordinate system they correspond to the ansatz: 
de =d? — Se drida’, g(t) =ct+ do (3.1) 


parametrized by the (d+ 1) constants c and Hj. 

The only known (all-order) solutions of this type have a trivial Minkowski metric and a 
constant or linear dilaton depending on whether d = diy or d > day. The existence 
of other high-curvature solutions of this type is all but excluded [BI], however, provided 
the dilaton is not a constant, c # 0. Note, incidentally, that it is quite crucial that one 
looks at constant curvature solutions in the string frame [RI]. Because of the dilaton’s 
time-dependence this is not equivalent to a constant curvature in the Einstein frame, for 


which no-go theorems probably apply 22]. Let us thus discuss the necessary and sufficient 


conditions for the existence of solutions of this type, which, in accordance with previously 
used terminology [4], we will term string-phase solutions. 

It is clear, by inspection, that, for this class of backgrounds, eqs. (2.6)—(B.8) reduce to 
(d+2) algebraic equations in the (d+ 1) unknowns H; and c. However, as already discussed, 
only (d+ 1) equations are really independent, giving rise to the hope that isolated solutions 
other than the already mentioned trivial ones might exist. Actually, from eq. (2.6), we easily 
see that the l.h.s. is constant for a string-phase solution. Thus, in order for the r.h.s. to 
be constant as well, two possibilities exist: either ¢ itself is constant with Q; arbitrary, or 


Q; = 0 for all 7. Let us discuss these two possibilities in turn: 


1) =0. 
This case looks more attractive at first sight. However, with o = 0, the remaining 
two equations are independent (see discussion in the previous Section) and give two 
constraints among the d conserved charges Q;. Since these charges are already related 
by the initial (pre-big bang) conditions, fine-tuned initial conditions would be needed 
in order to flow into a string phase of this kind. For this reason we will concentrate 


here on the second alternative. 


2) 6 #0, Qi=0. 
This case looks at first even worse because, instead of having two constraints among 
the d conserved charges, we now have set all of them to zero while they are certainly 
non-vanishing on the pre-big bang solution. However, if 3 <0, both sides of eq. (2.6) 
will go exponentially to zero at late times, irrespectively of the Q;’s. Therefore, as we 
shall see explicitly in the following section, string-phase solutions with b < 0 can play 


the role of late-time attractors for solutions coming from pre-big bang initial conditions. 


Although $ < 0 is a necessary condition for the above phenomenon to occur, it turns out 
not to be always sufficient. This can be most easily understood by using a RG description. 
Our differential equations (2.6)—(2.8) define a set of RG equations in physical (cosmic) time 
where 6, GB; play the role of running couplings. Time-derivatives of the couplings define some 
new kind of (-functions whose zeros correspond to the constant-curvature, linear-dilaton 


fixed points. Trivial Minkowski space (with 6 = () corresponds to a trivial quadratic zero 


of the 6-functions and, consequently, is a late-time (early-time) attractor for post-big bang 
(pre-big bang) initial conditions. 

By contrast, a non-trivial simple zero with @ < 0 is a late-time attractor from any initial 
condition sufficiently close to it. In order that pre-big bang initial conditions flow to this 
attractor, it is necessary that no other zeros or singularities separate the trivial fixed point 
from the non-trivial one. If this is the case, the long-conjectured transition from the dilaton 
to the string phase does indeed take place. In the next section we shall see explicit examples 


of such an interesting phenomenon. 


4 A first-order example 


To the first order in a’, and in the string frame, the simplest effective action that reproduces 


the massless bosonic sector of the tree-level string S-matrix can be written in the form [7]: 


kal 
S=- ae > fa eyigle [aa (V6) — Rhvaa| (4.1) 


where k = 1,1/2 for the bosonic and heterotic string, respectively (remember that we have 





assumed the torsion background to be trivial). The corresponding field equations are equiv- 
alent, in the sense discussed in ff], to the conditions of o-model conformal invariance repre- 
sented by the vanishing of the (3-functions. 

In order to discuss cosmological solutions, it is convenient to perform a field redefinition 
(preserving, however, the c-model parametrization of the action) that eliminates terms with 
higher than second derivatives from the effective equations. This can be easily done, as is 
well known, by replacing the square of the Riemann tensor with the Gauss—Bonnet invariant 
3 R25 = = Tae 4R?., + R?, at the price of introducing dilaton-dependent a’ corrections. 
The field redefinition 


Gu = Suv + Akal [Ru — 8.006 + Juw(V9)?], = 6+ ko! [R+ (2d-3)(VO)"], (4.2) 


truncated to first order in a’, leads in particular to the following simple form of the action 


(dropping the tilde over the redefined fields): 


$= 555 / d™ xy/|gle7 *|R+ (wor sled = (Ren - voy"), (4.3) 





which we will use throughout this section. 

We have explicitly checked that the results of this section are qualitatively reproduced also 
by using different parametrizations of the string effective action, for instance the one obtained 
by transforming into the string frame a pure Gauss—Bonnet action in the Einstein frame. 
Such results are not invariant, however, under field redefinitions that are truncated by keeping 
first order terms in a’ in the effective action. With an additional truncated redefinition 
we can in fact modify eq.(4-3), without re-indroducing second derivatives, and obtain, in 
particular, the special action that was shown to be off-shell equivalent to the conditions of 
o-model conformal invariance 4) through Zamolodchikoy-like equations. The same action 
has also been recently proposed as the correct one to achieve a higher-order extension of 
the T-duality symmetry 5]. Such an action does have fixed points; however, these are not 
smoothly connected to the perturbative vacuum. This field-redefiniton dependence of the 
background properties is unavoidable as long as the a’ expansion is truncated at a given 
finite order. 

We specialize the Bianchi I background, for simplicity, to the case in which the spa- 
tial sections are the product of two isotropic, conformally flat (“external” and “internal” ) 


manifolds, respectively d- and n-dimensional, described by the metric 
Joo = N° (i), Gig = —5,;e), Jab = Spe, ij=l,.., d; a, b= d+1, ttt) d+n (4.4) 


(note that the total number of spatial dimensions, previously denoted by d, is now redefined 


to bed+n). After integration by parts, the action (4.3) can be written as 


S« i. dtetotn-¢ — (-¢? — d(d—1)6? — n(n — 1)4? — 2dnBy + 2dBo + 2n¥6) + 


/ 





Bor (i + exit + BBP + eb? + eb? cad BPY + 0x84? + exBH? + on8%4 — 68) 
(4.5) 
where 
d n 
a = —3(d—1)(d—2)(d—3), c= —Z(n—1)(n— 2)(n — 8), 


Ge = <d(d—1)(d-2), c4 = Sn(n—1)(n—2), C5 = 4dn(n —1), cg = 4dn(d - 1), 


C7 = —2dn(d—1)(n—1), c= —Fan(n —1)(n—-2), «= —Fan(d —1)(d—2). (46) 


Here we are working, for convenience, with the original dilaton ¢, but the action can be 
easily converted to the general form of section 2 using the definition ¢ = ¢+ dG + ny. 

Let us first look for constant curvature solutions in the isotropic case n = 0. By varying 
the action with respect to ¢ and N, and setting ¢ = x = const, 3 = y = const, in the gauge 


N = 1, we get the two independent algebraic equations 


ie 
g + d(d—1)y? — ddny — 2© (exy! + ery? —x') - 


4 
k / 
— (dy—2) - siete alias. =), 
4 
xz? + d(d—1)y* —2dry — “ha! (cay' 4+ egay* — a) =); (4.7) 


We have explicitly checked that they have real solutions for any d from 1 to 9. For d = 3, 6,9, 
in particular, the coordinates of the fixed point in the plane (6, B) are given by (in units 


ke = 1) 


d = 3 e=+1.40.., y=+0.616..., 
d = 6 v= +1.37..., y= +0.253..., 
d = 9 e=+1.38..., y=+0.163..., . (4.8) 


Exactly the same results follow from the system of equations obtained by varying {.NV, 3} and 
{¢, 3}. In the last case one gets an additional fixed point, which corresponds, however, to 
6 = x —dy = 0. In that case the third equation is no longer a consequence of the other two: 
indeed, by imposing the constraint 6S/dN = 0, one finds that the additional solution has to 
be discarded, in agreement with the general discussion of the previous sections. Although 
we have not made an exhaustive search, it seems that non-isotropic fixed points are excluded 
in the absence of an exact duality symmetry. 

By integrating numerically the field equations for @ and ¢, and imposing the constraint 
on the initial data, we have verified that, for any given initial condition corresponding to a 
state of pre-big bang evolution from the vacuum (ie. 0 < B<-x, b = ¢-dB> 0), the 
solution is necessarily attracted to the expanding fixed points (1.8). This is illustrated in 


Fig. 1, for various numbers of dimensions. 


Fig. 1. Curvature regularization of a pre-big bang background as a consequence of the 
first-order a’ corrections (in units ka’ = 1). The dashed curve shows the singular behaviour 


of the zeroth-order solution in d = 9. The solid curves approach asymptotically the constant 


values of eq. (4.8). 
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string effective action. The Gags Benner ancient by itself, may parametrize the first- 
order a’ corrections only in the Einstein frame, and only in d = 3 ff. 

For the string effective action (4.3)), on the contrary, the fixed points are continuously 
joined to the perturbative vacuum (8 =) = d) by the smooth flow of the background 
in cosmic time, as illustrated by the “@-functions” B(B), 6(¢) plotted in Fig. 2 (6 and 3 
are obviously not independent, being related by the constraint equation). They show the 
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order solution Bj: 

vai = 414," = SHI, (4.9) 
evolving towards ((a) and (c)) or from ((b) and (d)) the singularity, expanding ((a) and 
(b)) or contracting ((c) and (d)). The position of the singularity has been made to coincide 
with the origin of the time axis, which thus separates the pre-big bang (t < 0) from the 
post-big bang (t > 0) configurations. The four dashed curves are related by T-duality and 


time-reversal transformation as follows: 


T —duality : (a) 


t — reversal : (a) (eh. (4.10) 


The numerical integration shows that, at least according to the model (4.3), only expand- 
ing pre-big bang and contracting post-big bang configurations are regularized, to first order 
in a’, as illustrated by the solid curves. In the context of a theory that is exactly duality- 
invariant, one may expect, however, a more symmetric situation in which the symmetry 


pattern of the zeroth-order solutions is maintained after regularization. 












(a) , 
Pre-bigbang — _ = en ~_P 
Fig. 3. First-order a’ corrections {solid curv s) t f the singular zeroth-order 


solution (dashed curves). (d) \ 








\ 
Since in the present example the dual of the expanding pre-big bang branch is not reg- 





ularized, no smooth monotonic evolution fFiga8 growing to decreasing curvature is possible, 
unlike in models where one-loop corrections are included [[L0|—[f13]. In the loop case, however, 
the final state of the background tends to remain in the pre-big bang sector with 6 ean 
6B > 0, because of the final growing rate of the dilaton. The expanding fixed point deter- 
mined by the a’ corrections corresponds instead to a final configuration of the post-big bang 
type, with 3b <0, 3 > 0, as illustrated in Fig. 4 by a numerical integration of the d = 3 field 
equations. This means that, unlike what happens in the one-loop model of [13], it is not 
impossible for the background to be attracted by an appropriate potential in the expanding, 


frozen-dilaton state of the standard scenario. 


i 
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post-big bang pre-big bang 
- - “ “ : e 
I -0.75 -0.5 =0.25, ~0.05. 0.5 075° a i) 
Fig. 4. Evolution|from the perturbative vacuum ; the expanding fixed point (and its time- 
reversal) to first order Qontvactiflghe dashed lines répresent thegeathngrder|pre- and post-big 
bang solutions. eee mal pre-big bang 











Let us finally stress, to conclude the dischiggion of our example, that if we start with suffi- 
ciently anisotropic initial conditions, the background in general evolves towards a curvature 
singularity. However, the isotropic fixed points may also attract anisotropic backgrounds, 
and the set of anisotropic configurations that are eventually attracted by the isotropic fixed 
point spans a region of finite size in the space of initial conditions. This property of the 
first-order action (4.3) is illustrated in Fig. 5, where we have plotted various curves 7(t) and 
4(@) obtained through a numerical integration by varying the initial conditions of 7, at fixed 
initial conditions for 3. The plots refer to the case d = 2, n = 1 and B > 0, but they are 
qualitatively the same for any d and n, and can obviously be symmetrically extended to the 
Blanes? At QadWberbakin inftihk doneditpointardrindidesphecaotéaapatnepi dpreabigubseg shovial 
noitditifgurdorthhecuasatdize 2s isetrbpiaed fond yoantlarikadfixtddnitke tadusimg arity is not 


avoided. 


The size of the attraction basin depends of course on the details of the first-order action. 





By using, for instance, the d =3 effective acti from the Einstein 


0.6 


larger attraction 





basin than the one illustrated i 


namely contracting initial con ns. The lack of a complete isotropDyy tion is not a negative 




















aspect of the modéFstiee—n-a-higher-dimension 


should indeed implement an effective dimensional reduction by separating three expanding 


ological evolution 





: : : : Fig. 5 
dimensions from the contracting “internal” ones. 
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5 Conclusions 


The evolution of a cosmological background from the string perturbative vacuum may lead 
to a regime in which higher-derivative contributions to the string effective action are large, 
while string loop effects are still negligible. We have considered, in that regime, the possible 
existence of a “string-phase”, with the background curvatures frozen at a scale controlled 
by the string length parameter A,, corresponding to an exponential evolution of the scale 
factor and a linear evolution of the dilaton (in cosmic time). We have shown that solutions 
of this kind may represent an exact solution (to all orders in a’) of the tree-level action, and 
we have discussed an explicit example (to first order in a’) in which all expanding isotropic 
backgrounds, evolving initially from the perturbative vacuum, are necessarily attracted to 
that constant curvature state. 

The main purpose of this paper was to point out the importance of a’corrections for a 
singularity-free cosmology: by implementing a mechanism of limiting curvature, they can 
regularize cosmological backgrounds even in the absence of quantum loop effects. The emer- 
gence of such a high-curvature string phase, in the weak coupling regime, leads to a cosmo- 
logical scenario rich of interesting phenomenological consequences. 

In a string-theory context, however, the properties of a background obtained to first order 
in a’ (and to any finite order in the a’ expansion) are characterized by a certain degree of 
ambiguity [7], because they are not invariant under field redefinitions. A truly unambigu- 
ous cosmological background should correspond to the solution of an exact conformal field 
theory [26], which automatically includes all orders in a’. In addition, the quantum back- 
reaction of loops and radiation, as well as an appropriate non-perturbative dilaton potential, 
are certainly required to complete the transition from the string phase to the radiation- 
dominated, constant dilaton phase of the standard scenario. In this sense, the results of this 
paper are still preliminary to the formulation of a complete and realistic string cosmology 
scenario. Nevertheless, they confirm previous conjectures, clarify the relative role of a’ and 
loop corrections, and motivate a more systematic study of higher-order and exact conformal 


solutions with constant curvature and linear dilatonic evolution. 
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Abstract 


Using our recent proposal for defining gauge invariant averages we give a general- 
covariant formulation of the so-called cosmological “backreaction”. Our effective covari- 
ant equations allow to describe in an explicitly gauge invariant form the way classical 


or quantum inhomogeneities affect the average evolution of our Universe. 


1 Introduction 


It is well known that the homogeneous and isotropic Friedman-Lemaitre-Robertson- Walker 
(FLRW) metric describes the geometric properties of our Universe only on sufficiently large 
scales of distance, and has to be interpreted as the “averaged” cosmological metric: namely, 
the metric emerging from an appropriate smoothing-out of the local inhomogeneities and 
anisotropies. The same interpretation of averaged variables has to be assigned to the matter 
energy and momentum density, sourcing the FLRW metric in the cosmological Einstein 


equations. 


A problem (a rather old one, see for instance [1]) thus appears due to the fact that 
the Einstein equations for the averaged geometry are different, in general, from the aver- 
aged Einstein equations. This is because the averaging procedure does not commute, in 
general, with the non-linear differential operators appearing in Einstein’s equations. As a 
consequence, the dynamics of the averaged geometry is affected by so-called “backreaction” 
terms, originating from the contribution of the inhomogeneities present in the metric and 


matter sectors. 


Interest in these themes has considerably risen after the suggestion that the cosmic 
acceleration, recently observed on large scales, could be unrelated to phantomatic dark- 
energy sources, but — perhaps more simply — to the dynamical effects of the backreaction 
(see e.g. [2]) thus solving the well-known “coincidence problem”. This possibility has focused 
current researches on a new problem: the gauge invariance of the averaging procedure. 
Indeed, in the absence of gauge invariance, the computed backreaction effects depend not 
only on the hypersurface chosen to compute the average integrals, but also on the chosen 


coordinate frame (see e.g. [3]-[6] for recent discussions). 


At present, the most commonly used averaging procedure in a cosmological context is 
based on the foliation of space-time into three-dimensional hypersurfaces comoving with 
the matter sources, and on the volume integration over such spacelike hypersurfaces [7] 
(see [8] for a recent review, and [6, 9] for an extension to more general hypersurfaces). 
This procedure is applied, in particular, to the scalar part of the cosmological Einstein 
equations, i.e. to the so-called Hamiltonian constraint and Raychaudhuri’s equation. By 
spatially averaging such equations on a comoving domain D (and considering, for simplicity, 


dust fluid sources) one obtains [7]: 


ap \? 7 
(2) = en -F(Q)n + (Rp). (1.1 
ae BE ohn — 51). (1.2) 


Here the dot denotes derivatives with respect to the cosmic time of the comoving syn- 
chronous coordinates, ap is an effective scale factor, related to the volume Vp of the 


integration domain (normalized by a reference volume scale Vp,) by ap = (Vp/Vp,)‘/3, 


Vo = [ @xy/\det aj) (1.3) 


and gj; is the intrinsic metric of the comoving hypersurfaces. Also, the brackets denote 


where 


spatial average over D, namely 


ne = | @eylectos as (1.4) 


p is the energy density of the dust sources, and 7 is the scalar intrinsic curvature associated 
with the spatial metric gj;. Finally, (Q) is a correction called “kinematical” backreaction, 
arising in a particular gauge (see section 2) from the averages of two scalar quantities: the 


trace © of the expansion tensor and the scalar shear 07: 


(Q)p = 5 ((©*)p — (0)B) — 200%). (1.5) 


The above averaged equations are obtained within a spatial slicing of the space-time 
manifold induced by the flow lines of the matter sources. In this paper we present a 
covariant version of the effective equations for the averaged cosmological quantities (called 
hereafter, for simplicity, averaged cosmological equations), based on a recently proposed 
gauge invariant averaging prescription [4]: the backreaction effects we obtain depend on the 
hypersurface chosen to define the physical observer, but do not depend on the particular 
choice of coordinates. In the appropriate class of gauges we recover the recent results given 
in [6, 9]. In addition, for an observer at rest with respect to the matter sources, we recover 


the same results as in [7, 8]. 


The paper is organized as follows. In Sect. 2 we present an explicitly covariant version 
of the Hamiltonian constraint, Raychaudhuri’s equation, and of the projected conservation 
equation for a generic foliation of spacetime and energy-momentum tensor. In Sect. 3 we 
briefly summarize the main aspects of our gauge-invariant averaging prescription, and we 
derive the corresponding general-covariant version of the averaged cosmological equations. 


Our conclusive remarks are briefly presented in Sect. 4. 


2 Covariant ADM equations 


In order to introduce spatial averages of physical quantities we consider a general class of 


foliations of spacetime by spacelike hypersurfaces ©(A) over which a scalar field A(x) takes 


constant values (the so-called level-sets of A). Let n,, be the future-directed unit normal to 
&(A), defined by 
OA 


Bb _] 2.1 
(—0,,A0,A giv)’ Phagh (2.1) 


i= — 
(we are using the metric signature (—,+,+,+)). Let us also introduce the projector hy, 
into the hypersurfaces by: 

yw ia Juv oI Nyy ’ hyupht = hw ) lout =0. (2.2) 


The Einstein equations G,, = T, (we use units in which 87G = 1) can then be projected 
along n“ and h””, and give rise to three (sets of) equations that can be chosen in the 


following form: 


Gann. =n na Se, 

Guth = Tywnh, = Ip, (2.4) 
1 1 

Ruvhghe = Twhhhs - ghpol oo aheol’. (25) 


They correspond to an explicitly covariant version of the so-called Arnowitt-Deser-Misner 
(ADM) equations. 


It is always possible to make contact with the more conventional ADM formalism by 
choosing a class of gauges in which the scalar field A(x) is homogeneous. We shall call it 


the ADM gauges. In such a gauge the normal vector n, takes the form: 


1 
he = N(—1,0, 050) ’ nh = wih: =) ’ (2.6) 


where N and N? are, respectively, the so-called lapse function and shift vector. In this 
gauge: 
hi — oe 5 ho = 0 5 hij = ij 5 (2.7) 


where gj; is the induced 3-metric (or first fundamental form) on ©. The spacetime metric 


of the foliated spacetime is given by: 
ds? = g,,da"dx” = —N? dt? + gi;(dx' + N'dt)(dx) + Nidt) , (2.8) 


and its inverse by: 





He gV Ve = =N A (Vo= NVR Og? ViV;.4 (2.9) 


3) 


where (3)g'J is the inverse of the 3 x 3 metric 9ij- 


In this class of ADM gauges Eqs. (2.3) and (2.4) reduce to the convential form of 


the Hamiltonian and momentum constraints, respectively, while Eq. (2.5) generates the 


second order evolution equations. In the ADM context such evolution equations are splitted 
into twice as many equations, those defining the second fundamental form (or extrinsic 


curvature) K?, and those describing the evolution of K? itself (see, e.g. [8]). 


In order to give a covariant and gauge invariant formulation of the cosmological back- 
reaction we shall make use of the covariant Eqs. (2.3)—(2.5), which lead to an explicitly 
scalar form of the Hamiltonian constraint and Rachayduri’s equation. To this purpose, let 
us first consider the spacetime flow generated by the timelike vector field n,,, and define the 


projected expansion tensor of the flow worldlines as 
1 
Ow = heneV ang = gl + Ou + Ope 5 (2.10) 
where 
1 T 
O=V,n", Cip= hen (Yang — ghaaVrn ) S i= hone Vang), (2.11) 
are the expansion scalar, the shear tensor and the rotation tensor, respectively. In our case, 


with n,, given by Eq. (2.1), we have a zero rotation tensor and we can write 


1 1 1 1 
Ow = Ow — gh, a 50Y on 5 (overs _ 50°) : (2.42) 


where o? is the shear scalar. 


Consider first the Hamiltonian constraint (2.3), whose left hand side can be decomposed 


as follows: j i ; 
[ges fc pp ee 2. ELHEY oe 
Ryynin” + 5R= 5 (6? - o4e%) + SR - (2.13) 


In the ADM gauge the term in brackets on the right hand side can be expressed in terms 


of the extrinsic curvature as: 
@* — O40" = K? — KiKi}, (2.14) 


while R, is a scalar which, in the ADM gauge, goes over to the intrinsic scalar curvature 
R associated with the induced metric g;;. We can thus rewrite the Hamiltonian constraint 


completely in terms of scalar quantities as: 


2 
Re + 0? — O40" =Re+ ca — 267 = 2T,, nn” = 2c. (2.15) 


Coming now to the explicitly scalar form of Rachayduri’s equation, we note that it 


corresponds to the linear combination of Eq. (2.3) and of the trace of Eq. (2.5), leading to: 


1 
Ryn” = Ty hh” — ST. (2.16) 


After some straightforward calculation the above equation takes the form: 


1 1 
—n"V,0 = 207+ 50. —V" (ne V anv) + (Tw — sauT nen: 








1 1 
= Ye + aC — VV" (ntV pny) Het af: (2.17) 


So far we have made no assumptions on the form of T),,. Let us now restrict ourselves 


to the case of a perfect fluid with: 


Tw = (9 + P)Uptly + Dguw, (2.18) 


where u, is the 4-velocity comoving with the fluid, and p and p are, respectively, the 
(scalar) energy density and pressure in the fluid’s rest frame (the generalization to several 
non-interacting fluids is straightforward). We stress that u,, and n, are in general distinct: 
the former depends on the properties of the matter sources, the latter depends on the 
choice of the hypersurfaces on which we want to average, hence should be determined by 
the particular problem at hand. With this model of sources we can then express the basic 


quantities entering our equations (2.15) and (2.17) as: 


é=Tyn'n’ = (p+ p)(ulny)? —p, T=Ti =—pt+ 3p. (2.19) 


For later use, we note that the trace T of the energy momentum tensor is unaffected 
by the possible “tilt” (misalignment) between u, and n,, while the sources of the covariant 
ADM Eggs. (2.3)—(2.5) — namely the objects that we may call the ADM energy density «, 
the ADM pressure 7 = S‘/3, and the ADM current J, — become: 





e = p—(p+p)(1- (uln,)”) , (2.20) 
™ = p 5(0 +P) (1 (ulin)?) (2.21) 
Jy = (p+p)uPng(1 + ubny)ur- (2.22) 


On the other hand, a straightforward calculation in the ADM gauge leads to: 
(uHny)? =1+ Oe usu, eas (2.23) 


meaning that this quantity is always larger than 1. We can thus introduce a “tilt angle” ay 


such that sinh? ap = (un,,)? — 1, and we can rewrite ¢ and 7 in the more convenient form 
1 ; 
e€=pt+(p+p)sinh? ar, T=p+3(p+P) sinh? a. (2.24) 


Let us finally consider the condition following from the projected energy-momentum 


conservation law, n“V"T),, = 0. It is known that such condition is not implied by the 


two projected scalar Einstein equations considered above, and has to be added to the set 
of averaged cosmological equations as an additional independent constraint [7, 8]. In the 
general context we are considering (with n,, 4 u,), the projected conservation equation can 


be written explicitly as follows: 


uO, [(p + p) uP] + n*Oup + (0 + p) [VyuluPny — OM’u,u] = 0. (2.25) 


3  Covariant averaged equations 


Let us begin from the four dimensional integral of a scalar S(x) as defined in [4]: 


I(S,Q) = i d‘x,/—g(x) S(x) = des d‘x,/—g(x) S(z)Woa(z). (3.1) 


The integration region Q C Mz, is defined in terms of a suitable scalar window function 
Wo, selecting a region with temporal boundaries determined by the space-like hypersurfaces 
%(A) (defined in Sect. 2), and with spatial boundary determined by the coordinate condition 
B < ro, where B is a (positive) function of the coordinates with space-like gradient 0,B, 
and 79 is a positive constant. As we are interested in the variation of the volume averages 


along the flow lines normal to 4(A), we choose in particular the following window function: 
Wo(2) = n*VO(A(@) — Ao)O(ro — B(a)), (3.2) 
where @ is the Heaviside step function, and n, is defined in Eq. (2.1). 


As discussed in [4], if B(x) is a scalar function the integral (3.1) is not only a scalar 
under general coordinate transformations but is also gauge invariant (to all orders): namely, 
it is invariant under the local field reparametrizations induced by any coordinate change 
when old and new fields are evaluated at the same space-time position. If B is not a scalar, 
the spatial boundary can be a source of breaking of covariance and gauge invariance. In [10] 
we will discuss in more detail such a breaking, and confirm that it goes away in the limit of 
large spatial volumes (with respect to the typical scale of inhomogeneities) [4]. Using the 


window function (3.2), the integral (3.1) becomes: 
1(S, Ao) =}. d*xy/—g(x)5(A 0,4 8"A)"/26(r9 — B(a)) S(). (3.3) 


Let us now consider the derivative of I(S, Ag) with respect to Ao, a quantity that, like 
I itself, is covariant and gauge invariant (apart from a possible gauge dependence induced 
by the spatial boundary): 


ee of == f dtxy/—g(a) 5 (Ae) ~ Ao) (-2,.40"A)"?0(r9 — B(e)) S(c) 


== f axy/—g(a) a5 (A(w) — Ao) [20A(e)I* (—0,4 0" A)"??8(r0 — B(a)) S(2). 


(3.4) 
Within adapted ADM coordinates, where A is homogeneous, we can always choose those 
with vanishing shift (i.e. with go = —N? and go; = 0). In such coordinates we have: 
OI(S, Ao) 
SSO) A= f athe =H a5 (Alt) — Ao) (=98)!20(r0 — B(@)) Ste) 


= f d'x5 (A(t) ~ Ao) 2 [V=9(—9)"/70(r0 - Bla) $(a) 
= / dtr /hy16(A(t) — Ao) [0(ro — B(e)) (NO S + AS) — 5(ro — B(e)) SOB], 





(3.5) 
where y = det g;;, and we have used that, in these coordinates, 
O = Nd log v7. (3.6) 
The above equation can be easily recast into the following covariant and gauge invariant 
form, 
BO Bs (BAPE a(n FO tn) “A ( Peeasia), 


(3.7) 
that reduces to Eq. (3.5) in the special coordinates we have been using. Note that the last 
factor of the above equation is absent if n“ is orthogonal to the gradient of B (n“0,B = 0), 
namely if B does not depend on the time coordinate of the gauge used in Eq. (3.5). We 


shall restrict ourselves to this case hereafter. 


Let us define now the covariant averaging prescription for a scalar S(x) on the hyper- 


surfaces of constant A, following [4], as: 





_ 1S, Ao) 
Using Eq. (3.5) we can easily obtain the derivative of the averaged scalar (5) 4, as: 
OS) Ay _ | i) es 
OAp i (0495) Ao + PBA Ao (S) Ao OA Ao ’ (3.9) 


and Eq. (3.7) immediately gives us the generally covariant version of the above equation: 


A(S) Ay (a) so ) C) ) 
= aay Mo ae ON oe 
OAo 0, AOHA - (—0,,A0#A)}/2 de °\ (—0,, AH AH? i 


This is the covariant and gauge invariant generalization of the Buchert-Ehlers commutation 





rule [11], and will be the starting point for our generalization of the averaged cosmological 


equations. However, let us first illustrate the precise connection to the special version of 
this rule obtained in [11]. 


In ADM coordinates, with A homogeneous, Eq. (3.3) reads: 


I(s, Ag) = is dx xvi \y y(to,£ )| S( to, £ (ro — B(to, Z)) ; (3.11) 


where we have called to the time when A(t) takes the constant values Ap, and the averages 
are referred to a section of the three-dimensional hypersurface ©4, where A(x) = Ag. This 
is exactly the type of spatial integrals used in [7] (with a domain D determined by the 
condition B(x) < ro), and thus leads to the same definition of averages (see Eq. (1.4)). Let 
us compute, in this case, the corresponding version of Eq. (3.10). Multiplying both sides 
by 0;Ap we obtain the equation 


OL(S}) Ao 


0 


(aS — Nid; Na + (SN) 4, — (8) 49 (NO) 4 
N®) 4, — (5) Ao (N®) a, » (3.12) 


(Nn"O,S) 4, + (5 


which generalises the commutation rule given in [11] to the case of non-vanishing shift 


vector. For N*? = 0 the standard result is recovered. 


Let us come now to the covariant formulation of the averaged cosmological equations. 


Starting from the generally covariant volume integral 


I(1, Ao) = fi dag 6(A(x) — Ao)\/—0,,A0"A 6(ro — B(z)) (3.13) 


we define, along the lines of the previous approach [7], an effective scale factor @ such that 


10a 1 __ ATA, Ao) 


a 14 
a OAo 3/7 (1, Ao) OAo C ) 


We then find, using Eqs. (3.7), (3.8), 


poe A e 
Be eee (3.15) 
aOAg 3 (—0, Aa" A)1?? ) rm 


We are now in the position of presenting the covariant generalization of the averaged equa- 
tion (1.1). Taking the square of the previous equation, using the Hamiltonian constraint in 
the form of Eq. (2.15), and explicitly reintroducing Newton’s constant in the formulae, we 


easily obtain: 
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In order to arrive at the covariant generalization of the second Buchert’s equation (1.2) 


we start with the simple relation 
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Using Eq. (3.15), and the general commutation rule (3.10) for the first term on the right 


hand side, we obtain 
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Inserting then the covariant Raychaudhuri’s equation (2.17) in the last term of the above 


equation we are lead to the final result, 
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where we have used the relation p — 3p = € — 3m (see Eq. (2.24)). Equations (3.16) and 





(3.19), together with the averaged conservation equation discussed below, are the main 


results of this paper. 


Let us now observe that Eq. (3.16), written in the ADM gauge, and multiplied by 
(0, Ao)’, reduces to the equation recently presented in [6, 9]: 


10a\? 81G 87G 1 
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1 1 
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We have used Eq. (2.24) to replace the ADM parameter ¢ with the fluid proper energy 
and pressure. When sinh? a7 = 0 (namely when the averaging hypersurfaces coincide with 
those orthogonal to the fluid velocity, n, = u,), we exactly recover the corresponding 
Buchert’s equation (see the second paper of [7]). In the synchronous gauge (NV = 1) and 
for dust sources (p = 0) we recover instead Buchert’s Eq. (1.1), apart from the additional 


contribution arising from a nonvaninshing tilt angle ar. 
Consider now the second equation (3.19), and let us first note that 
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We go then to the ADM coordinates, as before, imposing in addition the convenient gauge 
choice N* = 0, and we apply Eq. (2.24) to express ¢ and 7 in terms of p and p. By using 
Eq. (3.19) to eliminate the first term on the right hand side of Eq. (3.21) we obtain 
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in agreement with [6]. Again, for sinh? a7 = 0, we also recover the corresponding Buchert’s 
equation (see for instance [8]). We may note that, when sinh? a7 ¢ 0, the “tilt effects” give 


a negative contribution (assuming p+ p > 0) to the average cosmic acceleration. 


Let us conclude this section by noting that, as anticipated in Sect. 2, the set of aver- 
aged cosmological equations has to be complemented by the general-covariant average of 
the conservation equation (2.25). Such an operation can be performed straightforwardly, 
according to the general procedure outlined above. We shall present here, for simplicity, the 
covariant version of the averaged conservation equation in the particular case in which the 
space-time foliation is referred to the fluid comoving frame. In such a case, setting ny, = Uy 


in Eq. (2.25), and applying the general-covariant commutation rule (3.10), we obtain 


O =: Op (2) 
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(note that, in this case, the scalar A corresponds to the velocity potential of the fluid 
sources). Going, as before, to the ADM coordinates, and multiplying by 0;Ao, we recover 
the known result 


ap iP)p + (NOP) p — {p) (N©) p = 0, (3.24) 


already presented in various papers |7, 8]. 


4 Conclusion 


The main results of this paper are the covariant and gauge invariant formulation of the 
Buchert-Ehlers commutation rule, Eq. (3.10), and of the effective equations for the averaged 
evolution of a perfect fluid-dominated Universe, Eqs. (3.16), (3.19),(3.23). The average is 
performed over a generic class of hypersurfaces, not necessarily orthogonal to the fluid flow 
lines. We stress that our results allow to compute averaged quantities in a completely 


arbitrary coordinate system. 
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The results obtained in this paper can be directly applied to the case of the quantum cos- 
mological backreaction, by using the correspondence between quantum expectation values 
and classical averages performed over all three-dimensional space, as illustrated in details 
in [4]. Hence, in particular, can be applied to study the effect of the quantum fluctuations 


within the canonical formalism of cosmological perturbation theory. 


At the same time, the classical averaged equations (possibly extended to light-like hy- 
persurfaces) may provide a covariant starting point for determining whether present inho- 


mogeneities can significantly contribute to the observed cosmic acceleration. 
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We discuss the possibility that “quintessential effects”, recently displayed by large scale observations, 
may be consistently described in the context of the low-energy string effective action, and we suggest 
a possible approach to the problem of the cosmic coincidence based on the link between the strength 
of the dilaton couplings and the cosmological state of our Universe. 


In a string theory context fii, the macroscopic and 
large scale gravitational interactions are described by a 
low-energy effective action which necessarily contains a 
‘scalar field — the dilaton — and which can be written, in 
general, as the action of a non-minimally coupled and 
self-interacting scalar-tensor theory. 

The dilaton ¢ controls the strength of the gravitational 
coupling and — in superstring models of unification — also 
the strength of all other interactions, since the expecta- 
tion value of the dilaton should fix the fundamental ratio 
between string and Planck mass, and the gauge coupling 
constant of GUT theories A. At the tree-level, 


g2 = exp(¢) ~ (Ms/Mp)? ~ agur. (1) 


It may be possible (and even auspicated, in certain 
string-inspired cosmological scenarios [3}) that in the very 
early past of our Universe the dilaton was varying very 
rapidly in time, and the effective gravitational interac- 
tions were very different from those described by the 
Einstein equations. At present, however, the dilaton has 
to be frozen, to be consistent with the observed values of 
the coupling constants. The string effective action should 
thus contain an appropriate potential to allow the solu- 
tion @ = ¢9 = const, or a regime of slow-enough dilaton 
variation. In such a regime, in addition, the dilatonic in- 
teractions must become weak enough and/or short-range, 
so that the action may provide a correct description of 
present macroscopic gravity. 

The potential energy of a nearly constant dilaton, on 
the other hand, introduces into the gravitational equa- 
tions a cosmological term, which might lead the Universe 
to a phase of cosmic repulsion and accelerated expan- 
sion. It seems thus natural to wonder whether the dilaton 
could simulate consistently, in a string theory context, 
the effects of the so-called “quintessence” Al. the phan- 
tomatic scalar field introduced to fit recent cosmological 
observations [5], and to (possibly) alleviate some prob- 
lems posed by the phenomenological need for a vacuum 


source with negative pressure and very small energy den- 
sity, which seems to dominate our present Universe. If 
the answer would be positive, there would be no need to 
assume the existence of new exotic scalar fields, and/or 
to invent ad hoc models of scalar interactions. 

In this paper we shall assume that the dilaton is frozen, 
for some mechanism, already in the radiation era, with 
a potential energy small enough to avoid disturbing the 
standard cosmological evolution down to the equilibrium 
epoch. It could be argued that a frozen scalar field with, a 
very small but non-vanishing potential energy, is a model 
of quintessence indistinguishable from adding a “pure” 
cosmological constant to the action. This is certanly true 
for a minimally coupled field, but is not true, in general, 
for scalars non-minimally coupled to the geometry and 
to the other matter fields, like the dilaton. 

For non-minimally coupled fields, in fact, a cosmolog- 
ical transition (i.e. a change in the equation of state 
of the dominant cosmological sources) tends to shift the 
field away from the initial equilibrium position, and a 
subsequent transition to the frozen, potential-dominated 
regime is not at all guaranteed. The dilaton, in partic- 
ular, is coupled to the trace of the matter stress tensor, 
and a constant solution is possible in the (traceless) ra- 
diation era, as we shall see, but not in the era of matter 
domination. 

Thus, even if the dilaton is “sleeping” in the radiation 
era, it necessarily “wakes up” and starts rolling down 
(or up) the potential after the equilibrium time, when 
the Universe enters the matter-dominated regime. How- 
ever, if the dilaton mass is not too small, the dilaton may 
bounce back, and approach again the freezing position, 
just when its potential energy starts to become critical. 
It thus becomes a non-trivial consequence of the potential 
and of the “stringy” dilaton dynamics if the decelerated, 
matter-dominated era is followed by a phase of potential 
domination and accelerated expansion. 

The main purpose of this paper is to discuss, in the 


above dilatonic scenario, the problem of the “cosmic coin- 
cidence” a. which seems to affect the so-called “trackers 
solutions” ial arising in models with power-law or expo- 
nential IS potentials, as well as in models of quintessen- 
tial inflation (q). Our effort, in particular, is to under- 
stand whether or not such a problem may be avoided, or 
relaxed, in a dilatonic scenario in which the ratio of the 
matter to scalar energy density goes asymptotically to 
zero, and not to a constant like in recent attempts to solve 
the coincidence problem based on bulk viscosity and 
on non-minimal scalar-tensor couplings fy). The sce- 
nario discussed in this paper is also different from other, 
non-minimally coupled scalar models of quintessence ie 
because the dilaton potential and couplings are not ad 
hoc, but (in principle) prescribed by string theory, and 
because the present value of the dilaton field is not an ar- 
bitrary parameter, but has to be determined so as to fix a 
realistic set of GUT coupling constants, according to eq. 
(ll) (the tree-level relation between the dilaton and the 
fundamental constants could be non-trivially modified, 
however, by loop corrections (ia). 

Let us start our discussion with the tree-level, lowest 
order in a’, gravi-dilaton string effective action, mini- 
mally coupled to perfect fluid sources: 
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(A; = My! is the fundamental string length parame- 
ter). Consider a homogeneous, isotropic and spatially 
flat background. By varying the action with respect to 
goo, 9ij and @, and using the dilaton equations to simplify 
the gj; equation, we get, respectively: 


é? + 6H? —-6Hdb—V =e*p, (3) 
v 

1 

H— HG 43H? + = Se, (4) 

é? + 12H? —6Hd—-26+6H+V'—-V=0, (5) 


where V’ = 0V/0¢, and we have chosen the cosmic time 
gauge. Note also that we have chosen units in which 
2\2 = 1, so that e® represents, in string units, the ef- 
fective four-dimensional Newton constant 167G. The 
combination of the above equations leads to the usual 
covariant conservation of the energy density: 


p+3H(p +p) =0. (6) 


It is useful, at this point, to rewrite the dilaton equa- 
tion by eliminating H? and H. This gives the condition 





ne é A 1 
$+3H¢-¢' 4 aaa 3p) + V'+V =0. (7) 
A stable solution ¢ = ¢9 = const is thus possible only if 


3p — p = 2e-*(V + V’) = const, (8) 


which, combined with eq. ), leaves only three possibil- 
ities: i) vacuum, p = p= 0, V+ V’ = 0; it) cosmological 
constant, p = —p = pp = const, V+ V’ = —2e%°p9 = 
const; iii) radiation, p = 3p, V+ V’ = 0. 

The first two cases corresponds to an accelerated de 
Sitter solution, H? = constant. Only in the third case 
we can obtain a decelerated background, which coincides 
with the standard radiation-dominated solution provided 
V(¢0), V'(¢0) < e*p. Let us thus suppose that, for 
some mechanism (to be discussed elsewhere), the dilaton 
is attracted to the equilibrium position V + V’ = 0 early 
enough in the radiation era, and that the potential energy 
is always subdominant during the whole radiation epoch, 
V(¢0) < H3,, in such a way as to avoid any conflict with 
standard big bang nucleosynthesis (unlike other models 
of extended quintessence, see [14)). 

It should be noted that such a dilaton configuration ex- 
tremizes the effective (canonical) potential when trans- 
formed to the Einstein frame. In the (tilded) Einstein 
frame variables, defined by the conformal transformation 


uv = uve ®, od = ¢, (9) 


the dilaton in fact is minimally coupled to the metric, 
but non-minimally coupled to the fluid sources, and the 
cosmological equations (PHB) become (in units 167G = 1): 


F - PP 
6H’ =p+V+>, (10) 
ee . @& 
4H +6H® =-p+V—-, (11) 
- a | = 
0+ 3H9 + 5(6 — 3p) +V" = 0, (12) 


where V = e®V, p = e?%p, p = e?%p, and the dot denotes 
the derivative with respect to the Einstein cosmic time, 
di = dte~*/?. Thus, in the radiation era, V’ = 0 is the 
necessary condition for ¢ = const. 

Let us now approach the problem of the cosmic coinci- 
dence considering the Einstein frame equations (tof f.2)), 
which we rewrite in the matter dominated era p = pm, 
p = 0 (omitting the tilde, for simplicity), and taking into 
account the possibility of a more general (loop-induced, 
see below) matter-dilaton coupling, parametrized by the 
function a(¢): 


$ 
6H? = pm+V +>, (13) 
: b 
Se ad oe (14) 
“ . 1 
9+ 3H9 + 5a(b)Pm +V' = 0 (15) 


(a = 1 corresponds to the previous, lowest-order action). 
Their combination gives 


Pim + 3H Om — 52(#)Pmd =0. (16) 


Assuming that the matter-dominated era starts at the 
equilibrium time with ¢ = ¢, ¢6=0=V',W= 
V(¢0) < 6H3,, Pm ~ 6HZ,, we ask the question: is it 
possible for the phase of matter domination to evolve 
into a subsequent phase dominated by the potential en- 
ergy of the scalar field, and corresponding to an effective 
negative pressure pg/pg = (¢7/2 —V)/(¢2/2+V) <0? 

In the absence of the non-minimal coupling to matter 
(i.e a = 0, pure general relativity) the answer would be 
yes, for all values of V) < 6H2,. In that case, indeed, 
the dilaton wold keep constant at the minimum, and the 
Universe would enter the potential-dominated phase as 
SOON as Pm S Vo, rapidly approaching a final regime with 
po/po = —1, and H? = Vo/6 = const. However, given 
the (semi-)infinite range of allowed values for Vo, why 
Vo ~ pm(to) ~ Hé@ (as suggested by osservations), i.e. 
why the potential energy of the scalar field is just of the 
same order as the present matter energy density? (cosmic 
“coincidence” ). 

The dilaton, however, is non-minimally coupled to 
macroscopic matter (a 4 0, in general), and cannot stay 
frozen at the minimum when the Universe is driven by pm, 
(see eq. ({L5))). The above question concerning the possi- 
ble advent of the quintessential regime thus becomes: for 
which values of the initial potential Vo < natok the dilaton 
may come back to the minimum, and the Universe may 
enter the potential-dominated phase, with total negative 
pressure? If the answer would point, only and precisely, 
at the value Vo ~ H@, the coincidence problem would dis- 
appear. If the answer would indicate instead a restricted 
range of values for Vo, the problem would be nevertheless 
alleviated. 

The answer to the above question obviously depends 
on the shape of the potential, and on the coupling a(@). 
Let us start assuming, first of all, that a is a constant, 
or that its dilaton dependence (in the range of inter- 
est of our problem) is so weak to be consistently ne- 
glected. For the dilaton potential, we can ask the as- 
sistance of string theory. Although the full and detailed 
form of V(@) is largely unknown (mainly because of non- 
perturbative effects), we know, however, that in the weak 
coupling regime (¢ — —oo, gs < 1), the supersymme- 
try breaking potential of critical superstring theory 
has to be strongly suppressed in an istantonic way, i.e. 
V ~ exp(—1/g?) = exp[—exp(—¢)]. In the regime of 
moderately strong coupling (—¢ ~ 1), on the other hand, 
the potential must exhibit some structure, leading to a 
minimum @¢p such that A 





g2 = exp(¢o) ~ 0.1 — 0.01, (17) 


(according to eq. (ii). Finally, in the strong coupling 
regime (g, ~ 1), we may expect an exponential growth of 
the potential, due to the factor e? induced by the trans- 
formation from the string to the Einstein frame. Such 
an exponential behaviour could be suppressed, at very 
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FIG. 1. Plot of V($) and V'($) from eq. (19), with 
ky =koe =6B=y=1,€=0.1, d1 = —3. The three curves, 
from top to bottom, correspond respectively to m = 1/10, 
m = 1/12, m=1/15, in units of Heq. 








strong coupling g; >> 1, by some non-perturbative effect 
or by loop corrections, but we are not concerned with this 
possibility here since the matter coupling is expected to 
shift the dilaton towards negative values, and then to- 
wards the weak coupling regime (see eq. (5). 

What is imporant, in this context, is that the poten- 
tial barrier separating the minimum ¢p from the pertur- 
baive regime is not infinitely high, and it is possible for 
the shifted dilaton to escape to —oo, provided its mass 
is light enough, and/or its coupling to matter (i.e., the 
initial acceleration) is sufficiently strong. The possible 
transition to a phase dominated by the potential energy 
Vo thus becomes a precise problem of balance between 
the initial force aiming at moving the dilaton away from 
the minimum, —ap/2 < 0, and the restoring force gener- 
ated by the potential, —V’ > 0. 

In order to illustrate this mechanism, let us consider 
a “minimal” example of dilaton potential satisfying the 
above-mentioned string theory requisites, and controlled 
only by one dimensional parameter m, related to the ef- 
fective (low-energy) mass of the dilaton. Such a poten- 
tial can be simply parametrized (in the Einstein frame) 
as follows: 


Vag lene + Be k2($-41)| e—eexp[—r(¢-41)] (18) 


(see also fia), where ky, ko, ¢1,€, 3,7 are dimensionless 
numbers of order one, whose precise values are not cru- 
cial for the purpose of this paper, provided they deter- 
mine a minimum around a value @¢ consistent with a 
superstring unification scenario (eq. (i). For our il- 
lustrative purpose we will choose the particular values 
ky ko Bp ay 1, € 0.1, ¢, = —8, in such 














oo 6 36 





Log a- gues 





Log a- aeq 


oo 8 0 





FIG. 2. Numerical integration of eqs. (die) with a = 1, 
m = 107'Hegq, and initial conditions ¢ = ¢9 = —3.112, ¢ = 0, 
Leia Hi1, pn 6h, = Vis 





a = Aeq 





a way that the minimum is at ¢9 = —3.112..., and 
g2 = exp(¢o) ~ 0.045, in agreement with eq. (17). 
(Many other choices are possible, of course. In partic- 
ular, the qualitative behaviour of the potential remains 
the same if we increase €, provided the values of k; and 
kz are also simultaneously increased, or the value of ¥ is 
decreased). 

With the above choice of parameters, the dilaton po- 
tential (19) and its gradient V’ are plotted in Fig. 1, for 
various values of m. We may note that, as m is decreased, 
the effective potential barrier is lowered, the restoring 
force —V’ becomes weaker, and it becomes easier for the 
dilaton to escape from the minimum, as previously an- 
ticipated. 

With such a potential, we have numerically integrated 
eqs. ({L3H16), at fixed a (in particular, a = 1), and initial 
condition at the equilibrium epoch: ¢ = ¢9 = —3.112, 
@ = 0, H = Heq, Pm = 6HZ, — Vo, @ = deg. We have 
found that, when the mass parameter m < Hq is not 


too small (for instance, m = 10~'Heq), the cosmological 
evolution is typically the one illustrated in Fig. 2: the 
dilaton is shifted from the minimum but is subsequently 
re-attracted to it, its velocity is damped and goes to zero 
after some oscillations, the potential energy asymptoti- 
cally becomes critical, and the Hubble parameter freezes 
at a constant value determined by Vo (and corresponding 
to a de Sitter equation of state py/py = —1). 

When the mass parameter m is too small, however, 
the evolution is qualitatively different, and is illustrated 
in Fig. 3, where we present the results of a numerical 
integration with the same initial conditions, but a mass 
ten times smaller, m = 107?Heq: the velocity ¢ is still 
damped and goes to zero, asymptotically, but it keeps 
negative for ever, and the dilaton runs monotonically to- 
wards the perturbative regime ¢ — —oo, V > 0. 

We observe now that, in a realistic model of 
quintessence, the potential energy of the dilaton should 
represent an important fraction of the critical energy den- 
sity (in particular [Bh], Vo ~ (2/3)p. ~ 4H?) just at the 
present epoch, i.e. when the radiation energy density 
pr (which evolves independently from the dilaton) has 
been reduced by a factor (Pm/pr)o = (do/aeq) ~ 104 
with respect to the matter energy density. This re- 
quires Vo ~ H@, where Ho is the present value of 
the Hubble radius, and since (from eq. (g)) Y= 
2m? cosh(0.112) exp[—0.1 exp(0.112)] ~ 2m?, this implies 
m ~ Ho ~ 10~°Hegq. The qustion is now whether or not, 
for such a value of m, the solution may become asymp- 
totically dominated by the potential. 

The answer is strongly dependent on the value of the 
dilaton coupling a(¢). If a = 1, for instance, the value 
mw~ Ho ~ i ass is certainly to be excluded because, 
as shown by a numerical integration, the dilaton returs 
to the minimum of the potential only if m 2 0.077 Heq. 
In that case, the regime of potential domination occurs 
too early, as illustrated in Fig. 2 where Vo ~ pm for a ~ 
10deq, ie. for pp ~ 107'pm. If a = 107, instead, we find 
that all the values of m from Heg down to 10 Aig are 
compatible with a dilaton trapped around the minimum. 
The realistic value m ~ 10~°Heq is still to be fixed by 
hand, but the choice is restricted within a limited range 
and, in this sense, the coincidence problem seems to be 
alleviated. 

It must be stressed, at this point, that the dilaton po- 
tential in the Einstein frame also determines the mass m 
of the (canonically normalized) dilaton field, through its 
expansion around the minimum: 


im = V" (bo) = 2m? cosh(¢p — 1)e7 1 *P(F1— 40) 

x [1 — 0.1e- #9) — 19-2e-H0-#9)| ~ 2m?, (19) 
where (¢9 — 1) ~ —0.112. A realistic scenario, with 
m ~ Ho ~ 107%3 eV, thus correspond to a very long 


(infinite, in practice) range for the dilatonic interactions. 
It follows that the present value of the dilaton coupling, 
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FIG. 3. Numerical integration of eqs. (id ie) with a = 1, 
m= 107? Hea, and the same initial conditions as in Fig. 2. 


ao = al[d(to)], has to be strongly suppressed, to be com- 
patible with the present tests of the gravitational inter- 
action. In particular i. ao S 10-4 for composition- 
dependent dilatonic couplings, strongly constrained by 
the precise tests of the equivalence principle; ag S 107? 
for universal dilatonic couplings, constrained by tests 
of post-Newtonian gravity. Such phenomenological con- 
straints can be accounted for, in principle, by including in 
the string effective action the quantum loop corrections, 
to all orders (indeed, they are to be included when 
the string coupling g, is not negligibly small, like in the 
case we are considering; higher-curvature a’ corrections, 
on the contrary, can be safely neglected, as the curvature 
scales we are considering are always small in string units, 
atl? <1), 

The loop corrections modify the dilaton coupling to 
the matter sources, and can be parametrized, in our case, 
by three effective dilaton “form factors”, Z,(¢), Zp(¢), 
Z(), appearing in the string frame action if and de- 
fined by: 
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(T is the trace of the stress tensor). The transformation 
to the Einstein frame leads then to cosmological equa- 
tions in which the canonically rescaled fields p, p, d, are 
minimally coupled to the metric, according to eqs. (id, 
fii). The dilaton, however, turns out to be non-minimally 
coupled to the trace of the fluid stress tensor, as in eqs. 
(i5}f6), through the coupling function a(¢) that depends 
on Zo: 

In the absence of a closed and explicit expression for 
the loops corrections one might assume, in the spirit of 
fi, that the present value of the coupling is small be- 
cause the dilaton is attracted towards a local extremum 
gm of the coupling function. One can then expand (to 
first order) a(d) = k(@— dm), where k is a dimensionless 
number of order one. In that case, if ¢,, exactly coin- 
cides with ¢o, and with the initial position of the dilaton, 
then the dilaton is decoupled from matter already in the 
radiation era, it cannot be shifted from the minimum, 
and the coincidence problem remains. 

If, however, the initial dilaton @eq at equilibrium is 
slightly shifted from the extremum, because ¢, 4 ¢o 
and/or ¢eq # go, a difference |deq — dm| S 1071 is al- 
ready enough (as previously mentioned) to enlarge the 
allowed values of m to the range Heq > 10~’ Heq, which 
includes m ~ Ho. In such a case one can easily match 
present observations, concerning both the cosmic equa- 
tion of state and the present coupling of matter to scalar, 
long-range forces, as illustrated in Fig. 4 for an initial 
dilaton slightly tilted from the minimum. By choosing 
the appropriate value of Vo, the quintessential regime 
with critical potential and frozen Hubble radius may start 
indeed around a red-shift a ~ 10*Geq, and just when 
H ~ Ho ~ 10~°Heq. Note also that, in the example of 
Fig. 4, 6/H and a(¢) tend asymptotically to zero, and 
remain small enough to satisfy the present phenomeno- 
logical constraints 7]. 

The main conclusion of this discussion — quite irrespec- 
tive of the given particular examples, and of their possi- 
ble relevance for a complete and fully realistic scenario — 
is that a string cosmology interpretation of quintessence 
suggests a close relationship between the problem of the 
cosmic coincidence, and the problem of fixing the present 
value of the dilaton coupling to matter (see also [18], for 
previous discussions of the link between quintessence and 
possible deviations from Newtonian gravity). In partic- 
ular, a strong value of the coupling a(¢) ~ 1 — which 
is excluded by the gravitational phenomenology — would 
be indirectly forbidden, in such a context, also by the 
present large scale configuration of our Universe. Vice- 
versa, given a(¢) in agreement with phenomenology, the 
allowed range of the dilaton potential turns out to be 
fixed, and the coincidence problem possibly alleviated, 
once one assumes Vo < HZ,. 
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FIG. 4. Numerical integration of eqs. {idiid) with 
m = 10-°Heq, a(4) = kb — bm), k = 1, bm = do, 
and an initial dilaton slightly displaced from the minimum, 
deq = 60 + 0.1. The other initial conditions are the same as 
in Fig. 2. 


An important open problem, in this approach, remains 
however to explain how the dilaton is attracted to the 
minimum of the potential in the radiation era, and why 
the vacuum energy is relaxed to a very small value — for 
instance, according to the mechanism dicussed in [[L9}. 
This problem requires a discussion of the initial condi- 
tions characterizing the (post-inflationary) cosmological 
configuration of our Universe, after the re-heating (and 
possibly pre-heating) phase, and will be addressed in a 
future paper. 
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Abstract 


We explore a version of the cosmological dilaton-fixing and decoupling mech- 
anism in which the dilaton-dependence of the low-energy effective action is 
extremized for infinitely large values of the bare string coupling g? = e?. We 
study the efficiency with which the dilaton @ runs away towards its “fixed 
point” at infinity during a primordial inflationary stage, and thereby approx- 
imately decouples from matter. The residual dilaton couplings are found to 
be related to the amplitude of the density fluctuations generated during infla- 
tion. For the simplest inflationary potential, V(x) = 5 m2(¢) x7, the residual 
dilaton couplings are shown to predict violations of the universality of gravita- 
tional acceleration near the Aa/a ~ 10~'? level. This suggests that a modest 
improvement in the precision of equivalence principle tests might be able to 
detect the effect of such a runaway dilaton. Under some assumptions about 
the coupling of the dilaton to dark matter and/or dark energy, the expected 
time-variation of natural “constants” (in particular of the fine-structure con- 


stant) might also be large enough to be within reach of improved experimental 


or observational data. 


Typeset using REVTpx 


I. INTRODUCTION 


All string theory models predict the existence of a scalar partner of the spin 2 gravi- 
ton: the dilaton ¢, whose vacuum expectation value (VEV) determines the string coupling 
constant g, = e%/* [1]. At tree level, the dilaton is massless and has gravitational-strength 
couplings to matter which violate the equivalence principle [2]. This is in violent conflict 
with present experimental tests of general relativity. It is generally assumed that this con- 
flict is avoided because, after supersymmetry breaking, the dilaton might acquire a (large 
enough) mass (say mg < 10~%eV so that observable deviations from Einstein’s gravity are 
quenched on distances larger than a fraction of a millimeter). However, Ref. [3] (see also [4]) 
has proposed a mechanism which can naturally reconcile a massless dilaton with existing 
experimental data. The basic idea of Ref. [3] was to exploit the string-loop modifications of 
the (four dimensional) effective low-energy action (we use the signature — + ++) 


$= fate/a( 7H a+ 7X9 pa 


a 
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—(W6)|- 586) FV), (14) 


i.e. the ¢-dependence of the various coefficients B;(¢), 1 = g,¢,F,... , given in the weak- 


coupling region (e® — 0) by series of the form 


Bd) =e? +O +c ch + PP 4... , (132) 
coming from genus expansion of string theory: B; = ©, g2""-Yc, with n = 0,1,2,.... It was 


shown in [3] that, if there exists a special value ¢,, of ¢ which extremizes all the (relevant) 
coupling functions B;'(¢), the cosmological evolution of the graviton-dilaton-matter system 
naturally drives @ towards ¢,,. This provides a mechanism for fixing a massless dilaton at 
a value where it decouples from matter (“Least Coupling Principle”). A simple situation 
where the existence of a universally extremizing dilaton value ¢,, is guaranteed is that of S 
duality, ic. a symmetry g, @ 1/g., or 6 > —@ (so that ¢,, = 0). 


It has been recently suggested [5] that the infinite-bare-coupling limit g, — oo (¢ — +00) 


might yield smooth finite limits for all the coupling functions, namely 


Bi?) =Ci + O(e*). (1.3) 


Under this assumption, the coupling functions are all extremized at infinity, i.e. @, = +00. 
The late-time cosmology of models satisfying (1.3) has been recently explored [6]. In the 
“large N”-type toy model of [5] it would be natural to expect that the O(e~*) term in 
Eq. (1.3) be positive, so that B;(¢) be minimized at infinity. This would correspond to 


couplings \;(¢) ~ B7'(¢) = C7! — O(e~*%) which are maximized at infinity. Note, however, 
that the most relevant cosmological coupling for this work, the coupling to the inflaton, X(), 
contained in V (see Eq. (2.11) below) is closer to a B; than to its inverse. Thus A(@) is 
naturally minimized at infinity (see further discussion of this point below), a crucial property 


for the attractor mechanism of [3,4]. 


In this paper* we shall consider in detail the early-time cosmology of models satisfy- 
ing (1.3). More precisely, our main aims will be: (i) to study the efficiency with which 
a primordial inflationary stage drives ¢@ towards the “fixed point” at infinity @, = +00 
(thereby generalizing the work [8] which considered the inflationary attraction towards a 
local extremum ¢,,), and (ii) to give quantitative estimates of the present violations of the 
equivalence principle (non universality of free fall, and variation of “constants”). Our most 
important conclusion is that the runaway of the dilaton towards strong-coupling (under the 
assumption (1.3)) naturally leads to equivalence-principle violations which are rather large, 
in the sense of not being much smaller than the presently tested level ~ 10~!%. This gives 
additional motivation for the currently planned improved tests of the universality of free fall. 
Within our scenario, most of the other deviations from general relativity (“post-Einsteinian” 
effects in gravitationally interacting systems: solar system, binary pulsars, ...) are too small 
to be of phenomenological interest. However, under some assumptions about the coupling 
of @ to dark matter and/or dark energy, the time variation of the natural “constants” (no- 
tably the fine-structure constant) predicted by our scenario might be large enough to be 
within reach of improved experimental and/or observational data. The phenomenologically 
interesting conclusion that equivalence-principle violations are generically predicted to be 
rather large after inflation (in sharp contrast with the results of [8]) is due to the fact that 
the attraction towards an extremum at infinity is much less effective than the attraction to- 
wards a (finite) local extremum as originally contemplated in [3]. This reduced effectiveness 
was already pointed out in Ref. [4] within the context of equivalence-principle-respecting 


tensor-scalar theories (& la Jordan-Fierz-Brans-Dicke). 


II. DILATON RUNAWAY 


In this section we study the dilaton’s runaway during the various stages of cosmological 
evolution. We first show (subsection ITA) that, like in the case of a local extremum [8], 


inflation is particularly efficient in pushing @ towards the fixed point. We will then argue 


*The main results of this work have been recently summarized in a short note [7]. 


(subsection IIB) that the order of magnitude of the bare string coupling e? ~ e*? does not 


suffer further appreciable changes during all the subsequent evolution. 


A. The inflationary period 


Assuming some primordial inflationary stage driven by the potential energy of an inflaton 
field y, and taking into account generic couplings to the dilaton ¢, we consider an effective 
action of the form 
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In this string-frame action, the dilaton dependence of all the functions B;(0), V(X, @) is 
assumed to be of the form (1.2). It is convenient to replace the (o-model) string metric gj, 
by the conformally related Einstein metric g,, = C B,(@) g,., and the dilaton field by the 
variable 


i 
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y= : do 
The normalization constant C' is chosen so that the string units coincide with the Einstein 
units when ¢@ — +00: C B,(+00) = 1. [Note that C= 1/C, in terms of the general notation 
of Eq. (1.3).] Introducing the (modified) Planck mass 
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and replacing also the inflaton by the dimensionless variable xy = C~'/?mp' ¥, we end up 
with an action of the form 


$= fateya] Er - “Eve? - TE r(pivyr—mvowe)], 2) 
where 
F(p) = By(¢)/B,(¢), Vix, y) = C mp' BT?() V(X, @). (2.5) 


In view of our basic assumption (1.3), note that, in the strong-coupling limit 6 > +00, dp/d@ 
tends, according to Eq. (2.2), to the constant (Cy/2C,)'/?, while the dilaton-dependent factor 
Fy) in front of the inflaton kinetic term tends to the constant C,/C,. The toy model of 
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Ref. [5] suggests that the various (positive) constants C; in Eq. (1.3) are all largish and 
comparable to each other. We shall therefore assume that the various ratios C;,/C; are of 


1/2 


order unity. The most important such ratio for the following is c = (2C,/Cy)°/* which gives 


the asymptotic behaviour of the bare string coupling as 


ge=e? we. (2.6) 


In view of the fact that, in the strong-coupling limit we are interested in, the factor F'(y) in 
Eq. (2.4) quickly tends to a constant, we can simplify our analysis (without modifying the 
essential physics) by replacing it by a constant (which can then be absorbed in a redefinition 


of x). Henceforth, we shall simply take F(y) = 1. [See, however, the comments below 
concerning the self-regenerating inflationary regime.| 


Following [4,9] it is then useful to combine the Friedmann equations for the scale factor 
a(t) during inflation (ds* = —dt? + a?(t) 6;; dx’ dx’) with the equations of motion of the two 
scalar fields y(t), y(t), to write an autonomous equation describing the evolution of the two 


scalars in terms of the parameter 
p= f Hat= |< at=In a+ const (2.7) 
a 


measuring the number of e-folds of the expansion. For any multiplet of scalar fields, p = (y"), 


this yields the simple equation [4,9] 





3g? gp" +29’ =—-Veln|V(y)|, (2.8) 
where y’ = dy/dp, and where all operations on » are covariantly defined in terms of the 
o-model metric defining the scalar kinetic terms (do? = y,(y) dy* dy’). In our simple model 
(with F(y) = 1), we have a flat metric do? = dy* + dy”. [Note that, when Ya»(y) is curved 


the acceleration term y” involves a covariant derivative. ] 


The generic solution of Eq. (2.8) is easily grasped if one interprets it as a mechanical 
model: a particle with position y, and velocity-dependent mass m(g’) = 2/(3— py”), moves, 
in the “time” p = Ina+ cst, in the manifold do? under the influence of an external potential 
In|V(¢~)| and a constant friction force —2y’. If the curvature of the effective potential 
In|V(q)| is sufficiently small the motion of y rapidly becomes slow and friction-dominated: 

dp 


Q— ~~ -— l : 2. 
f= Ven Vly) (2.9) 


Eq. (2.9) is equivalent to the usual “slow roll” approximation. 
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Consistently with our general assumption (1.3), we consider potentials allowing a strong- 
coupling expansion of the form: 


V(x, 9) = Vol(x) +Vi(xye"* + O(e 7) , (2.10) 


where Vo(x) is a typical chaotic-inflation potential with Vo(0) = 0, while V{(0) = v; > 0 can 
possibly provide (if v; > 0) the effective cosmological constant driving today’s acceleration 
in the scenario of [6]. For the sake of simplicity we shall discuss mainly the “factorized” 
power-law case Vo(y) ~ Vi(v) ~ x” for which we can conveniently write V in the form: 


n 


xX 
with a dilaton-dependent coupling constant A(vy) of the form 


A(y~) = Awo(1 + bye). (2,12) 


This example belongs to the class of the two-field inflationary potentials discussed in [10]. We 
have checked that our results remain qualitatively the same for the more general potential 
(2.10) provided that Vo(y) and Vi(x) are not extremely diffent and given the fact that vj 
is phenomenologically constrained to be very small. [Note that, within the simplified model 
(2.12), the ratio Vi(x)/Vo(x) is equal to the constant coefficient b).| 


The universal (positive) constant c appearing in the exponential e~°” is the same as in 
Eq. (2.6) fie. ¢ = (2C,/Cy)'/?, which is expected to be of order unity]. The coefficient 
by in (2.12) is such that by e~°? ~ bye~*% roughly corresponds to a combination of terms 
~+0C;' O(e~*) coming from the strong-coupling asymptotics of several B;(#), Eq. (1.3) (see 
Eq. (2.5)). In the toy model of [5] one would therefore expect b, to be smallish. Anyway, we 
shall see that in final results only the ratios of such 5; coefficients enter. More important than 
the magnitude of by is its sign. It is crucial for the present strong-coupling attractor scenario 
to assume that b, > 0, ie that A(y) reaches a minimum at strong-coupling, y — +00. 
Note again that this behaviour is consistent with the simple “large N”-type idea of [5] if we 
assimilate \(~) to one of the inverse couplings B; appearing in (1.1) (for instance Br ~ gp’, 
where gy is a gauge coupling), rather than to the coupling itself. If the latter were the case, 
A(y) would reach a maximum as ¢ — +00, and the attractor mechanism of [3] would drive 


@ towards weak coupling (¢ — —oo). However, the Einstein-frame ¢-dependence of V(y) 





gets contributions from several B"(), Eq. (2.5), which might conspire to minimize it at 
strong coupling. This feature is also probably necessary in order to solve the cosmological- 
constant problem through some argument by which the vacuum at infinity has vanishing 


energy density. 


Substituting the potential (2.10) into the slow roll equation (2.9) and assuming (for 
simplicity) that Vi(y)e-°? is significantly smaller than Vo(v) leads to a decoupled set of 
evolution equations for y and y (where V’ = OV/Ox): 


dx 1W 


eae) 2.13 

dp 2V’ ( ) 
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Given some “initial” conditions yin, Yin (discussed below) at some starting point, say p = 0, 
the solution of Eqs. (2.13), (2.14) is simply 





xin _ f Vo(X) 
SO), Vd | ey 2.15 
. ee (; Vo(X) ny 
Cc Vi(x(p)) 
ec? a eCPin += [a —— 2.16 
2 Vo(x(p)) Ce) 
which simply become: 

1 P by c? 
p=—(xi—x2), oF + BE 2 = const. = em 4B ye, (2.17) 

n 2n 2n 


in the simplified case of eqs. (2.11), (2.12). 


Equations (2.17) show that, in order for the string coupling g? ~ e°? to have reached 
large values at the end of inflation, a large total number of e-folds must have occurred while 
the (dimensionless) inflaton field . decreases from a large initial value, to a value of order 
unity (in Planck units). To get a quantitative estimate of the string coupling at the end of 
inflation we need to choose the initial conditions Yin, Yin A physically reasonable way (which 
is further discussed below) of choosing y;, is to start the classical evolution (2.13)-(2.17) at 
the exit of the era of self-regenerating inflation (see [10] and references therein). We will now 
show how to relate the exit from self-regenerating inflation to the size of density fluctuations 


generated by inflation. 


Let us recall (see [10] and references therein) that the density fluctuation 6 = dp/p 
on large scales (estimated in the one-field approximation where the inflaton y is the main 


contributor) is obtained by evaluating the expression 


41 /2\2 V3/? 
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at the value x = yx, at which the physical scale we are considering crossed the horizon 
outwards during inflation. For the scale corresponding to our present horizon this usually 
corresponds to a value yx (Ho) (v# for short) reached some 60 e-folds before the end of slow- 
roll. From Ref. [10], xa & 5,/n for the model (2.11) (and with our modified definition of y). 
The numerical value of dy = 6(v#) which is compatible with cosmological data (structure 
formation and cosmic microwave background) is dy ~ 5 x 107°. In the model (2.11) the 
function 6(y) defined by (2.18) scales with y as y=. Putting together this information 
we obtain a relation between yin and 6(xin), which involves the value of the observable 


horizon-size fluctuations dy = 6(xx): 








n+2 
0(Xin) (2) - 
= 2.19 
(xn) \xu eee 
1.e. 
din ma Oin 72 
Yin ~ Xe | — ~ 5V/n — 4 (2.20) 
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where we introduced the short-hand notation 6;, = 6(Vin)- 


Inserting Eq. (2.20) into Eq. (2.16) we then obtain the following estimate of the string 


coupling constant after inflation as a function of yin and 6(Xin) 


25¢2 


Sm (HB). ean 


eC Pend = eCPin mS —(V,/Vo)p Bad — (Vi /Vo) xin a 
9 2n OH 


where (V;/Vo) denotes the average value of Vi/Vo: (Vi/Vo) = J dp(Vi/Vo)/ J dp [note that 
this average ratio is equal to b) in the simplified model (2.12)]. 


To get a quantitative estimate of e°?e4 we still need to estimate the value of 6(vin) 
corresponding to the chosen “initial” value of the inflaton. As we will now check, taking for 
Nin the value corresponding to the exit from self-regenerating inflation corresponds simply 
to taking 6(xin) ~ 1. Indeed, let us first recall that, during inflation, each (canonically 
normalized) scalar field (of mass smaller than the expansion rate H) undergoes typical 
quantum fluctuations of order H/(27), per Hubble time (see, e.g., [10]). This implies (for 
our dimensionless fields) that the value of x at the exit from self-regeneration, say Yex, is 
characterized by Hex/(27) © [A.V/(2V lex, where H = H/mp is the dimensionless Hubble 
expansion rate and where the right-hand side (RHS) is the classical change of x per Hubble 
time (corresponding to the RHS of Eq.(2.13)). Using Friedmann’s equation (in the slow-roll 
approximation) H2, = (2/3)V (vex), it is easily seen that that the exit from self-regeneration 


corresponds to 6(XYex) ¥ 4/3 ~ 1. It is, a posteriori, physically quite reasonable to start using 
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the classical evolution system only when the (formal extrapolation) of the density fluctuation 


d(x) becomes smaller than one. 


Within some approximation (see [10]), one can implement the effect of the combined 
quantum fluctuations of (y,y) by adding random terms with r.m.s. values H /2m on the 
right hand side of equations (2.13) and (2.14), dy/dp and dy/dp being precisely the shifts 
of the fields in a Hubble time. The system of equations becomes thus of the Langevin-type 

dx La H 
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where H % [(2/3)V(x, ¢)]!2 (in the slow-roll approximation) is the dimensionless expansion 


rate, and where €, and 9 are (independent) normalized random white noises: 


(&(p1) §;(P2)) = 4ij6(p1— pa), 4, = 1,2. (2.24) 


When the random force terms dominate the evolution in either equation (2.22) or equation 
(2.23) the quasi-classical description (2.13) , (2.14) breaks down. The phase space of the 
sytem can thus be roughly divided into four regions according to whether the evolution of 
none, one or both of the two fields is dominated by quantum fluctuations. This is depicted in 
Figure 1 where such regions are delimited by dashed, thick curves in the case of a power-law 
potential (2.11). 


Apart from factors of order one, the evolution of the inflaton x is quasi-classical in the 
region under the line y = \z!/("+?), In the chaotic inflationary models [10] such an inflaton’s 
value corresponds to the exit from the self-regenerating regime and to the beginning of the 
quasi-classical slow-roll inflation. As mentioned above it also corresponds to a perturbation 
d(x) ~ 1. Somewhat surprisingly, in the model at hand, however, the quasi-classical region 
for the inflaton evolution x S Az!/("+?) is affected by quantum fluctuations that still dom- 
inate the evolution of y in the region above the hyperbola-like curve y = Be! he aa 
We must therefore study, in some detail, the evolution of the system in the presence of the 
noise term for y as in eq. (2.23), assuming a quasi classical evolution for y. This is done 


n+2) (classical evolution 


in the appendix. The final result is that, if we start at x S Ax!“ 
for x) the average value of e°? is multiplicatively renormalized, by a factor of order unity, 
with respect to the classical trajectory e°?:, given by solving equations (2.13) - (2.14), ie. 
(e’) = O(1)e?t. One also finds that the dispersion of e°? around its average value is 


comparable to its average value. 


8 Quantum @ line 
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FIG. 1. The phase space of the system is represented in the case of a power-law potential 
(2.11) with n = 2, by = 0.1 and A~ = 10-'°. The thick-dashed (red) curves delimitate the 
quantum behaviour of the two fields, the horizontal curve x = ee. (n+2) and the hyperbola-like 
curve xX = Bo!” yao e-2ee/n being the limit of the quantum behaviour for x and yp respectively. In 
the white region both fields have a classical behaviour. The last “fully classical” trajectory has been 
represented by a thick (blue) curve. The bright-gray regions are those where either the y or the 
x evolution are dominated by quantum fluctuations. The fully-quantum region is the dark—gray 


region on the top right. 


We shall not try to discuss here what happens in the self-regenerating region y Z Yin ~ 
Az/(+2)_ Let us recall that the simple decoupled system (2.13) , (2.14) was obtained by 
neglecting the kinetic coupling term F'(y) in Eq. (2.4). If we were to consider a more general 
model, we would have more coupling between y and y and we would expect that (contrary 
to Fig. 1 which exhibits a “classical y region” above the “quantum x line”) the evolution in 
the self-regenerating region involves a strongly coupled system of Langevin equations. Then, 
as discussed in [10], solving such a system necessitates to give boundary conditions on all 
the boundaries of the problem: notably for y — oo, but also for y — +00 and y — —oo. 
We leave to future work such an investigation (and a discussion of what are reasonable 
boundary conditions). In this work we shall content ourselves with “starting” the evolution 


on the quantum y boundary line x;, with some value y = Yin, assuming that e°? is smaller 
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than the driving effect due to inflation, i.e. than the RHS of Eq. (2.21). [This assumption is 


most natural in a work aimed at studying the “attracting” effect due to primordial inflation.| 


Going back to our result (2.21), we can now insert, according to the preceding discussion, 
the values di, = 1 and em < end, Finally, in the simplified model (2.11), (2.12), we get 


the estimate: 


7 , 25e° ss 
ecvend — O(1) » eCPdl,end A, O(1) : Ear (dz) m2 (2:25) 


A more general analysis, based on the potential (2.10) leads to the same final result but 


Xt, and with 6) replaced by some average of the 





with n replaced by some average value of 
ratio V;/Vo. Note that smaller values of the exponent n lead to larger values of e°e4, i.e. to 
a more effective attraction towards the “fixed point at infinity”. The same is true if we take 
different exponents ng and n, (for Vo and Vj respectively) and assume Vi(Xin) >> Vo(Xin) to 
hold as a result of yin >> 1 and n,; > no. Also note that, numerically, if we consider n = 2, 
i.e. the simplest chaotic-inflation potential V = 3m2(y) x’, Eq. (2.25) involves the large 
number 12.5 x djq' ~ 2.5 x 10°. In the case where n = 4, i.e. V = $4 A(p) x4, we have instead 
the number 12.5 x a ° ~ 0.92 x 104. To understand the phenomenological meaning of these 
numbers we need to relate e“*n4 to the present, observable deviations from general relativity. 
This issue is addressed in Section III after having argued that the post-inflationary evolution 


of y is sub-dominant. 


B. Attraction of y by the subsequent cosmological evolution 


We have discussed above the efficiency with which inflation drives the dilaton towards 
a fixed point at infinity. We need to complete this discussion by estimating the effect of 
the many e-folds of expansion that took place between the end of inflation and the present 
time. To address this question, we need to study in more detail the coupling of a runaway 
dilaton to various types of matter, say a multi-component distribution of (relativistic or 


non-relativistic) particles. We work in the Einstein frame, with an action of the type 
4 Mp Mp Bet 2 
= fa n/g| PR - SP (vp)? - 7Brly)F? +... (2.26) 
— Sf malyloa)—Gurlw alder. 
A 
Following [2,3], one introduces the crucial dimensionless quantity 


Id 


aa(y) wane! ; (27) 


measuring the coupling of y to a particle of type A. [For consistency with previous work, we 
keep the notation a4 but warn the reader that this should not be confused with the various 
gauge coupling constants, often denoted a; = g?/47.] The quantity a4 determines the effect 


of cosmological matter on the evolution of y through the general equation [4,3] 


P —3P 
ol + ( 2 =) Jo 55 gee (2.28) 
p A p 





3 — y” 


where the primes denote derivatives with respect to p = Ina + const and where p = U4 pa 
and P = Xi, Py, are the total “material” energy density and pressure respectively, both 
obtained as sums over the various components filling the universe at the exception of the 
kinetic energy density and pressure of y, py = (™m,/2)(dy/dt)? = (m?,/2)H?y" and P,, = pp. 
Accordingly, the Friedmann equation reads 


2 2 
3H* = — po. = = + Hy”. (2.29) 


P P 


Note that p and P may also account for the potential energy density and pressure of 
the scalar field, py = V(v), Pv = —pv and that one can formally extend Eq. (2.28) to 
the “vacuum energy” component V(y) by associating to the potential V(w~) the mass scale 
my(v) = V(v)4 which gives ay = OInmy(y)/Op = + IInV(y)/Oy. Equation (2.8) is then 
recovered in the limit where the scalar field is the dominant component. 


In the simple cases (which are quite frequent; at least as approximate cases) where one 
“matter” component, with known “equation of state” P4/pa = wa = const., dominates 
the cosmological density and pressure, Eq. (2.28) yields an autonomous equation for the 
evolution (with redshift) of y. Using (2.29) one finds that the “equation of state parameter” 
Wot = Prot /Ptot Corresponding to the total energy and pressure (including now the kinetic 
contributions of y; ie. pio. = p + (m2/2)(dy/dt)?, Por = P + (m}/2) (dy/dt)”) is given in 
terms of the “matter” equation-of-state parameter w = P/p by 


dives 
Wot = w+ —(¢'. (2.30) 


The knowledge of wo¢ then allows one to write explicitly the energy-balance equation dptot + 
3(Ptot + Pict )d ln a = 0, which is easily solved in the simple cases where wot is (approximately) 


constant. 


We see from Eq. (2.28) that, during the radiation era (starting, say, immediately after the 


end of inflation), i.e. when the universe is dominated by an ultra-relativistic gas (p4—3P4 = 


1 


0), the “driving force” on the right-hand side of (2.28) vanishes, so that y is not driven 
further away towards infinity. Actually, one should take into account both the “inertial” 
effect of the “velocity” y’ acquired during the preceding inflationary driving of y, and the 
integrated effect of the many “mass thresholds”, T’4 ~ m,, when some component becomes 
non-relativistic (so that p4 — 3P4 # 0). Using the results of [4,3] one sees that, in our 
case, both these effects have only a small impact on the value of y. Therefore, to a good 


approximation ~ © Yeng until the end of radiation era. 


On the other hand, when the universe gets dominated by non-relativistic matter, one 
gets a non-zero driving force in Eq. (2.28). In the slow roll approximation, as the transient 


behaviour has died out, since w = P/p gets negligible, we have simply 
Gm = —An(Y) ; (2.31) 


where v7, stands the y-velocity during matter domination. and a,,(y) denotes the coupling 
(2.27) to dark matter. 


The coupling to dark matter, a,,(y), depends on the assumption one makes about the 
asymptotic behaviour, at strong bare string coupling, of the mass of the WIMPs constituting 
the dark matter. One natural looking, minimal assumption is that dark matter, like all 
visible types of matter, is coupled in a way which levels off at strong-bare-coupling, as in 
Eq. (1.3). In other words, one generally expects that Mm(y) ~ Mm(+oo)(1+bmne~™) so that 
Am(y) + —bm ce °. It is then easy to solve Eq. (2.31), with initial conditions yo = Yena, 
( = 0 (inherited from radiation era) at the beginning of the matter era. But we shall not 
bother to write the explicit solution because it is easily seen that the smallness of e~“?end 
guarantees that the “driving force” « Am(y) remains always so small that the O(10) e-folds 
of matter era until vacuum-energy domination (or until the present) have only a fractionally 


negligible effect on y. 


A more significant evolution of y during the matter era is provided if, as first proposed in 
[11] and taken up in [25,26], dark matter couples much more strongly to y than “ordinary” 
matter. Such a stronger coupling to dark matter, which is not constrained by usual equiva- 
lence principle experiments, follows assuming more general quantum corrections in the dark 
matter sector of the theory, i.e. corrections such that the dark matter mass m,,(y), instead 
of levelling off, either vanishes or keeps increasing at strong bare coupling: mm(y) « e°®, 
so that Am = Cm is a (negative or positive) constant. In [6] (but see also [12]) it has been 
shown that under the latter assumption (i.e. with a positive coupling parameter a, > 0) 
the dilaton can play the role of quintessence, leading to a late-time cosmology of acceler- 
ated expansion. By Eq. (2.31) we have y = Yeng — Amp, Where p is now counted from the 


end of the radiation era. Given that about nine e-folds separate us from the end of the 
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radiation era, we see that such an evolution might (if |a,,| is really of order unity) have a 
significant effect on the present value of y (when compared with the value at the end of 
inflation, ie. CYena ~ In(1/dH4) ~ 10). However, the running of y during the matter era 
changes the standard recent cosmological picture and is therefore constrained by observa- 
tions. In fact, by equation (2.30), the total matter-era equation of state parameter wyo¢ in 
the presence of the dilaton reads wo, = (y/,,)?/3. Accordingly, the matter density varies as 
p xq sUitwret) — a~8+(m)*) possibly affecting the standard scenario of structure formation 
as well as the global temporal picture between now and the epoch of matter-radiation equal- 
ity. The compatibility with phenomenology therefore puts constraints on the magnitude of 
gi” = Am(y)?. In [6] wrote < 0.1, te. v = y',7/0.3 < 1, was suggested to be the maximal 
deviation one can roughly tolerate during the matter era, the establishment of a more pre- 
cise bound being presently under study [13]. We shall therefore assume either that we are in 
the “normal” case where the dilaton does not couple more strongly to dark matter than to 
ordinary matter (so that an(y) ~ —bm ce~’? < 1), or that, if it does, a?, < 0.3. This leads 
to a displacement of y during matter era smaller than the dispersion Yend — Yelend © Yel,end 


produced by quantum fluctuations during inflation, Eq. (2.25). 


In this context one should also consider the attraction effect of a negative pressure com- 
ponent, either in the form of a y-dependent vacuum energy (dilatonic quintessence) or in 
the form of any other, y-independent component (such as a “genuine” cosmological con- 
stant). Of course, the present recent (z S 1) accelerated expansion phase is very short (in 
“n-time”) and sensible changes of the dilaton value since the end of matter domination are 
not expected. Still, it is crucial to estimate the present dilaton velocity yp since it is related 
to the cosmological variations of the coupling constants (see next section). In the general 
case where both non-relativistic matter and (possibly y-dependent) vacuum energy density 
V(p) are present, the value of yj predicted by our model is obtained by applying Eq. (2.28) 


(in the slow-roll approximation): 


(Qm + Qy)(1 = wo) G9 = (Qm + 2QV)¥5 = —A%mAm — 4Qvay. (2:32) 


In the above expression (2),,, and Qy are, respectively, the non-relativistic (dark) matter- 
and the vacuum-fraction of critical energy density (p. = (3/2)m2,H?), and the already 


mentioned prescriptions ay = +0InV(y)/Oy, Py = —py = —V(y) have been used. 


The value of yo is therefore some combination of the values of a, and ay. We can have 
two classes of contrasting situations: In the first class, the dilaton couples “normally” (i.e. 
weakly) both to dark matter and to dark energy, ie. both a» ~ —bn ce” < landay <1 
and Eq. (2.32) implies yj < 1. In the second class, the dilaton couples more strongly to 


some type of dark matter or energy, i.e. either (or both) a,, or/and ay is of order unity so 
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that yj = O(1). The second case is realized in the scenario of [6]. In the context of this 
scenario we have an exponential dependence of the potential on y, V(y) ~ Vie“ so that 
ay ~ —(c/4) and 


, cQy = AmQm 


Cc 
Yo = = 


te ee 2 
20y + Qm 3 ve 


The last inequality follows from the bound a,, > c/2 (which is a necessary condition to have 


positive acceleration in the model [6]) and the reasonable bound 2, > 0.25. 


In the present work, we wish, however, to be as independent as possible from specific 
assumptions (as the ones used in [6]). Therefore, rather than insisting on specific (model- 
dependent) predictions for the present value of yj we wish to find the (model-independent) 
upper bounds on the possible values of yp set by current observational data. There are several 
ways of getting such phenomenological bounds, because the existence of a kinetic energy (and 
pressure) associated to dy/dt = Hy’ has several observable consequences. A rather secure 
bound can be obtained by relating the value of y’ to the deceleration parameter gq = —aa/4a?. 
In the general class of models that we consider, the cosmological energy density and pressure 
have (currently) three significant contributions: dark matter ( Q, = Pm/Pc), dark energy 
(Qv) and the kinetic effect of a scalar field (Q, = px/pe with py = (m}/2)(dp/dt)? = 
(m2,/2) Hp" so that Q, = y/3). We assume (consistently with recent cosmic background 


data) that the space curvature is zero. Therefore we have the first relation 


Om + Oy +O, =1= Om + Ov + y?/3. (2.34) 


The deceleration parameter is given by the general expression 2g = M4Q,4(1+ 3wy). Using 
Wm = 0, wy = —1 and w;, = +1, we get 
4 


Using the relation (2.34) above to eliminate Qy we get the following expression for y” in 


terms of the observable quantities gq and 2, 


3 
pr =1+q— 58m: (2.36) 


The supernovae Ia data [14] give a strict upper bound on the present value qo: qo < 0. 
A generous lower bound on the present value of Q), is Qmo > 0.2 [15]. Inserting these two 


constraints in Eq.(2.36) finally yields the safe upper bound 
yl? < 0.7, ie. |ys| < 0.84. (2.37) 
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To summarize, quite different rates of evolution for the dilaton are possible. A very 
slow variation is expected whenever dilaton couplings to both dark energy and dark matter 
follow the “normal” behaviour (1.3). Otherwise, dilaton variations on the Hubble scale 
are expected. However, cosmological observations set the strict upper bound (2.37) on the 
present time variation of y. For the purpose of the present section (evaluating the current 
location of the dilaton) these two alternatives do not make much difference because the 
vacuum-dominance era has started less than about 0.7 e-folds away (In(1+ z,) with z, < 1). 
Therefore, y did not have enough “p-time” , during vacuum dominance, to move much, even 


if it is coupled to vacuum energy with ay ~ —(c/4) ~ 1. 


Finally, we conclude from this analysis that, to a good approximation (and using the 
fact that the phenomenology of the matter-era constrains the dark-matter couplings of the 
dilaton to be rather small), the value of y now is essentially given by the value Yena at the 
end of inflation, i.e. by Eq. (2.21). 


III]. DEVIATIONS FROM GENERAL RELATIVITY INDUCED BY A RUNAWAY 
DILATON 


A. Composition-independent deviations from general relativity 


The previous section has reached the conclusion that present deviations from general 
relativity are given, to a good approximation, by the values of the matter-coupling coefficients 
aa(y) given by Eq. (2.27) calculated at y ~ Yeng as given by Eq. (2.25). Let us now see the 
meaning of this result in terms of observable quantities. 


Let us first consider the (approximately) composition-independent deviations from gen- 
eral relativity, i.e. those that do not essentially depend on violations of the equivalence 
principle. Most composition-independent gravitational experiments (in the solar system or 
in binary pulsars) consider the long-range interaction between objects whose masses are es- 
sentially baryonic (the Sun, planets, neutron stars). As argued in [2,3] the relevant coupling 
coefficient a4 is then approximately universal and given by the logarithmic derivative of the 
QCD confinement scale Agcp(y), because the mass of hadrons is essentially given by a pure 
number times Agcp(y). [We shall consider below the small, non-universal, corrections to 
ma(y) and a4(y) linked to QED effects and quark masses.| Remembering from Eq. (1.1) 
the fact that, in the string frame (where there is a fixed cut-off linked to the string mass 
M, ~ (a’)~'/?) the gauge coupling is dilaton-dependent (gp? = Br(y)), we see that (after 


conformal transformation) the Einstein-frame confinement scale has a dilaton-dependence of 
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the form 


Agen(y) ~ C71? B4?(¢) exp[—81? bs! Br(y)]| Ms, (3.1) 


where b3 denotes the one-loop (rational) coefficient entering the Renormalization Group 
running of gr. Here Br(y) denotes the coupling to the SU(3) gauge fields. For simplicity, 
we shall assume that (modulo rational coefficients) all gauge fields couple (near the string cut 


off) to the same Br(y). This yields the following approximately universal dilaton coupling 


Anaa(Y) & (1 (= a 5) EL (3:2) 


to hadronic matter 





We recall that the quantity Qnaa(y), which measures the coupling of the dilaton to hadronic 
matter, should not be confused with any ”strong” gauge coupling, a, = g?/4a7. Numerically, 
the coefficient in front of the R.H.S. of (3.2) is of order 40. Consistently with our basic 


assumption (1.3), we parametrize the y dependence of the gauge coupling g? = Bp* as 


By (y) = By'(+oo) [1— bre]. (3.3) 


Note that, like b, (see section IIA), also by is expected to be smallish [~ By'(+00) or, 
equivalently, ~ Cp’ in the notations of (1.3)] and typically the ratio be/by is of order unity. 
We finally obtain 


Ohaa(y) & 40brce . (3.4) 


We can now insert the estimate (2.25) of the value of y reached because of the cosmological 


evolution. Neglecting the O(1) renormalization factor due to quantum noise, we get the 


estimate 
bp 4 
Anaad (Wena) = 3.2 be On 5 (3.5) 
br \? 8, 
a, s(ipaia) 10 (=) ae (36) 


As said above, it is plausible to expect that the quantity c (which is a ratio) and the ratio 
8 


br/by are both of order unity. This then leads to the numerical estimate a?,, ~ 106)”, 
with dy ~ 5 x 10°. An interesting aspect of this result is that the expected present value 


of a?,, depends rather strongly on the value of the exponent n (which entered the inflaton 


Le 


potential V(y) « x”). In the case n = 2 (ie. V(y) = $m x”) we have ajaq ~ 2.5 x 107%, 


while if n = 4 (V(x) = 4Ax*) we have af,4 ~ 1.8 x 107°. 

How do these numbers compare to present (composition-independent) experimental limits 
on deviations from Einstein’s theory [16]? This question has been addressed in the literature. 
Concerning solar-system (post-Newtonian) tests it was shown (see, e.g., [17]) that the two 
main “Eddington” parameters y — 1 and 3 — 1 measuring post-Newtonian deviations from 


general relativity are linked as follows to the dilaton coupling Qpaq(y): 


2 
9 Thad ~ 9 Ona > (3-0) 


= 
- 1+ azog 


1. Sahara i) ee 
=. SS SS = 3.8 
9 (1 + a2aa)? 9 Chad Chad » ( ) 


where Qi.q = OQhaa(y)/O¥. 


From Eq. (3.4) we see that aj,, “ —CQhaa, 80 that the deviation G —1 is O(a?,,) 
and thereby predicted to be too small to be phenomenologically interesting. This leaves 
y—1~ —2 7,4 as the leading observable deviation. The best current solar-system limit on 
7 —1 comes from Very Long Baseline Interferometry measurements of the deflection of radio 
waves by the Sun and is (approximately) |y—1| S 2x 10~*, corresponding to a?,,, S 107“ (see 
[16] for reviews and references). In addition to solar-system tests, we should also consider 
binary-pulsar tests which provide another high-precision window on possible deviations from 
general relativity. They have been analyzed in terms of the two quantities Qyaq (denoted a) 
and aj,,q (denoted 3) in [18]. The final conclusion is that the binary-pulsar limit on Qhaq is 
of order a7,4 S 107%. 


At this stage it seems that the runaway scenario explored here is leading to deviations 
from general relativity which are much smaller than present experimental limits. However, 
we must turn our attention to composition-dependent effects which turn out to be much more 


sensitive tests. 


B. Composition-dependent deviations from general relativity 


Let us then consider situations where the non-universal couplings of the dilaton in- 
duce (apparent) violations of the equivalence principle. Let us start by considering the 


composition-dependence of the dilaton coupling a4, Eq. (2.27), ie. the dependence of a4 on 
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the type of matter we consider. The definition of a, is such that, at the Newtonian approx- 
imation, the interaction potential between particle A and particle B is —-Gagm,mpg/rap 
where [3] 


Gap =G(1+a,aapz). (3.9) 


Here, G is the bare gravitational coupling constant entering the Einstein-frame action (2.4), 
and a4 = a(y) is the strength of the dilaton coupling to A-particles, taken at the present 
(cosmologically determined) VEV of y. The term a4 ag comes from the additional attractive 
effect of dilaton exchange. Two test masses, made respectively of A- and B-type particles 
will then fall in the gravitational field generated by an external mass mz with accelerations 


differing by 


Aa a4 — ap 
— = 2 — ~ (ay — ap) ag. 3.10 
ee aa + ap (a a) ae ( ) 
We have seen above that in lowest approximation @4 ~ Qpaq does not depend on the com- 
position of A. We need, however, now to retain the small composition-dependent effects 
to ay linked to the y-dependence of QED and quark contributions to m4. This has been 
investigated in [3] with the result 
B D 


Gar ra (et) Rs & oe io eee Cir oe 


where (AX)4p = X4 — Xp, where B = N + Z is the baryon number, D = N — Z the 
neutron excess, E = Z(Z—1)/(N + Z)"/° a quantity linked to nuclear Coulomb effects, and 
where M = m/u denotes the mass in atomic mass unit, u = 931.49432 MeV. It is difficult 
(and model-dependent) to try to estimate the coefficients Cg and Cp. It was argued in [3] 








that their contributions to (3.11) is generically expected to be sub-dominant with respect 
to the last contribution, « Cg, which can be better estimated because it is linked to the 
y-dependence of the fine-structure constant e? « B;'(y). This then leads to the numerical 


estimate Cg ~ 3.14 x 10-7 and a violation of the universality of free fall approximately given 


by 
(FA) ag 22 10° ob (7). Gal 9.12) 


The values of B/M, D/M and E/M have been computed in [19]. For mass-pairs that 
have been actually used in recent experiments (such as Beryllium and Copper), as well as 


for mass-pairs that are planned to be used in forthcoming experiments (such as Platinum 
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and Titanium) one finds: (E/M)cu — (EF /M)pe = 2.56, (E/M)p, — (E/M)a; = 2.65. Using 
the average estimate A(E/M) ~ 2.6, we get from (3.12) and (3.6) the estimate 


A be 
(=—*) 25.2510? G77 25.2510 (=) aia (3.13) 
a by c 


Note also (from (3.7)) the link between composition-dependent effects and post-Newtonian 


ones 


(=) ~ 2.6 x 10-%(y— 1). (3.14) 


As current tests of the universality of free fall (UFF) have put limits in the 10~” range (e.g. 
(Aa/a)Becu = (—1.9 + 2.5) x 10~ from [20]), we see from Eq. (3.14) that this corresponds 
to limits on y — 1 or a#,, in the 10~’ range. Therefore tests of the UFF put much more 


stringent limits on dilaton models than solar-system or binary-pulsar tests. 


If we insert the estimate 64 ~ 5 x 10~° in (3.13) we obtain a level of violation of UFF 


due to a runaway dilaton which is 


A 2 

of S13 (= % 10": forn= 2 (3:15) 
a by 

A 2 

ot ~ 0.98 (= x10? forn=4. (3.16) 
a by c 


At face value, one is tempted to conclude that a scenario with n = 4 (i.e. V(x) « x“) tends 
to be too weak an attractor towards y = +00 to be naturally compatible with equivalence- 
principle tests. [See, however, the discussion below.] On the other hand, the simple scenario 
WE 2Viy) = 5m x?) is quite appealing in that it naturally provides enough attraction 
towards y = +00 to be compatible with all existing experimental tests. At the same time it 
suggests that a modest improvement in the precision of UFF experiments might discover a 


violation caused by a runaway dilaton. 


C. Cosmological variation of “constants” 


Let us now consider another possible deviation from General Relativity and the standard 
model: a possible variation of the coupling constants, most notably of the fine structure 


constant e?/hc on which the strongest limits are available. We will discuss first the effects 
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due to the cosmological time-variation of the homogeneous component of y and, in the next 
subsection, the possible spatial (and time) variations due to quantum fluctuations of y as 


they got amplified during inflation. 


Consistently with our previous assumptions we expect e? x Bz'(y) so that, from (3.3), 


e?(y) = e?(+00) [1 — bre]. (LZ) 


The present logarithmic variation of e? (using again dp = H dt; y' = dy/dp) is thus given by 


dine? dine? 


where the current value of vy’, y, is given in general by Eq. (2.32). Using Eq. (3.4), we can 
rewrite the result (3.18) in terms of the hadronic coupling: 
dine? 1 


~ —AhadY - wl 
Hdt 4g bt?o ey) 





As said in section II B, we have basically two alternatives concerning the current coupling 
of the dilaton to the dominant energy sources in the universe. These two alternatives lead 
to drastically different predictions for the current value of the rate of variation of the fine- 


structure constant. We shall consider these two alternatives in turn. 


In the conservative case where the dilaton does not play any special role in the present 
accelerated phase of the universe (ay ~ 0) nor does it have any stronger coupling to dark 
matter than to visible matter (am ~ —b, ce“) the dilaton “velocity” y’ is exponentially 
suppressed ( so that, from (2.34), Oy ~ 1—,,) and by Eq. (2.32) one obtains 


d\ne? - Oe 5 -P ey, (y) Q:, 
Tae = Gogg ee Gea 








brigece ~~. (3.20) 


An indicative value for the ratio Q,/(Qm + 2Qv) ~ Qn/(2 — Qm), by taking for instance 
Qn = 0.3, is 0.18. As above, it is useful to relate (3.20) to the estimate (3.4) for Qhaq. This 
yields 


dine? 1 Ve: Opi 8 











pala, = : Al 
Hdt — (40)22—Q,, bp ™ ee) 
In terms of the UFF level Aa/a predicted by our model in (3.13) we see also that 
dln e? Qi, Om Aa 
—- ~ 12 — —. 22 


Al 


Even if the universe were completely dominated by dark matter (Q,,, = 1) we see, assuming 
that b,,/bp is of order unity, that current experimental limits on UFF (Aa/a S 107) imply 
(within dilaton models) that |dlne?/dt| S$ 107" H ~ 10-*' yr! (the sign of dln e?/dt being 
given by the sign of b,,/br). This level of variation is much smaller than the current best 
limit on the time variation of e?, namely |dlne?/dt]| S 5 x 107! yr-t ~ 5 x 10°7H, as 
obtained from an analysis of Oklo data [21]. (Note that the assumption-dependent analysis 
of Ref. [22] gives a limit on the variation of e? which is strengthened by about two orders of 


magnitude. ) 


The situation, however, is drastically different if we consider the alternative case where 
the dilaton coupling to the current dominant energy sources does not tend to triviality, as 
in the case of a y-dependent vacuum energy V(yv) = Vo + Vie“? when the first term is zero 
or negligible. In such a case the dilaton shares a relevant part of the total energy density 
and more significant (though still quite constrained by UFF data) variations of the coupling 
constants are generally expected. A general expression for the dilaton “velocity” is given in 
eq. (2.36) in terms of observable quantities. Using Eqs. (2.36) and (3.19) one can relate the 


expected variation of the electromagnetic coupling constant to the hadronic coupling: 
d\n e? Qhad 
~+ 1 — 80,,/2. 2 
dt a9 V + qo / (3.23) 


We can also use the estimate (3.5) relating Qpaq to the density fluctuations generated 








during inflation. We obtain 


dine? Ds ee 
=> +8 x 1072 4/14 G9 — 3% /2—— On” (3.24) 


bye 


However, in view of the theoretical uncertainties attached to the initial conditions Yin 
and yj, used in the estimate (3.5), as well as the ones associated to the order unity ratio 
br /(byc), it is more interesting to rewrite our prediction in terms of observable quantities. 
Using again the link Eq. (3.13) between ay,q and the observable violation of the universality 


of free fall (UFF) the above result can be written in the form 


dine? A 
aa ~ $3.5 x 107% 4/1 + qo — 3Qm/24/102—. (3.25) 
a 





Note that the sign of the variation of e? is in general model-dependent (as it depends 
both on the sign of bp and the sign of y). Specific classes of models might, however, favour 
particular signs of de?/dt. For instance, from the point of view of [5] one would expect the 


O(e~®) terms in Eq. (1.3) to be positive, which would then imply that bp is positive. If we 
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combine this information with the prediction Eq. (2.33) of the model |6] implying that y’ is 


also positive, we would reach the conclusion that e? must be currently increasing. 


Independently of this question of the sign, we see that Eq. (3.25) predicts an interesting 
link between the observational violation of the UFF (constrained to Aa/a < 107”), and 
the current time-variation of the fine-structure constant. Contrary to the relation (3.22), 
obtained above under the alternative assumption about the dilaton dependence of the domi- 
nant cosmological energy, which predicted a relation linear in Aa/a, we have here a relation 
involving the square root of the UFF violation (such a relation is similar to the result of [11] 


which concerned the time-variation of the Newton constant). 


The phenomenologically interesting consequence of Eq. (3.25) is to predict a time- 
variation of constants which may be large enough to be detected by high-precision labora- 
tory experiments. Indeed, using Hp ~ 66 km/s/Mpc, and the plausible estimates 0, = 0.3, 
qo = —0.4, Eq. (3.25) yields the numerical estimate d In e?/dt ~ +0.9x107'* \/10!2Aa/ayr7!. 
Therefore, the current bound on UFF violations (Aa/a ~ 107%) corresponds to the level 
10-'°yr~!, which is comparable to the planned sensitivity of currently developed cold-atom 
clocks [28]. [Present laboratory bounds are at the 10~'*yr7! level [29,28].] Note that if 
we insert in Eq. (3.25) the secure bounds Q,,, > 0.2 and q < O (leading to the limit 
Eq. (2.37)), we get as maximal estimate of the time variation of the fine-structure constant 
d|ne*/dt ~ +2.0 x 107" ,/10!2Aa/ayr7!. We note also that the upper limit on the varia- 
tion of e? given by the Oklo data, i.e. |\dIne?/dt| S 5 x 107!’ yr~! [21], “corresponds” to a 
violation of the UFF at the level ~ 10-8. 


In this respect, it is interesting to consider not only the present variation of e? (the 
only one relevant for laboratory experiments), but also its variation over several billions of 
years. (We recall that the Oklo phenomenon took place about two billion years ago, and 
that astronomical observations constrain the variation of e? over the last ten billion years 
or so). In particular, an interesting question is to see whether our model could reconcile 
the Oklo limit (which corresponds to a redshift z ~ 0.14) with the recent claim [24] of 
a variation Ae*/e? = (—0.72 + 0.18) x 10~° around redshifts z ~ 0.5 — 3.5 as proposed 
in [25,26]. The only hope of reconciling the two results would be to allow for a faster 
variation of e? for redshifts z > 0.5. Such recent redshifts have (apparently) been connected 
to a transition from matter dominance to vacuum dominance. Let us see whether taking 
into account this transition might allow for a large enough change of e? around redshifts 
z & 0.5 — 3.5. We must clearly assume the “strong coupling” scenario a,, = O(1). In 
this scenario, the variation of y during the matter era is given by Eq.(2.31). Neglecting, 
for simplicity, the transient evolution effects localized around the matter-vacuum transition 


(and treating both y/, = —a,, and yy = yp as constants), the solution giving the recent 
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cosmological evolution of y reads y — yo = —yoln(1 + z) during the vacuum era, and 
~— Yo = —Ypln(1+ z) — yy, n[(1 + z)/(1 + z.)] during the matter era (the index 0 refers 
to the present epoch, i.e. z = 0; z, denotes the transition redshift). Inserting this change in 
Eq.(3.17) leads to the following expression for the cosmological change of the fine-structure 


constant: 


2-42 1 A 
o  — _sign(bp) 3.5 x 10-8 [pi In(1 + %) + gl, In] 4/1022. (3.26) 
a 


e2 ipa 








Here, we have written the result for the matter era. During the vacuum era the bracket 
is simply [yp In(1 + z)]. Remembering that the absolute value of vy’, is (like that of y/)) 
observationally constrained to be smaller than J0.3 ~ 0.55 (and that yo is also constrained 
by |y/| < 0.84), we see that there is no way, within our model, to explain a variation of 
e? as large as Ae?/e? = (—0.72 + 0.18) x 10~° around redshifts z + 0.5 — 3.5 [24]. In 
our model, even under the assumption that UFF is violated just below the currently tested 
level, such a change would have to correspond to a value |y/,,| > 2, entailing observationally 
unacceptable modifications of standard cosmology. [For instance, in the model [6] a value 
as large as Q;, > 1 already leads to a pathological behaviour (“total dragging”) where all 
the components scale like radiation.] This difficulty of reconciling the Oklo limit with the 
claim of [24] was addressed in [26,25] within a different class of models, namely with a field 
@ which does not couple universally to all gauge fields F),,, as the dilaton y is expected 
to do. The fact that the field @ in [26] (or q in [25]) is assumed to couple only to the 
electromagnetic gauge field drastically changes our Eq. (3.13) and allows one to satisfy the 
UFF limit Aa/a < 10~, for a stronger coupling of ¢@ to electromagnetism than in our 
class of models, i.e. (in our notation) for a larger dln Br(y)/dy. This explains why Ref. 
[26] could construct some explicit (but fine-tuned) models in which all observational limits 
(UFF, Oklo,...) could be met and still allow for a variation of e? as strong as the claim[23]. 
The maximal variation predicted by Eq.(3.26) for redshifts corresponding to the matter era 
(obtained when Aa/a = 10” and y!, = +V/0.3; and assuming a smaller value of yj to 
be compatible with the Oklo constraint), is of order Ae?/e? = +1.9 x 10~°. This is only a 
factor ~ 4 below the claim [24] and is at the level of their one sigma error bar. Therefore a 
modest improvement in the observational precision (accompanied by an improved control of 
systematics) will start to probe a domain of variation of constants which, according to our 


scenario, corresponds to an UFF violation smaller than the 10~'? level. 
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D. Spatio-temporal fluctuations of the “constants” 


We now turn to the second possible source of spatial-temporal variations for e? in our 
model, the quantum fluctuations of the dilaton generated during inflation. Within linear 


perturbation theory, the relevant calculation may be summarized as follows. 


Consider a flat FRW universe ds* = —dt? + a(t)? );dx? . The dilaton fluctuations can be 


expanded in Fourier components dy, of given comoving momentum k as follows: 
(x,t) = Gan x | Ph dpx(the™, (3.27) 


where t is the cosmological time. Each Fourier mode dy, “leaves” the horizon during inflation 
with an amplitude ~ Hex(k)/V2k> [27] where, by definition, Hex(k) is the value of the 
dimensionless Hubble expansion rate as ka~! equals H during inflation (note that we denote 
here H., what was denoted H, above). Well after the exit (k < aH) the amplitude of each 
mode “freezes out”, i.e. remains roughly constant, until it reenters the horizon during the 
post-inflationary epoch (ka; ~ H,.). After re-entry the amplitude starts to damp out as 


a‘. For a given Fourier mode 6¢y,(t), the latter damping effect is described by the piecewise 


function 
1 if Gy Hy k =< (4) 
f.(k) = ¢ aHe (z+1)k? if i) <a, Ag be 10" (3.28) 
10-"a9H (z + 1)k7 if gg Hg eS 10" 


Here the cosmological redshift z = ao/a(t) — 1 has been introduced in replacement of the 
cosmological time t. The first case refers to Fourier modes that have not reentered yet at 
redshift z and whose amplitudes are still frozen. The second and third cases refer to modes 
that reenter during matter and radiation domination respectively. Putting all together, and 
assuming a gaussian probability distribution for the perturbations, we have: 


(Sexlty Sorte) = HL p.¢6) fo(0) 5% W). (3.29) 





Possible spatial/temporal variations of e? induced by the fluctuations of the dilaton will be 


given by 


Afluce2 _d Ine? 


A ctxt!) 1 3.30 
rae Pl (x,t;x/,t) (3.30) 





2 
€ (x,t; x’,t/) 


where the r.m.s A"°y between two events (x,t) and (x’,t’) is defined as follows 
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( [5:0(x, t) — dip(x’, t’)]’) 


= ; 
~ ea a [f.(h)? + fu(k)? — 2f,(k) fe(k) ene) (3.31) 


fluc, .|2 
A Pl Gx,t;x!,t’) 











= = [5 bid fa ) — fe (B))? + 2f2(k) fer) fi - || (3.32) 


Here, x = |x — x’| is the coordinate distance between the two events and, consistently with 
the slow-roll approximation, the Hubble expansion rate at exit has been assumed to be 
scale-invariant: Hex(k) © Hex ~ 3 x 107. 


If one considers spatial fluctuations over terrestrial or solar system proper length scales 
1 =aok~! < Ho" at the present time t = t' = to, the first square brackets in (3.32) vanishes 
and one can expand the sine function at small ka obtaining 
Hy Hol Atte? 
2n V3 ee 





Nl 26 ~ oe 10-7 Qhad Hex Aol. (3.33) 


As expected, these variations are extremely small, Ae? /e?|).,-9 ~ 107° 1/km. It is also 
interesting to compare dilaton fluctuations at different redshifts along a comoving observer 
wordline. By putting x ~ 0 in (3.32) the second term in the square brackets vanishes and 


one has: 








He. fea +. DORs oe 2 
gee ee esi i B 7 [let ig) = cs os 5 2 ~r td = faa +... . (3.34) 


It is slightly more complicated to compare dilaton fluctuations between “now” and events 
at redshift z along a null ray. Expanding in powers of z around z = 0 one gets from (3.32), 


after a straightforward calculation: 


H.. |1 /7 2 
Afluc m OX fe ag _ 
eke iy 3: wi 


Numerically, at redshift z ~ 1, the effects of dilatonic fluctuations give A®*%y|,-. ~ 





(3.35) 





H.,./(2r) ~ 5 x 1076. This is to be contrasted with the effects of the cosmic, homogencous 
evolution which yields Ay|,-1 ~ Q@m. In the “normal” case where a, ~ e~°? ~ io, 
the two effects, though a priori unrelated, are related in our scenario , when n = 2. In- 
deed, if n = 2, 5a "?) _ §4 ~ 5 x 10-5 is linked to Hex./(2m) via 5(Xex) = AHex/(2m) 
with A = (8/3)V/O,V = (8/3)(x/n) ~ 40/(3/n) ~ 10. On the other hand, in the case 
where y is strongly coupled to dark matter, the homogeneous evolution Ay|,-1 ~ @m ~ 1 


is parametrically larger than the fluctuations A®°y|.2) ~ Hex/ (27). 
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To conclude on this subsection, we see that the inhomogeneous space-time fluctuations 
of the fine-structure constant are typically too small to be observable (if the limits from 
UFF are already satisfied), being suppressed, relative to their natural values Hol, Hot, by 


the small factor Ohad Hex: 


IV. SUMMARY AND CONCLUSION 


We have studied the dilaton-fixing mechanism of [3] within the context where the dilaton- 
dependent low-energy couplings are extremized at y = +00, i.e. for infinitely large values 
of the bare string coupling g? = e? ~ e. [The crucial coupling to the inflaton, say (vy) 
in Eq.(2.11), must be minimized at yp — +00; the other couplings can be either minimized 
or maximized there.| This possibility of a fixed point at infinity (in bare string coupling 
space) has been recently suggested [5], and its late-cosmological consequences have been 
explored in [6]. We found that a primordial inflationary stage, with inflaton potential V(y) = 
A(y) x"/n, was much less efficient in decoupling a dilaton with least couplings at infinity 
than in the case where the least couplings are reached at a finite value of y (as in [3,8)). 
This reduced efficiency has interesting phenomenological consequences. Indeed, it predicts 
much larger observable deviations from general relativity. In the case of the simplest chaotic 
potential [10] V(y) = $m2(y) x’, we find that, under the simplest assumptions about the 
pre-inflationary state, this scenario predicts violations of the universality of free fall (UFF) 
of order Aa/a ~ 5 x 107463, where 6 is the density fluctuation generated by inflation on 
horizon scales. The observed level of large-scale density (and cosmic microwave background 
temperature) fluctuations fixes 6, to be around 5x 10~° which finally leads to a prediction for 
a violation of the UFF near the Aa/a ~ 107? level. This is naturally compatible with present 
experimental tests of the equivalence principle, and suggests that a modest improvement in 
the precision of UFF tests might be able to detect a deviation linked to dilaton exchange 
with a coupling reduced by the attraction towards the fixed point at infinity. Because of the 
presence of unknown dimensionless ratios (c, be /b,) in our estimates, and of quantum noise in 
the evolution of the dilaton, we cannot give sharp quantitative estimates of Aa/a. However, 
we note that dilaton-induced violations of the UFF have a rather precise signature with a 
composition-dependence of the form (3.11), with probable domination by the last (Coulomb 
energy) term [3]. As explored in [19] this signature is quite distinct from UFF violations 
induced by other fields, such as a vector field. We note that the approved Centre National 
d’Etudes Spatiales (CNES) mission MICROSCOPE [30] (to fly in 2004) will explore the 
level Aa/a ~ 10~'°, while the planned National Aeronautics and Space Agency (NASA) and 
European Space Agency (ESA) mission STEP (Satellite Test of the Equivalence Principle) 
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[31] could explore the Aa/a ~ 107'® level. Our scenario gives additional motivation for 
such experiments and suggests that they might find a rather strong violation signal, whose 


composition-dependence might then be studied in detail to compare it with Eq. (3.11). 


In the case of inflationary potentials V(x) « y” with n > 2 our simplest estimates predict 
a violation of the UFF of order Aa/a ~ 5 x 1074 5a which is larger than 10~'%. At face 
value this suggests that existing UFF experimental data can be interpreted as favouring 
n < 2 over n > 2. However, we must remember that our estimates have made several 
simplifying assumptions. It is possible that the large quantum fluctuations of the inflaton in 
the self-regenerating regime x > Yin, With yin defined by Eq. (2.18), can give more time for 
to run away towards large values, so that the effective value of e“’™ to be used in Eq. (2.21) 
turn out to dominate the first term in the R.H.S. that we have used for our estimates. We 
leave to future work a study of the system of Langevin equations describing the coupled 


fluctuations of @ and y during the self-regenerating regime. 
Finally let us note some other conclusions of our work. 


We recover the conclusion of previous works on dilaton models that the most interest- 
ing experimental probes of a massless weakly coupled dilaton are tests of the UFF. The 
composition-independent gravitational tests (solar-system, binary-pulsar) tend to be much 
less sensitive probes (as highlighted by the relations (3.14), (3.21) and (3.22)). 


However, a possible exception concerns the time-variation of the coupling constants. 
Here the conclusion depends crucially on the assumptions made about the couplings of the 
dilaton to the cosmologically dominant forms of energy (dark matter and/or dark energy). 
If these couplings are of order unity (and as large as is phenomenologically acceptable, i.e. 
so that (yj)? = 0.7), the present time variation of the fine-structure constant is linked to the 
violation of the UFF by the relation dln e?/dt ~ +2.0 x 10716 ,/10!2Aa/ayr~'. [The most 
natural sign here being +, i.e. be > 0, which corresponds to smaller e? in the past, just 
as suggested by the claim [24].]| Such a time variation might be observable ( if Aa/a is not 
very much below its present upper bound ~ 10~!”) through the comparison of high-accuracy 


cold-atom clocks and/or via improved measurements of astronomical spectra. 


More theoretical work is needed to justify the basic assumption (1.3) of our scenario. 
In particular, it is crucial to investigate whether it is natural to expect that the sign of the 
crucial coefficient b) in Eq. (2.12) be indeed positive. [Recall that the general mechanism of [3] 
is an attraction towards “Least Couplings” while Eq. (1.3) with O(e~%) > 0 leads to largest 
couplings at infinity.] Note in this respect that the sign of the other 6,’s is not important 
as, once inflation has pushed e°” to very large values e“’=4, the subsequent cosmological 


evolutions tend to be ineffective in further displacing y. 
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APPENDIX A: THE STOCHASTIC EVOLUTION OF THE DILATON 


In this appendix we study the stochastic evolution of the dilaton y during inflation as 
described by the Langevin-type equation (2.23). We restrict our attention to the region of 
phase space where the evolution of the inflaton y is classical, and to a power-law potential 
of the form (2.11). It follows that the inflaton evolves according to the classical slow-roll 


equation (2.14) whose solution reads 

X° = Gq ND, (Al) 
where p, the parameter defined in (2.7), is shifted in such a way that py, = 0. Equation 
(2.23) takes the form 


d 1 
<= =bce-* + €(p), (A2) 
dp 2 


where €(p) is a gaussian stochastic variable (GSV), with a “time-dependent” r.m.s. amplitude 
H(p)/2n: 
2 
(§(p1) €(p2)) = (Qn)? d(pi — p2), (A3) 


[the relation with the normalized random white noise term of (2.23) is €(p) = €(p)H/2z]. 


For any given source term &(p), the formal solution of (A2) reads 
e(p) vin gente) 4 OAC” f? 4 1 elnlo)—n0") ” dp! eln! 
erro) — eovin gor) 4 Af dpfest)—ni 1, nlp) = f ap! ely’). (Ad) 
0 0 


Note that the classical solution in (2.17), e°?) = e° + (byc?/2) p , can be easily recovered 


in the small noise limit €(p) — 0, n(p) — 0. 
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It proves convenient to compare the true solution to the classical one by studying the 
statistical behaviour of the ratio A(p) = e°?)/e°?a®), As we will show below, (e°”)) = 
O(1). Moreover, we are also assuming e°%" = O(1) or, at least, e°%" < (byc?/2)p (see 
Section II for details) so that the leading contribution to the first equation in (A4) is given 


by the integral, and we have 


A(p) = &&?®) /eeral) ~ =i dp’ eo ne)—n)) (A5) 

p Jo 
Since €(p) is a GSV, also its integral 7(p) is a (centered) GSV. Moreover, if x is a GSV 
with o? = (2?) — (x)? = (2), by Bloch’s theorem y = e” is a new stochastic variable with 


(y) = (e®) = e)/2 and = e2(**) _ el") The average value of A(p) thus reads 


1 yp 
(A(p)) ~ ; i. dp! ef 7/2) inl)? (A6) 


The exponent on the right hand side of the above equation can be estimated by using (A3) 
and the slow-roll approximation H? ~ 2V(y,y)/3 = 2A(y)V"/3n & 2x." /3n. One gets 


(xy ey" ay 
Xin Xin 


where Yin is the value at exit from self-regencrating inflation: H(xin)/27 = n/(2vin) (see 


Ny2\ i are Weeks u 
(Ine) —9@9P) = Gos fae! = sy 





Section II for more details). Since we are interested in evaluating (A6) at the end of inflation, 


D =Dena & X7,/n, we can thus write 





- yf [ot 
(i) - WP) = Af -F (a8) 


When evaluated at p’ = 0, the above formula gives (7(p)?) = n/(2(n + 2)). Thus the 
normalization factor to the initial condition in (A4) is of order one, as anticipated: (e¢”™)) = 


e30(P)") = O(1). From (A6) and (A8) we have: 
2 1 \ (n+2)/2 
PASELDIPTY pet 
A(n a0 2) Pend 








1 Pend , 
(A(pena)) & [ dp exp 





Pend 
= i exp En int2y/2 dx (AQ) 
0 A(n + 2) 
end 
- 00 (Ge¢y) =O) 


with O<@< 1. 
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We can estimate the dispersion of the same quantity by expanding the exponential inside 


the integral (A6) in powers of €(p): 


Cc PP D 1c pp Dp 2 
Are tf ae ae eee ap’ ( dp!" ")) _ 
(p) 7 vf p’(p") + ai, p [ p’e(p")) + 


2 


(A10) 


At lowest order in €(p) the variance of the above quantity calculated at p = peng reads 


2 
Cc P P 
TAlpena) = (5 ,. dp’ / ap’ 0) ) 
2 [ D p H?(p"") 
es ay’ | ap" | dp” 
p? Jo 0 max(p’ ,p’’) (27)? 


2c pp p H?(p") 
ae d / a d MN : 
p iE PP y P (27)? 





As in equation (A7) we can use the slow-roll approximation and obtain 


of ax gle "(1 — 2) Ode = ¢’O(1) 
APena) 4 +2 Jo 7 


dl 


(A11) 


(A12) 
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In a recently proposed scenario, where the dilaton decouples while cosmologically attracted to- 
wards infinite bare string coupling, its residual interactions can be related to the amplitude of 
density fluctuations generated during inflation, and are large enough to be detectable through a 
modest improvement on present tests of free-fall universality. Provided it has significant couplings 
to either dark matter or dark energy, a runaway dilaton can also induce time-variations of the natural 
“constants” within the reach of near-future experiments. 
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A striking prediction of all string theory models is the 
existence of a scalar partner of the spin 2 graviton: the 
dilaton ¢, whose vacuum expectation value (VEV) de- 
termines the string coupling constant g, = e%/? (ij). At 
tree level, the dilaton is massless and has gravitational- 
strength couplings to matter which violate the equiva- 
lence principle BI. This is in violent conflict with present 
experimental tests of general relativity. It is generally 
assumed that this conflict is avoided because, after su- 
persymmetry breaking, the dilaton might acquire a (large 
enough) mass (say mg < 107% eV so that observable devi- 
ations from Einstein’s gravity are quenched on distances 
larger than a fraction of a millimeter). However, Ref. | 
(see also f)) has proposed a mechanism which can nat- 
urally reconcile a massless dilaton with existing experi- 
mental data. The basic idea of Ref. 8) was to exploit the 
string-loop modifications of the (four dimensional) effec- 
tive low-energy action (we use the signature — + ++) 


5 = [aia (BOR Bo(d) 
1 








—i [ang — (¥¢4)?] 


a! a! 








-7Br(6)F—...), (1) 
i.e. the ¢-dependence of the various coefficients B;(d), 
i= g,¢,F,..., given in the weak-coupling region (e? > 
0) by series of the form B;(¢) = e~? + cf) + cf) e? + 
cf e2¢+.---, coming from genus expansion of string the- 
ory. It was shown in Bl that, if there exists a special 
value ¢m of ¢ which extremizes all the (relevant) cou- 
pling functions B;'(@), the cosmological evolution of 
the graviton-dilaton-matter system naturally drives ¢ to- 
wards ¢m, (which is a fixed point of the Einstein-dilaton- 
matter system). This provides a mechanism for fixing 
a massless dilaton at a value where it decouples from 


matter (“Least Coupling Principle”). In this letter, we 
consider the case (recently suggested in Bl) where the 
coupling functions, at least in the visible sector, have 
a smooth finite limit for infinite bare string coupling 
gs — co. In this case, quite generically, we expect 

Bd) = 0, + Ofe*). (2) 
Under this assumption, the coupling functions are all ex- 
tremized at infinity, i.e. a fixed point of the cosmological 
evolution is dm = +00. [See [6] for an exploration of the 
late-time cosmology of models satisfying ®), We found 
that the “decoupling” of such a “run-away” dilaton has 
remarkable features: (i) the residual dilaton couplings 
at the present epoch can be related to the amplitude of 
density fluctuations generated during inflation, and (ii) 
these residual couplings, while being naturally compati- 
ble with present experimental data, are predicted to be 
large enough to be detectable by a modest improvement 
in the precision of equivalence principle tests (non uni- 
versality of the free fall, and, possibly, variation of “con- 
stants”). This result contrasts with the case of attraction 
towards a finite value ¢,, which leads to extremely small 
residual couplings (7. 

We assume some primordial inflationary stage driven 
by the potential energy of an inflaton field x. Working 
with the Einstein frame metric g,, = C7 Bg(¢) Gu, and 
with the modified dilaton field y = f d@|(3/4)(Bi,/Bg)?+ 
B',/B, + (1/2) By/Bg]'/?, we consider an effective action 
of the form 


m m 


where m2 = 1/(4nG) = 4C,/a’, and where the dila- 
ton dependence of the Einstein-frame action is related 
to its (generic) string-frame dependence (i) by F(y) = 
By(6)/By(d), Vox,~) = C2 ip! Bz?() V(%, 4). 

Under our basic assumption (2) dy/dd@ tends, in the 
strong-coupling limit 6 — +00, to the constant 1/c, with 
c = (2C,/C¢)/?, so that the asymptotic behaviour of 
the bare string coupling is 


g- =e? ye. (4) 


Let us consider the case where F(y) = 1 and V(x, y) = 
Ay) x"/n with a dilaton-dependent inflaton coupling 
constant A(y) of the form 


Ap) = Aco(1 + bye), (5) 


where we assume that b, > 0, ie that A(~) reaches a 
minimum at strong-coupling, y — +00. It is shown in 
that this simple case is representative of rather general 
cases of y-dependent inflationary potentials V(y, vy) 
During inflation (ds? = —dt? + a(t) 6;; dx’ dz), it is 

easily seen that, while x slowly rolls down towards y ~ 1, 
the dilaton y is monotically driven towards large values. 
The solution of the (classical) slow-roll evolution equa- 
tions leads to 
by Ce 2 _ cin by Ce 2 

i es const. = ein + a Xin: (6) 
Using the result (@), we estimate the value Yenq of y 
at the end of inflation by inserting for the initial value 
Xin of the inflaton the value corresponding to the end of 
self-regenerating inflation pi. We remark that the latter 
value can be related to the amplitude dy ~ 5 x 107° of 
density fluctuations, on the scale corresponding to our 
present horizon, generated by inflation, through xin ~ 
5V/n (577)~2/("+?), Finally, assuming e“? < e°?er4, we 
get the estimate: 


eo? + 








ePend w 12.502 by (SH) FF . (7) 


A more general study B of the run-away of the dilaton 
during inflation (including an estimate of the effect of 
quantum fluctuations) only modifies this result by a fac- 
tor O(1). It is also found that the present value of the 
dilaton is well approximated by Yena.- 

Eq. (a) tells us that, within our scenario, the smallness 
of the present matter couplings of the dilaton is quan- 
titatively linked to the smallness of the (horizon-scale) 
cosmological density fluctuations. To be more precise, 
and to study the compatibility with present experimen- 
tal data, we need to estimate the crucial dimensionless 
quantity 


aa(y) = Olnma(y)/Og, (8) 


which measures the coupling of y to a massive particle 
of type A. The definition of a, is such that, at the New- 
tonian approximation, the interaction potential between 


particle A and particle B is -Gagmamep/rag where 
AB} Gag = G(1+a,4az). Here, G is the bare gravita- 
tional coupling constant entering the Einstein-frame ac- 
tion (3), and the term a4 ag comes from the additional 
attractive effect of dilaton exchange. 

Let us first consider the (approximately) composition- 
independent deviations from general relativity, i.e. those 
that do not essentially depend on violations of the equiv- 
alence principle. Most composition-independent gravita- 
tional experiments (in the solar system or in binary pul- 
sars) consider the long-range interaction between objects 
whose masses are essentially baryonic (the Sun, plan- 
ets, neutron stars). As argued in BB the relevant cou- 
pling coefficient a, is then approximately universal and 
given by the logarithmic derivative of the QCD confine- 
ment scale Agcp(v), because the mass of hadrons is es- 
sentially given by a pure number times Agcp(y). [We 
shall consider below the small, non-universal, corrections 
to ma(y) and a,(vy) linked to QED effects and quark 
masses.] Remembering from Eq. (iil) the fact that, in the 
string frame (where there is a fixed cut-off linked to the 
string mass M, ~ (a’)~1/2) the gauge coupling is dilaton- 
dependent (g7” = Br()), we see that (after conformal 
transformation) the Einstein-frame confinement scale has 
a dilaton-dependence of the form 


Agen (y) ~ C}/? BF1/?() exp[—82” bs | Br(y)| Ms, 
(9) 


where b3 denotes the one-loop (rational) coefficient en- 
tering the Renormalization Group running of gr. Here 
Br(y) denotes the coupling to the SU(3) gauge fields. 
For simplicity, we shall assume that (modulo rational co- 
efficients) all gauge fields couple (near the string cut off) 
to the same Br(y). This yields the following approxi- 
mately universal dilaton coupling to hadronic matter 


mel) (» (#4) + :) oe (10) 


Numerically, the coefficient in front of the R.H.S. of (id) 
is of order 40. Consistently with our basic assumption 
®), we parametrize the y dependence of the gauge cou- 
pling g?, = B;' as 





By’ (¢) = Bp (+00) [1 — bre]. (11) 
We finally obtain 
Ohaa(y) ~ 40brce-*. (12) 


Inserting the estimate (A) of the value of y reached be- 
cause of the cosmological evolution, we get the estimate 


4 
Othaa(Yena) & 3.2 or §a (13) 
XE 


It is plausible to expect that the quantity c (which is a 
ratio) and the ratio br/b, are both of order unity. This 
8 


then leads to the numerical estimate ie ia ~ 10 ae 
with dy ~ 5 x 10-°. An interesting aspect of this 
result is that the expected present value of a?,,, de- 
pends rather strongly on the value of the exponent n 
(which entered the inflaton potential V(y) « x”). In 
the case n = 2 (i.e. V(x) = 3m? x7) we have af.q ~ 
2.5 x 10-8, while if n = 4 (V(x) = 4Ax*) we have 
a?.q ~ 1.8 x 107°. Both estimates are compatible with 
present (composition-independent) experimental limits 
on deviations from Einstein’s theory (in the solar sys- 
tem, and in binary pulsars). For instance, the “Edding- 
ton” parameter y — 1 ~ —2a7,, is compatible with the 
present best limits |y — 1| S$ 2 x 10~* coming from Very 
Long Baseline Interferometry measurements of the de- 
flection of radio waves by the Sun (Lo). 

Let us consider situations where the non-universal 
couplings of the dilaton induce (apparent) violations 
of the equivalence principle. This means considering 
the composition-dependence of the dilaton coupling ay, 
Eq. (), i.e. the dependence of a, on the type of mat- 
ter we consider. Two test masses, made respectively of 
A- and B-type particles will fall in the gravitational field 
generated by an external mass mg with accelerations dif- 
fering by 


Aa aa — ag 
— = 2 ———__ © _ : 14 
( a dn aa +aB eae ee 4) 


We have seen above that in lowest approximation a4 ~ 
Chad does not depend on the composition of A. We need, 
however, now to retain the small composition-dependent 
effects to a, linked to the y-dependence of QED and 
quark contributions to m,. This has been investigated 
in B with the result that @4 — Qnaq depends linearly 
on the baryon number B = N + Z, the neutron excess 
D=N-—Z, and the quantity E = Z2(Z—1)/(N+Z)8 
linked to nuclear Coulomb effects. Under the plausible 
assumption that the latter dependence is dominant, and 
using the average estimate A(E/M) ~ 2.6 (applicable to 
mass pairs such as (Beryllium, Copper) or (Platinum, Ti- 
tanium)), one finds that the violation of the universality 
of free fall is approximately given by 


Aa _ af be VP oo 
(=) ~5.2x 10 °ag.g ~ 5.2 x 10+ (==) oF 


(15) 


This result is one of the main predictions of our model. If 

we insert the observed density fluctuation 64 ~ 5x 1075, 

we obtain a level of violation of the universality of free 

fall (UFF) due to a run-away dilaton which is Aa/a ~ 

1.3(br/(b) c))? x 107 for n = 2 (ie. for the simplest 
an) 


chaotic inflationary potential V(x) = 3m%(¢) x”), and 


Aa/a ~ 0.98(br/(b, c))? x 107° for n = 4 (ie. for 


V(x) = 4X(¢) x*). The former case is naturally com- 
patible with current tests (at the ~ 107!” level [[L2}) of 
the UFF. Values n > 4 of the exponent require (within 
our scenario) that the (unknown) dimensionless combi- 
nation of parameters (by /(b) c))? be significantly smaller 
than one. 

Let us also consider another possible deviation from 
general relativity and the standard model: a possible 
variation of the coupling constants, most notably of the 
fine structure constant e?/fhc on which the strongest lim- 
its are available. Consistently with our previous assump- 
tions we expect e? «x By'(¢) so that, from (lI), e?(y) = 
e?(+o0) [1 — br e~°*]. The present logarithmic variation 
of e? (introducing the derivative y’ = dy/dp with re- 
spect to the “e-fold” parameter dp = Hdt = da/a) is 
thus given by 





2 

oe ~brce py Jp whaa¥o : (16) 
The current value of y’, yj, depends on the coupling 
of the dilaton to the two currently dominating energy 
forms in the universe: dark matter (coupling a(y)), 
and vacuum energy (coupling ay = 7 0InV(y)/Oy). In 
the slow-roll approximation, one finds 


(Qn + 20v)y5 = -—OQmnAm — 40vay. (17) 


where 2,, and Qy are, respectively, the dark-matter- 
and the vacuum- fraction of critical energy density (p. = 
(3/2)m?,H”). The precise value of yj is model-dependent 
and can vary (depending under the assumptions one 
makes) from an exponentially small value (y’ ~ e~°*) to 
a value of order unity. In models where either the dilaton 
is more strongly coupled to dark matter than to ordinary 
matter [fl 1], or/and plays the role of quintessence (as sug- 
gested in [6]), yo can be of order unity. Assuming just 
spatial flatness and saturation of the “energy budget” by 
non-relatistic matter and dilatonic quintessence, one can 
relate the value of y’ = dy/(Hdt) to Q,, and to the decel- 
eration parameter g = —Ga/a?: vy’? = 1+q-30/2. This 
yields the following generic, model-independent relation 
between the present time variation of e?, cosmological 
observables and the level of UFF violation 


dlne? 


Aa 
ae —6 _ 4/1012 —— 
a ~+3.5 x 107° f1 + go — 3Qm/2 4/10 a 


(18) 








Note that the sign of the variation of e? is in general 
model-dependent ( as it depends both on the sign of br 
and the sign of yo). Specific classes of models might, 
however, favour particular signs of de?/dt. For instance, 
within the assumptions of 6) and [6] it is natural to ex- 
pect that e? be currently increasing. 

The phenomenologically interesting consequence of 
Eq. (ig) is to predict a time-variation of constants which 


may be large enough to be detected by high-precision lab- 
oratory experiments. Indeed, using Hp ~ 66 km/s/Mpc, 
and the plausible estimates Q,, = 0.3, q = —0.4, 
Eq. yields the numerical estimate dIn e?/dt ~ +0.9x 
10-1° \/10!2Aa/ayr~+. Therefore, the current bound 
on UFF violations (Aa/a ~ 107! [19]) corresponds to 
the level 10~!°yr~1, which is comparable to the planned 
sensitivity of currently developed cold-atom clocks (13). 
[Present laboratory bounds are at the 10~!4yr~? level 
4 p3}.] We note also that the upper limit on the vari- 
ation of e? given by the Oklo data, ie. |dIne?/dt| < 
5 x 107! yr (5. “corresponds” to a violation of the 
UFF at the level ~ 107-'8. Of course, present. measure- 
ments are not accurate enough to exclude an almost exact 
cancellation occurring in 1+ qo —30,,/2: our work points 
at the relevance of establishing whether or not this can 
be excluded. 

We have also studied 8) the variation of e? over cos- 
mological times. By taking into account the constraints 
coming from the need to be compatible with current cos- 
mological data, we find that there is no way, within our 
model, to explain a variation of e? as large as the recent 
claim [6] Ac?/e? = (—0.72 + 0.18) x 10° around red- 
shifts z » 0.5 — 3.5. The largest possible variation we 
find (reached only if the UFF violation is just below the 
10-1? level, and if y is rather strongly coupled to dark 
matter), is of order Ae?/e? = +1.9 x 10~°. This is only 
a factor ~ 4 below the claim [16] and is at the level of 
their one sigma error bar. Therefore a modest improve- 
ment in the observational precision (accompanied by an 
improved control of systematics) will start to probe a 
domain of variation of constants which, according to our 
scenario, corresponds to an UFF violation smaller than 
the 1071? level. 

Our results suggest that the residual dilaton couplings 
today (as determined by a cosmological “attraction” to- 
wards the fixed point at infinite bare string coupling) are 
just below the level a?,, ~ 2.5 x 107% corresponding 
to a violation of the UFF at the Aa/a ~ 107!” level. 
This gives additional motivation for improved tests of 
the UFF, such as the Centre National d’Etudes Spa- 
tiales (CNES) mission MICROSCOPE [L7 (to fly in 
2004; planned sensitivity: Aa/a ~ 10~1°), and the Na- 
tional Aeronautics and Space Agency (NASA) and Eu- 
ropean Space Agency (ESA) mission STEP (Satellite 
Test of the Equivalence Principle; planned sensitivity: 
Aa/a ~ 10718) {18}. If our estimates are correct, these 
experiments should find a rather strong violation signal. 

Another possible observable signal of a weakly cou- 
pled run-away dilaton is the time-variation of the natu- 
ral constants. Here the conclusion depends crucially on 
the assumptions made about the couplings of the dilaton 
to the cosmologically dominant forms of energy (dark 
matter and/or dark energy). If these couplings are of 
order unity (and as large as phenomenologically accept- 
able), the present time variation of the fine-structure con- 











stant is linked to the violation of the UFF by the rela- 
tion dIne?/dt ~ +2.0 x 10716 ,/10!2Aa/ayr—+. Such a 
time variation might be observable ( if Aa/a is not very 
much below its present upper bound ~ 1071?) through 
the comparison of high-accuracy cold-atom clocks and/or 
via improved measurements of astronomical spectra. The 
discovery of such a time variation (which is possible only 
if (QmAm + 4Qvay)/(Qmn + 2Qy) is not too small or, in 
terms of more observable quantities, if 1+ qo — 30/2 is 
of order 1), would then tell us that the dilaton plays an 
important cosmological role, either because it is strongly 
coupled to dark matter (@» ~ 1) or/and because it plays 
the role of quintessence (ay ~ 1). 
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Abstract 


The configuration of typical highly excited (M >> M, ~ (a’)~'/2) string 
states is considered as the string coupling g is adiabatically increased. The size 
distribution of very massive single string states is studied and the mass shift, 
due to long-range gravitational, dilatonic and axionic attraction, is estimated. 
By combining the two effects, in any number of spatial dimensions d, the most 
probable size of a string state becomes of order £, = V2.a! when g?M /M, ~ 1. 
Depending on the dimension d, the transition between a random-walk-size 
string state (for low g) and a compact (~ ¢,) string state (when g?M/M, ~ 1) 
can be very gradual (d = 3), fast but continuous (d = 4), or discontinuous 
(d > 5). Those compact string states look like nuggets of an ultradense state 
of string matter, with energy density p ~ g~-?M2*!. Our results extend and 
clarify previous work by Susskind, and by Horowitz and Polchinski, on the 
correspondence between self-gravitating string states and black holes. 
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I. INTRODUCTION 


Almost exactly thirty years ago the study of the spectrum of string theory (known at the 
time as the dual resonance model) revealed [i] a huge degeneracy of states growing as an 
exponential of the mass. This led to the concept of a limiting (Hagedorn) temperature Ty,. 
in string theory. Only slightly more recently Bekenstein [2] proposed that the entropy of a 
black hole should be proportional to the area of its horizon in Planck units, and Hawking 
fixed the constant of proportionality after discovering that black holes, after all, do emit 
thermal radiation at a temperature Thay, ~ Rg. 

When string and black hole entropies are compared one immediately notices a striking 
difference: string entropyf] is proportional to the first power of mass in any number of spatial 
dimensions d, while black hole entropy is proportional to a d-dependent power of the mass, 


always larger than 1. In formulae: 


(1.1) 





where, as usual, a’ is the inverse of the classical string tension, 0, ~ Va’h is the quantum 
length associated with itf, M, ~ \/h/a’ is the corresponding string mass scale, Rpy is the 
Schwarzschild radius associated with M: 


Rea ~ (Gy M)V-*) | (1.2) 


and we have used that, at least at sufficiently small coupling, the Newton constant and a’ are 
related via the string coupling by Gy ~ g?(a’)—/? (more geometrically, (5 ~ g?l2). 

Given their different mass dependence, it is obvious that, for a given set of the funda- 
mental constants Gy, a’, g°, 


‘at sufficiently large M. Obviously, there has to be a critical value of M, M., at which 


S, = Spy. This observation led Bowick et al. [fl] to conjecture that large black holes end up 
their Hawking-evaporation process when M = M., and then transform into a higher-entropy 
string state without ever reaching the singular zero-mass limit. This reasoning is confirmed 
fh] by the observation that, in string theory, the fundamental string length @, should set 
a minimal value for the Sahiwewoschild radius of any Ss hole (and thus a maximal value 








For any d, the value of M, is given by: 


os 


'The self-interaction of a string lifts the huge degeneracy of free string states. One then defines 
the entropy of a narrow band of string states, defined with some energy resolution M, SAE < M, 
as the logarithm of the number of states within the band A E. 


Below, we shall use the precise definition 0, = V2a/h, but, in this section, we neglect factors of 
order unity. 


DUALITY principle 






‘Susskind and collaborators [@], [8] went a step further and proposed that the spectrum of 
black holes and the spectrum of single string states be “identical” , in the sense that there be 


a one to one correspondence between (uncharged) fundamental string states and (uncharged) 
black hole states. Such a “correspondence principle” has been generalized by Horowitz and 
Polchinski [)] to a wide range of charged black hole states (in any dimension). Instead of 
keeping fixed the fundamental constants and letting M evolve by evaporation, as considered 
above, one can (equivalently) describe the physics of this conjectured correspondence by 
following a narrow band of states, on both sides of and through, the string = black hole 
transition, by keeping fixed the entropy] S = S, = Spy, while adiabaticallyf] varying the 
‘string coupling g, i.e. the ratio between ¢p and @,. The correspondence principle then means 
that if one increases g each (quantum) string state should turn into a (quantum) black hole 
state at sufficiently strong coupling, while, conversely, if g is decreased, each black hole state 
should “decollapse” and transform into a string state at sufficiently weak coupling. For all 
the reasons mentioned above, it is very natural to expect that, when starting from a black 
hole state, the @xitical Vale of @ at/which black hole’ should tiny into /string is given, in 
clear relation to (([-3), by 





gM ~ M,, (1.4) 


and is related to the common value of string and black-hole entropy via 


> iit 

eg =e (1.5) 
Note that g? < 1 for the very massive states (MM >> M,) that we consider. This justifies our 
use of the perturbative relation between Gy and a’. 

In the case of extremal BPS, and nearly extremal, black holes the conjectured correspon- 
dence was dramatically confirmed through the work of Strominger and Vafa [0] and others 
leading to a statistical mechanics interpretation of black-hole entropy in terms of the 
number of microscopic states sharing the same macroscopic quantum numbers. However, 
little is known about whether and how the correspondence works for non-extremal, non BPS. 
black holes, such as the simplest Schwarzschild black hole?| By contrast to BPS states whose 
mass is protected by supersymmetry, we shall consider here the effect of varying g on the 


mass and size of HloneBPS string States, 


3One uses here the fact that, during an adiabatic variation of g, the entropy of the black hole Spy ~ 
(Area)/Gy ~ Rody! /Gy stays constant. This result (known to hold in the Einstein conformal 
frame) applies also in string units because Spy is dimensionless. 


4The variation of g can be seen, depending on one’s taste, either as a real, adiabatic change of g 
due to a varying dilaton background, or as a mathematical way of following energy states. 


>For simplicity, we shall consider in this work only Schwarzschild black holes, in any number 
d = D —1 of non-compact spatial dimensions. 


Although it is remarkable that black-hole and string entropy coincide when Rgy = 5, 
this is still not quite sufficient to claim that, when starting from a string state, a string 
becomes a black hole at g = g,. In fact, the process in which one starts from a string state 
in flat space and increases g poses a serious puzzle [6]. Indeed, the radius of a typical excited 
string state of mass M is generally thought of being of order 


RY ~ €,(M/M,)"?, (1.6) 


length 2, [19]. [The number of steps in this random walk is, as is natural, the string entropy 
(f[-1).] The “random walk” radius ((L-6) is much larger than the Schwarzschild radius for all 
couplings g < g., or, equivalently, the ratio of self-gravitational binding energy to mass (in 


d spatial dimensions) 
GyM Reun(M)\** 5 (/M\ > 
(Rye? ~ Rew ~ TAM, oa 


remains much smaller than one (when d > 2, to which we restrict ourselves) up to the 
transition point. (ai view of ((la)it does not/Seem natural’to expect that a string state will 
“collapse” to a black hole when g reaches the value ({L.4)). One would expect a string state 
of mass M to turn into a black hole only when its typical size is of order of Rpy(M) (which 


is of order @, at the expected transition point ({L.4)). According to Eq. (7), this seems to 


Horowitz and Polchinski have addressed this puzzle by means of a “thermal scalar” 
formalism [[4]. Their results suggest a resolution of the puzzle when d = 3 (four-dimensional 
spacetime), but lead to a rather complicated behaviour when d > 4. More specifically, they 
consider the effective field theory of a complex scalar field y in d (spacetime) dimensions 
(with period @ in Euclidean time 7), with mass squared m?(G) = (47? a”)~! [G,, 8? — Bal, 
where G',, is the string metric and Jy ' the Hagedorn temperature. They took into account 
the 
This leads to an approximate Hartree-like equation for x(a), which admits a stable bound 
state, in some range gy < g < g., when d = 3. They interpret the size of the bound state 
“wave function” y(a) as the “size of the string”, and find that (in d = 3) this size is of order 


1 

gM 

They describe their result by saying that “the string contracts from its initial (large) 
size”, when g ~ go ~ (M/M,)~?/*, down to the string scale when g ~ g. ~ (M/M,)~¥?. 
This interpretation of the length scale ¢,, characterizing the thermal scalar bound state, as 
“the size of the string” is unclear to us, because of the formal nature of the auxiliary field 
x which has no direct physical meaning in Minkowski spacetime. Moreover, the analysis of 
Ref. in higher dimensions is somewhat inconclusive, and suggests that a phenomenon 
of hysteresis takes place (when d > 5): the critical value of g corresponding to the string 
= black hole transition would be gy) ~ (M/M,)'*®/4 > g, for the direct process (string 
—black hole), and g, for the reverse one. Finally, they suggest that, in the reverse process, 
a black hole becomes an excited string in an atypical state. 








(1.8) 
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= black hole transition by a direct 
study, in real spacetime, of the siz@’and mass of a typical excited string, within the micro- 
canonical ensemble of self-gravitating strings. Our results lead to a rather simple picture of 
the transition, in any dimension. We find no hysteresis phenomenon in higher dimensions. 
The critical value for the transition is ({1.4]), or (1.9) in terms of the entropy S$, for both di- 
rections of the string = black hole transition. In three spatial dimensions, we find that the 
size (computed in real spacetime) of a typical self-gravitating string is given by the random 
walk value (4) when g? < gé, with g2? ~ (M/M,)~°/? ~ S-%/?, and by 





1 


igs ead gM’ (1.9) 


when gj < g? < g?. Note that Riyp smoothly interpolates between Ri” and ¢;. This result 
confirms the picture proposed by Ref. when d = 3, but with the bonus that Eq. ({L.9) 
(which agrees with Eq. (I-§)) refers to a radius which is estimated directly in physical space 
(see below), and which is the size of a typical member of the microcanonical ensemble of 
self-gravitating strings. In all higher dimensiong), we find that the size of a typical self- 
gravitating string remains fixed at the random walk value (1.4) when g < g-. However, 


(which are then expected to collapse = a slight further increase of g because the 7 


size is only slightly larger than the Schwarzschild radius at g,). 

Our results confirm and clarify the main idea of a correspondence between string states 
and black hole states [6], §), PJ, [3], and suggest that the transition between these states 
is rather smooth, with no apparent hysteresis, and with continuity in entropy, mass and 
typical size. It is, however, beyond the technical grasp of our analysis to compute any 
precise number at the transition (such as the famous factor 1/4 in the Bekenstein-Hawking 


entropy formula). any progress 
since? 


II. SIZE DISTRIBUTION OF FREE STRING STATES 


The aim of this section is to estimate the distribution function in size of the ensemble of 


free string states of mass M, i.e. to count how many massive string states have a given size 
R. This estimate will be done while neglecting the gravitational self-interaction. The effect 
of the latter will be taken into account in a later section. 

Let us first estimate the distribution in size by a rough, heuristic argument based on the 
random walk model of a generic excited string state. In string units (€, ~ My! ~ 1), the 
geometrical shape (in d-dimensional space) of a generic massive string state can be roughly 
identified with a random walk of MW steps of unit length. We can constrain this random 
walk to stay of size < R by considering a diffusion process, starting from a point source at 
the origin, in presence of an absorbing sphere Sp of radius R, centered on the origin. In the 








°With the proviso that the consistency of our analysis is open to doubt when d > 8. 


continuous approximation, the kernel /,(a,0) giving the conditional probability density of 
ending, at time t, at position x, after having started (at time 0) at the origin, without having 
ever gone farther from the origin than the distance R, satisfies: (i) the diffusion equation 
0, kK, = A K;, (ii) the initial condition Ko(a,0) = d(x), and (iii) the “absorbing” boundary 
condition K;, = 0 on the sphere Sp. The kernel kK; can be decomposed in eigenmodes, 


K(x, 0) =~ da(w) Yn(0) e*, (2.1) 


where 7,,(a) is a normalized (real) L? basis (fd? x n(x) Wm(&) = Snm: >. Wn(@) Pal y) = 
d(x — y)) satisfying " 
At, = —FEnv, (2.2) 


in the interior, and vanishing on Sr. The total conditional probability of having stayed 
within Sp after the time t is the integral Jes d‘x K,(x,0) within the ball Bg: |a| < R. For 
large values of t, AK; is dominated by the lowest eigenvalue Eg, and the conditional probability 
goes like cy) e~"°', where cp is a numerical constant of order unity. The eigenvalue problem 
(2.2) is easily solved (in any dimension d), and the s-wave ground state can be expressed in 
terms of a Bessel function: Wo(r) = N JL(kor)/(kor)” with v = (d — 2)/2. Here, ky = W/E 
is given by the first zero j, of JL(z) : ko = j,/R. The important information for us is that 
the where cy = O(1) is a numerical 
constant. This scaling is evident for the Dirichlet problem(2.2), whatever be the shape of 
the boundary. Finally, remembering that the number of time steps is given by the mass, 
t= M, we expect the looked for conditional probability, i.e. the fraction of all string states 
at mass level M which are of size S R, to be asymptotically of order 


. as 


This estimate is expected to be valid when M/R? > 1, ie. for string states which are much 
smaller (in size) than a typical random walk R?,, ~ M (but still larger than the string length, 
RZ 1). In the opposite limit, R? >> M, the kernel K;(a,0) can be approximated by the 
free-space value K( (x, 0) = (4 t)~%/? exp(—a?/(4t)), with t = M, so that the fraction of 
string states of size R>> R,. will be of order ~ e~@ Raye with cp = O(1). 

As the result (2.3) will be central to the considerations of this paper, we shall now go 
beyond the previous heuristic, random walk argument and derive the fraction of small string 


states by a direct counting of quantum string states. For simplicity, we shall deal with open 


bosonic strings (€, = /2a’,0<oa0< 7) 


X*(r,0) = X4,(7,0) + X4(r,0), (2.4) 
AL 0) =e + 2a ps, (2.5) 

Xe 05° oF ei 
— if, nh —int . 26 
(Ro) =% y aoe cos No (2.6) 


Here, we have explicitly separated the center of mass motion X4, (with |[a", p’] = in”) from 
the oscillatory one X" ({a#,, a¥] = md? nH”). The free spectrum is given by a’ M? = N-1 
where (a- 8 = Ny at B” = —a° 6° + a’ 6") 


v= or > n Np - (2.7) 
n=1 n=1 


Here N,, = al, - ay is the occupation number of the n™ oscillator (a4 = V/n at,fat, a¥'] = 
nN” dam, With n,m positive). 

The decomposition (2.4)—(2.4) holds in any conformal gauge ((0, X“ + 0, X")? = 0). 
One can further specify the choice of worldsheet coordinates by imposing 


ig A(T) S20 (ype, (2.8) 


where n“ is an arbitrary timelike or null vector (n-n < 0) [15]. Eq. (2-8) means that 
the n-projected oscillators n,, a, are set equal to zero. The usual “light-cone” gauge is 
obtained by choosing a fixed, null vector n,. The light-cone gauge introduces a preferred 
(“longitudinal”) direction in space, which is an inconvenience for defining the (rms) size of a 
massive string state. As we shall be interested in quasi-classical, very massive string states 
(N > 1) it should be possible to work in the “center of mass” gauge, where the vector n“ 
used in Eq. (2.8) to define the r-slices of the world-sheet is taken to be the total momentum 
p" of the string. This gauge is the most intrinsic way to describe a string in the classical 
limit. Using this intrinsic gauge, one can covariantly|] define the proper rms size of a massive 
string state as 


R? 


Qe 


Coe ss (2.9) 


where X! = X#—p!(p-X)/(p-p) denotes the projection of X" = X"— X¥. (r) orthogonally 
to p", and where the angular brackets denote the (simple) average with respect to o and T. 
The factor 1/d in Eq. (2.9) is introduced to simplify later formulas. So defined R is the rms 
value of the projected size of the string along an arbitrary, but fixed spatial direction. [We 


shall find that this projected size is always larger than \/3a'/2; i.e. string states cannot be 


“squeezed” , along any axis, more than this. 
In the center of mass gauge, p,,X” vanishes by definition, and Eq. (2.9) yields simply 


2_1l 


a 


eR, (2.10) 


with 


"In an arbitrary conformal gauge, the definition (Q.9) is gauge-dependent (in spite of the use of 
the orthogonal projection) because both the definition of Xfn(T), and that of the (o,7)-averaging 
depend on the choice of world-sheet gauge. Even if we were using the (more intrinsic but more 
complicated) average with weight \/— det Yq, do dr = (0, X")? do dr, the dependence upon Xén (7) 
would remain. 


R= ela a Ne (2.11) 


The squared-size operator R, Eq. (2.1]]), contains the logarithmically infinite contribution 
S> 1/(2n). Without arguing with the suggestion that this contribution may have a physical 
meaning (see, e.g., [[6]), we note here that this contribution is state-independent. We are 
interested in this work in the relative sizes of various highly excited, quasi-classical states. A 
concept which should 

in the classical limit. We shall therefore discard this state-independent contribution, i.e. 
work with the normal-ordered operator 


Raye ty | (2.12) 


We shall assume that we can work both in the center-of-mass (worldsheet) gauge 
(p, a, — 0) and in the center-of-mass (Lorentz) frame ((p“) = (M,0)). This means that 


the scalar product in the level occupation number N,, runs over the d spatial dimensions: 
d 





Ny = a) ty = a (a) \'a’,. The “wrong sign” time oscillators a® are set equal to zero. 
i=1 
The Virasoro constraints then imply, besides the mass formula a’ M? = N — 1, the usual 
d 
. ‘: = 1 i i 
sequence of constraints on physical states, L, |¢) = 0, with L, = 5 S- ss Qi, -m Qin These 
m wl 


constraints mean that the d oscillators a’, at level n are not physically independent. 


The problem we would like to solve is to count the number of physical states, in the 
Fock space of the center-of-mass oscillators a‘,, having some fixed values of N and R (we 
henceforth work only with the normal-ordered operator (2.12) without adorning it with 
‘the : : notation). The Virasoro constraints make this problem technically quite difficult. 
However, we know from the exact counting of physical states (without size restriction) in 
the light-cone gauge that the essential physical effect of the Virasoro constraints is simply 
to reduce the number of independent oscillators at any level n from d = D — 1 (in the 
center-of-mass gauge) to d— 1 = D — 2. If we (formally) consider d as a large parameterf, 
this change in the number of effective free oscillators should have only a small fractional 
effect on any other coarse-grained, counting problem. We shall assume that this is the case, 
and solve the much simpler counting problem where the d oscillators a‘, are considered as 
‘independent. To solve this problem we pass from a microcanonical problem (fixed values 


It would be interesting to see if one can technically implement a large d approach to our counting 
problem. 


°We tried to work in the light-cone gauge, with d—1 independent oscillators. However, the neces- 
sary inclusion of the longitudinal term M~?(p- x yin (2.9), which is quadratic in the longitudinal 
oscillators a; = (pt)~! Ltansverse Jeads to a complicated, interacting theory of the d—1 transverse 
oscillators. 


of N and R) to a grand canonical one (fixed values of some thermodynamical conjugates of 


N and R). Let us introduce the formal “partition function” 


Za(8,7) = >_ exp(-8N [Ni] —yR[Ni]), (2.13) 
{Ni} 
where the sum runs over all sequences (labelled by n > 1 andi = 1,...,d) of independent 


occupation numbers N¢ = (a‘,)' a’, = 0,1,2,..., and where N [N*] and R [N*] are defined by 
d 


Eqs. (2.7), and (2-12), with N, = by N. Note that (2-13) is not the usual thermodynamical 


partition function, and that ( is iol the usual inverse temperature. Indeed, @ is a formal 
‘conjugate to N ~ a’ M? and not to the energy M. In particular, because the degeneracy 
grows exponentially with M (and not M7?) its Laplace transform (2.13) is defined for arbi- 
trary values of 3. We associate with the definition (2.13) that of a formal grand canonical 
ensemble of configurations, with the probability 


p[{Ni}] = Zz (8,7) exp(—8 N [Ni] — yR[N§)) (2.14) 


of realization of the particular sequence N? of occupation numbers. The mean values of 
N [Nj] and R[N*] in this ensemble are 


wa 08487) va) (2.15) 


one) Oy 


where we denote 


Wa (6,7) = li ZB) 


The second derivatives of the thermodynamical potential wa (3,7) give th 
N and F in this grand canonical ensemble: 


or Wa (3, y) 
0 3? 


(2.16) 






uctuations of 








oO Wa (6,7) ; 


2 —= 
(AN) 53 


: (a= (2.17) 
Let us define as usual the as log 

rations having values of Nand R equal to N and R, Eqs. (2.15), within the precision of the 
rms fluctuations (2.17) [L’7]. This definition means that, in the saddle-point approximation, 


Zi\G)) exp |S = ON FR], 18. 


or 
~ _ Oa(8,y) Ova (8,7) 
Sy (8,7) — BEE — yD (2.19) 
In other words, the NR 
Because of the ( of the d oscillators in (2.13}), one has 
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Za(8,7) = II [1 — e Ontoin))—4 (2.20) 


ba(B,7) = 4% (8,7), (2.21) 
with 
W1(6,7)=- 3 In 1 — exp (—3n — 4] (2.22) 


We shall check a posteriori that we are interested in values of 3 and y such that 


6<VJby<«1. (2.23) 


For such values, one can approximate the discrete sum (2.29) by a continuous integral over 
x = Pn. This yields 


W (8,7) = — , where 6 = 37, (2.24) 
and 
jes | te Ts tae ere), (2.25) 
0 


As 6 = /fy < 1, we can try to expand J(d) in powers of 6: (5) = I(0) + 61'(0) + o(0). 
[Though the integral (2.25) is expressed in terms of 6”, its formal expansion in powers of 5” 
leads to divergent integrals.] The zeroth-order term is [(0) = — f)° dz n(1 — e~*) = 1/6, 


while wg 5 a 
oa oe ae Sees a 
1(0) = lim | 2 | y ebluti/uy — 1 2 | a 


Hence, using (2.21), 


va(8,9) = 5 [C- D V7 +0(VB7)| (2.26) 
with 
c="a, Dard. (2.27) 


[The notation D in (2.27) should not be confused with the space-time dimension d+ 1.] The 
thermodynamic potential (2.26)) corresponds to the mean values 


re (2.28) 


and to the entropy 
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- = 2 
gz 207? 2 2VON (1 - mal (2.29) 
6 8CR 





d—f 341 da'\? 3 2 
ec : see |e Mit=2 2" a 
olor mal Fz (=) | (2.30) 


The lowest-order term 27 4/d N/6 is the usual (Har manujan) result for d independent 
oscillators, without size restriction. The factor in bracket, 1 — (3/4)(€2/R?), with (2 = 2a’, 
gives the fractional reduction in the entropy brought by imposing the size constraint R° ~ 
d-!@2R. Under the conditions (2.23) the fluctuations (2.17) are fractionally small. More 
precisely, Eqs. (2.17) yield 


(ANY og Ms (ARP 8  (R?/E) 
N M ” R= 8 (M/Ms) = 


As said above, though we worked under the (physically incorrect) assumption of d inde- 
pendent oscillators at each level n, we expect the result (2.29) to ——_, [We 
recall that the exact result for S in absence of size restriction is 277 /(d — 1) N/6.] Note the 
rough physical meanings of the auxiliary quantities G, y and 6: 8 ~ (N)~/? ~ (M/M,)"}, 
SNR NER, y~ (N)P2VR ~ M O/R. 


Summarizing, the main result of the present section is that the number( “degeneracy” ) of 
free string states of mass M and size R (within the narrow bands defined by the fluctuations 


(2.17)) is of the form 





D (M, R) ~ exp [c(R) ao M], (2.32) 
where ag = 27 ((d — 1) a’/6)*/2 and 


aRy= (2 = =) (1 = i) (2.33) 


with the coefficients c; and cg being of order unity in string units. [We have added, for 
completeness, in Eq. (2.39) the factor 1 — cy R?/M? which operates when one considers 
very “large” string states, R? >> R?, (as discussed below Eq. (2.3)).] The coefficient c(R) 
gives the fractional reduction in entropy brought by imposing a size constraint. Note that 
(as expected) this reduction is minimized when c; R~? ~ cp R?/M?, ie. for R~ Rw ~ 
€,./M/M,. [The absolute reduction in degeneracy is only a factor O(1) when R ~ Ryy.| 
Note also that c(R) — 0 both when R ~ @, and when R ~ ¢,(M/M,). [The latter value 
corresponding to the vicinity of the leading Regge trajectory J ~ a’ M?,| 


III. MASS SHIFT OF STRING STATES DUE TO SELF-GRAVITY 


In this section we shall estimate the mass shift of string states (of mass M and size 


FR) due to the exchange of the various long-range fields which are universally coupled to 


it 


‘the string: graviton, dilaton and axion, As we are interested in very massive string states, 
M > M,, in extended configurations, R >> ¢,, we expect that massless exchange dominates 


the (state-dependent contribution to the) mass shift. 

The evaluation, in string theory, of (one loop) mass shifts for massive states is technically 
quite involved, and can only be tackled for the states which are near the leading Regge 
trajectory [18]. [Indeed, the vertex operators creating these states are the only ones to 
admit a manageable explicit oscillator representation.] As we consider states which are very 
far from the leading Regge trajectory, there is no hope of computing exactly (at one loop) 
their mass shifts. We shall resort to a semi-classical approximation, which seems appropriate 
because we consider highly excited configurations. As a starting point to derive the mass- 
shift in this semi-classical approximation we shall use the classical results of Ref. which 
derived the effective action of fundamental strings. The one-loop exchange of g,,, y and 
By leads to the effective action 


1 = Iy+Fi, (3.1) 


where Ip is the free (Nambu) string action (d?.0, = do, dr, y, = — det Yap (X“(01, 71))) 


= -T fé avn, (3.2) 


and I, the effect of the one-loop interaction (X/' = X"(01,71),...) 


Te an f fon da Gr(X1 — X2) J 72 Crot(X1, X2) , (3.3) 














where Gp is Feynman’s scalar propagator (O G(x) = —d?(x)), and Ctor(X1, X2) = Jp(X1)- 
Jy(X2) + Jg(X1) - Jg(X2) + Je(X1) - Je(X2) comes from the couplings of y, gy and Bu 
to their corresponding world-sheet sources (indices suppressed; spin-structure hidden in the 
dot product). The exchange term C{,¢ takes, in null (conformal) coordinates o+ = 7 +0, 
the simple left-right factorized form 





Vn V2 Ctot(X1, X2) = 32 Gy T? (O, XP 4 Xo,)(O_ XY O_ Xo). (3.4) 





Here, T = (27 a)" is the string tension, Gy is Newton’s constantf™] and 0, = 0/d0* = 
+(0,+0,). Let us define Pit = Pi(a*) by (€, = V2a! as above) 




















20, X" = 0, Pk, (3.5) 





so that, for an open (bosonic) string (with af = ¢, p"), 








+00 
Pay ae. (3.6) 


'0Normalized, in any dimension, by writing the Einstein action as (167 Gy)~' fd? x ,/g R(g). 
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Using the definition (B.5) and inserting the Fourier decomposition of G'r yields 





4Gy dP k 
i= lor as ie 0 do (P,(X1) - Py(X2))(P_(X%) - P_(X9)) 
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x eth (X1-Xa) (3.7) 


where one recognizes the insertion of two gravitational vertex operators V""(k;X) = 
PE(X) P’(X) e** at two different locations on the worldsheet, and with two opposite 
momenta for the exchanged gravitonf [Note that the exchanged graviton is off-shell.] 
It is convenient to use the Virasoro constraints (Pii(X))? = 0 to replace in Eq. (B-.6) 
Ps(X1)-Ps(X2) = —$ (A Pi)?where A Pf = P(X) — P£(X2). It is important to note that 
the zero mode ccuenaten at drops out of A Pi! (ie. A Pt = A Pt is purely oscillatory). 
Writing that the correction I, to the effective action I°" (which gives the vacuum per- 
Coins ais see, e.g., Eq. (7) of [[9]) must correspond to a phase shift — f dE dt = 


— [ 6MdX°., in the center-of-mass rae of the string, yields (with the normalization (2.5)) 
the link = -@ fdrM6M = —$ (2 [dr6M?. Let us also define AX” = Xi — X# 
and decompose it in its zero-mode part AX, = (2 p'(7 — 72) and its oscillatory part 
AX" = X!— X#. Finally, the mass-shift can be read from 


2 “a 1 
paren = tf oes! feo do, et *P(n-™) W(k,1,2), (3.8) 
vie —_ 


where (1 and 2 being short-hands for (71,01) and (79, 02), respectively) 






































W(k, 1,2) = (A P#(1, 2))? (A PY(1, 2))? ef 4X02), (3.9) 


Interpreted at the quantum level, the classical result (B.8) gives (modulo some ordering 
problems, which are, however, fractionally negligible when considering very massive states) 
the mass-shift 6 Mx, of the string state |N) when replacing W(k, 1,2), on the right-hand side 
of Eq. (8.8), by the quantum average (N| W(k, 1,2) |N). Here, we shall mainly be interested 
in the real part of 6 M?, obtained by replacing (k? — ic)~' by the principal part of (k?)~! 
(denoted simply 1/k?), i.e. the Feynman Green’s function G(x) by the half-retarded-half- 
advanced one Gym(x). [The imaginary part of 6 M? gives the decay rate, i.e. the total 
rate of emission of massless quanta.] As Lo — 1 is the “Hamiltonian” that governs the r- 
evolution of an open string, the vanishing of (Lo — 1)|N) for any physical state ensures 
that (N| W(k, 1,2) |.) is 7-translation onen i.e. that it depends only on the difference 
Tig = 71 — Tz, and not on the average T = 5 1 (7 +72). This means that the double world- 
sheet integration da, d?0_ = dt, do, dt2do_q = dF dt, do, doz on the right-hand side of 
Eq. (B.8)) contains a formally infinite infra-red “volume” factor { d7 which precisely cancels 
the integral { d7 on the left-hand side to leave a finite answer for 5 M?. 


It is also important to note the good ultraviolet behaviour of Eq. (8.8). The ultraviolet 
limit k — oo corresponds to the coincidence limit (72,02) — (™%,01) on the world-sheet. 


For simplicity, we call “graviton” the exchanged particle, which is a superposition of the graviton, 
the dilaton and the axion. 
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Let us define u = of — of, v = o; — oy and consider the coincidence limit u — 0, 


v — 0. In this limit the vertex insertion factors (A P,)? (A P_)? tend to zero like u? v?, 
while the Green’s function blows up like [(A X)?]--?/? « (uv)~~-?)/?., The resulting 
integral, f[ dudv (uv)-P-9/?, 
D=d+1=8. This means probably that in dimensions D > 8 the exchange of massive 
modes (of closed strings) becomes important. Our discussion, which is limited to considering 
only the exchange of massless modes, is probably justified only when D < 8. 

Following the (approximate) approach of Section 2 we shall estimate the average mass 
shift 6 M?(R) for string states of size R by using the grand canonical ensemble with density 
matrix 


p= (Za(8,9)) ° SR E-ON =o 2 Ra), (3.10) 


where the operators N and: R :, defined by Eqs. (2.7) and (2.12), belong to the Fock 
space built upon d sequences of string oscillators a‘, (formal “center-of-mass” oscillators). 
For any quantity Q (built from string oscillators) we denote the grand canonical average as 
(Q) 3,7 = tr(Q pp). Using the r-shift invariance mentioned above, Eq. (B.8) yields 


2Gn 
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dtk dw ve 
lowe cy | oem doy eMena (Wk 1,2)\a~, (3.41) 


where we have separated k“ in its center-of-mass components k° = w, k‘ = k, and where 
T12 = T1 — Tz aS above. 

We shall estimate the grand canonical average (W)g,, in a semi-classical approximation 
in which we neglect some of the contributions linked to the ordering of the operator W, but 
take into account the quantum nature of the d ensity matrix p, Eq. (B.10)). The discreteness 
of the Fock states built from the(a‘,)', and the Planckian nature of p will play a crucial role in 
the calculation below. [By contrast, a purely classical calculation would be awkward and ill- 
defined because of the problem of defining a measure on classical string configurations, and 
because of the Rayleigh-Jeans ultraviolet catastrophe.| To compute (W)4.. it is convenient 
to define it as a double contraction of the coefficient of ¢/, C7, G2, (ji, in the exponentiated 
version of W: 


Weaexp[G APH+C APP+G AP#+64 APM +ik- AX]: (3.12) 


We shall define our ordering of W by working with the normal ordered exponentiated op- 


erator (B.12) (and picking the term linear in¢!, C7, 63, ¢/,)- The average (We), = tr (We p) 


(where, to ease the notation, we drop the extra label y) can be computed by a generalization 
of Bloch’s theorem. Namely, if A denotes any operator which is linear in the oscillators a’, 
we have the results 


1 1 
(e4)a = ex [5 (A')a] 5 (set sda em [51s Adal (3.13) 
as well as their corollaries 
1 1 
Cay = exp c (4) - e4 =:e4: exp c (4) , (3.14) 
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where (W)o denotes the vacuum average (obtained in the zero temperature limit 6-1 = 
0). The simplest way to prove these results is to use coherent-state methods [BO] (see 
also, Ref. and the Appendix 7.A of Ref. P1]]). For instance, to prove the second equation 
(B.19) it is sufficient to consider a single oscillator and to check that (denoting g = e~‘, with 
€=6n+-7/n (label n suppressed), so that Z = (1 — q)~, and |b) = exp (ba") |0)) 


d? b * 
(era Be?) = am tr (eo ec24 a = wot / = e? >(b| ect el2% gre |b) 


2 sey) eb esa 

= (1a) f Pee 2 ab 
db —(1—q)b*b (c1b*+c2qb c1c2q/(1—-¢) 

= (1-q) —<€¢ q el 2q9 _ 9C1e2d ae (3.15) 
T 


and to recognize that g/(1—q) = [e‘—1]~1 is the Planckian mean occupation number (a! a) g. 
If we apply the second Eq. (8.13) to an expression of the typeWe =: 
4 


exp (> ¢;A; +B] :, one gets a Wick-type expansion for the coefficient (say Wj234) of 
i=1 
C1 G2 Gs Ga: 
W234 = e288] ([A; Ao] [A3A4] + 2 terms + [A; B] [A.B] [A3A4] + 5 terms 
+ [A,B] |A2B] [A3B][AB)]) , (3.16) 


where [AB] denotes the “thermal” contraction [AB] = (: AB :)g. 
The looked-for grand canonical average of W(k,1,2), Eq. (B.9), is given by replacing 
B=ik-AX and A; = Ag = AP#, Aj = Ay =A PY in Eq. (8.16). This leads to 


(W) py = eT BHA 69 L(A PL)? Jay (s (APP Jay t..-} (3.17) 


where the ellipsis stand for other contractions (which will be seen below to be subleading). 
The calculation of the various contractions [AB] = (: AB :)g in Eqs. (8.16), (8.17) is 





easily performed by using the basic contractions among the oscillators a,,a!, (n,m > 0) 
(which are easily derived from the definition (8.10) of the density matrix) 
+78 \t his. OY Bram 
‘€ An, (a},,) ) By = ‘€ (a},) an, ) By = een — | ’ (3.18) 


where €, = 8n+~/n. The other contractions [aa] and [a‘a'] vanish. In terms of the a- 
oscillators, the basic contraction reads [a’, ad,] = 6 5?.,,,, |n|/(exp(Ejn)) —1), where now n and 
m can be negative(but not zero). Using these basic contractions, and the oscillator expansion 
(2.6) of XH (and noting that, in the center-of-mass frame only the spatial components of 


X" survive) one gets 


CAA) pg =e ey ee (3.19) 


n=l 


with 
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i, (1,2)= cos’ no, + cos” nog — 2 cos NG] COS NG» COS NTI12. (3.20) 


Similarly, the oscillator expansion (8.6) yields 


np (1,2) 
AP,) ae y=4d Py hs 2) 3.21 
(AP) 3 ae (3.21) 
with 
+ = + _ at) 
p,, (1,2) =1—cos n(oy — oy) = 1 -— cos n(m2 + 01 — 02). (3.22) 


The result for (A P_)? is obtained by changing ot — o~ in Eq. (8.22) (i.e. 0) — 02 > 
—0, + 02). 

We can estimate the values of the right-hand sides of Eqs. (B.19) and (B.2]]) by using 
the following “statistical” approximation. In the parameter range discussed in Section 2 
the basic sums }> n*! (e® — 1)~!, appearing in (B-19), (8.21), see their values dominated 
by a large interval, An > 1, around some np > 1, of values of n, so that one can, with 
a good approximation, replace the discrete sum over n by a formal continuous integral 
over a real parameter. In such a continuous approximation one can integrate by parts to 
show that any “oscillatory” integral of the type [dn f(n) cosnoa = [n7! f(n) sin no] — 
J dnn f'(n) sin no is, because of the factors n~', numerically much smaller than the 
non-oscillatory one [ dn f(n). [Here o denotes some combination of 01 and 02, like 201, 209, 
0, +0.| Alternatively, we can say that, for generic values of a; and a2, one can treat in 
Eqs. (B.20)) or (B.22)) cos no, and cos naz as statistically ee random variables with 
zero average. ihe oud an Upon ace one can estimate (8.19) by replacing x,,(1, 2) by 

1 (because cos? no, + cos? nog =1+4 5 1 (cos 2n01 +cos 2n ay Similarly, one can estimate 
(B-2]]) by replacing p= — 1. The resulting estimates of (B-T9) and (8.21) introduce exactly 
the grand canonical averages of the quantities :R : and N: 








5 (Ub AK) hog = RR, C2) 


((A PLY tg GAP) 3) p52 AN) pda i. (3.24) 


Furthermore, one can check that the other contractions (like [A P, A P_] or [A P, k- A X]) 
entering Eq. (8.17) are all of the “oscillatory” type which is expected to give subleading 
contributions. 


Inserting the results (B.23), (8.24) into Eqs. (8.17) and (B-Il]}) leads to a trivial integral 
over T12 (f dt12 exp(—i 2 Mw 72) = 27 6(w)/(@2 M)) and, hence, to the following result for 
6M =6 M?/(2M) 
dik RR 


6Mg1~—4rGy M? | —— ——— . 2 
By Tan / (27)4 ke = ae (3 5) 


The imaginary part of 6 M is easily seen to vanish in the present approximation. Finally, 
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M2 


6 Mg y = —CaGn Re? (3.26) 
with the (positivef7)) numerical constant 
d—2 da) 
Ca = = (any (3.27) 


equal to 1/,/m in d= 3. 
The result (B.26) was expected in order of magnitude, but we found useful to show how 
it approximately comes out of a detailed calculation of the mass shift which incorporates 


both relativistic and quantum effects. It shows clearly that perturbation theory breaks 
down, even at arbitrarily small coupling, for sufficiently heavy and compact strings. Let 


us also point out that one can give a simple statistical interpretation of the calculation 
(B.14) of the normal-ordered vertex operator W(k, 1,2), with the basic contractions (B.18). 
The result of the calculation would have been the same if we had simply assumed that 
the oscillators a‘, were classical, complex random variables with a Gaussian probability 
distribution oc exp [—4 (e — 1) |a’,|?]. This equivalence underlies the success of the classical 
random walk model of a generic excited string state. The fact that the random walk must be 
made of M/M, independent steps is linked to the fact that the Planckian distribution of mean 
occupation numbers, NV, = (exp(Gn+y/n)—1)7! is sharply cut off when n 2 371, i-e., from 
Eq. (2.28), when n 2 M/M,. More precisely, using the same “statistical” approximation as 
above, one finds that the slope correlator (: 0, X*(t, 01) 0, X5(r, 09) :) 3, decays quite fast 
when |o2 — 0;| & M,/M. 

Finally, let us mention that, by using the same tools as above, one can compute the 
imaginary part of the mass shift 6 M = 6 Myea, —i 1/2, i.e. the total decay rate [in massless 
quanta. The quantity IT is, in fact, easier to define rigorously in string theory because, using 
(k? —ie)"* = PP(k*)~' + im 6(k?) in (8.9), it is given by an integral where the massless 
quanta are all on-shell. When y = 0 (a consistent approximation for a result dominated 
by n ~ 37") one can use the covariant formalism with D = d+ 1 oscillators to find,after 
replacing a discrete sum over n by an integral over w, 


Gyn nr . 
_ d—2 
T=<, Ue [dow Lats — :) , (3.28) 


where c’, is a numerical constant, and where n = M ¢?w/2. The spectral decomposition of 
the total power radiated by the 3-ensemble of strings is then simply deduced from (B.28) by 
adding a factor hw in the integrand: 


Gn d-1 nm 2 


The sign 6M < 0 was classically clear (even when taking into account relativistic effects), 
say in d = 3, from the starting formulas (8.3), (B.4) where Gsym(z) = (4m)~' 45(a?) > 0 and 
4(04 X1- 04 X9) (O_ X1- O_ X2) = (0, AX)? (O_ AX)? > 0 because 04A X" is purely spacelike 
in the center-of-mass frame. The same conclusion would hold in the light-cone gauge. 
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The results (8.28), (8.29) agree with corresponding results (for closed strings) in the 
second reference [§] and in (note, however, that the factor M? in the equation (3.2) of 
should be M and that the constant contains G'y and powers of ¢,). The integrals (B.28), 
(B.29) are dominated by n ~ 37!, i.e. w ~ M,. This gives for the integrated quantities: 


TogM, PxgMM,. (3.30) 


The second equation (B30) means that the (lass OF a highly excited string decays exponens 
tially, with half-evaporation time 
string —_ fs 
Tevap. — M/P ~~: (3.31) 
g 
Let us anticipate on the next section and note that, at the transition \ = g?M/M, ~ 1 
between string states and black hole states, not only the mass and the entropy are (in order 
of magnitude at least) continuous, but also the various radiative quantities: total luminosity 
P, half-evaporation time Teyap, and peak of emission spectrum. Indeed, for a black hole 
decaying under Hawking radiation the temperature is Tgy ~ Rpy and 





Ppy ~ Raa ~ £, : rv a2) 5 eee ~ Rey SBH ~ el, gq ee) : (a.02) 


IV. ENTROPY OF SELF-GRAVITATING STRINGS 


In the present section we shall combine the main results of the previous sections, 
Eqs. (2.32) and (8.26), and heuristically extend them at the limit of their domain of validity. 
We consider a narrow band of string states that we follow when increasing adiabatically 
the string coupling g, starting from g = OF}. Let Mo, Ro denote the “bare” values (i.e. for 
g — 0) of the mass and size of this band of states. Under the adiabatic variation of g, 
the mass and size, M, R, of this band of states will vary. However, the entropyS(M, R) 
remains constant under this adiabatic process: S(M, R) = S(Mpo, Ro). We assume, as usual, 
that the variation of g is sufficiently slow to be reversible, but sufficiently fast to be able to 
neglect the decay of the states. We consider states with sizes 0, << Ra < Mo for which the 
correction factor, 


c(Ro) & (1 — @ Ro”) (1 — ce R2/M3), (4.1) 
in the entropy 


S(Mo, Ro) = c (Ro) ag Mo, (4.2) 


13 Alternatively, we can consider the coupling as an adjustable parameter (it is so in perturbation 
theory) and just follow how different physical quantities change as g is varied, whithout pretending 
that the change takes place in physical time. 
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is near unity. [We use Eq. (2.32) in the limit g — 0, for which it was derived.| Because of 
this reduced sensitivity of c (Ro) on a possible direct effect of g on R (i.e. R(g) = Ro+6, R), 
the main effect of self-gravity on the entropy (considered as a function of the actual values 
M, R when g 4 0) will come from replacing Mo as a function of M and R. The mass-shift 
result (B.26) gives 6 M = M — M) to first order in g?. To the same accuracy[, (8.29) gives 
Mp as a function of M and R: 


M? 2M 
Mg= Meg? aq =M (1+a Sz), (4.3) 


where c3 is a positive numerical constant. 

Finally, combining Eqs. (4.1])-(E-9) (and neglecting, as just said, a small effect linked to 
6,R # 0) leads to the following relation between the entropy, the mass and the size (all 
considered for self-gravitating states, with g 4 0) 


S(M, R) ~ ay) M (1 = z) (1 = iz) (1 + i (4.4) 


For notational simplicity, we henceforth set to unity the coefficients c,, cp and c3. There is no 
loss of generality in doing so because we can redefine @,, R and g to that effect, and use the 
corresponding (new) string units. The main point of the present paper is to emphasize that, 
for a given value of the total energy M (and for some fixed value of g), the entropy S(M, R) 
has a non trivial dependence on the radius R of the considered string state. Eq. (4.3) exhibits 
two effects varying in opposite directions: (i) self-gravity favors small values of R (because 
they correspond to larger values of Mp, i.e. of the “bare” entropy), and (ii) the constraint 
of being of some fixed size R disfavors both small (R < VM) and large (R >> VM) values 
of R. For given values of M and g, the most numerous (and therefore most probable) string 
states will have a sizeR, (VM; g) which maximizes the entropy S(M, R). Said differently, the 
total degeneracy of the complete ensemble of self-gravitating string states with total energy 
M (and no a priori size restriction) will be given by an integral (where AR is the rms 


fluctuation of R given by Eq. (2.17)) 





D(M) ~ feu ~w eS(MRx) (4.5) 


which will be dominated by the saddle point R, which maximizes the exponent. 

The value of the most probable size R, is a function of M, g and the space dimension 
d. To better see the dependence on d, let us first consider the case (which we generically 
assume) where the correction factors in Eq. (4.4) (parentheses on the right-hand-side) are 
very close to unity so that 


S(M,R) ~ao>M (1-V(R)), (4.6) 


4 Actually, Eq. (4.3) is probably a more accurate version of the mass-shift formula because it 
exhibits the real mass M (rather than the bare mass Mo) as the source of self-gravity. 
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where 


1 R gM 
~ Fe R REP 





V(R) (4.7) 

One can think of V(R) as an effective potential for R. The most probable size R, must 
minimize V(R). This effective potential can be thought of as the superposition of: (i) a 
centrifugal barrier near R = 0 (coming from the result (2.30)), (ii) an harmonic potential 
(forbidding the large values of R), and (iii) an attractive (gravitational) potential. When 
g’ is small the minimum of V(R) will come from the competition between the centrifugal 
barrier and the harmonic potential and will be located around the value Ry? ~ R?/M?, ice. 
R, ~ VM = Rey. This random walk value will remain (modulo small corrections) a local 
minimum of V(R) (i.e. a local maximum of S(M, R)) as long as g? M/R¢? « R;?, ie. for 
g? < gh with 


d—6 


G=M? . (4.8) 


More precisely, working perturbatively in g?, the minimization of V(R) yields 


r= Vit (1-4) ; (4.9) 


8 ge 


Note that, when g? < gj, the value of V(R) at this local minimum is of order Vinin & 
+2R,;? ~+2M~!, i.e. that it corresponds to a saddle-point entropy S(M, R,) ~ a9 M(1 — 
Vinin) & a9 M — O(1) which differs essentially negligibly from the “bare” entropy ag M 
(> 1). To study what happens when g? further increases let us consider separately the 
various dimensions d > 3. We shall see that the special value gj, Eq. (8), is significant (as 
marking a pre-transition, before the transition to the black hole state) only for d = 3. For 
d > 4, the only special value of g? is the critical value 


gin M*, (4.10) 


around which takes place a transition toward a state more compact than the usual random 
walk one. 


A.d=3 


Let us first consider the (physical) case d = 3, for which g? ~ M73? « g? ~ M7. 
In that case, when g? becomes larger than gé, the (unique) local minimum of V(R) slowly 
shifts towards values of R lower than R,,, and determined by the competition between the 
centrifugal barrier 1/R? and the gravitational potential—g? M/R. 

In the approximation where we use the linearized form (4.9), (7), and where (for g? >> 
ge) we neglect the term R?/M?, the most probable size R, is 


2 
g? M 





RO sw , when MOP Kg? «KM. (4.11) 
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Note that as g? increases between M~3/? and M~-!, the most probable size R{-®) 
smoothly interpolates between R,, and a value of order unity, i.e. of order the string 
length. Note also that Vinin ~ —g? M/(2R.) ~ —g* M?/4 remains smaller than one when 
g? S M~' so that the saddle-point entropy S(M, R,) ~ a9 M(1 — Vinin) never differs much 
from the “bare” value ag M. 

When g’, in its increase, becomes comparable to M~!, the radius becomes of order one 
and it is important to take into account the (supposedly) more exact expression (4) (in 
which the factor (1 — R~?) plays the crucial role of cutting off any size R < 1). If we neglect, 
as above, the term R?/M? (which is indeed even more negligible in the region R ~ 1) but 
maximize the factored expression (}.4]), we find that the most probable size R, reads 


1+V1+3» 


RY) ~ 
. A 


, when g? >> M73? , (4.12) 
where we recall the definition 
A=Q9°M. (4.13) 


When \ < 1, the result (4.19) reproduces the simple linearized estimate (4-1]]). When 
A ®& 1, Eq. G1) says that the most probable size, when g’ increases, tends to a limiting size 
(Roo = V3) slightly larger than the minimal one (Rmin = 1) corresponding to zero entropy. 
[Note that even for the formal asymptotic value R,, = V3, the reduction in entropy due 
to the factor 1 — R~? is only 2/3.] On the other hand, the fractional self-gravity Gy M/R, 
(which measures the gravitational deformation away from flat space), or the corresponding 
term in Eq. (4.4), continues to increase with g? as 


A a? 


2  . 4.14 
Re 14+V14+3 ( ) 


The right-hand side of Eq. (4.14) becomes unity for \ = V5 = 2.236. The picture suggested 
by these results is that the string smoothly contracts, as g increases, from its initial random 
walk size down to a limiting compact state of size slightly larger than ?,. For some value 
of of order unity (may be between 1 and 2; indeed, even for A = 1 the size R, = 2 and 
the seli-gravity » = 0.5 suggest one may still trust a compact string description) the 


self-gravity of this compact string state will become so strong that one expects it to collapse: 
‘to a black hole state. We recall that, as emphasized in Refs. ff, [4]. [7]. 8. Bl, [3], when 


a 





B.d=4 


When d = 4, the argument above Eq. (£9) suggests that the random-walk size remains 
the most probable size up to g? S gj ~ M~t, ie. up to \ S 1. A more accurate approxi- 
mation to the most probable size R,, when  < 1, is obtained by minimizing exactly V(R), 


Eq. (£7). This yields 


Pal 


RO@=4*) ~ MY? (1—d)¥4 | when \ <1. (4.15) 


This shows that the size will decrease, but one cannot trust this estimate when \ — 1~. To 
study more precisely what happens when A ~ 1 we must take into account the more exact 
factorized form (f.4). Let us now neglect the R?/M? term and consider the approximation 


= 1 d 
S‘™4(M, R) ~ a) M (1 - z) (1 + x) ; (4.16) 


The right-hand side of Eq. (4.15) has a maximum only for A > 1, in which case 


a, Ve 
RG4) ~ (4) when A> 1. (4.17) 
A-1 
If we had taken into account the full expression (.4)) the two results (4.15), G17), valid 
on each side of \ = 1, would have blended in a result showing that aroundf] \ = 1 the 
most probable size continuously interpolates between R,y and a size of order ¢,. Note that, 
according to Eq. (Z-17), as \ becomes > 1, RY tends to a limiting size (Ry = V2) 
slightly larger than Ryin = 1 (corresponding to zero entropy). When A > 1 the fractional 
self-gravity of the compact string states reads 
A A-1 


R 2 


* 


(4.18) 


As in the case d = 3, one expects that for some value of X strictly larger than 1, the self- 
gravity of the compact string state will become so strong that it will collapse to a black 


hole state. Again the mass, size and entropy match (in order of magnitude) those of a black 
hole when A ~ 1. The only difference between d = 4 and d = 3 is that the transition to 
the compact state, though still continuous, is sharply concentrated around A = | instead o 
taking place over the extended range M/S AS 1. 





C.d>5 


When d > 5, the argument around Eq. (f.8)) shows that the random walk size R,. ~ 
VM is a consistent local maximum of the entropy in the whole domain g? < g?, i.e. for 
A=Gg°M<M =, which allows values \ >> 1. However, a second, disconnected maximum 
of the entropy, as function ofR, could exist. To investigate this we consider again (f.4), 
when neglecting the R?/M? term (because we are interested in other possible solutions with 
small sizes): 


S(M, R) 


a ~ (l—2)(1+Az’”) = s(2), (4.19) 


The transition takes place in the range |\ — 1| ~ M~2/3 corresponding to Ry ~ M!/3, 
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where we have defined x = R~? and v = (d — 2)/2. By studying analytically the maxima 
and inflection points of s(x), one finds that, in the present case where vy = (d — 2)/2 > 1, 
there are two critical values A, < Az of the parameter \ = g? M. The first one, 


Vee (a a 1/2 gee ga 
Ay = = = {| —— 1 =l]- 4.2 
1 (43) ) Ry vy y—1 > » S1 vy+1 ’ ( 0) 








corresponds to the birth (through an inflection point) of a maximum and a minimum of the 
function s(R). Because s; < 1 is strictly lower than the usual random walk maximum with 
5(Riw) & 1—2/M ~ 1, the local maximum near R ~ 1 of the entropy, which starts to exist 
when A > Aj, is, at first, only metastable with respect to R,w. However, there is a second 
critical value of A, A2 > A1, defined by 


v-1 4 
=v() R= 0" = (4) Si, aoe (4.21) 
VY— 


y—1l 


When \ > A> the local maximum near R ~ 1 of the entropy has s(R) > 1, ie. it has 
become the global maximum of the entropy, making the usual random walk local maximum 
only metastable. Therefore,when \ > Ay the most probable string state is a very compact 
state of size comparable to ¢,. Formally, this new global maximum exists for any \ ~ 1 and 
tends, when \ — oo, toward the limiting location Ro. = ((v+1)/v)/? > 1, ie. slightly (but 
finitely) above the minimum size R = 1. However, as in the cases d < 4, the self-gravity 
of the stable compact string state will become strong when  X 1, so that it is expected to 
collapse (for some A, > Az) to a black hole state. As in the cases d < 4, the mass, size and 
entropy of this compact string state match those of a black hole. The big difference with the 
cases d < 4 is that the transition between the (stable) random walk typical configuration 
and the (stable) compact one is discontinuous. Our present model suggests that (when 
vy = (d — 2)/2 > 1) a highly excited single string system can exist, when \ > Ag, in two 
different stable typical states: (i) a dilute state of typical size R,y ~ VM and typical mean 
density p ~ M/R¢, ~ M~” « 1, and (ii) a condensed state of typical size R ~ 1 and typical 
mean density (using A ~ 1): p~ M ~ g~? > 1. We shall comment further below on the 
value p ~ g~? of the dense state of string matter. 


V. DISCUSSION 


Technically, the main new result of the present work is the (dimension independent) 
estimatd™] c(R) = 1—c/R?, with c, ~ (3/4) 2 = 3a"/2, of the factor giving the decrease in 
the entropy (27((d— 1) a’/6)*/? M) of a narrow band of very massive (operf"}) string states 


!6Tn spite of our efforts in Section II, this result remains non rigorous and open to O(1/d) fractional 
corrections because of the difficulty to define a good quantum operator representing the mean radius 
of a string state. 


"For technical simplicity, we have restricted our attention to open bosonic strings. We could 
have dealt with closed bosonic strings by doubling the oscillators, but the level matching condition, 
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M > (a‘)-‘/?, when considering only string states of size R (modulo some fractionally 
small grand-canonical-type fluctuations). We have also justified (by dealing explicitly with 
relativistic and quantum effects in a semi-classical approximation) and refined (by computing 
the numerical coefficient, Eq. (B.27)) the naive estimate, 5M = —cqGy M?/R*?, of the 
mass shift of a massive string state due to the exchange of long range fields (graviton, 
dilaton and axion). |The exchange of these fields is expected to be the most important one 
both because very excited string states tend to be large, and because the corresponding 
interactions are attractive and cumulative with the mass. 


Conceptually, the main new result of this paper concerns the most probable state of 
self-gravitating string. By combining our estimates of the entropy 


reduction due to the size constraint, and of the mass shift we come up with the expression 
(f.4) for the logarithm of the number of self-gravitating string states of size R. Our analysis 
of the function S(M, R) clarifies the correspondence [f], [B]. PJ, [3] between string states 
‘and black holes. In particular, our results confirm many of the results of [13], but make 
them (in our opinion) physically clearer by dealing directly with the size distribution, in 
real space, of an ensemble of string states. When our results differ from those of [I3], they 
do so in a way which simplifies the physical picture and make even more compelling the 
existence of a correspondence between strings and black holes. For instance, suggested 
that in d = 5 there was a phenomenon of hysteresis, with a critical value g? ~ M~'/? for the 
string — black hole transition, and a different critical value g? ~ M~' « g@ for the inverse 
transition: black hole — string. Also, suggested that in d > 6, most excited string states 








coupling g, a typical string state will, eventually, become more compact and will end up, 


when \, = g? “condensed state” of size R ~ 1, and mass density p ~ g,?. Note 
bs ne ha ; . i 6a i = ‘aneter CLOTNIT ae’ Nv dimncr fOr = = 7 as a 6 Oa i > 
A ~ 1 is that they descend from string states with bare mass My ~ M(1+A/R??) ~ 2M 
which are exponentially more numerous than less condensed string states corresponding to 
smaller bare masses. 
The nature of the transition between the initial “dilute” state and the final “condensed” 


Nz, = Nr, would have complicated the definition of the grand canonical ensemble we used. We 
expect that our results (whichare semi-classical) apply (with some numerical changes) to open or 
closed superstrings. 


18We consider states of a single string because, for large values of the mass, the single-string 
entropy approximates the total entropy up to subleading terms. 


'9Our conclusions are not rigourously established because they rely on assuming the validity of 
the result (4.4) beyond the domain (R~? < 1, g? M/R*? « 1) where it was derived. However, 
we find heuristically convincing to believe in the presence of a reduction factor of the type 1— R~? 
down to sizes very near the string scale. Our heuristic dealing with self-gravity is less compelling 
because we do not have a clear signal of when strong gravitational field effects become essential. 
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one depends on the value of the space dimension d. [As explained below Eq. (4.4), we 
henceforth set to unity, by suitable redefinitions of @,, R and g, the coefficients c,, cg and 
c3.]| In d = 3, the transition is gradual: when \ < M~'? the size of a typical state is 
Ro) ~ M/2(1—M"/? )/8), when \ > M"/? the typical size is RO“? ~ (14 (143 d2)¥/2) /A. 
In d = 4, the transition toward a condensed state is still continuous, but most of the size 
evolution takes place very near 4 = 1: when \ < 1, R{&“*) ~ M¥/2(1 — d)4/4, and when 
A> 1R& ~ (2\/(\ — 1))'/?, with some smooth blending between the two evolutions 
around |A — 1] ~ M~?/3, In d > 5, the transition is discontinuous (like a first order phase 
transition between, say, gas and liquid states). Barring the consideration of metastable 
(supercooled) states, on expects that when \ = Ag & v’/(v — 1)”~+ (with v = (d — 2)/2), 
the most probable size of a string state will jump from R,. (when A < Az) to a size of order 
unity (when A > AQ). 

Let us, for definiteness, write down in more detail what happens in d = 3. After maxi- 
mization over R, the entropy of a self-gravitating string is given, when M~3/? « g? « Mt, 
by 


S(M) = S(M, R.(M)) ~ ag M c + : (9° wp} (5.1) 


By differentiating S with respect to M, one finds the temperature of the ensemble of highly 
excited single string states of mass M: 


T © Tre (1 - : (9° ut) ; (5.2) 


with Tag = ag’. Eq. (6.2) explicitly exhibits the modification of the Hagedorn tempera- 
ture due to self-gravity (in agreement with results of [3] obtained by a completely different 
approach). Note that, both in Eqs. (6.1) and (6.2), the self-gravity modifications are frac- 
tionally of order unity at the transition g?M ~ 1. 


when A ~ 1, as an analog of a neutron star with respect to an ordinary star (or a white 
dwarf). It is very compact (because of self gravity) but it is stable (in some range for g) 
under gravitational collapse. However, if one further increases g or M (in fact, A = g? M), 
the condensed string state is expected (when reaches some 3 > Az, A3 = O(1)) to 
collapse down to a black hole state (analogously to a neutron star collapsing to a black 


hole when its mass exceeds the Landau-Oppenheimer-Volkoff critical mass). Still in analogy 
with neutron stars, one notes that general relativistic strong gravitational field effects are 
crucial for determining the onset of gravitational collapse; indeed, under the “Newtonian” 
approximation (4.4), the condensed string state could continue to exist for arbitrary large 
values of A. 


It is interesting to note that the value of the mass density at the formation of the 
condensed string state is . This is reminiscent of the prediction by Atick and Witten. 
[23] of a first-order phase transition of a self-gravitating thermal gas of strings, near the 


Hagedorn temperaturd”), towards a dense state with energy density p ~ g~? (typical of a 


0Note that, by definition, in our single string system, the formal temperature T = (0S/0M)7! 
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genus-zero contribution to the free energy). Reef. suggested that this transition is first- 
order because of the coupling to the dilaton. This suggestion agrees with our finding of a 
discontinuous transition to the single string condensed state in dimensions > 5 (Ref. 
work in higher dimensions, d = 25 for the bosonic case). It would be interesting to deepen 
these links between self-gravitating single string states and multi-string states. 

Assuming the existence (confirmed by the present work) of a dense state of self 
would be fascinating to be able to 
explore in detail (with appropriate, strong gravity tools) its gravitational dynamics, both in 
the present context of a single, isolated object (“collapse problem” ), and in the cosmological 
context (problem of the origin of the expansion of the universe). 

Let us come back to the consequences of the picture brought by the present work for 
the problem of the end point of the evaporation of a Schwarzschild black hole and the 
interpretation of black hole entropy. In that case one fixes the value of g (assumed to be 
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‘a typical string? state corresponding to \ = g? M ~ 1, which is a dense state (still of radius 
R~1). This string state will further decay and loose mass, predominantly via the emission 
of massless quanta, with a quasi thermal spectrum with temperature T ~ Tyagedorn = 49 : 
(see Eq. (8.29) and Refs. [8], [22]) which smoothly matches the previous black hole Hawking 
temperature. 
will, either gradually or suddenly, cause the initially compact string state to inflate to much 
larger sizes. For instance, if d > 4, the string state will quickly inflate to a size R~ /M. 
Later, with continued mass loss, the string size will slowly shrink again toward R ~ 1 until 
a remaining string of mass M ~ 1 finally decays into stable massless quanta. In this picture, 
the black hole entropy acquires a somewhat clear statistical significance (as the degeneracy 
of a corresponding typical string state) only when M and g are related by g?M ~ 1. If 
we allow ourselves to vary (in a Gedanken experiment) the value of g this gives a potential 
statistical significance to any black hole entropy value Spy (by choosing g? ~ Spy). We 
do not claim, however, to have a clear idea of the direct statistical meaning of Spy when 
g’ Sgy >> 1. Neither do we clearly understand the fate of the very large space (which 
could be excited in many ways) which resides inside very large classical black holes of radius 
Repu ~ (g? Spu)'/(4-) >> 1. The fact that the interior of a black hole of given mass could be 













is always near the Hagedorn temperature. 


21Note that the mass at the black hole — string transition is larger than the Planck mass Mp ~ 
(Gy)? ~ g ' by a factor g7! > 1. 


224 check on the single-string dominance of the transition black hole — string is to note that 
the single string entropy ~ M/M, is much larger than the entropy of a ball of radiation Sjaq ~ 
(RM)4/ (441) with size R~ Rpy ~ &, at the transition. 


arbitrarily largef*|, and therefore arbitrarily complex, suggests that black hole physics is not 
exhausted by the idea (confirmed in the present paper) of a reversible transition between 
string-length-size black holes and string states. 

On the string side, we also do not clearly understand how one could follow in detail (in 
the present non BPS framework) the “transformation” of a strongly self-gravitating string 
state into a black hole state. 

Finally, let us note that we expect that self-gravity will lift nearly completely the de- 
generacy of string states. [The degeneracy linked to the rotational symmetry, i.e. 2J + 1 
in d = 8, is probably the only one to remain, and it is negligible compared to the string 
entropy.| Therefore we expect that the separation 6 E between subsequent (string and black 
hole) energy levels will be exponentially small: 6£ ~ AM exp(—S(M)), where AM is 
the canonical-ensemble fluctuation in M. Such a 6 E is negligibly small compared to the 
radiative width T ~ g? M of the levels. This seems to mean that the discreteness of the 
quantum levels of strongly self-gravitating strings and black holes is very much blurred, and 
difficult to see observationally. 
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23F).g., in the Oppenheimer-Snyder model, one can join an arbitrarily large closed Friedmann 
dust universe, with hyperspherical opening angle 0 < yg < a arbitrarily near 7, onto an exterior 
Schwarzschild spacetime of given mass M. 
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Pre-big bang cosmology predicts tiny first-order dilaton and metric perturbations at very large 
scales. Here we discuss the possibility that other — more copiously generated — perturbations may 
act, at second order, as scalar seeds of large-scale structure and CMB anisotropies. We study, in 
particular, the cases of electromagnetic and axionic seeds. We compute the stochastic fluctuations of 
their energy-momentum tensor and determine the resulting contributions to the multipole expansion 
of the temperature anisotropy. In the axion case it is possible to obtain a flat or slightly tilted blue 
spectrum that fits present data consistently, both for massless and for massive (but very light) 
axions. 


I. INTRODUCTION 


String theory has recently motivated the study of a cosmological scenario in which the universe, starting from the 
string perturbative vacuum, evolves through an early inflationary “pre-big bang” phase [[l], until a transition to the 
radiation-dominated, decelerated evolution occurs. 

In spite of some attractive aspects of the pre-big bang picture, such as the underlying duality symmetry [2], which 
naturally selects perturbative initial conditions and automatically leads to inflation fl, it is fair to say that such 
a cosmological scenario is far from being understood in all of its aspects. In particular, on the more theoretical 
side, one is lacking a complete and consistent description of the high-curvature, strong coupling regime, where the 
transition from the pre- to the post-big bang era is expected to take place Hl. Furthermore, opinions vary Bal as to 
whether or not the pre-big bang scenario needs a large amount of fine-tuning. On a more phenomenological side, the 
main outstanding problem is to reproduce the observed amplitude and slope of the large-scale temperature anisotropy 
(l and of large-scale density perturbations. The difficulty is that, unlike in the more conventional (de-Sitter-like) 
inflationary picture, the amplification of scalar and tensor metric perturbations here leads to primordial spectra that 
grow with frequency (A. and whose energy density is normalized to an almost critical value at some short scale al 
(typically the GHz); in this way, too little power is left at scales that are relevant for anisotropies in the Cosmic 
Microwave Background (CMB) ia or to the problem of large-scale structure (unless the high-curvature phase is long 
enough and characterized by an almost constant dilaton field i). 

In this paper we address this problem and we discuss a possible solution, based on the contribution of “seeds” [1] 
to density fluctuations and to the anisotropy of the CMB radiation. The seeds are produced, in our context, by the 
amplification of quantum fluctuations of some other fields, which are present in string theory, but are not part of the 
homogeneous background whose perturbations we wish to study. 

We shall consider two examples, in which the seed inhomogeneity spectrum is due, respectively, to vacuum fluctu- 
ations of the electromagnetic (EM) and of the (Kalb-Ramond) axion (AX) field. Both cases are typical of 
string cosmology, since no inhomogeneity is produced, in either case, in a conventional scenario based on Einstein’s 
equations, without axion and dilaton. The spectra of EM and AX perturbations can be much flatter than those of 
scalar and tensor perturbations of the metric and of the dilaton field. 

The idea of using the EM fluctuations as seeds was already discussed in a previous paper [13], using however the 
perfect fluid approximation for the EM stress tensor. Here we will compute the scalar components of the energy- 
momentum-tensor fluctuations due to the EM and AX seeds including an important anisotropic stress term, and 
will relate them to the primordial spectral energy distributions. When these seed inhomogeneities are inserted in 
the perturbed Einstein equations they generate scalar-metric fluctuations which are largely controlled, for seeds with 


small enough anisotropic stresses, on super-horizon scales, by the so-called compensation mechanism [4]. Finally, 
scalar-metric perturbations can be converted in a standard manner into temperature fluctuations AT/T via the Sachs- 
Wolfe effect (5). We will discuss whether the metric perturbation spectrum induced by seeds can be flat enough to 
match present observations, consistently with the COBE normalization of the amplitude on large scales, and with the 
high-frequency normalization of the primordial seed spectrum. 

The paper aims at being rather self-contained and readable by non-specialists in string and/or cosmological pertur- 
bation theory, and is organized as follows. In Section fn] we set up the relevant equations needed to study super-horizon 
perturbations in the presence of seeds, and give their generic solution for seeds with “small” or “large” anisotropic 
stresses. We also discuss the way the perturbations enter the multipole expansion of AT/T via the Sachs-Wolfe effect. 
In Section ica after recalling known results about scalar, tensor, electromagnetic and axion perturbations in the pre- 
big bang scenario, we estimate the contribution of the two latter sources to the fluctuations of the energy-momentum 
tensor, including the case of massive axions. In Section vj we combine the results of the previous two sections and 
compute the contribution of EM and AX seeds to AT/T. Using COBE data, we finally discuss, in the various cases, 
whether_the seed mechanism alone is able to give a satisfactory explanation of large-scale temperature anisotropies. 
Section ii contains our conclusions. Some technical details are relegated to the three appendices. 


Notation: The Friedmann metric is given by a*(—dn? + y;;dx'dz/), where a denotes the scale factor and 7 is con- 
formal time. Spatial indices, 1,2,3 are denoted by latin letters while spacetime indices, 0,1,2,3 are denoted by greek 
letters. A dot denotes derivative with respect to 7. 


II. LARGE-SCALE PERTURBATIONS IN THE PRESENCE OF SEEDS 


Before calculating CMB anisotropies for specific examples in the context of string cosmology, we derive a general 
formula for large-scale CMB anisotropies in models with seed perturbations. 


A. Cosmological Perturbation Theory with Seeds 


In this subsection we give a brief reminder of gauge-invariant perturbation theory with seeds. More details can be 
found in Refs. fidfi). By seeds we mean an inhomogeneously distributed form of energy, which contributes only a 
small fraction to the total energy density of the universe and can thus be considered as a perturbation. Furthermore, 
we consider seeds that interact only gravitationally with the cosmic fluid. 

We restrict our discussion to scalar perturbations, which are of primary interest here. The corresponding equations 
for vector and tensor perturbations can be found in [6]. The metric of a perturbed Friedmann universe is 


Guv = g) + O Bing ; (2.1) 

where g°) denotes the unperturbed metric: 
g\) da" da” = a*(n)(—dn? + yij;dx'dx’) . (2.2) 
Here a is the scale factor, 7 denotes conformal time and y represents a metric of constant curvature K = +1,0. Since 





we will be interested in a Friedmann universe that has undergone substantial inflation, we neglect K in the sequel, 
setting Vij = Oi7- 

For scalar perturbations, a Fourier component of h,, with wave vector k can by parametrized by 4 scalar functions 
A, B, Hy, and Hr, defined by 


k; 
h(k) = hy (k)dr"dx” = —2A(k)(dn)? — 21" B(k)dnda? 
1 kik; 
+2) Hy(k) + 3Hr(k) 5,jda! dat — 25) Hr (k)da! de! (2.3) 
These four functions are gauge-dependent, i.e. they depend on the choice of coordinates. In order to define gauge- 


independent metric variables, we first make use of two geometric quantities: the spatial part of the scalar curvature of 
the perturbed metric, dR, and the shear (traceless) part of the extrinsic curvature, K (aniso) An elementary calculation 


gives : 


1 
OR=4k aR, R= H+ 3H, (2.4) 





antiso kik; 1 
i ak ( a 7) o, o=Hr/k—-B. (2.5) 


Studying the gauge transformation properties of A, R, and o, one easily finds that the following variables, called the 
(Fourier components of the) Bardeen potentials, are gauge-invariant (see fash): 


&’=R-—(a/a)k-'o , (2.6) 


W=A-(a/a)k‘o-k “so. (2.7) 


(Note that, throughout this paper, we shall always express the Bardeen potentials in momentum space, even without 
indicating their & dependence explicitly.) 
Next, we discuss the perturbations of the energy-momentum tensor. Let us define the perturbed energy density 
pert) and 4-velocity field u as the time-like eigenvalue and eigenvector of the energy-momentum tensor: 
2 
TY ut = —piPerDyY u=-l. (2.8) 


The Fourier components of the perturbations in the density and velocity field are determined by 


peer) = p(1té) , (2.9) 
us ki 
=(1-A), oe (2.10) 


where p denotes the unperturbed background density. The temporal component u is fixed by the normalization 
condition. We project the stress tensor onto the 3-space orthogonal to u: 


Tuv = PEP, OT 50, Puy = Guv + Upty, (2.11) 


and define the scalar perturbations of 7 by: 





pd 
tJ =p (2 +ap+ srr] 5J- a nr : (2.12) 


The variable 7, describes the pressure perturbation, 77 is the potential of the anisotropic stresses and p is the unper- 
turbed background pressure. Studying the behaviour of the quantities 6, v, 7, and mr under gauge transformations 
, one finds the gauge-invariant variables: 


H=rr, T=n,—(c2/w)é, V=v—k "Hr, 
D=64+3(1+w)(a/a)k (Vito), Dyg=6+31+w)R. (2.13) 


Here II is the anisotropic stress potential, [ is the entropy perturbation, V is the peculiar velocity potential, D and 
D, are different choices for a gauge-invariant density perturbation variable (for a physical interpretation of these 
variables, see fislfig). Finally, w = p/p denotes the enthalpy and c? = p/p stands for the adiabatic speed of sound. 
In this paper we shall limit ourselves to adiabatic perturbations ([ = 0). 

The perturbation of Einstein’s equations and of energy-momentum conservation can be expressed in terms of these 
gauge-invariant variables (a derivation can be found in [18}19]). We obtain two constraint equations: 


AnGa*pD = k?®, (2.14) 
AnGa?(p + p)V =k [(a/ayy = | (2.15) 

two dynamical equations: 
—8nGa*pll = k?(® + W), (2.16) 


8nGa?p [T + (2/w)Dg + (2/3)k71T] = 


“fT ER Ob) om 








and two conservation equations: 


Da — 3Wa(a/a)Do = —k [(1 + Wa)Va + 2(4/a)wok Ma] 








+3(1 + wa)4nGa?(p + p)(V — Va) , (2.18) 

, Ce w 2w 
+ (a = —_& _£ yp, S— kT a + kU — ——*—KII, . 2.19 
Maes lave 1+ We - 1+ We ue 3(1 + wa) vay) 


The above conservation equations hold for any component a of the fluid stress-energy tensor which interacts with 
the other components of the cosmic fluid only gravitationally. The variables cy and w, denote the adiabatic speed of 
sound and the enthalpy of the fluid component, respectively. The total perturbations are defined as the sums: 


pD = S- PaDa , (p+p)V= S "(Pa + Pa)Va , ete. (2.20) 


a 


For interacting matter, the corresponding equations can be found in [1§}. 

In order to complete the above analysis we also need equations of state for the matter sources, which relate for 
instance [ and I] to D and V. Due to the Bianchi identities, the conservation equations for the total cosmic fluid 
follow from the field equations (2.14)-(b.17). Thus, we need not make explicit use of both dynamical equations, but 
we can use, say, (p.16) and one of the conservation equations (R-18), 2.19) for the total fluid. 

We now add to the perturbation equations an inhomogeneous energy-momentum distribution, Te generated by 
seed fields that do not interact with the cosmic fluid other than gravitationally. 

Since, by definition, seeds do not contribute as sources of the homogeneous background, the energy-momentum 
tensor T 3) is gauge-invariant by itself ed. and can be calculated by solving the field equations for the seeds in the 


unperturbed background geometry. Let us assume that we can express the Fourier components of Th) in terms of four 
scalar “seed-functions” f,, fp, fy and fr (we just neglect vector and tensor contributions; since they are decoupled 
from density perturbations, in the linear approximation, this will not affect our results for scalar perturbations): 


TAS (k,n) = 2p = M? f,(k,n) , (2.21) 
s LK; s . 
T'S (k, n) = =i aru ) = —iM*k; folk, ”) ’ (2.22) 
10 =| (0-4 In) 
2 k? 
= M2 | (fle) + 5 Falle)) ve ~ bik Fabs) (2.23) 


Note that f, and f, have dimension £~, while f, has dimension £~' and f, is dimensionless. Here M denotes an 
arbitrary mass scale, introduced for dimensional reasons, which will eventually drop out in physical predictions. 

Given an energy-momentum tensor T),,, which in general contains vector and tensor contributions, the scalar parts 
fv and f, are determined by the identities: 


iTS? = MK? fo, 


aa tl 2 
—TO ks + hte = Mk fe. (2.24) 


On the other hand, f, and f, are related to f, and fp, by the conservation equations WT? = 0: 


fo +k’ fo + (4/4) (fp + 3fp) = 0, (2.25) 


fu + 2(a/a) fy — fp + (2/3)K? fr = 0. (2.26) 


In the presence of seeds, and in the approximation in which perturbations are treated linearly, the total geometric 
perturbations can be separated into a part induced by the seeds, V,,®,, and a part induced by the perturbations of 
the cosmic fluid, V,,,®,,. The perturbed Einstein’s equations (p14) and (2.16) become 

k?® = 4nGpa?D + € [fp + 3(a/a) fu] , 
® + UW = —8nGa*k "pil — 2e fy , (2.28) 


where € = 47GM7°. If we define 


V=V,+U,, @€=6,46,, (2.29) 
with: 
k°®, =e[fp+3(a/a)fv)], ,+Vs = —2ef;, (2.30) 
we easily find 
®,, = 4nGpa7?k [, + 3(1+w) (5) - —3(1+ ue] (2.31) 
Um = —Bm — 81Ga* plik? . (2:32) 


Equation (2.31)) has been written in terms of the gauge-invariant density perturbation D,, because this choice will 
simplify our final equations. Physically, D, corresponds to the density perturbation in the flat slicing. The evolution 
of D, and V is described by the conservation equations and (2.19), which read explicitly: 


Date w)—D, = —(1+ w)kV, (2.33) 


V+ 40 -32)V = kw — 320) +h z bo (2.34) 
a wart = “s l+w % 3(11+w) 7 





To simplify the analysis, we will assume w = c? = constant. The unperturbed background equations are then solved 
by a x 7", with r = 2/(3w +1). Since we are interested in very large scale perturbations in the cosmic microwave 
background, we concentrate our discussion on super-horizon scales, such that kn < 1. Eqs. p.31) and (2.29) then 
lead to 

1 r 2 2 
o-SGa my Pee ®,, (2.35) 
where r = 1 for the radiation-dominated era, and r = 2 for the matter-dominated era. 

The evolution equation for D,, Eq. B.33), implies dD,/d(kn) = —(1+ w)V. In the physical picture we have 
in mind, metric perturbations are triggered by the presence of the seeds alone, and we do not want to include an 
arbitrary contribution from the perturbations of the homogeneous sources. We thus require D,(0) = 0, which implies 
D, ~ knV. Hence, we may neglect the D,-term in Eq. 39) for kn <1. 

Combining Eqs. (2.35), (2.34), (R.28) we find, on super-horizon scales, 


2(kn)* 
9r2(1+w) 


dV Tr 2w 
Ge ye _ ae 
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(2ef, ++). (2.36) 

The two equations and (P.36) relate the three variables V,® and V once the seeds are given. To proceed, 
we need an equation of state to close the system. For single component fluids this equation usually takes the form 
II = I(D,,V). We are interested in large-scale CMB anisotropies, which are induced at recombination and later, 
when the universe is already matter-dominated, with p < p. Thus, in what follows, we will consider the case II = 0, 
which implies 


B+ =—2f,. (2.37) 


Furthermore, in a matter-dominated Friedmann universe, r = 2 and w = 0. The equation of motion for V, obtained 


by combining Eqs. (2.39), (2.36), (b:37), then reads 


ac ae Oe ae ee 7 
ay + ep! = ae hs Refe =— Fy MPelfe + BlG/a) fl — Def (2.38) 


In the next subsection, we shall see that the large-scale anisotropies of the CMB are determined by the combination 


W-®. Using Eqs. .35), (B.37) and (2.38), we find immediately: 


—B = Fe - gto + 80G/0) fi . (2.39) 


Modulo numbers of order unity, which can be computed case by case, we finally arrive at the estimates: 


dV V a 
ee! Ten Fo ~ max {efnser? (s,+35n) } : (2.40) 


Depending on whether 7? (fp + 3(a/a) fv) or fr dominates in Eq. e.40), we can distinguish between seeds with small 
and large anisotropic stresses. We will discuss in Section [II] to which case our string-cosmology seeds belong. 
If the term en? (fp + 3(a/a)f,) = x?®, dominates, we conclude from Eqs. (2.39), (2.39) that 


®w~ WW (kn)? ®, ~ (kn)?V, KO, UV, , (2.41) 


on super-horizon scales. This suppression of the total geometric perturbations, if compared with the source pertur- 
bations alone, is known under the name of “compensation” (4. The conservation equations p.18), (2.19) show that 
the presence of seeds induces matter perturbations that try to compensate the gravitational potential of the seeds. 
Since anisotropic stresses in the seeds cannot be compensated by a perfect fluid, compensation is not effective, if 
anisotropic stresses dominate. But, as shown here (see also 4), the phenomenon of compensation is quite generic 
and, to a large extent, independent of the spectrum of seed fluctuations. 


B. The Seed Contribution to CMB anisotropies 


In this subsection we calculate the CMB anisotropies for models where perturbations are induced by seeds, and 
their contribution to AT/T via the Sachs-Wolfe effect (5). We first discuss in general the motion of photons in a 
perturbed Friedmann universe. 

We make use of the fact that the equations of motion of photons are conformally invariant. More precisely, two 
metrics that are conformally equivalent, 


ds” = ads? , (2.42) 


have the same light-like geodesics, only the corresponding affine parameters are different. Let us denote the two affine 
parameters by A and \ respectively, and the tangent vectors to the geodesic by 


dx _ dz 2 2 0 2 
=_l = = =— = 1 = ule DA. 
R= f= ao wah 0, n ,n (2.43) 


Setting n° = 1+ 6n°, the geodesic equation for the perturbed metric 
ds? = (uv + yr )dx" dx” (2.44) 


yields, to first order, 
Of ra 1 Z yy 
én'|; = [hoo + hojn ip a) hypn'n’ da . (2.45) 


On the other hand, the ratio of the energy of a photon measured by some observer at ty to the energy emitted at t; is 


Ex _ (n-u)p _ Ty (n-u)y (2.46) 


where uy and wu, are the four-velocities of the observer and emitter respectively, and the factor T;/T; is the usual 
(unperturbed) redshift, which relates n and 7. The velocity field of observer and emitter is given by 


u=(1—A)O, +. 0°d; . (2.47) 


An observer measuring a temperature Tp receives photons that were emitted at the time jaec of decoupling of matter 
and radiation, at the fixed temperature Ty--. In first-order perturbation theory, we find the following relation between 
the unperturbed temperatures T's, T;, the measurable temperatures To, Tyee, and the photon density perturbation: 


ae ir on. TH 1 
le 1 = 1 — 26 M]F 2.48 
Te Bees ( i a) tae a a 











where 5) is the intrinsic density perturbation in the radiation and we used p « T* in the last equality. Inserting 
the above equation and Eq. (2.45) into Eq. (2.46), and using Eq. (B.3) for the definition of h,,, one finds, after 
integration by parts fia: 





f f 
cate 1m (Mii 4u- / b—4d 
= + V, wW—@) + w—o& : 2.4 
Ey > Tas 505 7 Om ( dr (2.49) 
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matter component (the emitter and observer of radiation). The final time values in the square bracket of Eq. ) 
give rise only to monopole contributions and to the dipole due to our motion with respect to the CMB, and will be 
neglected in what follows. 

Evaluating Eq. (p.49) at final time yo (today) and initial time nacc, we obtain the temperature difference of photons 
coming from different directions n and n’ 


Here p”™ denotes the density perturbation in the radiation fluid, and V‘”) is the peculiar velocity of the baryonic 
1g 








— = ——_ - 2.50 
7 r a (2.50) 
with temperature perturbation 
oT 1 4 "No : 
{n) _ re af vi ni + U- s| (dec, Xdec) +f (UW — ®)(n,x(n))dn , (2.51) 
Ndec 


where x(7) = Xo — (No — 7)n is the unperturbed photon position at time 7 for an observer at x9, and Xdec = X(Naec)- 
The first term in Eq. describes the intrinsic inhomogeneities on the surface of the last scattering, due to acoustic 
oscillations prior to decoupling. In general, it also contains contributions to the geometrical perturbations. This is 
especially important in the case of adiabatic inflationary models Pi}. However, for perturbations induced by seeds, 
which satisfy the initial condition D,(k,7) — 0 for 7 — 0, the geometrical contributions to D, can be neglected. The 
second term describes the relative motions of emitter and observer. This is the Doppler contribution to the CMB 
anisotropies. It appears on the same angular scales as the acoustic term, and we thus call the sum of the acoustic 
and Doppler contributions “acoustic peaks” . 

The last two terms are due to the inhomogeneities in the spacetime geometry; the first contribution determines 
the change in the photon energy due to the difference of the gravitational potential at the position of emitter and 
observer. Together with the part contained in p® they represent the “ordinary” Sachs-Wolfe effect. The second 
term accounts for red-shift or blue-shift caused by the time dependence of the gravitational field along the path of 
the photon, and represents the so-called Integrated Sachs-Wolfe (ISW) effect. The sum of the two terms is the full 
Sachs-Wolfe contribution (SW). 


On angular scales 0.1° AGA 2°, the main contribution to the CMB anisotropies comes from the acoustic peaks, 
while the SW effect is dominant on large angular scales. On scales smaller than about 0.1°, the anisotropies are 
damped by the finite thickness of the recombination shell, as well as by photon diffusion during recombination (Silk 
damping). Baryons and photons are very tightly coupled before recombination, and oscillate as a one-component 
fluid. During the process of decoupling, photons slowly diffuse out of over-dense regions into under-dense ones. To 
fully account for this process, one has to solve the Boltzmann equation for the photons (see, e.g. (6). 

The angular power spectrum of CMB anisotropies is expressed in terms of the dimensionless coefficients Ce, which 
appear in the expansion of the angular correlation function in terms of the Legendre polynomials Py: 


(ZZ) = = 2 (28 +1)CePe(cos¥) . (2.52) 


(n-n/=cos 2) 


Here the brackets denote spatial average, or expectation values if perturbations are quantized. 
To determine the Cy we Fourier-transform Eq. (2.51), defining 


1 we 
p(k) = WF I o(xje** ax , (2.53) 

and using the identity 
el 89 N° (26 + 1)i*je(z) Pe(cos¥) (2.54) 
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(where je is the spherical Bessel function of order £). For the coefficients Cy of Eq. (2.53) we obtain: 
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and j; stands for the derivative of je with respect to its argument. On large angular scales, kjdec < 1 (which 
corresponds to << 100), the SW contribution dominates: 


ce == | kak | / “( — ©)(k, 0) (eno — kn) ay ) , (2.57) 


Let us approximate the Bardeen potentials on super-horizon scales by a power-law spectrum: 
(|¥ — ®|?) = C7(k) (kn)? . (2.58) 


Furthermore, we consider models where the seed contribution does not grow in time on sub-horizon scales. In this 
case the Bardeen potentials, inside the horizon, are dominated by the cold dark matter contribution, which leads to 
time-independent ® and W. We can thus approximate the Bardeen potentials by 


C(k)(kn)? , kn<l1 
wax Oi am ts (2.59) 


We further assume that also C(k) is given by a simple power law. Thus, for dimensional reasons, it has the form 


_ § Nk-3/2(k/ky)* , bk < ky 
C(k) = { 0. Lek. (2.60) 


where N is a dimensionless constant, and k, denotes a comoving cutoff scale, i.e. the maximal amplified frequency 
determined by the explicit mechanism of seed production (in the case a = 0 no cutoff is needed). Inserting this in 


Eq. (2-57), 


2 f* dk (k\ 
Coe = | cay pee I(k)|? 2.61 
frente f F(z) rae, (2.61) 

where, setting x = kn, xo = kno, Ldec = KNdec, 

1 xo 

I(k) = ‘ daxx” jp(a9 — x) +f dxjp(xo — x) (2.62) 
Baes 1 
1 

- dxx7 j,(ao — ©) + je(ap — 1). (2.63) 
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We can see explicitely from this equation that the relevant contribution of each mode to the CMB anisotropy comes 
while the mode is still outside the horizon (kn < 1). We now distinguish two cases. 

If y > —1 the lower bound in eq. (p-69) can be safely extended to 0, and the integral is dominated by the region 
kn ~ 1, so that: 


I(k) ~ je(@o — Laec) ~ je(Zo), dec K 1 < 4 . (2.64) 


Inserting this in Eq. (2.61}), the integral can be performed exactly (assuming noki > £), with the result, for a < 1, 


T(2 — 2a) T(é+ a) 


SW 2 Po NN 
Cer = N“(kino) 40-0) (3/2— a) F(€+2—a)’ 


a<l (2.65) 


(if a > 1, the integral grows towards large k and is dominated by the contributions at k ~ k,, leading to an 
¢-independent result of order (N/k1n0)?). Comparing the above equation with the standard inflationary result Pd. 


T(é— 1/2 +n/2) 


SW 
Ce” “TEES /2—n/2) ’ 


(2.66) 


where n denotes the usual spectral index, we find that a is related to n by a = (n—1)/2. The scale-invariant 
spectrum, as it has been observed by the DMR experiment aboard the COBE satellite [24], requires 


0.8<n<1.4 (2.67) 
so that, allowing for generous error bars, the COBE observations imply 
-O1l<a<02, y>-l. (2.68) 


Consider now the second case, y+ 1 < 0. The integral (2.63) is now dominated by its value at the lower boundary 
and we get 


[T(k)|? = G+ 12 ee je+i(Xo)} (2.69) 
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If also a+ <0, the k-integral converges and we obtain (see Appendix A): 
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Earby (1/2-a—7) (@+1—a—-7) (2.70) 


Comparing again this last result with that of standard inflation, Eq. (2.66), and neglecting the weak ¢-dependence of 
(2¢+1)~?[---] in Eq. (2.70), we obtain 
n~3+2(a+y7), aty<0. (2.71) 


(If, on the contrary, a+ > 0, the coefficients C; are dominated by the large k (i.e. small-scale) contribution, even for 
the very low values of £. In this case the small-scale perturbations become too large, which is excluded observationally 
by the fact that the spectrum, for CMB and matter perturbations, must be close to the Harrison-Zel’dovich spectrum 


5). 
The observational limits on n thus impose 
-O1<y+l+a<02, y<-1, n23+2(a+7) (2.72) 
and 


-O01l<a<02, y>-l, n=1+2a. (2.73) 


In the following sections we will apply these findings to electromagnetic and axionic seeds produced in string cosmology. 
In the axions case we will discuss separately massless and massive perturbations. 


III. SEEDS FROM STRING COSMOLOGY 


In this section we compute the seed functions f,, fy, fr, and we estimate the Bardeen potentials for electromagnetic 
and axion perturbations, including the case of massive axions. 


A. Amplification of quantum fluctuations 


We start by recalling the form of the (string-frame) low-energy string effective action [26]: 
aa Vv 1 Vo _.Q@ 1 Vv o 
ede = pee \gle ¢ (e + g#”d,.¢0,¢ — ae g BH val pop _ 70" g? FuoF oe) (3.1) 


where we have included the antisymmetric tensor Hyva = Oj, Byoj and the U(1) gauge field Fy, = 0,41}. Note that 
this gauge field is typical of what emerges from heterotic string compactification. For gauge fields originating a la 
Kaluza-Klein, the action and the spectra are somewhat different, as discussed in 7}. 

Upon compactification down to four dimensions, and after introduction of the axion field o by the duality trans- 
formation: 


Aye — e eh¥B Aga, (3.2) 


one easily arrives at the dimensionally reduced action: 
= Vv 1 Vv 1 Vv o 
Dee = jes \gle ? (z+o" Op POvd — 5 OpoOpo — re g? FupFue) . (3.3) 


The study of tensor (T), scalar-dilaton (SD), electromagnetic (EM) and axion (AX) perturbations is conveniently 
performed defining the external “pump field”, responsible for their amplification. To this aim, we first identify for 
each perturbation the canonical variables 7’, which diagonalize the perturbed action expanded up to second order 
pa. In a purely metric-dilaton background, such variables are easily found from (6.3) to be: 


yt = ae Pre = agh'?, ysP = ae?! +..., 
yeh =e F7 A, bAX = acto = ago. (3.4) 


Here h77 denotes the transverse-traceless part of the metric perturbations, the dots in the equation for w*? represent 
the additional scalar-metric terms needed to reproduce the gauge-invariant scalar perturbation 3, ap is the scale 
factor in the Einstein frame, and a, in the axion frame 12}. By varying the perturbed action, we find that the Fourier 
modes (7) of each of these four perturbations satisfy decoupled, linear equations of the type: 


De + (« = 5) Un =0, (3.5) 


where P(7) is the pump field, obtained for each case from eq. (B.4) as: 
PT = P§? ~az; PEM —_ 9/2 PAX =a, . (3.6) 


At the beginning of the inflationary era, characterized by an accelerated evolution of the pump field, every per- 
turbation is well inside the horizon and Eq. B.5) has oscillating solutions, which can be consistently normalized to 
a vacuum fluctuation spectrum. During the whole pre-big bang phase the general solution can be written in terms 
of Hankel functions , with a Bessel index determined by the power that characterizes the background evolution 
(in conformal time) of the pump field. This behaviour has to be matched with the one after the pre-big bang phase 
when, as we assume, the universe becomes radiation-dominated and the dilaton freezes to its present value. In all four 
cases this implies a free Klein-Gordon equation for the canonical variable after the period of accelerated evolution. 
By matching the pre-big bang and radiation solutions of the perturbation equations, we eventually obtain the final 
amplified perturbations during the radiation era. 

For T and SD perturbations the time evolution of the background leads to a spectrum that is in general too 
steep ial (see also BQ) to be expected to give any significant contribution to very large scale structures, or to 
temperature anisotropies on the COBE scale. The only way to achieve a reasonable contribution would be to have a 
very long string phase with an almost constant dilaton pl. which is not excluded, in principle, either theoretically or 
phenomenologically, but which looks somewhat unlikely, from both points of view. 

For EM perturbations, however, the situation seems to be more interesting. Consider in fact the transition from 
a pre-big bang phase, with growing dilaton (¢ = —2Glog|n|), to the standard radiation-dominated phase with ¢ = 
const, and call 7, the transition time scale. The electromagnetic fluctuations are directly coupled to the dilaton 
background, in such a way that each polarization mode wz, satisfies at all times, in momentum space and in the 
radiation gauge, the evolution equation: 
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de + [e _ 66/2 (c-#/2)") ie: (3.7) 


In the pre-big bang phase, the general solution of this equation, normalized to a vacuum fluctuation spectrum, can 
be written in terms of Hankel functions of the second kind as: 


I 
5|? 7<™- (3.8) 


be= nH? (kml), w= s- 5 





In the radiation era we have instead the free plane-wave solution, 


Vk = = [e+ (ke **" + c_(k)e'*"] , n>. (3.9) 


By matching the two solutions at the transition time 7 we easily obtain, for |km|< 1 and >m, 


cz = +c(k)et*", We = ED eid —ml, lc(k)| © (k/ky)7PY?, (3.10) 


VE 


where k, = 1/|n,| represents the maximal amplified frequency (higher-frequency modes are unaffected by the back- 
ground transition). The associated energy-density distribution of the produced photons is then (Lj: 


do(k) k\4 ofa fey 
se = (2) aps (2) (~) 0. k<m. usa, (3.11) 


where yp < 3/2 to avoid photon overproduction which would destroy the homogeneity of the classical background, 
and where the amplitude c(k) has been estimated modulo numerical factors of order 1. At large times 7 >> |7| we 
thus obtain, in string cosmology, a cosmic background of electromagnetic fluctuations that, for a long enough pre-big 
bang phase with @ S 2, are characterized by a rather flat spectrum, and could provide the long-sought origin of the 
galactic magnetic fields fia}. The amplified fluctuations satisfy stochastic correlation functions, as a consequence of 
their quantum origin. 

Correspondingly, if we consider axionic perturbations, we are led to the canonical equation 




















Be + (# = =) Ve = 0, (3.12) 
aA 


very similar to Eq. (7). The same procedure as in the electromagnetic case then leads to the spectrum (.11) with 
py. = |r|, where r parametrizes the three-dimensional axion scale factor as a(n) ~ n"+!/?. For r = —3/2, in particular, 
the axion metric describes a de Sitter inflationary expansion, and the energy density of a massless axion background 
has a flat spectral distribution, dp/dlogk ~ (k,/a)*, as first noted in fi2}. The value of r depends on the number and 
on the kinematics of the internal dimensions, and the value —3/2 can be obtained, in particular, for a ten-dimensional 
background with special symmetries eq. 

In the axion case, however, the low frequency tail of the spectrum is further affected by the radiation — matter 
transition, as the axion pump field a4 is not a constant (unlike the dilaton) in the matter-dominated era, where 
aa =ax7?. This has important consequences that will be discussed in detail in subsection far G. 

After these preliminary observations we shall now estimate the form of the seed functions for both EM and AX 
seeds. 


B. Electromagnetic seeds 


Here we determine the spectral components of the inhomogeneous stress tensor, for a stochastic background obtained 
by amplifying the quantum EM fluctuations of the vacuum, as discussed in the previous subsection. However, inde- 
pendently of the production mechanism, the results of this section can be applied to any EM fluctuation background 
parametrized by a vector potential that, in momentum space and in the radiation gauge, takes the form 


ci(k) 
Vk 


A; is a Gaussian random variable which obeys the stochastic average condition: 





11 





& 2a 7 kk; 
(4s (8); (4)) = F558 — w’) (65 — 2) Lae. (3.14) 
The above condition has been normalized in such a way that 
So (4i(K) AN (K)) = (20)855(k — k) ACK, 0)? (3.15) 
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Taking into account that the electric component of the stochastic background is rapidly dissipated, because of the 
conductivity of the cosmic plasma Bi, the seed stress tensor can be expressed in terms of the magnetic field only. 
Setting B;(k) = ie;;)k;A,(k), the condition (B.14) implies 


m)° iy 2 
(Bi(k)B;(0e)) = "ok #) (85 - SS) pac mP. (3.16) 
where 
1B (k,n)? = K? |A(k,)? = Je(k)? sin? ke, (3.17) 


In a process of photon production, the coefficient |e(k)|? represents the Bogoliubov coefficient ea fixing the average 
photon number density, (n(k)), and is linked to the spectral energy distribution by 


dp(k) Cee 7 (5) je(k)|* (3.18) 


dlogk ~\a 1 a 1? 








In what follows we shall use for |e(k)|? a power-law spectrum, characterized by a cut-off frequency ky, 


2 Co. eae ’ k<ky, <x 3/2 
jae = { ae (3.19) 


This reproduces in particular the spectral distribution (8.11}), where ju is fixed by the dilaton growth rate. 
We shall now compute the two-point correlation functions, for the various components of the inhomogeneous stress 
tensor T/’, associated with the electromagnetic background: 


Cu(@, a") = (Dy (@) Tix") — (Ly (@)) (Ly (@')) (3.20) 


(no sum over 4,v, and the angular brackets denote stochastic average). The Fourier transform of € is related to the 
scalar seed functions f,, fy, fx, defined in the previous section. For €) we have, for instance, 
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este) = (4) f Saeko pce, (3.21) 


For E; = 0, in particular, we have to compute the correlation of a sum of terms that are quadratic in the magnetic 
field. We start considering the energy-density correlation function, 


|B)? 





(a, 2") = (p(x)p(2")) — ((p(@)))”, p= -T) = Brat? (3.22) 
and compute 
Ajj (2, 2') = (B(x) BF (2')) — (B7)(B}) (3.23) 
where, using the stochastic average (B.16) and the reality condition B*(k) = B(—k), 
vey =} f Swe (1-H 


In momentum space, the two-point correlation function for the energy density can be written as a four-point correlation 
function for the stochastic fields (see also [B2]). We have, in particular, 
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Decomposing the four-point bracket of the Gaussian variables B; as 


(Bi(p) Bi(k — p))(B5(q).By(k’ — q)) + 
+(Bi(p)B;(q)) (Bi(k — p)By(k’ — @)) + (Bi(p)By(k’ — @))(Bilk — p).B;(q)), (3.26) 


and using Eq. (3.16), we find that the first term in the above equation is exactly cancelled by the quadratic averages 
(B?)(B5), while the other two terms give (no sum over i, j): 


3 3 Sais 2 : _ ‘ 
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where Ax = x — x’. By summing over the vector components we obtain: 
B - B 
A (ee) _ Aj; (2, 2’) a 
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3 3 -(k—p)/? 


According to Eq. (8.21), the energy-density spectrum of the electromagnetic seeds is thus determined by 


2 (M\* i d°p 2 2 eee 
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where a is the angle between p and k — p. Inserting the power spectrum (B.19), and defining y = p/ki, z = k/k1, 
the above integral can be written, in polar coordinates, as 


M\4 kd 4 : 
bag (=) = Wena) 2an? | dyy?2# / dx3~*" (1 + cos? a) sin? (yk) sin? (Bk1n), (3.30) 


a —4 
where we defined x = cosv, UV being the angle between p and k, and 
@=\z-yP Hy +27 -Qayz, cos?a=f-7(y? + 2?z? — Qryz). (3.31) 


The integral of Eq. (B.30) will be evaluated for |kn| = |zkin| < 1, since we are interested in the large-scale sector of 
the CMB anisotropy, namely in the spectrum of all modes that are still outside the horizon at the time of decoupling. 
For EM seeds these modes give the dominant contribution to the SW effect, as we will see in Section [rV}. Estimating 
the contributions to the integral from the regions py « 1, pn ~ 1 and py > 1, and recalling that pp < 3/2 according 
to Eq. ®.11), we find that the dominant contribution comes from py > 1 if py < 3/4. If 3/4 < uw < 3/2, the integral is 
dominated from its contribution at p ~ k, thus pn < 1 on super-horizon scales. In both cases we obtain for f, a white 
noise spectrum, i.e. |f,(k)|? ~ constant, but in the second case there is a parametric enhancement (see Appendix B). 
More precisely 


o(M\* _ f dk /a)8(k/k)3, < 3/4 
k | fol (~) = { cB (ks /a)8(k/k1)3(kin) #8, 3/4 << 3/2 5 


where d, and c, are dimensionless numbers of order 1. Consequently, the energy-density contribution of the EM seeds 
to the Bardeen potentials is, according to Eq. (2.4), 


2 2, J 4nGd,(a )? (ki /a)*(k/ky)?”?, < 3/4, 
ct fe cen layeele Memes, bee ls (3:33) 


(3.32) 


The contribution of the off-diagonal scalar potential f, can be similarly obtained by computing the correlation 
function €/ (x, x’), with i # j. For purely magnetic seeds, f, = 0, we find 


fo =3hp ~ fr, (3.34) 
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so that the Bardeen potentials, according to Eq. (2.40), are always dominated by f, on super-horizon scales, as 
"fol fn ~ (kn)? <1. Therefore 


k3/? |b — @| ~ €k3/ | f,| 


_ f AnGdg (an)? (ex /a)*(h fhe)? (ean) 2, p< 3/4, at 
~ \ AnGex(an)?2(ier/a)4(k/ka)Y Akane", 3/4 p< 3/2.” ven 
where d, and c, are dimensionless numbers of order 1. By assuming that the universe becomes immediately radiation- 
dominated at the physical cut-off scale H, = k1/a1, such a fluctuation spectrum can be expressed in terms of 
Q,(n) = (Mi/H)?(a1/a)*, ie. of the fraction of critical energy density in radiation at a given time 7, and of 
gi = H,/M,, the transition scale in units of the Planck mass !M,. Denoting with w = k/a the proper frequency, and 
using pe = 3M; H?/8r for the critical density, we obtain 


202 (n) (w/tn)-V (01 / HY, < 3/4, 
erie al~ tonal) Manian, Sass fa eS 


C. Axionic seeds 


As a second example of seed inhomogeneities we will consider a pseudoscalar stochastic background, amplified 
according to the perturbation equation (B.19). 

In the initial, higher-dimensional pre-big bang phase, i.e. for 7 < , the solution for the canonical variable 7 can 
be written as in Eq. (3.9), with = |r| < 3/2, as discussed previously. In the radiation era, i.e. for m1 < ™< MNeq; 
the effective potential @4/a, is vanishing, as ¢ =const and a ~ 7, and w is given by the plane-wave solution ). In 
the final matter-dominated era, i.e. for 7 > eq, we have a ~ 7?, and Ga/aa = 2/7?. The plane-wave solution is still 
valid for modes with k > keg = ee that are unaffected by the last transitions. Modes with k < keg feel instead the 
effect of the potential in the matter era, and the general solution of Eq. (B.12), for those modes, can be written as 





vin (2) (1) 
Vr(n) = ae (Az?) =p BH) 
Vkn 
= 7 [(A+ B)Jsyo—i(A—B)Y3;2],  &< eq, > Neg: (3.37) 


Here J3/2 and Y3/2 are Bessel functions of argument kn (we follow the conventions of 29). 
The matching of the solutions at 7, determines the coefficients ci (k) as in eq. (8.10). The matching at Neq Zives 





A+Bw~c(k)(kneq); A—B~ c(k) (keq)?, (3.38) 


so that the contribution of J3/2 to yx is always dominant with respect to the Y3/2 contribution, both for kn > 1 
and kn < 1. In the matter-dominated era, i.e. for 7 > eq, we can thus approximate the produced stochastic axion 
background as follows: 











k 
o(k,n) = - : sin kn, k > keg, 

c(k) ( k ) : 2 

~ | — kn)’, k< keg, kn <1, 
aVk Fes ( n) q 1) 
c(k) ( k; ie 

~ ; k< keg, kn > 1. 3.39 
aVk Reg q 1) ( ) 


The correlation functions for the various components of the stress tensor, 
1 2 
Ti = 0,00" 0 — xn (0.7) (3.40) 


can be computed by exploiting the stochastic average conditions of the Gaussian variables o,¢ and a; = O;0, 


14 
































*/T/\\ _ 353 / 
= 1 ’ ) 
(o(k)o*(k’)) = (27)°d"(k — k’)X1(k, 7) 
(a(k)a*(k’)) = (20)°5°(k — k’)Ea(k, n), 
(oi (k)oj (k’)) = kik; (27)°5°(k — k’)E1 (k,n), 
(03 (k)o*(k’)) = —(a(k)oj (k')) = tk; (27)°5°(k — k')Da(k, 0) , (3.41) 
where, according to Eq. (B.39), 
c(k)|? 
Xi (k, 7) = | s) ’ k> Req: 
gl) et 
Se Te, (kn)*, K<keq, kn <1, 
— le(k)I? (_k\~ 
a a , kK <keqg, kn >1 (3.42) 
k)2 
m0); k < keg; kn <1, 
~ pedo? (AY) 
~k 2 Hag F kK <keq, kn >1, (3.43) 
k)2 
¥3(k, n) > a) ’ k> eq, 
~0, kK <keqg, kn <1, 
_ lel)? (_&\? 
2 kes , k<keqg, kn>1, (3.44) 


Following the same procedure as the one used for EM seeds, and collecting all contributions to the correlation function 
of the axion energy density, 


pa = 55 [o? + (d;c)7] , (3.45) 


we obtain from £(z, x’) that the energy density spectrum is determined by 





y\ 4 3 3 
eine (S) =e | ifr eate— wpe mE (R)E—W 


— 2p-(k— p)¥3(p)¥3(k — P) ; (3.46) 


In order to evaluate this integral outside the horizon, in the region kn < 1, we must distinguish two cases, u < 3/4 
and js > 3/4. In both cases, by separate integration in the ranges 0 < p< 71, n°! <p < keq; keq < p < ki, we find 
a white noise spectrum,|f,| ~ const. In particular (see Appendix B): 


3/2i¢)(MY\> _ Sf do (ki /a)*(k/hr)9/? [1 + 5 (hreg/Ia)?(kan)#44/?], p< 3/4 
Be al ep = ! 4 3/2 ‘9 2u+1/2 (3.47) 
a cp (hi /a)*(k/Ra)/" (keg /ki)- (kin) tr, 3/4 < p< 3/2, 
where c?,d’,d° are dimensionless numbers of order 1. The same power spectrum is also obtained for the scalar 
velocity potential f,, associated to the axion seeds. An explicit computation gives in fact kf, ~ knf, so that the 
contribution of f, and f, to the Bardeen potential are both of the same order, namely: 


a 
en? |fp| 9? ~ n= | fol WO? = 


_ { 4mGd? (an)?(ky/a)*(k/k1)*/? [1 + 62 (keq/a)*(kin**4/7], pw < 3/4 


AnGc? (an)? (ky /a)*(k/k1)3/? (Keg / ki)? (kin)2# 4/2, 3/4 < p< 3/2. (3.48) 
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We will now consider the anisotropic stress potential f,, defined according to (2.23) by: 


3 


4 = 
Vile = aap 


1 
0,0; oo; = 3 oti (a.0)| 3 Vv? = 64j0;0;. (3.49) 
Summing all contributions in the two point correlation function, we find 


P A 2 9 Pk AKG 
(V4 f(a) V4fa(2")) — ((W4a))” = sa ; oe 


a 1 1 
/ aye lk — p|?X1(p)X1(k — p) (cos? 0 cos? y — 5 cos 0 cosy cos @ + a cos” a) ; (3.50) 


where V, a and 7 are, respectively, the angles between p and k, p and k — p and k and k— p. The integral over p is 
of the same type as the integral for the energy density spectrum (see Eq. bq), and gives for k?f, the same white 
noise spectrum (8.47) as for f, (modulo numbers of order 1) , since 


2 


£/? | f(s) (£) ~ K(f (2) (3.51) 


On super-horizon scales the contribution of f, to the Bardeen potentials is always dominant with respect to the f, 
contribution since, from the above equation, 


fp ~ (kn)? fr (3.52) 


In the whole range kj < 1 we can thus estimate the scalar perturbation spectrum, induced by massless axion seeds, 
through the f, contribution to the Bardeen potentials. We find 


k3/? WW — @| ~ ek? | fx] = 


{ AnGd? (an)? (k1/a)4(k/k1)~*/2 (kin) ~? [1 + 59 (keg /k1)?(kin)2#41/?| » #= 3/4, (3.53) 
4nGc% (an)? (ka /a)*(k/ kr)? (Keq/ kr)? (kan)? 8/?, 3/4< p< 3/2, 

- { gQ4(n)(w/w1)-/?(w, /H)~? [i+ 5° (Weq/w1)? (wi /H)#*1/?] , w<3/4, (3.54) 
G2 Q4() (w/w)? (weg /w1)? (wi /H)#-3/2, 3/4< p< 3/2. 


where c?, d°, 5° are dimensionless numbers of order 1. As we will see in Section rv} the dominant contribution to the 


SW effect now comes, for each mode, from the time of reentry 7 ~ 1/k. 
Let us finally discuss the case of massive axions, with 


1 
Ty = 0,00" 0 — 55; [(Bao)” — m*o"] , (3.55) 


and a primordial distribution again characterized by the index j1, as in Eq. (B.19). The mass term directly contribute 
to f, and f,, and only indirectly to the off-diagonal potentials f,, f,. We are interested in the axion perturbations 
that may be relevant to the large-scale CMB anisotropy, namely in the modes that are outside the horizon at the 
decoupling era, k < aHaec. If, for these modes, the mass contribution is negligible, ma < k < aHgec, then the AX 
seed functions and the corresponding Bardeen potentials are the same as in the massless case (see before). We will 
thus concentrate our discussion on the case in which the axion mass is large enough, so that all modes outside the 
horizon at the equilibrium epoch are already non-relativistic: 


ma > aHeg > k. (3.56) 


In this case we may neglect the effects of an additional axion production in the matter-dominated era, since a?m? > a@/a 
at 7 > Neq- The axion fluctuations are amplified by the inflation — radiation transition, but are to be evaluated in 
the non-relativistic regime (7 > eq), where the mass contribution is already important. 

For non-relativistic, super-horizon modes, the Fourier components of the axion field become (see the non-trivial 
calculation reported in Appendix C): 


o(k,7) = ae (t)" (4)" sin (=) ,  k<km =k ee (3.57) 
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where the initial distribution c(k) is still given by Eq. (8.19). Here k,,, is the limiting frequency re-entering the horizon 
at the same time as it becomes non-relativistic, i.e. kim/@m = Hm =m. Indeed, we are assuming that at the transition 
scale H, the mass term is completely negligible, m << Hj, and all modes are relativistic. As the proper momentum 
is red-shifted, the modes become non-relativistic when m = k/a = w, and re-enter the horizon when H = w. 

For the axion field (4.14) the stochastic conditions (8.41) are still valid, but the squared amplitude (B.42)), averaged 
over time scales m/H >> 1, now become 


eae |c(k)|? (=) (#)" = : =Xo(p,7) = —-¥3(p,1). (3.58) 


Q2ma? \ ky m ma 








For the case we are considering, the contribution of f, to the Bardeen potentials is always negligible with respect 
to 7° fp. An explicit computation gives, in fact, 


OW folfn=~m/H > 1, (3.59) 


where the last inequality is a consequence of (1.13). In addition, the mass contribution to the AX energy density 
dominates with respect to the momentum contribution, since m > k/a. The energy density correlation function thus 
becomes: 


£9 (x, a") = m* ({0?(x)o(a")) — (7(a))”) (3.60) 
(as |a(k)| = malo(k)|), and gives, using Eq. (4.15): 


t\4 3 
if (2) = mies [Sh (peste) 


mi (eX PRX UP oo 1 2) 
meee ( 5 ) (=) | dyy I dx (3.61) 
where x,y and £ are defined in Section [III Bh. 

It should be noted that the above expression for the spectrum is only valid if ~ > 3/4. Only in that case, in fact, 
is the integral over ydominated by the contribution of the lower boundary, p/k; — 0, and is the use of Eq. (B-58) for 
the axion spectrum appropriate. In the opposite case, we have to take into account the different spectrum of non- 
relativistic sub-horizon modes, for p > km, and possibly of relativistic modes in the high-frequency limit p — ki. In 
both cases we obtain, for pp < 3/4, a white noise spectrum and a negligible contribution to the large-scale anisotropy, 
as we will see in the next section. 

We will thus concentrate on the case 3/4 < uw < 3/2. For this case the integral (B61) is estimated in Appendix B, 


and we obtain 

M\*4 ee (k\? 

KE | f,|? (=) = mH; (=) (=) ; 3/4<p<3/2, (3.62) 
a a 1 








where C,, is a dimensionless number of order 1. The corresponding Bardeen spectrum is: 


53/2 || ee £3/2 |®| me en? I fol 3/2 = 
k 3 k 3-—2y 
= 4mGem (an)? (mE)? (=) ( 


a) \ki 
1/2 2 3-2 
Tm pelle a ey 
g2cm (=) (=) (=) (=) Q5(w). (3.63) 


We may note that YH? evolves in time like a~°, so that, during the matter-dominated era (when H? x a~3), the 
Bardeen potential Y remains frozen at the value reached at the time jeq of matter-radiation equilibrium. Using 
(Fi / Heq) (a1 /Geq)* = (Geq/a1) = igi we obtain for 7 > Neq; 


Hi 1/2 re 3-2u 
k3/2 1G] ~ k3/? 18] ~ emg? (=) (=) ; (3.64) 
eg Wy 


The CMB anisotropy induced by the EM and AX seeds discussed here will be analysed in the next section. 
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IV. CMB FLUCTUATIONS FROM PRE-BIG BANG SEEDS 


For electromagnetic seeds, with the assumption that the electric field is already dissipated away at recombination, 
we find that the seeds are generically suppressed by a factor (kndec)*, and the anisotropic stress f,, dominates over the 
density contribution f, (see the discussion at the end of Section tia, By contrast, for massless axionic perturbations, 
there is no (kndec)* suppression for f,, while there is one for f,. For large wave numbers which enter the horizon before 
matter and radiation equality, EM and AX seeds lead to similar amplitudes. Consequently, if the convolution leading 
to f,; is dominated by small scale contributions, 4 < 3/4, the two cases give similar geometric scalar perturbations 
W, ®, through Eq. a). 

However, on large scales, keg < 1, the additional axion production during the matter-dominated era leads to an 
enhancement by the factor (7/meq)*. This changes the time-dependence of the Bardeen potentials and has important 
consequences as we will see below. 


A. Electromagnetic seeds 


The scalar metric perturbation spectrum induced by EM seeds is reproduced in Eqs. (6.39) and 6.36). Comparing 
with our parametrization in terms of a and y (see Eqs. (R59), (2.60)) we find 


a { p-/2,  3/4<p<3/2 on 
sf es p< 3/4 
a { 5%, -3/A Sw <3/2 ) 
and 
2 
N = en (2) (Fea)? (4.3) 


in both cases pp < 3/4, 4 > 3/4 (modulo numbers of order 1). 

Since y+1 < 0, in both cases the seeds decay fast enough outside the horizon, and our analysis of Section [I] applies. 
However, in both cases y + a = —0.5, which leads to the spectral index n = 2, i.e. to a spectrum that grows too fast 
with frequency to fit the results of COBE observations, see Eqs. (b.7ip, .79). 


The quadrupole amplitude is given by Qrms—ps = 1/(5/4m)C2To, which has been measured to be Qrms—Ps = 
(18+ 2)uk. This leads to 








Cy= (109 £0.23) x10 (4.4) 
From Eq. (p.79), using a +7 = —1/2, kineq = (Hi/Heq)/?, 91 = Hi/Mp, and setting £ = 2, we obtain: 
CY we oe (ey (tus (=) ; (4.5) 
10(4m)*(y + 1)? \ Heg To To 
Compatibility with the COBE normalization, C2 S 10~'°, thus implies 
(6 — a) logig g1 S 55(a — 2) — 6 + logyo(y + 1)? — logy (4.6) 


(we have used Heqg/M, ~ 10~°°, and nNaec ~ Neq ~ 10770). This important constraint is easily satisfied by a growing 
seed spectrum, ps < 3/2, i.e. a > 2. In the limiting (and most unfavorable) case 4 = 3/2, a=2, y = —5/2, the 
above condition reduces to 


logigg1 S —14-—0.5logyg cp . (4.7) 


Even in this limiting case there are no stringent constraints on the typical inflation scale of the “minimal” pre-big 
bang scenario fifRy. expected to approach the string mass scale M, as g) = Hi/M,p ~ M;/Mp. Indeed, the limiting 
condition (E4) is marginally compatible even with the maximal expected value H; ~ M,, since 


1? Se 0 (4.8) 


To conclude, the EM fluctuations seem to lead to a scalar perturbation spectrum that grows too fast with frequency 
to contribute in a significant way to the observed large-scale anisotropy. The positive aspect of our result is that there 
are no significant constraints from the COBE normalization to the production of seeds for galactic magnetic fields, 
which remains allowed as discussed in [11]. 
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B. Axionic seeds 


Let us first consider massless axions. If  < 3/4, the situation is like in the electromagnetic case. The CMB fluctu- 
ations induced have the wrong spectrum, but their amplitude is sufficiently low to avoid conflict with observations. 

If 3/4 < pw < 3/2 the situation becomes radically different. Comparing Eq. (B.53)) with the ansatz (2.59), (P.60) we 
obtain, due to the additional factor (7/Neq)”, 





y= 2-7/2, (4.9) 

a=-y-1/2=-2n4+3. (4.10) 

In the limiting case pp = 3/2 this yields y = —1/2 and a = 0, which corresponds to a Harrison-Zel’dovich spectrum of 
CMB fluctuations, according to Eq. , with an amplitude 

N~ gi (4.11) 


(we have absorbed into g; all dimensionless numerical coefficients of order one appearing in the spectrum (B.53)). 
Note that f, leads to a Bardeen potential with the same a, but with y = 2j.— 3/2. However, since again y > —1, the 
contribution to the SW effect is the same for f, and f, (see Section ii) 

The normalization of the axion spectrum to the COBE amplitude &4), according to Eq. (2.65), imposes the 
condition 


6-4 
56 w = 
CBW ~ N? (kino) 7" ~ gt (2) ai, (4.12) 
which implies 
164 — 116) 
logy gai= ~142n (4.13) 


(again we have absorbed numerical coefficients into g;, and we have used wo ~ 10718 Hz, w ~ gi710!4 Hz, according 
to ,8]). On the other hand, the allowed range for the spectral index (see Eq. (2.73), combined with the condition 
p< 3/2 (required to prevent over-critical axion production), implies 
14<p<1.5. (4.14) 
The combination of (4.19), (1-14) leads to 
3x 107? S gi = (Ai/M,) S 2.6, (4.15) 


which is perfectly compatible with the identification H, ~ M, (see Eq, (1.8). 

A stochastic background of massless axions, produced in the context of the pre-big bang scenario, is thus a possible 
viable candidate for a consistent explanation of the large-scale anisotropy observed by COBE. The important difference 
between AX and EM seeds is the non-conformal coupling of the axions to the metric, that leads to an additional 
amplification of perturbations after the matter-radiation equality. 

Another interesting case is that of a massive axion background, for which the f, contribution to the Bardeen 
potentials is negligible when the super-horizon modes are already non-relativistic at the time of decoupling, m > Hdec. 
As seen in the previous section, one then obtains constant Bardeen potentials, with y = 0, a = (n— 1)/2 = 3- 2u 
and 





= 1/2 
N=g? (4 ) (4.16) 
eq 


(see Eq. (B.64])), where we have set c,, = 1). A flat Harrison-Zel’dovich spectrum is again possible in the limiting case 
py = 3/2. The amplitude of perturbations, however, is enhanced by the factor (m/H,,)'/?, so that the value of the 
axion mass has to be bounded, to avoid conflicting with the COBE normalization (1.4). 

The allowed range for the spectral index, 0.8 < n < 1.4, and the condition p < 3/2 to avoid over-critical axion 
production, again imply for the parameter py the allowed range 4.14). In addition, the present axion energy density 
is constrained by the critical density bound, Q,(7o0) < 1, imposed at the peak frequency w,, of non-relativistic modes 
(see Appendix C). Actually, an even stronger condition is required for the validity of our perturbative approach, which 
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neglects the back-reaction of the axionic seeds on the expansion of the universe. Using Eq. (C25)) we thus impose the 


condition 
Hy \¥?2 (m\2-# 
Gin mwe (Ss 2) 264 
mm) ~ a (GE) (HE) soa. (4.17) 
which implies 
5 55 
(2 — 4) [logio(m/Heq) — logig g1 — 55] + 5 logio 91 + ae -1 (4.18) 


In order to find a possible AX mass window compatible with the COBE data, we now impose the normalization 
Cz ~ 1071 on the massive axion spectrum Eq. (B.64). From Eq. (2.65) we obtain 





m wey 
CEW ~ N? (kino) 2? & ot ( ) (=) Sto, (4.19) 
eg Wy 
from which 
pe [164 — logig(m/Heq) — 41ogy9 gi] /116 (4.20) 


(we have used w;/w o ~ 10°, neglecting the weak dependence of w, on the transition scale g,). By eliminating 
pw in terms of m and gj, according to the above equation, the constraints (4.14) and (4.18), plus the condition 
m > Haec ~ Heq (assumed for the validity of the spectrum (8.64)), determine an allowed region in the plane (m, H;) 
as follows: 


{ 10-19 (Mp/Hy)* S m/Heq S 10° (Mp/Hi)’ m & Heq: (4.21) 


[68 + logig(m/Heq) + 41logig 91] [logy9(m/Heq) — 55 — logy9 gi] + 58 (55 + 5 logy 9 91) S — 1. 
For a typical string cosmology scale, Hy ~ M, ~ (1071 — 10-7) M,, we thus obtain the maximal allowed window: 
10-77 eV Sm 1071" eV. (4.22) 


As illustrated in Fig. 1, the window is shifted towards higher values of mass as the final inflation scale is lowered, and 
the seed condition (4.17) becomes important only at low inflation scales, H,/M, S 10~". The stringent upper limit 
we obtained for the mass can be traced back to the simplest model of background used in this paper, that gives the 
same slope for the axion spectrum at low and high frequency (see eqs. (Coa. (C26)). It is not excluded that higher 
values of the mass may become possible in a more complicated model of background, giving a steeper high frequency 
spectrum. 


V. CONCLUSIONS 


In this paper we have considered the possibility that, in a string cosmology context, the large-scale temperature 
anisotropies may arise from the contribution of seeds to the metric fluctuations, and not from the direct amplification 
of the metric fluctuations themselves, as in the conventional inflationary scenario. We have discussed, in particular, 
two cases: one in which the seeds are EM vacuum fluctuations amplified by the growth of the dilaton field, and one 
in which the seeds are AX vacuum fluctuations amplified by the time evolution of a higher-dimensional background. 

In the case of EM perturbations we have found that the induced angular power spectrum of AT/T grows too fast 
to be compatible with COBE observations. However, the contribution of the seeds to the large-scale anisotropy may 
be consistently imposed to be negligible, without constraining in a significant way the basic parameters of the pre-big 
bang models. 

Massless AX perturbations, unlike EM perturbations, are also affected by the radiation — matter transitions. This 
changes the time dependence of the seed contribution to the Bardeen potentials and, due to the integrated Sachs- 
Wolfe effect, a flat or slightly tilted blue spectrum of temperature anisotropies can be induced, compatible with present 
COBE observations. Scale-invariant massless axion seeds thus appear as possible promising candidates for structure 
formation. Determining in more details the CMB anisotropy spectrum also on smaller angular scales requires however 
numerical simulations, which we defer to a future research project. 

For massive AX seeds the situation is qualitatively different if the mass is such that all modes outside the horizon at 
the time of decoupling are already non-relativistic. In that case the contribution to AT’/T is controlled by the axion 
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10g 19 (Hy /Mp) 
oo fa kN oN 
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FIG. 1. The phenomenologically allowed region is to the left of the curve Q, = 0.1, to the right of the vertical dashed line 
m = Heq, and lies within the full lines n = 1, n = 1.4, to avoid conflicting with present COBE observations (n < 1 is excluded 
by over-critical axion production). The shaded area defines the allowed mass window for an inflation scale H, = Ms, typical of 


string cosmology. 


mass, and a slightly tilted blue spectrum is still compatible with the amplitude and the slope measured by COBE, 
provided the axion mass is inside an appropriate window, in the ultra-light mass region. Higher values of masses may 


become possible in models with more complicated backgrounds. 

At smaller angular scales, an axionic origin of CMB anisotropies should lead to acoustic peaks in the spectrum, 
with a structure different from that of the standard inflationary scenario. This may in principle allow a test of models 
with axionic seeds through the very accurate observations of the CMB anisotropy planned in the near future Ba. A 
thorough investigation of this possibility is postponed to a future paper. 
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APPENDIX A: SACHS-WOLFE COEFFICIENTS FOR POWER-LAW SPECTRA 


Assume that the Bardeen potentials are given by power-law spectra as in Eq. (2.58), 


—_— { Cb) io ,  O(k) = Nk-3/2(k/ky)* , ns 


where « = kn, 29 = kyo, Laec = kNdec. The SW contribution to the angular coefficients C2 is given by 


ky 2a 
cpt aye [* (8) 
0 


a= 2 A2 
T k \ ky ) 


és 


where 
1 
I(k) = je(ao — 1) +/ x jp(xo — x)dx , (A3) 


Ldec 


and a prime stands for the derivative of jg with respect to its argument. 
We concentrate here on the case where y+1 < 0. Furthermore, we are interested in the situation where the integral 


in Eq. ((A2) is dominated by large scales (small values of k), and therefore taec < 1. In that case the integral I(k) is 
dominated by its value at the lower bound: 
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1 
I(k) x 
) Jl+-y| 


This leads to the following expression for the C?’s: 


. 1 bk. +1. 
ye. j¢(@0) = estar sppae-a(e) - sin leo) (A4) 








2 ( Naec ae) 1 = ~ dao 2(at+y+1) 
Ccsw =N?2= k 2a £ Y 
: ™\ No eye) fa 


7 loraelt ale) > Siete) jes) + Sit, (on) 


N2 9 is 2(y+1) i 
a (kino) 
ll+l? 7 \ 1 


2 2 
° fez 1 _ CERN; e array * ) a 
where, setting je = \/7/xJy_1/2, we find (Ref. [BG], number 6.574) for a+ 7 < 0, 
Ip = ‘i * drat 2 j2(2) 
0 ee — (A6) 
2 22+ P(—(a +9) + 1/2) PT (2— (a +9) 
1? = sf dx) Jy_y/2(22) Je4g/2(a) 
_r ets) taty tan 
2 2-2(0+NT(—(a + y) — 1/2)P(3/2— (a+ 7))PF@+1-(a+7)) 
1) = ef doa OT asa) 
ae T(-2(a + 7) T@+2+a+7) (A8) 


~ 22-24 TP (—(a + 7) + 1/2) PT (E+ 2 — (a +74) 
Finally, combining the above results, we obtain the result given in Eq. (2.70): 
csw NN? P(-2(0+7)) (mace)? 4-20 +1 +047) 
Yo eaeeine a) Oe 
. e bvan~yz , 2+) U2taty, E+1) £+1t+aty (A9) 
(204+1)2?l+a+y  (204+1)21/2-a—-y °° (2041)? 241-a-y7 
) 





It is interesting to note that, for a + y = —1/2, the mixed term ie 


vanishes, which is indeed what happens in the 
case of electromagnetic seeds (see Section [[V). 


APPENDIX B: THE SEED FUNCTIONS 
1. Electromagnetic Seeds 


For purely magnetic seeds, all the seed functions can be approximately determined by the energy density correlation 
function €), which leads to Eq. (3.30). The contribution of super-horizon modes (kn <_1) to the spectrum can be 
estimated in the limit z = k/k, — 0. In this limit 3 — y, cos? a — 1, and the integral (B.30)) reduces to 


k 
T= 





34,5 1 
a | dy y?** sin*(ykin), = w < 3/2. (B1) 
0 


The dominant region of integration is easily shown to be y ~ 1 for p < 3/4 and ykin ~ 1 for 3/4 < pw < 3/2. This 
gives 


ky a 8 k ky - < 3/4 
ic { Cena) Re) 9, 3/4 S < 3/2” (B2) 


modulo numerical factors of order one. This coincides with the result reported in Eq. (B.32). 
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2. Massless Axions 


For massless axions, the seed spectral functions are determined by the integrals 6.40), (B.50). The various terms 
appearing in the integrands turn out to give comparable contributions, so let us concentrate on the typical term 


k3 
1= 5 [ ap pk - pPEx(p)Ei(k — p). (B3) 


We distinguish different integration regions: 0 < p<k,k<p<_7', 171 <p < keq, keq <p < ki. The dominant 
integration regions depend on the value of y: but, for all yp < 3/2, they always lie at p > 7! > k. This is the reason 
why we always obtain a white noise spectrum. On the other hand, the behaviour in 7 depends on which region of p 
dominates. Specifically we find: 

1) For 3/4 < yp < 3/2 the leading contribution to I comes from p ~ 71, and gives the single term appearing in eq. 
(B.47). 
au pu < 3/4 the leading contribution comes either from p ~ k, (giving the first term in the square brackets of 
(B.47)), or (for w very close to 3/4) from p ~ n~' (giving the second term in the same brackets). 


3. Massive Axions 


For massive actions, the energy density spectrum is determined by Eq. (B.61), with 3/4 < y < 3/2. This integral is 
dominated by the region p ~ k, and its rough behaviour can be easily obtained this way. For a more precise evaluation 
we proceed as follows: the angular integration gives 


M\* mH. AY TRY - 
3 27,7" - 1 ee ie / 1-2 _ 9))2—-24 __ 2- 2p) 
oP (2) =o (2) (E) fave wee (BA) 
Defining t = y/z we obtain 
M\* mH. ki\8 (k\? 
k3 2) 2". — 1 ML ae 3-4 _ 
WP (S) =p (*) (-) eee (Bs) 


where, after some manipulation [B6], 


a= dt t)—# [(1 — ¢)?-*# — (1+ 4)? = 





= snail — 2u)P (2 — 3/4) [cos 2a(e — 1) — 1] (B6) 
and 
BS . dt t'~™¥ [(1 — ¢)?-7# — (14+ t)?-74] (B7) 
1/z 


By evaluating this second integral in the limit z — 0, we obtain 


Bu gt <a. (B8) 
so that 
4 6 6-4 
M mH A k k a 
|) = 3/4<p<3/2 B 
\fol ( ~) 167?(p — 1) a ky ? / LU / 9 ( 9) 
as reported in eq. (B.62)). Note that there is no singularity for 1 = 1, as 
. (2 — 2p) An? 2 
lim [cos 27(2 — 1) — 1] = ———, (pu — 1)* = const B10 
at GD GP oa 
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APPENDIX C: NON-RELATIVISTIC CORRECTIONS TO THE AXION SPECTRUM 
For a massive-axion perturbation o, the string frame action 
1 
S= 5 | ttev=Ge" [(Ou0)” —- m?o7| ; (C1) 
in a conformally flat background, can be written in terms of the canonical variable 


w = 20, Z= ae?!/? (C2) 


as 
oe 5 | edn G — (Aj)? + 2 2 _ mea?| (C3) 
2 Zz 


(the dot denotes differentiation with respect to the conformal time 7). The Fourier modes 7, satisfy the perturbation 
equation 


We + ( = - ae nea?) vp = 0. (C4) 


We shall consider the background transition at 7 = 7 from an initial pre-big bang phase in which the axion is 
massless, to a final radiation-dominated phase in which the dilaton freezes to its present value, and the axion acquires 
a small (in string units) mass. For 7 > 7 the solution of Eq. (C4) depends on the kinematics of the pump field z 
and, after normalization to an initial vacuum spectrum, it can be written in terms of the second-kindHankel functions 

as: 


be(n) = 9/2 H®) (kn). (C5) 
In the radiation era, 7 > m, the “effective potential” Z/z is vanishing, and the perturbation equation reduces to 
de + (k? +07?) ve =0, (C6) 
where we have put 
2,2 


ma? = a? 1, a =mH,ai, (C7) 


using the time behaviour of the scale factor, a ~ 7. 
Assuming that the mass term is negligible at the transition scale, m < k/a, we can match the solution (C4) to the 
plane-wave solution 





ve = Fe Leelee], i 
and obtain: 
c+ = +c(k)e*", le(k)| ~ (e/kn) 8-1/2. (C9) 








(We are neglecting, for simplicity, numerical factors of order 1, which are not very significant in view of the many 
approximations performed. Their contribution will be included into an overall numericalcoefficient in front of the final 
spectrum.) In the relativistic regime, the amplified axion perturbation then takes the form: 


c(k) 
aVvk 





o(k,n) = sin(ky), (C10) 
used in Section [III C for the massless-axion case. 

In the radiation era the proper momentum is red-shifted with respect to the rest mass, and all axion modes tend to 
become non-relativistic. When the mass term is no longer negligible, the general solution of Eq. (C4) can be written 
in terms of parabolic cylinder functions Pd. For an approximate estimate of the axion field in the non-relativistic 
regime, however, it is convenient to distinguish two cases, depending on whether a mode k becomes non-relativistic 
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inside or outside the horizon. Defining as k,, the limiting comoving frequency of a mode that becomes non-relativistic 


(km = Map) at the time it re-enters the horizon (kp, = HmG@m), we find, in the radiation era, 
mi 
a ae Cll 
Im =k (7) (C1) 


We will thus consider the two cases k > ky, and k < km. 
In the first case, we rewrite the perturbation equation (ce) as 
day 


dx? 





2 
+ (=-») de=0, 2=n(20)'?7,  —b=k?/2a, ery) 


and we give the general solution in the form 
w= AW(b,x) + BW(b,-2) , (C13) 


where W(b, x) are the Weber parabolic cylinder functions (see [29], chap. 19). In order to fix the integration constants 
A and B we shall match the solutions (C13) and (cid) in the relativistic limit 


ie i —4b 
= ape 


In this limit, as we are considering modes that become non-relativistic when they are already inside the horizon, 


(A) ~ 7 ~ (—b) > 1, (C15) 


we can expand the W functions for b large with x moderate P29}. Matching to the plane-wave solution (C10), we 
obtain A = 0, and 


c(k) 
We aa 





W(b, —2). (C16) 


In the opposite, non-relativistic limit x? >> |4b|, the expansion of the Weber functions gives 





Wk & mae sin (=) (C17) 


(we have used «?/4 = man/2 ~ m/H). The corresponding axion field is (inside the horizon) 





o(k,7) = a sin (=) j k > km. (C18) 


Consider now the case of a mode that becomes non-relativistic when it is still outside the horizon, k < km. In this 
case, we cannot use the large |b| expansion as |b] < 1, and it is convenient to express the general solution of Eq. (C13) 
as 


where y; and y2 are the even and odd parts of the parabolic cylinder functions Po. Matching to (Cid), in the 
relativistic limit « — 0, gives A = 0 and 


E\ V2 
Wr & c(k) (=) ya(b, x). (C20) 
In the non-relativistic limit x? >> |b| we use the relation eg 
1. 
y2~ [W (b, r) - W(b, —2)| 4 VE sin 4? (C21) 


which leads to 


25 


ito (e)" sin (=) (C22) 





(an)? La 
Using Eqs. (C15) and (C11) for k?/a, we finally arrive at the non-relativistic axion field presented in Eq. G14): 
c(k) k\? (Hy\ 4 oom 
0 (E(B) eG). ete 
a(k, n) Pe (=) 7 sin( >) k<k (C23) 


For later use, it is also convenient to define the spectral energy density in critical units, Q,(w) = d(p/p-)/dlnw, 
associated with the stochastic axion background in the three different regimes defined before. 
For relativistic modes we find, from Eq. (C10), 


3-2u 2 A 
wait sa () 
Qe(w) ~ gj (=) (4) ai m<w<wi. (C24) 
For modes that becomes non-relativistic after re-entry we find, from Eq. (C18), 
2-2 2 
m {w Ay a,\3 
OQ, og — — (=) a : C25 
wat (=) (By) (Gy. encw<im (025) 


For modes that becomes non-relativistic before re-entry we find, from Eq. (c23), 


wwomaa)()"GY ET cs 


The last two spectral distributions are constant during the matter-dominated era, and the last one corresponds to the 
spectrum of the Bardeen potentials, as given in Eq. (B.63)) 
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ABSTRACT 


A class of two-dimensional globally scale-invariant, but not 
conformally invariant, theories is obtained. These systems are 
identified in the process of discussing global and local scaling 
properties of models related by duality transformations, based 
on non-semisimple isometry groups. The construction of the dual 
partner of a given model is followed through; non-local as well as 
local versions of the former are discussed. 


e-mail address: elitzur@vms.huji.ac.il 
e-mail address: giveon@vms. huji.ac.il 
e-mail address: eliezer@vms.huji.ac.il 
e-mail address: ftschwim@weizmann.weizmann.ac.il 


1 
2 
3 
4 
e-mail address: VENEZIA@NXTH04.CERN.CH 


1 Introduction and Discussion 


The large amount of constraints imposed by conformal invariance in two di- 
mensions has enabled the exact solution of many such systems. The question 
has arisen time and again whether the same symmetry and results could be 
obtained by requiring only the global scale symmetry. In this paper we deal 
with various aspects of this issue in two-dimensional field theories, aspects 
that have emerged rather unexpectedly in the process of mapping one theory 
into another by discrete transformations of target-space-duality type. 

Duality relates two different geometries by establishing an isomorphism 
between the sets of harmonic maps from S$? into the two manifolds. A stan- 
dard procedure exists for discovering the dual partner of a given manifold, 
when the latter possesses a continuous group of isometries [fl]. 

In ref. {P], a flat manifold was discovered for which the dual partner 
resulting from this procedure, when applied with respect to a certain group of 
isometries, is a manifold whose corresponding two-dimensional sigma model 
is not conformal. An explicit calculation of the G-functions corresponding to 
this model shows not only that they do not vanish, but also that they cannot 
be cancelled by an appropriate dilaton term. This shows that duality, in 
the above sense of correspondence between classical sigma model solutions, 
is not sufficient for the equivalence of the two quantum models on a curved 
worldsheet background. 

It was pointed out in ref. that the group of isometries used in this 
example is non-semisimple, and contains traceful structure constants. It was 
also suggested that these features are related to an anomaly. The anomaly 
was identified in ref. [f] as a mixed gravitational-gauge or conformal-gauge 
anomaly. Its origin is in the possible dependence of the Jacobians — related to 
the passage from the original coordinates to the dual ones — on the worldsheet 
metric and the traceful isometry generators. 

In this paper we show that the Jacobian appears in the form 


det(MN)/(det M det NV), 


and therefore, to have an overall anomaly it is crucial to have a multiplicative 
anomaly fh], #.e., det(MN) ¢ det Mdet N. It turns out that, while the 
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dependence survives for the mixed gauge-conformal anomaly, for the pure 
conformal anomaly it cancels. As a result, in the dual sigma-model action 
the duality process generates an additional non-local term proportional to the 





trace of the generator and to 4R®), where R®) is the worldsheet curvature. 











(This term is essentially the additional term which duality induces from the 
anomaly term of [H].) 

We use these results to study the worldsheet-metric dependence of mod- 
els emerging from such an anomalous duality process. Let A be the original 
model with the invariance group of isometries, and B’ the sigma model re- 
sulting from the duality procedure (the “prime” on B will be explained later). 
We first stress that, since the only difference between B’ and A is the calcula- 
ble and well-controlled non-local anomalous term, the extra dependence of B’ 
on the conformal background should cancel exactly the background depen- 
dence of this term. In particular, if A is conformal, the ordinary geometric 
calculation of the G-function of B’ should be cancelled by the variation of the 
anomaly term with respect to the background conformal factor. We check 
this in detail for a few examples, including that studied in P]. 

On a flat worldsheet background, the sigma models A and B’ are already 
equivalent. In particular, their spectra are identical. This is confirmed by 
the result that the anomaly is proportional to R?). In the case in which A 
is conformal, the spectrum of B’ must be massless as well. Next we recall 
some general features of massless 2-d sigma models. 

The simplest situation is when the model is truly conformal, 7.e., when 
there exists a local, traceless energy-momentum tensor Tyg. The (-function 
equations give a vanishing result. As a consequence, in this case the model 
can be coupled to a two-dimensional background metric in a Weyl-invariant 
manner at the quantum level. It could happen that such a local traceless 
tensor does not exist. Since the spectrum is massless, there should exist a 
local, conserved dilation current D,. From the relation between Ty, and Dy, it 
follows [6] that in this case the trace of the energy-momentum tensor must be 
a total derivative. The -function equations no longer give zero; however, the 
deviation from zero can be absorbed in a “wave function renormalization” , 
i.€., a reparametrization of the fields, and in a gauge transformation of the 


antisymmetric tensor which enters the sigma model [f/, 6]. Explicitly, the 
@-function with respect to the target-space metric G,, has the form: 


Bou = V péy air Vién; (1.1) 


where €,, defines the reparametrization. For a general €,, one cannot define a 
local Weyl-invariant coupling to the background metric. If, however, €, has 
the special form: 

Eu = On, (1.2) 


where ® is the “dilaton” field, a local coupling can be defined involving the 
curvature, and an “improved” traceless energy-momentum tensor exists. 

Our case of a sigma model B’, resulting by an anomalous duality process 
from an originally conformal theory, is of the type of a massless nonconformal 
theory. In fact, the representation of its 9-function as resulting from the vari- 
ation of the anomalous term with respect to the conformal worldsheet factor, 
makes it explicit that these G-functions are total derivatives representable in 
the form of eq. ({L-]]). 

We will study two such examples. One will turn out to be improvable by 
a dilaton term. The other example, that of P], develops a -function which 
is a total derivative, but not improvable by a local background-dependent 
term. We have thus found a genuine example of a two-dimensional, scale- 
invariant, interacting non-conformal model. In ref. it was proved that for 
a unitary theory in d = 2 with a discrete operator spectrum, an improved 
energy-momentum tensor always exists. Our example is, necessarily, a non- 
compact sigma model. Similar situations arise in higher dimensions at the 
tree level for gauge theories based on n-forms |Q). 

Note, however, that this apparently non-locally improvable B’ model is 
actually improvable in a more general sense. One can “improve” it by adding 
to its action the non-local background-dependent anomaly term, and then 
re-express it in a local form by passing to the language of the A-model which, 
in the presence of the anomaly term, is completely equivalent to it. 

The paper is organized as follows: in section 2, we discuss in detail the 
procedure of non-Abelian duality [}] (for an isometry group acting with no 
fixed points [B]), in particular the appearance of the anomaly. In section 
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3, we show how the original A-model can be recovered. In section 4, we 
discuss the B-model related to it, 2.e, the B’ sigma model together with the 
(non-local) improvement. In Section 5, we discuss an example where the 
reparametrization needed is of the form (1.2) and, therefore, models A and 
B are equivalent after a dilaton-type correction to B’ is made. In section 
6, we discuss the model proposed in [Bj: model A is conformal but model 
B’ is just dilation invariant. In section 7, we discuss how the anomaly can 
be understood in terms of Ward identities in a flat worldsheet background. 
In section 8, we discuss some alternative local representations of the mixed 
anomaly term, in a higher dimensional sigma model. A general form of 
the anomaly for a non-compact group and a general proof of the dilaton 
corrections are discussed in two appendices. 


2 The general case (without isotropy) 


As in ref. |B], we can consider a target space with coordinates g that trans- 
form as g — ug for u in some group G, and further coordinates x’ that are 
inert. A general action can be written in the form 


1 = co 
Slo,2] = == f bz (Basla)(g"'09)*(g" 189)" + FE(a)(9"109)*3e% 
+ Fk(x)dz'(g-'0g)? + Fij(x)Ox'dx! 
— &(x)d00) , (2.1) 
where 
(g 10g) =tr(T*g 10g) = g 10g =(g 10g)°T, , ete. (2.2) 
The generators T,, a = 1,...,dim(G), obey 
[Ta, Ts] — Japles (2.3) 


and the “dual generators” T are defined by the condition 


(HET a6 (2.4) 


In eq. (2.]]) the background matrices Oe cae ee and the dilaton ® 
depend only on the coordinates x’. Here z = (¢,+i€2)/W2, 2 = (G, —it2)/V2 
are complex worldsheet coordinates, 0 = 0/0z = (0; —i02)/V/2, 0 = 0/02 = 


(0, + 102)/V/2, and o(z, Z) is the worldsheet conformal factor, i.e. 
= 1 
ddo = qvnRr®, hez =e", (2.5) 


where h is the worldsheet metric (in the conformal gauge) and R®) is the 
worldsheet curvature. 
The quantum field theory is defined by the functional integral 


Zo= [Pus De e591 (2.6) 


(for future use, we label this partition function as Zo). Here Dzg is the left 
invariant measure (which is required for consistency with the isometry that 
acts from the left, g > ug) PI 


Dig = I] (9 'dg)", (2.7) 
and Dz is the rest of the sigma-model measure (Dx = J], ; \/det (Fj;) det (Eg,)dz, 
if PF! = FR = 0), 

We now rewrite the theory (2.6) by inserting the identity I = { Dig 61(g,9). 


The (left-invariant) delta-function sets g = g and allows, in particular, the 
replacement of g~!0g by g~'09: 


Zo= [Px Dig 0i(G,9) Dae oe", (2.8) 
where 
1 a = * 
Sig,g,2] = 5 | bz (Easla)(9"109)"(9" 189)! + FF(x)(g-1dg)*0a 
+ Fh(x)dx"(g7'0g) + Fij(x)Ox' da! 
= 59(2) VaR). 29) 


® For semi-simple groups there is no difference between left and right invariant measures; 


however, for general groups they may differ. 


At this point we define a vector field A, A in terms of the group variables 
9,9 €G: 
A=g"'0dq, A=g'09. (2.10) 


Changing the integration variables from g,g to A, A one gets 
a [DA DA det(DA/Dzg)~! det(DA/D,g)~ 


x 6(F) det(DF/Dzg)|gag 344", (2.11) 


where S[A, A, x] is given by inserting eq. (2.10) into S[g,g,z] (2.9). In eq. 
(2.11) F is the field strength, 


F(A,A) = 0A—OA+[A,A] = g'O(fUOf)g = FOF FG, 
7 = a6 (2.12) 
and we have used the equality[] 
61(9,9) =5(F)detN, N=(DF/Dzg)\|j~9- (2.13) 
Calculating N (by using eqs. (2.7) and (2.12)) we obtain formally 


N = M(A)M(A), (2.14) 


where 





M(A)=04[A,],  M(A)=0+[A,]. (2.15) 


Next we replace the F' = 0 delta-function with the constraint imposed by 
a Lagrange multiplier term in the action, namely, 


6(F) = [Pa ean | Patra (2.16) 


’ The equality (b.13) is only correct locally: 5(F’) constrains the curvature to vanish, but 
does not force the connection A to be trivial on a non-zero genus worldsheet. Therefore, 
to correct eq. 13), we need to sum 6z,(g, g) over all flat connections. We will not address 
such global issues fi}, i, here. Moreover, as F = 0, one could involve in the process 
of duality any function of F' which would vanish for F = 0. Such terms lead, in general, 
to very complicated non-local theories, all equivalent. This structure can, however, be 
removed by applying non-local field redefinition. 
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Here 
F=FT, X=dT* > trrAF =)\.F*. (2.17) 


Finally, we should deal with the Jacobian of the change of variables from g, g 
to A, A: 

det(DA/Dzg) det(DA/D1g) = det M(A) det M(A), (2.18) 
where M(A), M(A) are given in (2.15). The precise manner of calculating 


these determinants is given in []. 
Altogether, the partition function takes the form: 


y= fr Dz DA DA cM4A4) e-SIAA Aa], 
eHAA) — PE ereanete (2.19) 
where 
SIA,A Aa] = = = Pz (Eqs(2)A°A? + FE (x) A*O2" 
“a + F,(a)de'dx) — 2B(x )VaAR® 
+ d(OA* — AA + fp,A° A°)) (2.20) 





In the following, we discuss the evaluation of the determinants term in 
Z (2.19): exp J(A,A). Naively the determinants would cancel; however, 
there is a possibility of a multiplicative anomaly []. It is convenient to use 
a covariant notation and to replace the determinants by actions involving 
bosonic ghosts 3,,7,7/ (here a = 1,2 is a worldsheet index) and fermionic 
ghosts 6, c: 


ela) / DB Dy Dy Db De 
x exp [a tr[Whh® (B¢Dsy + bDaDsc) + BoD°y')], (2.21) 
where 


Bo = BooT®, YET YET, b=aT*, c=eOT, 


Da = Oat |g *809,],  _D* = °° Da. (2.23) 
In deriving (2.21) we used the fact that 


(D4 D (Dy =D.) =oD°D:, (2.24) 


if the field entering D, is a pure gauge. 

The ghost actions are formally conformal invariant as well as gauge in- 
variant under g — gu, with all ghost fields transforming in the adjoint rep- 
resentation: c > u-tcu, b — u-tbu. A new type of anomaly may appear 
coupling the background worldsheet metric to the gauge field [B| Mj. This 
anomaly can be studied by considering for the free part of (2.2]]) the correla- 
tor between the energy-momentum tensor and the vector current V.~ coupled 
to the gauge field (note that by giving a negative intrinsic parity to y’, its 
gauge coupling can also be considered vectorlike): 

#4 ___ pas gyy2(@) = 82°1(¢- 8 (2.25) 
Vihiag(@VROA8(E) es | : 
1 1 
er = 5Vh tr(@*D*y — 5h? 6°Dsy) + (a 8), 
L os 


a =s f6 ad ba 1d 9 ad ; 99 
Vi Vh 6 At foal bey ar Bre i beV c) ( 6) 


Note that T°? in (2.24) does not involve 7’. This energy-momentum tensor 
is invariant under the group G. Taking the expectation value of the commu- 





tator of T*’V,7 with an isometry generator Q,, and using [Q,, T°°] = 0, and 
Q»|0) = 0 which implies ([Qy, T°°’V]) = 0, one obtains 


(T*"[Qs, Va']) = 0. (2.27) 


Therefore, the correlator (2.25}) can be non-zero only for a group index which 
does not appear on the right-hand side of a commutator [Q,, V,|. Note that 
all the generators which do appear on this right-hand side necessarily have 
zero trace (because the trace of a commutator is zero). The necessary and 
sufficient condition to have such “quasi-Abelian” directions is for the group 
to be non-semisimple [3]. 


The kinematical constraints on the correlator (2.29) on a flat background 
are very simple to analyse: the correlator depends on ¢ — € and, therefore, 
its Fourier transform S depends on a single momentum gq”, and its general 
kinematical decomposition has the form 


SoP7 = Agn®q? + Ba(n®q? + 9%q%) + Cag? aq", (2.28) 


where Ag, By, Cy are invariant amplitudes depending on q? only. Using eq. 
(2.28}]) it is easy to show that at least two out of the three Ward identities, 
following from the conservation and tracelessness of T°? and the conservation 
of V°, should be violated. In particular, if the conservation of T@’ is imposed, 
$7 has a unique form in any dimension d: 


5oF1 — Ky (ne? — q%q?\(q7) eq", (2.29) 


where K, are dimensionless constants. The expression (2.29) violates the 
conservation of the vector current. It follows that, if dimensional regular- 
ization can be used, the correlator will vanish identically. Therefore, the 
only possibility to obtain an anomalous correlator is to have in the action 
a ys or €*?. We conclude, therefore, that the b,c action corresponding to 
det(M(A)M(A)) does not have an anomaly ®. In order to calculate the co- 
efficient K we isolate the convergent C' amplitude in the Feynman diagram, 
the other amplitudes being determined by the choice of which Ward identity 
is preserved. We obtain: K, = 1/47 (tr T,). 

On a general background, covariantizing (2.29) and using eq. (2.25), the 
simultaneous variation of J with respect to the background metric and gauge 
field is 


oJ alr Ta) | Cae S297(¢ — €)\Vhd hag (6) VRS ASE) 


alr Te) f Coben YHO 


8 If we studied det(M(A)M(A)) in a general A-background, the anomaly could appear 
only in the unnatural parity part; for this type of anomaly the current conservation can 
be imposed, and therefore the anomaly vanishes for a pure gauge configuration, leading 


again to the same conclusion. 
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aye 
VN") 5V7 AM ()dTraa (6). (2.30) 














ee 
x (PC =) 
In the conformal gauge, hag = exp(—2c) nag (2.5), one finds 
1 
J = -s(trT) / PoVIho VAS 0. (2.31) 
T 


We remark that, potentially, there could be an anomalous contribution 





involving just the metric (the standard Polyakov anomaly, VhR®) +R), 











The explicit expression (2.2]]) shows that we have a bosonic (3-7 system, 
with c = 2, and an anticommuting complex scalar (b-c), with c = —2, coupled 
to the background worldsheet metric. Therefore, the anomalies cancel and 
there is no multiplicative anomaly depending just on the metric. The central 
charge, c;, of the system described by eq. (2.19) is equal, by construction, 
to the system described by eq. (2.1). For semisimple groups, one can show 
that the system in eq. (2.20) already has a central charge c;, leaving for the 
rest of the system, e” in (2.19), only a zero central charge. This result was 
obtained above by assuming that (b,c) was a scalar pair. With such a scalar 
pair, one can show that the numerator in e’ (2.T9) can be regularized in such 
a manner that it leads to no mixed anomaly. 

From eq. (2-3]]), we see that for a non-trivial worldsheet metric and gauge 
fields, an anomalous as piece appears in the effective action: 


Snenioad = ar Le ) f Px(5 aA 5A") ViR® 
7 he, In(det M(g) det M(g))000, (2.32) 


(here we are back to complex worldsheet coordinates) where M,°(g) is the 
adjoint representation matrix, i.e. 


gh.g = MOR > M9) =rote 'T"). (2.33) 


The proof of the second equality in (2.32) is given in Appendix A. We should 
note here that det M is not a constant if Ti, is not traceless for some a: 


trT, #0 => det MA1. (2.34) 


iL 


Explicitly, if we parametrize 
g(0) =e", (2.35) 


then 
in det g=t Ing=ir O'T,: (2.36) 


(Obviously, the matrix g is equivalent to M(q) if the generators TJ, are in the 
adjoint representation.) 
To summarize, the theory is now defined by the functional integral 


Zz = [DA DA PLDs e (SAAN +36 f dz n(det M(g) det M(g))00) 
(2.37) 


where S[A, A, A, 2] is given in (2.20). 

Starting with the theory (2.37), we now consider two avenues which we 
call the “A-model” and the “B-model”. One gets the A-model by integrating 
out the Lagrange multiplier. On the other hand, one gets the B-model by 
integrating out the gauge field’. 


3 The A-model 


By construction, integrating out in (2.37) constrains the gauge field to be 
pure gauge (g = g), and we get 


ZA _ [DA DA 6(F) Dx eo (SIAA.A,2]+SnontocallA,A,7]) 


9 An alternative way to get (B37) from 6) is to gauge the G-symmetry of 
the action S[g, xz] with non-dynamical gauge fields (i.e., without a F? term) by minimal 
coupling: 

g Ogg "(8+A)g, g dg 9°*(0+ A)g, 
(here A = A°T, transforms as A > u(0 + A)u~, etc.), and add the Lagrange multiplier 
term, tr\F’, that constrains the gauge field to be (locally) pure gauge. Then, after choosing 
a unitary gauge, g = 1, and adding the non-local term to cancel the trace anomaly A, 4, 
one recovers (2.37)). We chose not to work with such a gauge theory, in order not to 
deal with the problem of a gauge-invariant measure for the gauge field in non-semisimple 
groups. 
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[Ps Drg 61(9,9) Dx e199 


= [Pus De e~ 19-41, (3.1) 


Here S[g, 2] is given by (2-]]) and Shontoca[A, A, o] is given in (2.32). There- 
fore, we get that the A-model is equivalent to the original model 


Guy Fue / DygDze~591 (3.2) 


(up to global issues [B, that we do not address here). 


4 The B-model 


To integrate out the gauge field A, A in (2.37) it is convenient to re-express 
the non-local part of the action in terms of A, A and the conformal factor o. 
The non-local part takes the form 


_ 1 = 
Snodtoral|A,A,c| = ae | sto ) det M(g))000 
S07) ) fbe(5 = ee 54°) ViR® 
“WT, 9 _ a 
=: “ls fg o(A%do + A%Ao). (4.1) 


The action S[A, A, A, 2]+ SpontocailA, A, o] is bilinear in A, A (it is actually 
linear in A and in A, separately). Therefore, integrating out A, A is simple 
and leads to 


G5 = / D) Dr DA DA e~SIAA*s2]4 SnontocallA,A,2]) 
= fr Dx det N(x, \) e581, (4.2) 
where the dual action Sp is 
PaAe.¢| = [ee (FjOx' dx! — (® — Indet N)000 
+ (Odq — Ox FE + trT,00)N® (OX + Fea! — trT,0o)) : 
(4.3) 
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and 
N(x, A) = [(E(2) + is Gallas (4.4) 


Here the shift of the dilaton comes from a Jacobian factor that arises from 
integrating over the gauge field (see Appendix B), and the matrices f¢ 
have the structure constants as components (f°)ay = f%,. 

Equation (2.3) is our key result: generally it is non-local, since o appears 
explicitly in a form which does not allow its replacement by the curvature, 
without the use of the inverse Laplacian. Since by construction (4.3) is the 
form equivalent to model A, after the quantum corrections are taken into 
account we can read off the non-local corrections to the energy-momentum 
tensor needed to make the two models equivalent. The variation with respect 
to o gives the trace of the energy-momentum. Therefore, the explicit o- 
dependent terms in (f.3)) give the difference at one-loop level between the 
traces of the energy-momentum tensors for models A and B’ (recall that B’ 
is the sigma-model part of the B model, without the (non-local) dilaton-type 
correction). From the explicit expressions we see that this difference will be 
always a total derivative. This means, as discussed in the introduction, that 
if model A was conformally invariant, then model B’ will have at least a local, 
conserved dilation current. Moreover, if model A is conformal invariant, then 
(4.3) is by construction o-independent. Therefore, since the total variation 
with respect to o is obtained by the G-function equations in addition to the 
explicit o dependence, we can directly obtain the G-functions of model B’ by 
taking (with negative sign) the o-variations in (f.3). 

We discuss now two typical examples. 


5 Example 1 


In this section we present the first example. We discuss a two-dimensional 
group Gyp with generators T,, a = 1,2, that we write in the adjoint repre- 


pee, geo, GD 


sentation as 
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They obey the algebra 
[J, P] =P = jp jp =4, (5.2) 


and all other commutators and structure constants are 0. The dual generators 


T° are given by 
reo ol o M=S=J. (5.3) 


It is easy to check that (2.4) is satisfied. 
We parametrize elements u(a, 3) € Gyp by 


u(a, 8) = ee! = (, ») ; (5.4) 


It is easy to check that u(a, 3) obey the group product 


u(a, B)u(a’, 8") = u(at e¥a’, B + 6’), (5.5) 
and the inverse is 
u(a, 3) = u(—ae~®, —8) = ee 6) (5.6) 


To write Gy yp invariant actions it is convenient to parametrize g € Gyp 
by 


Ab0=(4 y-1)- (5.7) 


Then the isometry acts as 


1 0 
Hox) 98x) = Wa, BOI=(y Gna) 68) 
e (x’) 
where 
¢ =&bta, x’ =e Fy. (5.9) 
The Gy yp invariant elements in the action are constructed out of 
)? = tr(P'g 0,9) = xOud, 
tr(J'g 0,9) = —x7'Oux. (5.10) 


(g-'Oug 
(g-'0,.9)” 
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For example, we will choose the action 
Slé.x) = | Pz ((g-109)" (9° '89)" + (g-109)"(g-199)") 
ee 2 qy 
= -> Ls dz (Obdx + Axd0). (5.11) 


This action is of the form (2.1) with Ep; = Eyp = 1, and all other back- 
grounds are 0. The background is a flat Minkowski space in two dimensions 
and, therefore, the A-model is conformal. 

To find the B-model we need the background matrix N (#4): 


1 ( 0 1+ Ap 


N(x, d) = (E(x) + def)” i. ao ©) 


~ 7233 
Using 
1 
det N = —>— , il, = Gra! ]o (5.13) 
1 
one finds 
1 = - _ 
Sts = — | dz ((Ora chen +In det N dc) 
= i = | &z( pe hos + 0X,;0Xp) + total derivative), 
(5.14) 
= DdpDX 
Gn J ee (5.15) 


1 


The background in Sj is a 2-d flat Minkowski space up to a conformal factor: 
ds? = e°P)(O\pOA; + OAJOAP), — p(Ap) = —In(1 — 3), (5.16) 
and the curvature is 


0 O 
R= —4e7P@P) — (X53) = 0. (5.17) 
Oy, Orp 
Therefore, the B-model is flat. os coordinates to 


ddb=s— dp, dy = ay, (5.18) 
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we get 


Zp = [ Dé Dye SX), S[6,x] = ~~ f d= (a6 + 2x49). (6.19) 


Therefore, the B-model (6.15) is equivalent to the A-model (6.11). 

The fact that the B-model could be written in a local form, although the 
anomaly was present, derives from the two-dimensional target-space nature. 
In two dimensions any € appearing in eq. ({[I.]]) is of the type ({[.2). Therefore, 
the energy-momentum tensor is improvable by a dilaton term. Indeed, in the 
example above, the term induced by the anomaly is of a dilaton type (up to 
a total derivative), and moreover, it exactly cancels the usual dilaton term 
arising by duality. 


6 Example 2 


In this section we present the four-dimensional Bianchi V cosmological ex- 
ample considered in ref. [2]. We discuss a three-dimensional group Gy with 
generators T,, a = 1, 2,3, that we write in the adjoint representation as 


00 0 00 0 00 0 
T={0 10], h=]10 0], T%={0 0 0]. (6.1) 
001 00 0 10 0 


They obey the algebra 
[T1, T2] = Ta, [T1, T3] = 73, [2,73] =0 > 








fis fis 1 — fi — fii, fa =9 otherwise. (6.2) 
The dual generators T® are given by 
r 1 z : 
PS si Ma). Fe SsUa). (6.3) 
It is easy to check that (2-4) is satisfied. 
We parametrize elements u(a, B) EGn. = (31, G2) by 
: 0 
u(a, 8) — e1T2t+beTs,oT1 _ 7 0 (6.4) 
Oe 
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=> 


It is easy to check that u(a, 3) obey the group product 


=>. > 


‘)=ulat+a’, B+ e%B’), (6.5) 


= 
2 

x 
Q. 
Ww 


1 0 0 
u'(a, B) = u(—a, —Be~*) = (a c= | (6.6) 


Let 9(¢,xX) € Gv, X = (x1, X2) be 
1 O O 
9(¢,X) =|} x1 e® 0}. (6.7) 
X2 0 e? 


Then the isometry u acts on g by a left multiplication 


> 


9(¢,X) > 9'(¢,X) = ula, B)9(¢,X) = 9(o+a,e°R+ 8). (68) 
The Gy invariant elements in the action are constructed out of 


(gg 0,g) = wri" 9g0,4) =0.0, 
(g-'0,g)? tr(T*'g~'0,.g) = e *OuX1; 
(g"G,9) = tr(P"g Gig) = € 90,5. (6.9) 


To write the four-dimensional Bianchi V model we choose to insert in eq. 


(2.1): 


e={th, E,(t)=a(t)os, F)=-1, FL= FF =6=0. 
(6.10) 
The action takes the form 


S{6,x.1) = 5 f az (alt)%6u0(97209)*(" 20a)? — 0108) 
= = i d*z ( — Ott + a(t)”[a¢a¢ + e (Ax Ox + Ax20x2))). 
27 


(6.11) 
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Conformal invariance requires 
alt) =t: (6.12) 


In this case the metric is flat (it is the interior of the light-cone in Minkowski 
space). In the following we consider the conformal model (6.11), (6.12). 
To find the B-model we need the background matrix N (ff.4): 


1 t* = —=)ot? ~— —Azt? 
Fi aa Ce A) a (2@+r6f |” a 72/44.) \2) DY Net? - + 2 —AoA3 5 
ee + NS + Az) Agi? —AoA3 t4 + AZ 
(6.13) 
Using 
1 
 — —————— TT, =(ir 70; = 20. 14 
tN ae) le a on 
one finds 
1 : : 
Spd.) = = if dz ((Ora + 26100) N® (Ay — 26450) 
Otot + In det N 000) 
= SolA, ¢] Oi [, ¢] a SoA, t], (6.15) 
Sold, t] = 2- [ dz (AX,N*(t, NTA + In det NAc (6.16) 
OL”; Fee a ) b ) 
2 : : 
SPA,t] = = / dz 0(D(N(t, )OAx) — ONY (t, AAs). (6.17) 
2 . 
SalA,#] = — 5 / @z N“(t,)d0do. (6.18) 
TT 


The A-model is conformal and, therefore, one expects the B-model to be 
conformal, 2.e., 


OSB 6(So + $1 + So) 


tT— = Ty; = 0 = n——__——<_—_ = Th 4+T,+T%. (6.19) 
do oo 
Variation of Sp with respect to the conformal factor o gives 
dS 0 1 lav J 1 _ 
ae = ie = 5 crs (X) + BB,,(X)|OX Ox + 5 Pa(X)d00, (6.20) 
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where 


Stes. ® = —In det N, 
1 
CG, = 5(N eA ey 1, otherwise Gj = 0, 


| 
BS rica — Nt) otherwise B;; = 0, (6.21) 
and to one-loop order the beta-functions are |[I4] 


1 
Bar,, = Rr -=H7,;-ViVs, 





4 
1 1 
Gay = —5V" Hux = 5V PAK, 
1 2(c—4 
pe = R- Tull — 2V°6 — (V6)? — - ) (6.22) 
where 
Aijx = VirBix, Hi]. (6.23) 


Variation of S; and S_ with respect to o gives 


nek = Ti = O(N“(t,r)OAq) — O(N*(E, A)OAv) + O(0), 
(ot AT UO), (6.24) 
00 


Here the leading order comes from naive variation with respect to a; higher 
order corrections in o require more careful regularization of (6.17),(6.18), as 
done in deriving TY, (6.20). We should note that the leading order contri- 
bution to T}, + T is a total derivative. As will be shown below, using the 
equation of motion 

be 


O(N OX») + O(N™OAg) — = 


5 ONDA, = 0+ O(a), (6.25) 





one finds that 
P+7T.4+T2, =0+O0(0). (6.26) 
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In the following we present the detailed calculations. The o-model de- 
scribed by the action Sp (6.16) has non-zero (-functions P]. Explicitly, we 
have the metric 





- zi - 
ds” = —dt? + ————-dx’ + <dy’ dz” 6.27 
"aay ae ee en) 
the antisymmetric tensor 
ip 
B=———dz A dz, (6.28) 
2(t* 2) 
and the dilaton 
@=Int?+In(t* +2). (6.29) 


These are expressed in terms of the variables 7“ = {t, x,y,z} defined by: 
Ai = 2, Ag = fz cosy, A3 = Vxsiny. (6.30) 


In our case, we have for the Ricci tensor the following non-vanishing compo- 


nents: 
=§0° + 16h e = 947 = 
Re = ee Ri. = ee 
(4 + 2) t(t# +2)? 
OP = TF rea" 4 
mee 2 
2a(t4 + x)8 tts 
6t® — 10¢t+x 
RR. = ———. 6.31 
(A+2)3 oo 


For sie we get the non-vanishing components 


(A?) = —_ (Hee = — TP) 4= —— (6.32) 
Including the the V,,V_,@® contributions, 
ViVio = — ViV.d = a 
4P —feSe 
ViVe® eae” 
VyVy® = — V.Ve = —____ (6.33) 
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we have for Gg,,, in (6.22): 


2 at —4z 
Bae = +a)’ Bre = a ta)’ Bey, = ve 
4 
5? 6.34 


and for @g,,, in (6.22): 


Boy = —5V? Hyp — 5V°OH yup 
4? 4tr 4 
Pe = Grae Cray ~ ee 
a 4° 2° (8t* +a) 20? (6.35) 
a (4+2)8  (t4+2)8 (t4 + 2)?" | 


All other components of 3g and (g are zero. The dilaton 3-function in (6.29) 
turns out to be a constant: 
1 2(c—4 
by = R- GH? - pv —(Vo)|- ac 
4t*(5t* — 9x) 8x 4t?(5t4 — 7x)  2(c— 4) 
t?(t4 + x)? (t4+ x)? (t4 + x)? 3 
2(4 —c) 
= ———, 6.36 
: (6.36) 
and therefore, 3s vanishes if the central charge is c = 4, as for the A-model f°} 
Although we have found non-vanishing contributions to the G-functions, 
the additional non-local term (6.17), resulting from the anomaly (2.32), has 
an extra explicit @ dependence which should be taken into account. The 
variation of this term with respect to o exactly cancels the above (3-functions, 
recovering the conformal symmetry of the original model. Indeed, from (6.17) 
10 Note that here 8g and 3g do not vanish and, therefore, the fact that Gs is a constant 
(actually zero) is not obvious. Even if the dilaton beta-function would not vanish, there 
could be O(c) contributions in (6.24) that would cancel 6000 in T.z. In our case we 
conclude that such O(c) corrections must vanish. 
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one finds 











= 2 2 l a5, ls 
do, = ieee zm bod at Oz+ 52)) - ae rare Oz — 50) | 
z 7) i S 7 
ee a dz yay a) (tdz — tz) — wrap ~ dxdz) 
— ———_ [2° —— : 
a top =| + dtdx) + Axdx] + ae adr}. (6.37) 
Substituting the equation of motion, 
- iy “ tt — 
2g 4a). £ a. & 
—ar yy ae 7; (tz — 0tdz), 
(6.38) 
into eq. (6.37), one finds 
1 _ 
bo = -<— | #2 (Bo, + B0,,)02"dx"|b0, (6.39) 


with the same Gg and Jp of eqs. (6.34), (6.35). Therefore, the total action 
So + 51 is o independent, as it should be. 

Finally, let us emphasize that we have checked cancellation only to leading 
order in a, namely, for g = 0. However, we should note that since the O(c) 
corrections in (6.24) must vanish, this can be used to find the O(c) contri- 
bution to the variation of the non-local action with respect to the conformal 
factor: 6(S; + S2)/dc. 

To appreciate the possible effect of the mixed anomaly term on the actual 
value of the Virasoro central charge, consider the extremely simple system of 
a single scalar with a linear dilaton term: 


La = 0202 + QVAR® a. (6.40) 


This is a conformal system with central charge c = 1 + 3Q?. Applying the 
above procedure we get in the new variables A and X: 


- Be ee 
L = AA+AF + Q(0A + 0A)—VhAR®, (6.41) 
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where now the non-local term does not result from a Jacobian anomaly but 
rather from the explicit Q term in the original action. Integrating out A will 
now give: 


Lp = ddA + 5OVAR® VAR. (6.42) 





The scalar \ is now a normal massless scalar field with c = 1, and the dif- 
ference between the original central charge and the final one is compensated 
by the explicit non-local Q? term in Lg. Note that this is an order o? term 
(exact, in this example) as expected. 


7 Therelation between local energy-momentum 


tensors in models A and B 


In this work we considered the two-dimensional quantum field theory (2.19). 
For the purpose of the discussion in this section, let us neglect the determi- 
nants term exp J(A, A) in (2.19), and consider the theory 


/ DX De DA DA e544), (7.1) 


where S[A, A, A, 2] is given in (2.20). In a flat worldsheet background the 
two transformations of ({7.]]) leading to models A and B are valid for any 
isometry group G. The field theories described by A and B are equivalent, 
i.e., there exists an exact mapping between the Hilbert spaces of the two 
theories which preserves the spectrum. The correspondence between the 
various local operators in the two theories is more involved. In particular, the 
relation between local energy-momentum tensors, and therefore, the coupling 
to a non-flat background in the two models, is the subject of this section. 
We will use two methods which should be equivalent: 
a) Duality transformation in a curved worldsheet background. 
b) Ward identities involving the two energy-momentum tensors calculated 
with the action in a flat background. 
Consider ((7.1]) in a curved background. In the conformal gauge, classically 
the conformal factor does not appear. Through the measure, however, a 
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dependence on the conformal factor may appear. This was discussed in 
section 2. It was shown that in a curved background the theory ((7.]]) does 
not lead to model A. If we want to get exactly model A we should add to 
(7.1}) the anomalous piece (2.39) 

Equivalently, by taking functional derivatives with respect to the world- 
sheet metric and gauge field, we conclude that the energy-momentum tensor 
of model A should have an anomalous correlator with the current coupled to 
the gauge field when calculated with the flat background action. 

As was remarked in section 2, for the “pure” Weyl anomaly, 7.e., the 
contributions to the term V/hR@4R®) in the effective action, there is no 


multiplicative anomaly. As a consequence we expect that once the current 














anomaly VA4R®) is cancelled by an appropriate counter term, the A- and 














B-models, if conformal, will have the same central charge. 

We present now an independent calculation, confirming the conclusions 
above. 

We consider for action (f7-]]) the topologically conserved current [”| 


Dien a: (7.2) 


In the following, we choose “a” to be a quasi-Abelian direction. Using the 
equations of motion, Jaq is given by 


6S 


Jaa = = 6 Aaa 


+ Eas b A? ds. (7.3) 
We want to express the topological current of model B, Jaq, in terms of the 
variables of model A. The variables 4, can be calculated by adding to S a 
source term, \,/°, and taking the derivative of S with respect to the source: 


5=/ de! cae 5A? (C') (7.4) 
5K) a ‘ 5A®(C') 6K 2(C) 
‘1Tn section 2, this term was included in the theory from the beginning, since we were 


careful to keep the term exp J in the measure of Z (b.19). 
!2The conservation equation of this current is the “dual Bianchi identity” presented in 


ref. Bi. 


Aa(¢) = 
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To first order in K, the gauge field is given by: 
= 1 _ a 
Aa(¢) = (g-'dag)* + [h arto OKs NegQ], (7.5) 


where g~'0ag = Aq. Using (7.5) the final result for the current is: 
JS 





Jaa(G) = Faca(gy * fas focA™ (6) x 
dj ,—-1 i 0S e ! 
x MT Oa" pee MeoOD)]- (78) 











Here M(q) is the adjoint representation (2.33). If S has a quadratic depen- 
dence on A®*, the second term in ({/.@) contains 


Os(gg 'O,99-') = lg "0,99 *Osg], (7.7) 
which does not have a component in a quasi-Abelian direction. It follows 


that up to terms cubic in the fields, 


6S 
Jaa($) = 5A (0) (7.8) 


In particular, for the model based on the group Gy in section 6, Jaq has the 
form: 


Ja = Eur (t)Oa¢. (7.9) 


Considering at one-loop level the correlator with the energy-momentum ten- 
sor we obtain a non-zero, anomalous contribution from the term 


Tap = Fy1(00x108x1 + OnxX208%2) (7.10) 
in the presence of the interaction term 
Lint = —2E110(00xX10°X1 + OaX20"X2). (7.11) 


On the other hand, if we calculate directly the correlator in model B, since 
the current (7.9) is topological in terms of the new local field A,, it cannot be 
anomalous: the derivative and ¢-tensors can be taken outside the correlator 
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for which dimensional regularization can be used. We conclude that the 
energy-momentum tensors defined by ({7.I]) for models A and B differ by 
their correlators to the topological current (7.9). This current is the source 
of the gauge field g~'!O,g and, therefore, we reproduce this way the anomaly 
contribution in eq. (2.32). 


8 On localizing the mixed anomaly term 


Let us write down the formal equality 


[Ds Dt Dex om le (so(r)+2055++Q()4VER® ) 


= [Du Dv Dr oom les (sSole}+20ndv+-4nQte+tuviR® ) (8.1) 
where 0 = 200. (The models are not necessarily the same.) One can show 
this equality by integrating out s,t on the left-hand side, and comparing 
with the integration over u,v on the right-hand side of eq. (8.1). Some 
choices of Q(z) are interesting. For example, if So[z] is a sigma model with 
beta-functions Ge, Bg, then with the choice 


Q(x) = 5 (Ben + Bp,,)Oc*dx", (8.2) 


the model So[xz] + 20sdt + Q(x)4VhR®) is manifestly independent of o, 
to leading order, which implies that the model So[z] + 20udv + 4vQ(a) + 
suVhR®) is conformally invariant to leading order. (For a discussion about 














higher order corrections, including a dilaton beta-function in (8.2), see section 
6.) Similar models were discussed in ref. [15]. 
Moreover, if So = S[A, A, A, x] (2.20), and if we choose 


= oo 
Q(A, A) = 7 (trT.)(OA" + 0A’), (8.3) 
then, using eq. (8.1), one finds that 
/ Dz D\ DADA Ds Dt cow S C2 Sele. AA8.t 


= i, Da DX DA DA Du Du en S Pe Sle Adu), (8.4) 
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where 


c _ 1 2 
S. = S[A,A,d,2] + SnontocalA, A, 0] + <= f dz 20588, 
Sy = S[A,A,A,21 
1 2 5 Aa a Aa 1 (2) 
+ = / Pz (20udv + v(trT.)(OA* + DA*) + tuVAR®). (8.5) 


Here S[A, A,A,2] and Shontocail[A, A,o] are given in eqs. (2-20) and (1), 
respectively. Now, integrating out » on the left-hand side of eq. (8.4), we 
recover the A-model in section 3, with an additional decoupled null kinetic 
term OsOt. On the other hand, integrating out A,A on the right-hand side 
of eq. (8.4), we get a local dual theory with action 


lye | = = ‘| le (2dudv — (6 —u—Indet N)d0o 
1 
+ (Od\q — Ox FE + trT,0v)N® (dA, + Fox! —trT,0v) 
+ Fydx'de!) (8.6) 


Comparing to Sg[A,x,o] in eq. (3), we see that there is an additional 
null kinetic term, Oudv, the term leading to non-locality, trT,0c, has been 
replaced by trT,,0v, and the dilaton ® is shifted to ® — u. Therefore, the 
additional null coordinates u,v provide a localization of the B-model in a 
higher dimensional sigma model. 

Finally, we should mention that another way to localize the mixed anomaly 
term, within a larger sigma model framework, is to bosonize the ghosts in eq. 
(2.21). By integrating out the gauge field in (2.19), one will obtain a local 
sigma model action. 
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9 Appendix A 
In this Appendix we prove the second equality in (2.32), namely 


In(det M(g) det M(g)) = nT. (54° es 54°). (9.1) 


If all the generators are traceless, there is nothing to prove. Suppose not all 
of them are traceless. We choose a basis for the generators JT, such that 


tr 7, 40, iP t=, a=2,..,D=dimG. (9.2) 
This is always possible by redefining T,, > T,, — (tr T,,/tr T,)T,. Therefore, 


we want to prove that 


In det M(g) = (tr Th) sat (9.3) 


Recall that A = g~!0g, and we choose to parametrize g by 
D a 
9(%)=92g1, gr =e™™, go = edi ™ | (9.4) 
Recall also that M,°(9)T = 9Tag'' => M,°(g)ir T; =tr(gTag—!) = tr Th, 
which implies 
M*(Q)=1., M,\(g)=0 for a¥1. (9.5) 
Let us now find A! in terms of a: 
AS eA) = try oor) 
tr(g, Ogi T") + tr(gr ‘927 gam T") 
= Oa! tr(TT) + (go7Ogo)*tr(g. Tg T") 
= da’ + (g2°*Ag2)"M,*(g1-*) = Oa". (9.6) 
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Here we have used eqs. (2.4), (2.33), (9.4), and in the last equality we have 
used eq. (9.9). Moreover, 


In det M(g) =In det M(g,:) +In det M(go) =tr In M(g,) =tr Tio" . 
(9.7) 
Here we have used eq. (9.4]), and the fact that tr T, = 0 for a # 1 implies 
det M(gz) = 1. Inserting a, = (1/0) A‘ (9.4) in (0.7) proves eq. (9.3). 


10 Appendix B 


In this Appendix we study the conformal factor-dependent terms which may 
appear when Gaussian integration over the A-variables is performed in (4.3). 
The origin of these terms is the implicit dependence on the conformal factor 
in the measure of A [10]. This can be made explicit by expressing the vector 
field A, A® in terms of scalar variables y*, 7°: 


At = Oy. A= 0y", (10.1) 


Since the x and \ variables do not participate in this effect, and the linear 
terms in A do not contribute (we can complete the square in A, A), in order 
to find the o-dependence of the A measure (to one loop), we can replace 


S[A, A, A, 2] + Snontoca[A, A] in (E-2) (2.20) (2-33) by the action 
1 ~ 7 7 
Sly. 9.0] = 5 f a= [Bus(@)dy°d9" + Avda), (10.2) 


where x is a single field with flat metric. The variation with respect to the 
conformal factor in the A-measure is obtained by calculating the trace of the 
energy-momentum tensor of ((10.2)). This is given by the general beta-function 
equations [14], 

1 i es ldyJ 
where X/ in our case include z, y*, 7’, and R, H are the Ricci curvature and 
antisymmetric field strength calculated from the metric and torsion. From 
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eq. (10.2) we identify the metric G: 





Ey 
Ga=l, Gy=Gu= 5 (10.4) 
and torsion B: - 
Bs = = is = 7: (10.5) 


all other components being zero. Using the special (quasi-Kahlerian) form 
of G and B and their independence of y*, ¥ y? , eq. ({L0.3)) is easily calculated: 





oT, = ony che vot onde n+ soln nv der) ayrdy? 
= 0dA(InVdetG) = dd(In det E), (10.6) 


where in the second equality we used the equation of motion, and in the last 
step we used the special form of G (10.4). To get eq. ({L0.6) it is convenient 
to use: 


oy ol 











Ox! 7M Ox* I Aym ? 
Ode 7 Oln/9 
yD 10. 
Ox™ Ox™ ao) 


Therefore, the conformal factor dependence produces a dilaton field ®(z) 
for the x variables: 
O(r) =In det E. (10.8) 


Since the result in ({10.6)) is given in terms of the worldsheet variables, the 
result clearly is not dependent on the number of x variables. 


dl 
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String theory and 
primordial cosmology 
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cleare, Sezione di Bari, Via G. Amendola 173, 70126 Bari, Italy. 

E-mail: gasperini@ba.infn.it 


SUMMARY. String cosmology aims at providing a reliable description of the 
very early Universe in the regime where standard-model physics is no longer 
appropriate, and where we can safely apply the basic ingredients of superstring 
models such as dilatonic and axionic forces, duality symmetries, winding modes, 
limiting sizes and curvatures, higher-dimensional interactions among elementary 
extended object. The sought target is that of resolving (or at least alleviating) 
the big problems of standard and inflationary cosmology like the spacetime 
singularity, the physics of the trans-Planckian regime, the initial condition for 
inflation, and so on. 


1.1 The standard “Big Bang” cosmology 


In the second half of the last century the theoretical and observational study 
of our Universe, grounded on one hand on the Einstein theory of general rela- 
tivity, and on the other hand on astronomical observations of every increasing 
precision, has led to the formulation (and to the subsequent completion) of the 
so-called standard cosmological model (see e.g. [1, 2, 3]). 

Such a model — like every physical model — is based on various assumptions. 
We should mention, in particular: 


1. The assumption that the large-scale spacetime geometry can be foliated 
by a class of three-dimensional space-like hypersurfaces which are exactly 
homogeneous and isotropic. 


4 CHAPTER 1. STRING THEORY AND PRIMORDIAL COSMOLOGY 


2. The assumption that the matter and the radiation filling our Universe be- 
have exactly as a perfect fluid with negligible friction and viscosity terms. 


3. The assumption that the radiation is in thermal equilibrium. 


4. The assumption that the dominant source of gravity, on cosmological 
scales, is the so called dark matter component of the cosmological fluid 
(invisible, up to now, to all attempted detection procedures of nongravi- 
tational type); and so on. 


Using such assumptions, the standard cosmological model has obtained a 
long and impressive series of successes and experimental confirmations, such as: 


1. The geometric interpretation of the apparent recessional velocity of dis- 
tant light sources, together with a precise theoretical formalization of the 
empirical Hubble law. 


2. The prediction of a relic background of thermal radiation. 


3. The explanation of the process of genesis of the light elements and of the 
other building blocks of our present macroscopic world (like the processes 
of nucleosynhesis and baryogenesis); and so on. 


In spite of these important achievements the standard cosmological model 
was put in trouble when, in the 1980s, the scientific community started to 
investigate the problem of the origin of the observed galactic structures, and of 


the small (but finite) inhomogeneity fluctuations presents in the temperature 
T of the relic background radiation (AT/T ~ 10~°). How did originate the 


temperature inhomogeneities AT/T and, especially, the matter inhomogeneities 
Ap/p which are at the grounds of the concentration and subsequent growth of 
the cosmic aggregates (cluster of galaxies, stars and planets) that we presently 
observe? No temperature fluctuation and density fluctuation should exist, on 
macroscopic scales, if our Universe would be exactly homogeneous and isotropic 
as required by the standard cosmological model. 

This problem was solved by assuming that the standard cosmological model 
has to be modified, at some very early epoch, by the introduction of a cosmo- 
logical phase — called inflation — characterized by an accelerated expansion rate 
[4, 5, 6]. During such a primordial inflationary phase the three-dimensional spa- 
tial sections of our Universe underwent a gigantic (almost exponential) growth 
of proper volume in few units of the Hubbe-time parameter (see see.g. [3, 7, 8]). 
This process was able to amplify the microscopic quantum fluctuations of the 
matter fields (and of the geometry), thus producing the macroscopic inhomo- 
geneities required for the formation of the matter structures and of the temper- 
ature anisotropies we observe today (see see.g. [8, 9, 10]). 

A phase of inflationary evolution like that proposed above, however, cannot 
be extended back in time to infinity (or, to use the standard terminology, cannot 
be past eternal [11, 12, 13]). If we go back in time to sufficiently earlier epochs 
we find that the inflationary phase of the standard model has a beginning at 
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a precise instant of time. Before that time, the Universe was in an extremely 
hot, dense and curved primordial state — an ultimate concentrate of matter and 
radiation at extremely high energy and temperature. 

This means, in other words, that before starting inflating the Universe was 
quite close to the so-called big bang epoch, namely to the epoch of the huge 
cosmic explosion which — according to the standard model, even including the 
inflationary phase — gave rise to the matter and energy species we observe today, 
and was at the origin of the spacetime itself. 

In fact, the big bang epoch of the standard model corresponds (strictly speak- 
ing) to a mathematical singularity where the energy density and the spacetime 
curvature blow up to infinity. We can thus say that to the question How did 
the Universe begin?, the standard cosmological model provides the answer: The 
Universe was born from the initial big bang singularity. 


1.1.1 Validity restrictions of the standard cosmological 
model 


It is well known that standard cosmology is based on the Einstein theory of 
general relativity, which is a relativistic theory of gravity, but not a quantum 
theory. Hence, like all classical theories, general relativity has a limited valid- 
ity range. Because of those limits the standard cosmological model cannot be 
extrapolated to physical regimes where the energy and the spacetime curvature 
are too high: this prevents taking too seriously the predictions of such a model 
about the initial singularity. 

We should recall, in fact, that a classical model is valid until the correspond- 
ing action S = Et is much larger than the elementary quantum of action (or 
Planck’s quantum) h. If we take a cosmological patch of the size given by the 
Hubble radius c/H, we can then estimate the total involved energy E by mul- 
tiplying the energy density p of the gravitational sources by the spatial volume 
(c/H)?, containing the contribution of all observable matter and radiation at a 
given time t. The typical cosmological time scale, on the other hand, is provided 
by the Hubble time H~!, and the energy density p is related to the Hubble time 
by the Einstein equations, which imply (modulo numerical factors of order one) 
p = c?H?/G, where G is the Newton gravitational constant. By imposing the 
condition Et >> h we then find that the standard cosmological model may give 
a reliable (classical) description of the Universe provided that 


5 


(This condition, in units h = c = 1, can also be rephrased as H < Mp, where 
Mp = (hc/G)"/? is the Planck mass). 

The parameters C’, G, h appearing in the above equation are constant, while 
the Hubble parameter H is closely related to the spacetime curvature and is 
time dependent, H = H(t). According to the standard model, in particular, H 
grows as we go back in time, and diverges at the time of the big-bang singularity 


6 CHAPTER 1. STRING THEORY AND PRIMORDIAL COSMOLOGY 


Curvature and Hubble parameter 





Figure 1.1: According to the standard cosmological model, the spacetime curva- 
ture and the associated Hubble parameter H(t) undergo an unbounded growth 
as we go back in time, and blow up at the time t = 0 of the initial “big bang” 
singularity. 


(Fig. 1.1). Correspondingly, the ratio c?/GH? decreases and goes to zero at 
the singularity. Hence, before reaching the big bang epoch we necessarily enter 
the regime where the condition (1.1) is violated, and the standard cosmological 
model is no longer valid. 

In order to provide a reliable description of the primordial Universe we should 
thus use a more general approach, based on a theory able to describe gravity 
also in the quantum regime. A possible candidate for this theory, which is 
complete, consistent at all energy scales and, besides gravity, also incorporates 
all fundamental interactions, is the so-called theory of strings (see, e.g., [14, 15, 
16]). 


1.2 String theory 


The name of this theory is due to the fact that it proposes a model where 
the fundamental building blocks of our physical description of nature are one- 
dimensional extended object (elementary “strings”, indeed), instead of elemen- 
tary particles. Such strings can be open (of finite length), or closed, and the 
spectrum of states associated to their vibration modes can reproduce the par- 
ticle states of the gravitational interaction and of all the other fundamental 
(electromagnetic, strong and weak) interactions. 

In addition, if the string model is appropriately supersymmetrized — namely, 
if we add to each bosonic degree of freedom a corresponding fermionic partner 
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— we arrive at the so-called theory of superstrings. This model potentially de- 
scribes not only all interaction fields, but also their elementary sources (quarks 
and leptons), and thus all possible species and states of matter [14, 15]. 

But there is more. A basic property of string theory — probably the most 
revolutionary property, comparing with the other theories — is the property of 
determining not only the possible form of the interaction terms (which is also 
done by the usual gauge theories, through the minimal coupling procedure), 
but also the form of the free-field (kinetic) terms (which in the other theories 
is always left, to some extent, arbitrary). Indeed, string theory satisfies a new 
symmetry (called conformal symmetry) which rigidly prescribes the allowed free- 
field dynamics, at any given order of the chosen perturbative expansion [14, 15]. 

Quantizing a string, and imposing that the conformal symmetry is left un- 
broken by the quantum corrections (i.e. imposing the absence of conformal 
anomalies), one finds, in fact, that — to lowest order — the electromagnetic field 
must satisfy the Maxwell equations, the gravitational field must satisfy the Ein- 
stein equations, the spinor fields must satisfy the Dirac equations, and so on. 
All field equations, laboriously discovered in the past centuries through the the- 
oretical elaboration of a large amount of empirical data, can be simply predicted 
by string theory even in the absence of any experimental input! 

Finally, as already stressed, string theory is valid for all interactions also in 
the quantum regime, and can thus be used at arbitrarily high energy scales. In 
particular, unlike general relativity, can be applied to describe the Universe at 
epochs arbitrarily near to the big bang epoch. In such a limiting high-energy 
regime the equations we obtain from string theory are different, in general, 
from the corresponding field-theory equations, and thus it makes sense to ask 
the question What’s new from string theory about cosmology? 

In particular, What’s new about the very early epochs at the beginning of the 
Universe? 


1.3 String cosmology 


There are, in particular, two aspects of string theory which can play a relevant 
role in the formulation of a consistent cosmological scenario. 

The first one concerns the so-called dual symmetry, typical of one-dimensional 
extended objects. If such a symmetry is respected (even at the approximate 
level) by the gravitational dynamics on cosmological scales, then any cosmolog- 
ical phase occurring at t > 0, and characterized by a decreasing Hubble parame- 
ter H (hence, decreasing curvature), must be associated to a dual partner phase, 
defined at t < 0 and characterized by growing H (see [17] for a nontechnical 
illustration of this duality symmetry). It follows in particular that the present 
cosmological phase, subsequent to the big bang epoch and well described by the 
standard model, must be preceded in time by an almost specularly symmetric 
phase occurring before the big bang (Fig. 1.2). Such a duality symmetry should 
also leave an imprint on the properties of the cosmological perturbations [18]. 

In Fig. 1.2 both phases are characterized by a curvature (and a Hubble 
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Figure 1.2: The standard cosmological phase, of “post-big bang” type, is preceded 
by a (string-theory) dual phase of “pre-big bang” type. 


parameter) which diverges as ¢t goes to zero. If that would be the case, then 
the two branches of the cosmological evolution would be causally disconnected 
by a spacetime singularity, with no chances of merging together into a single 
coherent model of spacetime evolution. It is here, however, that comes into play 
another crucial aspect of string theory. 

String theory is indeed characterized by a fundamental length A,, which is a 
constant parameter of the string action and which controls the typical size of a 
quantized string. The physical role played by A; is very similar to the role played 
by the Bohr radius for the atom, which represents the minimal allowed size of the 
quantum electronic orbitals. The numerical value, however, is quite different: 
we may expect, in fact, As ~ 107°3 cm (i.e. a value of Ay which is about 10 
times that of the Planck length \p = h/Mpc’), in order that string theory may 
include a realistic description of all fundamental interactions (different values of 
As are possible in the presence of large extra dimensions, see below). 

Aside from the particular numerical value of A,, what is important, in our 
context, is that proper distances and sizes smaller than A, have no physical 
meaning in a string-inspired model. It follows that, in a string-cosmology con- 
text, the Hubble radius c/H has to be constrained by the condition c/H 2 As. 
Since the Hubble radius is directly related to the inverse of the spacetime cur- 
vature, we can deduce that the curvature cannot blow up to infinity, because of 
the constraint H S c/A;. Hence, when a given spacetime region has reached the 
limiting value H ~ c/)s, its geometrical state can only evolve in two ways: it 
can either stabilize at such a maximum value, or start decaying towards lower 
curvature states after a bounce induced by appropriate “stringy” effects (see 
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e.g. [19]). 

In such a context, the big bang singularity predicted by the standard model 
and sharply localized at a a given epoch (say, t = 0), has thus to be replaced 
by an extended phase of very high (but finite) maximal curvature: the so- 
called string phase (see e.g. [20, 21]). By combining the existence of the dual 
symmetry and of a minimal length scale, a string-based model can thus complete 
the standard cosmological scenario by removing the curvature singularity and 
extending the physical description of the Universe back in time, beyond the big 
bang, to infinity. The big bang era is still there, but it is deprived of the standard 
role of initial singularity: it corresponds, instead, to the epoch marking the 
transition between the growing curvature and the decreasing curvature regime 
(Fig. 1.3). 

Within such a cosmological scenario (first presented in detail in [22]) the 
initial cosmological state is no longer localized at t = 0, but it is moved to the 
limit t — —oo, and corresponds to an asymptotic state usually called the string 
perturbative vacuum. Such a new initial state, as illustrated in Fig. 1.3, turns 
out to be a sort of specularly symmetric version of the final state that would 
be reached in the asymptotic future by a Universe which keeps expanding for 
ever according to the standard cosmological dynamics. Namely, a flat, empty 
and cold initial state, drastically different from the initial hot, explosive state, 
extremely curved and concentrated, proposed by the standard scenario. 

There is, however, a possible asymmetry between the initial and final state 
of the above string-cosmology model, due to the coupling strength of the fun- 
damental interactions: such a coupling tends to zero as t + —oo, while it may 
become very strong in the opposite limit, if not appropriately stabilized (see e.g. 
(20, 21]). This growth of the coupling can be accompanied, in principle, also by 
a large amount of entropy production (see e.g. [23]). 


1.4 A higher-dimensional Universe 


String theory, which is at the grounds of the cosmological scenario described 
in the previous section, can be consistently formulated only in the context of a 
higher dimensional spacetime manifold. 

In fact, in order to consistently quantize a bosonic string without introducing 
ghosts (states of negative norm), and without violating the Lorentz symmetry, 
one must introduce a generalized spacetime manifold with 26 dimensions (see 
e.g. [14, 15]). In this way, however, one obtains a model which has still a 
pathology, as it contains tachyons (states of imaginary mass), which we believe 
should be absent in any realistic physical model. 

In order to eliminates the tachyons, we can generalize the bosonic string 
model by adding fermion states and considering the so-called superymmetric 
string models, or superstring models. In that case, a consistent quantization 
requires 10 spacetime dimensions, and the number of total dimensions is to 
be increased up to 11 (with one time-like and 10 space-like dimensions) if we 
require that the five possible types of superstrings may be connected by duality 
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Figure 1.3: Time evolution of the curvature scale and of the energy density 
in a typical example of string-cosmology scenario. The big bang epoch does 
not correspond to a singularity (like in the standard model) but to a phase of 
maximal, finite curvature. The Universe evolves starting from a flat, cold and 
empty state called the “string perturbative vacuum”, asymptotically localized at 
$= —oo. 


transformations, and may represent various weak-coupling regimes of a more 
fundamental theory, called M-theory [24] (see also [25]). 

Hence, whatever string model is assumed to apply, it is clear that the as- 
sociated string cosmology scenario must be referred to a higher dimensional 
Universe. On the other hand, all present phenomenological experience (includ- 
ing the most sensitive high-energy experiments) points at a world with one 
time-like and only three space-like dimensions. We are thus naturally led to the 
following questions: 

string theory 1s correct, and the Universe in which we live has a number 
d > 3 of spatial dimensions, why our experience is only limited to a three- 


dimensional space? why we cannot detect the additional “extra” dimensions? 
what happened to those dimensions, if they really exist? 





There are at least two possible answers to the above questions. 

There is an old-fashioned answer — which, for a long time, has been also the 
only possible answer to the previous questions — dating back to the so-called 
Kaluza-Klein model, formulated at the beginning of the last century [26, 27] 
in the context of a higher dimensional version of general relativity. According 
to such model, we cannot detect the extra dimensions simply because such 
dimensions are compactified on length scales of extremely small size (hence, 
they need extremely high energies in order to be experimentally resolved). 

We can take, as a simple example, a long and very thin cylinder. A cylinder 
is a two-dimensional object but, if it is observed from a distance much larger 
than its radius, it may appear (in all respects) as being one-dimensional, ex- 
tended in length but deprived of any sensible thickness. In the same way the 
spatial extension of our Universe could be largely asymmetric, with three spa- 
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tial dimensions macroscopically expanded on a large scale, while all the other 
dimensions rolled up in a highly compact way, and confined on a very small 
length scale — of order (for instance) of A,. If we do not have a sufficiently 
powerful instrument, able to resolve the required (very tiny) distance scales, we 
will always observe three spatial dimensions only. 

Very recently, however, a new possible answer to the dimensionality problem 
has been suggested by theoretical studies mainly performed in the second half of 
the 1990s, and closely related to particular string-model configurations, called 
branes [25]. Such a new answer states that we cannot “see” the extra dimensions 

atial 
‘dimensions. All instruments we use to explore the world around us (starting 
from our eyes up to the more powerful and sophisticated technological tools) 
have indeed a working mechanism based on the fundamental (electromagnetic, 
nuclear, and so on) interactions. If such interactions are living only on a re- 
stricted subspace of the full spacetime manifold (like, for instance, waves which 
propagate on the surface of a pond, and not in the direction orthogonal to the 
pond surface), then the extra dimensions are hidden to our direct experience, 
even if they are largely (or infinitely) extended. 

This second possible answer to the dimensionality problem has suggested 
new, interesting types of cosmological models, formulated in the context of the 
so-called brane-world scenario (see, e.g., [28]). 


1.5 Brane cosmology 


According to the so-called brane-world cosmology, our Universe could be a 
four-dimensional “slice” of a higher-dimensional bulk manifold. The elemen- 
tary charges sourcing the gauge interactions are confined on a three-dimensional 
hypersurface “3 associated to an object called Dirichet 3-brane (or D3-brane), 
and we cannot detect the external spatial dimensions because the gauge fields of 
those charges can propagate only on the world-volume 4 swept by the time evo- 
lution of the brane. (It should be recalled that the description of our Universe 
as a four-dimensional “domain wall” embedded in a higher-dimensional bulk 
spacetime was previously suggested, with different motivations, also in [29]). 
In a string theory context, however, the confinement mechanism is not 


equally efficient for all fundamental interactions. Gravity, in particular, is not 
‘confined, or is only partially [30] confined, so that it can propagate outside 


the brane spacetime. This possibility is illustrated in Fig. 1.4, which shows a 
brane spacetime 44 with two possible sources of interactions. One is a charge, 
source of the electromagnetic field: the associated electromagnetic waves (or 
photons) are strcicly confined and can propagate only on 44. The other is a 
mass, source of the gravitational field: the associated gravitational waves (or 
gravitons) can leave the brane spacetime 44 and propagate through the external 
spatial dimensions. 

This property of the gravitational field is quite important because, if the 
higher-dimensional bulk spacetime contains two (or more) fundamental branes, 
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Figure 1.4: A brane-Universe with one time-like and three space-like dimen- 
sions, embedded in an external bulk spacetime characterized by six (according to 
superstring theory) or seven (according to M-theory) extra spatial dimensions. 
Electromagnetic forces are confined on the brane spacetime, while gravitational 
forces propagate also in the directions external to the brane. 


they can interact among themselves gravitationally. And this possibility leads 
us to an interesting geometric interpretation of the big bang mechanism, namely 
of the high-energy process which has marked the beginning of the standard cos- 
mological phase, bringing the Universe to the form we are presently observing. 


In fact, during the high-curvature phase localized around t = 0 (Fig. 1.3), a 
higher-dimensional Universe tends to be filled by branes which are spontaneously 
produced in pairs from the high-energy vacuum, and which can gravitationally 
(and strongly) interact among themselves [21]. According to string theory, on 
the other hand, the total gravitational force in a higher-dimensional spacetime 
includes various components: we should mention, in particular, the symmetric- 
tensor contribution associated to the graviton, the scalar contribution associated 
to the dilaton, and the antisymmetric-tensor contribution associated to the azion 
(see, e.g., [20, 21]). 

The first two types of forces are always attractive, while the axion force 
is repulsive between sources of the same sign and attractive between sources 
of opposite sign (like, for instance, a brane and an antibrane, characterized 
by opposite axionic charges). It follows, in particular, that if we have two 
identical branes (or antibranes) in an initial static and symmetric state, then 
the axion repulsion exactly cancels the attraction due to the graviton and to 
the dilaton, and the net resulting force is vanishing. If we have instead a brane 
and an antibrane then the total gravitational force is always non-vanishing and 
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Figure 1.5: A brane (D3) and an antibrane (D3) tend to collide because the 
mutual gravitational force they experience in a higher dimensional spacetime is 
always of attractive type (like the electric force acting between a charged particle 
and the corresponding antiparticle in the usual three-dimensional space). 


attractive, quite irrespective of their initial configuration. 

Because of such attractive force, branes and antibranes, copiously produced 
during the high-energy pre-big bang phase, tend to collide among themselves 
(Fig. 1.5): it could be, therefore, that it was the collision of our brane-Universe 
with an antibrane to simulate the big bang explosion, and trigger the transition 
from the pre-big bang phase to the phase of standard (post-big bang) evolu- 
tion. This type of scenario is very similar to the so-called ekpyrotic model (first 
proposed in [31], and later embedded in the context of a more general type of 
cyclic cosmologies, see e.g. [32]), with the only difference that, in the ekpyrotic 
case, the 3-branes are domain walls representing the spacetime boundaries. 


1.6 Conclusion 


String theory, M-theory, and the related models of brane interactions suggests 
new and interesting scenarios for the birth of the Universe and its subsequent 
primordial evolution, not necessarily limited in time by a big bang singularity. 
They can be tested by present (or near-future) observations concerning the 
properties — in particular, the “blue” tilt [33] of the spectrum — of the cosmic 
background of relic gravitational radiation (see, e.g., [84]), the possibility of 
axion contributions to the CMB anisotropies (see, e.g., [35]), the evolution of the 
so-called dark energy (or quintessence) field dominating the large-scale dynamics 
(see, e.g., [36, 37]). 
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Some of those scenario have been briefly introduced and illustrated in the 
previous sections. But there are also other, equally interesting scenarios closely 
related to the previous ones, among which I would like to mention the string- 
gas [38] and brane-gas [39] cosmologies, based on the repulsive mechanism of 
winding modes, as well as more general bouncing cosmology models (see, e.g., 
[40, 41, 42]). Also, models of brane anti-brane inflation [43, 44], where the 
(time-varying) distance between the two branes plays the role of the inflation 
field. 

All these models have many (and interesting) phenomenological implications, 
but — as usual in a cosmological context — many studies and many observational 
data are required before being able of selecting the model most appropriate to 
our Universe. Thus, we can easily predict that we still have in front of us many 
years of work and — maybe — of surprising findings. 
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1. Introduction 


The purpose of these lectures is to provide an introduction to the background of relic 
gravitational waves expected in a string cosmology context, and to discuss its main 
properties. 'To this purpose, it seems to be appropriate to include a short presentation 
of string cosmology, in order to explain the basic ideas underlying the so-called pre-big 
bang scenario, which is one of the most promising scenarios for the production of a 
detectable graviton background of cosmological origin. 

After a short, qualitative presentation of the pre-big bang models, I will concentrate 
on the details of the cosmic graviton spectrum: I will discuss the theoretical predictions 
for different models, and I will compare the predictions with existing phenomenological 
constraints, and with the expected sensitivities of the present gravity wave detectors. A 
consistent part of these lectures will thus be devoted to introduce the basic notions of 
cosmological perturbation theory, which are required to compute the graviton spectrum 
and to understand why the amplification of tensor metric perturbations, at high 
frequency, is more efficient in string cosmology than in the standard inflationary context. 


§ E-mail: gasperini@ba.infn.it. 
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Figure 1. Time evolution of the curvature scale in the standard cosmological scenario, 
in the conventional inflationary scenario, and in the string cosmology scenario. 


Let me start by noting that a qualitative, but effective representation of the 
main difference between string cosmology and standard, inflationary cosmology can 
be obtained by plotting the curvature scale of the Universe versus time, as illustrated 
in Fig. 1. 

According to the cosmological solutions of the so-called “standard” scenario [I], 
the spacetime curvature decreases in time. As we go back intime the curvature grows 
monotonically, and blows up at the initial “big bang” singularity, as illustrated in the 
top part of Fig. 1 (a similar plot, in the standard scenario, also describes the behaviour 
of the temperature and of the energy density of the gravitational sources). 

According to the standard inflationary scenario |], on the contrary, the Universe in 
the past is expected to enter a de Sitter, or “almost” de Sitter phase, during which the 
curvature tends to stay frozen at a nearly constant value. From a classical point of view, 
however, this scenario has a problem, since a phase of expansion at constant curvature 
cannot be extended back in time for ever BJ], for reasons of geodesic completeness. This 
point was clearly stressed also in Alan Guth’s recent survey of inflationary cosmology 


A: 


“ 


Nevertheless, since inflation appears to be eternal only into the future, but 


Pre-big bang cosmology 3 


not to the past, an important question remains open. How did all start? Although 
eternal inflation pushes this question far into the past, and well beyond the range of 
observational tests, the question does not disappear.” 


A possible anwer to this question, in a quantum cosmology context, is that the 
Universe emerges in a de Sitter state “from nothing” [h] (or from some unspecified 
“vacuum” ), though a process of quantum tunnelling. I will not discuss the quantum 
approach in these lectures, but let me note that the computation of the transition 
probability requires an appropriate choice of the boundary conditions [6], which in 
the context of standard inflation are imposed “ad hoc” when the Universe is in an 
unknown state, deeply inside the non-perturbative, quantum gravity regime. In a string 
cosmology context, on the contrary, the initial conditions are referrred asymptotically 
to a low-energy, classical state which is known, and well controlled by the low-energy 
string effective action [fj]. 

From a classical point of view, however, the answer to the above question — what 
happens to the Universe before the phase of constant curvature, which cannot last for 
ever — is very simple, as we are left only with two possibilities. Either the curvature 
starts growing again, at some point in the past (but in this case the singularity problems 
remains, it is simply shifted back in time), or the curvature starts decreasing. 

In this second case we are just led to the string cosmology scenario, illustrated in 
the bottom part of Fig. 1. String theory suggests indeed for the curvature a specular 
behaviour (or better a “dual” behaviour, as we shall see in a moment) around the 
time axis. As we go back in time the curvature grows, reaches a maximum controlled 
by the string scale, and then decreases towards a state which is asymptotically flat 
and with negligible interactions (vanishing coupling constants), the so-called “string 
perturbative vacuum”. In this scenario the phase of high, but finite (nearly Planckian) 
curvature is what replaces the big bang singularity of the standard scenario. It comes 
thus natural, in a string cosmology context, to call “pre-big bang” [§] the initial phase 
with growing curvature, in contrast to the subsequent, standard, “post-big bang ” phase 
with decreasing curvature. 

At this point, a number of questions may arise naturally. In particular: 


e Motivations: why such a cosmological scenario, characterized by a “bell-like” 
shape of the curvature, seems to emerge in a string cosmology context and not, for 
istance, in the context of standard cosmology based on the Einstein equations? 

e Kinematics: in spite of the differences, is the kinematic of the pre-big bang phase 
still appropriate to solve the well known problems (horizon, flatness ...) of the 
standard scenario? After all, we do not want to loose the main achievements of the 
conventional inflationary models. 

e Phenomenology: are there phenomenological consequence that can discriminate 
between string cosmology models and other inflationary models? and are such 
effects observable, at least in principle? 
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In the following sections I will present a quick discussion of the three points listed 
above. 


2. Motivations: duality symmetry 


There are various motivations, in the context of string theory, suggesting a cosmological 
scenario like that illustrated in Fig. 1. All the motivations are however related, more 
or less directly, to an important property of string theory, the duality symmetry of the 
effective action. 

To illustrate this point, let me start by recalling that in general relativity the 
solutions of the standard Einstein action, 


: faire ig] R (2.1) 


a5 5 
De 





(d is the number of spatial dimensions, and A, = M, ' is the Planck length scale), are 
invariant under “time-reversal” transformations. Consider, for instance, a homogeneous 


and isotropic solution of the cosmological equations, represented by a scale factor a(t): 
ds? = dé? — a*(t)dz?. (2.2) 


If a(t) is a solution, then also a(—t) is a solution. On the other hand, when t goes into 
—t, the Hubble parameter H = a@/a changes sign, 


a(t) — a(t), H=a/a— —-H. (2.3) 


To any standard cosmological solution H(t), describing decelerated expansion and 
decreasing curvature (H > 0, H < 0), is thus associated a “reflected” solution, H(—t), 
describing a contracting Universe because H is negative. 

This is the situation in general relativity. In string theory the action, in addition 
to the metric, contains at least another fundamental field, the scalar dilaton ¢. At the 
tree-level, namely to lowest order in the string coupling and in the higher-derivatives 
(a’) string corrections, the effective action which guarantees the absence of conformal 
anomalies for the motion of strings in curved backgrounds (see the Apppendix A) can 
be written as: 





S= ras fat ayil e? [R+ (9,0) | (2.4) 


(A, = Mj? is the fundamental string length scale; see the Appendix B for notations 
and sign conventions). In addition to the invariance under time-reversal, the above 
action is also invariant under the “dual” inversion of the scale factor, accompanied by 
an appropriate transformation of the dilaton (see [)] and the first paper of Ref. [§}). 
More precisely, if a(t) is a solution for the cosmological background (2.2) , then a~1(t) 


is also a solution, provided the dilaton transforms as: 
a-a=a-, ¢—-¢=¢-2dIna (2.5) 


(this transformation implements a particular case of T-duality symmetry, usually called 
“scale factor duality”, see the Appendix B). 
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Figure 2. The four branches of a low-energy string cosmology background. 


When a goes into a~', the Hubble parameter H again goes into —H so that, to 
each one of the two solutions related by time reversal, H(t) and H(—t), is associated a 
dual solution, H(t) and H(—t), respectively (see Fig. 2). The space of solutions is thus 
reacher in a string cosmology context. Indeed, because of the combined invariance 
under the transformations (2.3) and (2.5), a cosmological solution has in general 
four branches: two branches describe expansion (positive H), two branches describe 
contraction (negative H). Also, as illustrated in Fig. 2, for two branches the curvature 
scale (~ H?) grows in time, with a typical “pre-big bang” behaviour, while for the other 
two branches the curvature scale decreases, with a typical “post-big bang” behaviour. 

It follows, in this context, that to any given decelerated expanding solution, H(t) > 
0, with decreasing curvature, H(t) < 0 (typical of the standard cosmological scenario), 
is always associated a “dual partner” describing accelerated expansion, H (—t) > 0, 
and growing curvature, H (—t) > 0. This doubling of solutions has no analogue in the 
context of the Einstein cosmology, where there is no dilaton, and the duality symmetry 
cannot be implemented. 

It should be stressed, before proceeding further, that the duality symmetry is 
not restricted to the case of homogeneous and isotropic backgrounds like (2.9), but is 
expected to be a general property of the solutions of the string effective action (possibly 
valid at all orders [10], with the appropriate generalizations). The inversion of the scale 
factor, in particular, and the associated transformation (2.5), is only a special case 
of a more general, O(d,d) symmetry of the string effective action, which is manifest 
already at the lowest order. In fact, the tree-level action in general contains, besides 
the metric and the dilaton, also a second rank antisymmetric tensor B,,,, the so-called 
Kalb-Ramond “universal” axion: 


1 _ 2 iF . 
= ager fainVlde* [+ G07 ~ 75 (Arda) | 


Given a background, even anisotropic, but with d abelian isometries, this action is 





invariant under a global, pseudo-orthogonal group of O(d, d) transformations which mix 
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in a non-trivial way the components of the metric and of the antisymmetric tensor, 
leaving invariant the so-called “shifted” dilaton ¢: 


o=¢-—Iny |dety;,|. (2.7) 


In the particular, “cosmological” case in which we are interested in, the d isometries 
correspond to spatial traslations (namely, we are in the case of a homogeneous, Bianchi 
I type metric background). For this background, the action (2.6) can be rewritten in 
terms of the 2d x 2d symmetric matrix M, defined by the spatial components of the 
metric, g;;, and of the axion, B;,, as: 


_ Gr} =G1B 
B= Diy, C=G,, M= es a (2.8) 


In the cosmic time gauge, the action takes the form (see the Appendix B) 


Vs ola | : . 
ga-3 fate? (6)? + 51 M(M~) . (2.9) 
and is manifestly invariant under the set of global transformations [IT]: 
a I 
b— 4, M— ATMA, ATpA =n, i= t 5) , (2.10) 


where J is the d-dimensional unit matrix, and 7 is the O(d,d) metric in off-diagonal 
form. The transformation (2.5), representing scale factor duality, is now reproduced as 
a particular case of (2.10) with the trivial O(d,d) matrix A = 7, and for an isotropic 
background with B,, = 0. 

This O(d,d) symmetry holds even in the presence of matter sources, provided they 
transform according to the string equations of motion in the given background [IQ]. In 
the perfect fluid approximation, for instance, the inversion of the scale factor corresponds 
to a reflection of the equation of state, which preserves however the “shifted” energy 
D = pldet gis”: 

a>a=a", b— $, p/p > —p/p, PD (2.11) 

A detailed discussion of the duality symmetry is outside the purpose of these 
lectures. What is important, in our context, is the simultaneous presence of duality 
and time-reversal symmetry: by combining these two symmetries, in fact, it is possible 


in principle to obtain cosmological solutions of the “self-dual” type, characterized by 
the conditions 


a(t) = a™'(—t), o(t) = o(-t). (2.12) 
They are important, as they connect in a smooth way the phase of growing and 
decreasing curvature, and also describe a smooth evolution from the string perturbative 
vacuum (i.e. the asymptotic no-interaction state in which @¢ — —oo and the string 
coupling is vanishing, g, = exp(¢/2) — 0), to the present cosmological phase in which 
the dilaton is frozen, with an expectation value (gs) = M,/M, ~ 0.3 — 0.03 (see 
Fig. 3). 
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Figure 3. Time evolution of the curvature scale H and of the string coupling 
gs = exp(¢/2) ~ M,/M,, for a typical self-dual solution of the string cosmology 
equations. 


The explicit occurrence of self-dual solutions and, more generally, of solutions 
describing a complete and smooth transition between the phase of pre- and post-big 
bang evolution, seems to require in general the presence of higher order (higher loop 
and/or higher derivative) corrections to the string effective action [4] (see however 
[f5, [[6]). So, in order to give only a simple example of combined {duality @ time- 
reversal} transformation, let me consider here the low-energy, asymptotic regimes, which 
are well described by the lowest order effective action. 

By adding matter sources, in the perfect fluid form, to the action (P.4), the 
string cosmology equations for a d = 3, homogeneous, isotropic and conformally 


flat background can be written as (see Appendix C, eqs. (C.16), ((C.18), (C15), 


respectively): 

b? _ 6Hdb + 6H? = e°p, 

H-—H$+3H? = set, 

26 + 6Hd — ¢? — 6H — 12H? =0. (2.13) 
For p = p/3, in particular, they are exactly solved by the standard solution with constant 
dilaton (see eqs. (C.32), (C.33)), 

an t/?, p=3pra", @ = const, t—+oo, (2.14) 
describing decelerated expansion and decreasing curvature scale: 

a> 0, a0, H <0. (2.15) 


This is exactly the radiation-dominated solution of the standard cosmological scenario, 
based on the Einstein equations. In string cosmology, however, to this solution is 
associated a “dual complement”, i.e. an additional solution which can be obtained 
by applying on the background (2.14) a time-reversal transformation t + —t, and the 
duality transformation (2.11): 


aw (—t)-¥?,  @~-3ln(-t), p=-3p~a?, t—-—oo, (2.16) 


This is still an exact solution of the equations (2.13) (see the Appendix C), describing 
however accelerated (i.e. inflationary) expansion, with growing dilaton and growing 
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curvature scale: 
a> 0, a> 0, H>0. (2.17) 


We note, for future reference, that accelerated expansion with growing curvature is 
usually called “superinflation” [[7], or “pole-inflation”, to distinguish it from the more 
conventional power-inflation, with decreasing curvature. 

The two solutions (2-14) and (2-16) provide a particular, explicit representation of 
the scenario illustrated in Fig. 3, in the two asympotic regimes of t large and positive, 
and ¢ large and negative, respectively. The duality symmetry seems thus to provide an 
important motivation for the pre-big bang scenario, as it leads naturally to introduce 
a phase of growing curvature, and is a crucial ingredient for the “bell-like” scenario of 
Fig. 3. 

It should be noted that pure scale factor duality, by itself, is not enough to convert 
a phase of decreasing into growing curvature (see for instance Fig. 2, where it is clearly 
shown that H and H, in the same temporal range, lead to the same evolution of the 
curvature scale, H? ~ H 2). Time reflection is thus necessarily required, if we want to 
invert the curvature behaviour. From this point of view, time-reversal symmetry is more 
important than duality. 

In a thermodynamic context, however, duality by itself is able to suggests the 
existence of a primordial cosmological phase with “specular” properties with respect to 
the present, standard cosmological phase [[8]. It must be stressed, in addition, that it 
is typically in the cosmology of extended objects that the phase of growing curvature 
may describe accelerated expansion instead of contraction, and that the growth of the 
curvature may be regularized, instead of blowing up to a singularity. For instance, it is 
with the string dilaton {§], or with a network of strings self-consistently coupled to the 
background [19], that we are naturally lead to superinflation. Also, in quantum theories 
of extended objects, it is the minimal, fundamental lenght scale of the theory that is 
expected to bound the curvature, and to drive superinflation to a phase of constant, 
limiting curvature [20] asymptotically approaching de Sitter, as explicitly checked in 
a string theory context [Bi]. Duality symmetries, on the other hand, are typical of 
extended objects (and of strings, in particular), so that it is certainly justified to think 
of duality as of a fundamental motivation and ingredient of the pre-big bang scenario. 

Duality is an important symmetry of modern theoretical physics, and to conclude 
this section I would like to present an analogy with another very important symmetry, 
namely supersymmetry (see Table I). 

According to supersymmetry, to any bosonic state is associated a fermionic partner, 
and viceversa. From the existence of bosons that we know to be present in Nature, if 
we believe in supersymmetry, we can predict the existence of fermions not yet observed, 
like the photino, the gravitino, and so on. 

In the same way, according to duality and time-reversal, to any geometrical state 
with decreasing curvature is associated a dual partner with growing curvature. On 
the other hand, our Universe, at present, is in the standard post-big bang phase, 
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fs SUPERSYMMETRY| DUALITY + TIME-REVERSAL 
Pair of partners]} {bosons, fermions} {growing curvature, decreasing curvature} 


Known states || photons, gravitons, ... | decelerated, standard post-big bang 
Predicted photinos, gravitinos, ... accelerated, inflationary pre-big bang 


Table 1. Analogy between supersymmetry and duality. 





with decreasing curvature. If we believe that duality has to be implemented, even 
approximately, in the course of the cosmological evolution, we can then predict the 
existence of a phase, in the past, characterized by growing curvature and by a typical 
pre-big bang evolution. 


3. Kinematics: shrinking horizons 


If we accept, at least as a working hypothesis, the possibility that our Universe had in 
the past a “dual” complement, with growing curvature, we are lead to the second of 
the three questions listed in Section fl} is the kinematics of the pre-big bang phase still 
appropriate to solve the problems of the standard inflationary scenario? The anwer is 
positive, but in a non-trival way. 

Consider, for instance, the present cosmological phase. Today the dilaton is 
expected to be constant, and the Universe should be appropriately described by the 
Einstein equations. The gravitational part of such equations contains two types of terms: 
terms controlling the geometric curvature of a space-like section, evolving in time like 
a~*, and terms controlling the gravitational kinetic energy, i.e. the spacetime curvature 
scale, evolving like H?. According to present observations the spatial curvature term is 
non-dominant, i.e. 


a spatial curvature 


aS py eee Cun 4, 3.1 
H? ~ spacetime curvature oD) 
According to the standard cosmological solutions, on the other hand, the above 


ratio must grow in time. In fact, by putting a ~ t, 
Pree w poe. (a2) 


so that r keeps growing both in the matter-dominated (@ = 2/3) and in the radiation- 
dominated (3 = 1/2) era. Thus, as we go back in time, r becomes smaller and smaller, 
and when we set initial conditions (for instance, at the Planck scale) we have to impose 
an enormous fine tuning of the spatial curvature term, with respect to the other terms 
of the cosmological equations. This is the so-called flatness problem. 
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The problem can be solved if we introduce in the past a phase (usually called 
inflation), during which the value of r was decreasing, for a time long enough to 
compensate the subsequent growth during the phase of standard evolution. It is 
important to stress that this requirement, in general, can be implemented by two 
physically different classes of backgrounds. 

Consider for simplicity a power-law evolution of the scale factor in cosmic time, 
with a power 3, so that the time-dependence of r is the one given in eq. (B.2). The two 
possible classes of backgrounds corresponding to a decreasing r are then the following: 


e Class I: a ~ t8, 3 > 1,t — +00. This class of backgrounds corresponds to what is 
conventionally called “power inflation”, describing a phase of accelerated expansion 
and decreasing curvature scale, ad > 0,a@ > 0,H < 0. This class contains, as a 
limiting case, the standard de Sitter inflation, B > oo, a ~ e”', H = 0, ic. 
accelerated exponential expansion at constant curvature. 


e Class II: a ~ (—t)’, 3 < 1,t + 0_. This is the class of backgrounds corresponding 
to the string cosmology scenario. There are two possible subclasess: 


IIa : 3 < 0, describing superinflation, i.e. accelerated expansion with growing 
curvature scale, a@ > 0,a@ > 0,H > 0; 

IIb : 0 < @ < 1, describing accelerated contraction and growing curvature scale, 
a<0,4<0,H <0. 


A phase of growing curvature, if accelerated like in the pre-big bang scenario, can 
thus provide an unconventional, but acceptable, inflationary solution of the flatness 
problem (the same is true for the other standard kinematical problems, see |J). It is 
important to stress, in particular, that the two subclasses Ia, ITb, do not correspond 
to different models, as they are simply different kinematical representation of the same 
scenario in two different frames, the string frame (S-frame), in which the effective action 


takes the form (2.4), 
5(9,6) = — fat ay|g| e-* [R+ 9”9,00,4), (3.3) 


and the Einstein frame (E-frame), in which the dilaton is minimally coupled to the 
metric, and has a canonical kinetic term: 


7 = 4 ra 
89,8) = - [ a*xy/al |R-5910,80,8).. (3.4) 


In order to illustrate this point, we shall proceed in two steps. First we will show 
that, through a field redefinition g = g(g,¢), 6 = (9,¢),, it is always possible to 
move from the S-frame to the E-frame; second, we will show that, by applying such a 
redefinition, a superinflationary solution obtained in the S-frame becomes an accelerated 
contraction in the E-frame, and viceversa. 

We shall consider, for simplicity, an isotropic, spatially flat background with d 


spatial dimensions, and we set: 


du = diag (N?,-075;;), d= ot), (3.5) 
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where goo = N? is to be fixed by an arbitrary choice of gauge. For this background we 
get: 


0 aa N 


1 : 
R=55 |2aF H — 2dH — d(d + 1)H?), (3.6) 
and the S-frame action (B.3]) becomes 
dp ; 
S(g,¢)=— ditty [2dFH — 2dH — d(d + 1)H? + 42] (3.7) 


Modulo a total derivative, we can eliminate the first two terms, and the action takes 
the quadratic form 
ate? ,. . 

S(g,¢) =— ii ait," [§? — 2dHb + d(d— 1) (3.8) 
where, as expected, N plays the role of a Lagrange multiplier (no kinetic term in the 
action). 

In the E-frame the variables are N,a,¢, and the action(B.4}), after integration by 
part, takes the canonical form 


s@.é) =-f airy [-56 +d(d— | (3.9) 


A quich comparison with eq. (B.8) leads finally to the field redefinition (no coordinate 
transformation!) connecting the Einstein and String frame: 


&=ae PE, N=Ne@@) b= db /7—.- (3.10) 
In fact, the above transformation gives 
- e 
A = H —- — 3.11 
4 (3.11) 


and, when inserted into eq. (B.9), exactly reproduces the S-frame action (B.). 
Consider now a superinflationary, pre-big bang solution obtained in the S-frame, 
for instance the isotropic, d-dimensional vacuum solution 


a = (-t)- V4, e? = (-t) VHD), t <0, $90. (3.12) 


(ace Appendix B, eqs. ([B.2]]), ([B.22)), and look for the corresponding E-frame solution. 
The above solution is valid in the syncronous gauge, N = 1, and if we choose, for 
instance, the syncronous gauge also in the E-frame, we can fix N by the condition: 


Ndt = Ne~*/(*Ydt = dit, (3.13) 
which defines the E-frame cosmic time, t, as: 
dt = e (4 Vat. (3.14) 


After integration 





t~ tara, (3.15) 
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and the transformed solution takes the form: 


Pe 2(d—1) 


(a e? =(-f) VT, t <0, i302. (3.16) 





One can easily check that this solution describes accelerated contraction with growing 
dilaton and growing curvature scale: 
7 es 
a <0, a ; =< : ooo (17) 
The same result applies if we transform other isotropic solutions from the String to the 
Kinstein frame, for instance the perfect fluid solution of Appendix C, eq. ((C-32]). We 
leave this simple exercise to the interested reader. 

Having discussed the “dynamical” equivalence (in spite of the kinematical 
differences) of the two classes of string cosmology metrics, [Ja and IIb, it seems 
appropriate at this point to stress the main dynamical difference between standard 
inflation, Class I metrics, and pre-big bang inflation, Class IJ metrics. Such a difference 
can be conveniently illustrated in terms of the proper size of the event horizon, relative 
to a given comoving observer. 

Consider in fact the the proper distance, d.(t), between the surface of the event 
horizon and a comoving observer, at rest at the origin of an isotropic, conformally flat 


background Qj: 
tm 
de(t) = a(t) / dt'a-(t'), (3.18) 
t 


Here ty, is the maximal allowed extension, towards the future, of the cosmic time 
coordinate for the given background manifold. The above integral coverges for all the 
above classes of accelerated (expanding or contracting) scale factors. In the case of Class 
I metrics we have, in particular, 


mo t 
d.(t) = ey de Se a (3.19) 
t B-1 
for power-law inflation (G > 1,t > 0), and 
diij=e" i dt'e“#* = H- (3.20) 
t 
for de Sitter inflation. For Class IT metrics (G < 1,t < 0) we have instead 
0 —t 
i) = (1° [ di'(—t')-? = = ~ H-V(t). (3.21) 
: = 


In all cases the proper size d,.(t) evolves in time like the so-called Hubble horizon (i.e. the 
inverse of the Hubble parameter), and then like the inverse of the curvature scale. The 
size of the horizon is thus constant or growing in standard inflation (Class I), decreasing 
in pre-big bang inflation (Class II), both in the S-frame and in the E-frame. 

Such an important difference is clearly illustrated in Fig. 4 and Fig. 5, where the 
dashed lines represent the evolution of the horizon, the full lines the evolution of the 
scale factor. The shaded area at time tp represents the portion of Universe inside our 
present Hubble radius. As we go back in time, according to the standard scenario, the 
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Figure 4. Qualitative evolution of the Hubble horizon (dashed curve) and of the scale 
factor (full curve) in the standard inflationary scenario. 














horizon shrinks linearly, (H~' ~ t), but the decrease of the scale factor is slower so that, 
at the beginning of the phase of standard evolution (t = t,), we end up with a causal 
horizon much smaller than the portion of Universe that we presently observe. This is 
the well known “horizon problem” of the standard scenario. 

In Fig. 4 the phase of standard evolution is preceeded in time by a phase of standard 
de Sitter inflation. Going back in time, for t < t,, the scale factor keeps shrinking, and 
our portion of Universe “re-enters” inside the Hubble radius during a phase of constant 
(or slightly growing in time) horizon. 

In Fig. 5 the standard evolution is preceeded in time by a phase of pre-big bang 
inflation, with growing curvature . The Universe “re-enters” the Hubble radius during 
a phase of shrinking horizon. To emphasize the difference, I have plotted the evolution 
of the scale factor both in the expanding S-frame, a(t), and in the contracting E-frame, 
a(t). Unlike in standard inflation, the proper size of the initial portion of the Universe 
may be very large in strings (or Planck) units, but not larger than the initial horizon 
itself [23], as emphasized in the picture. The initial horizon is large because the initial 
curvature scale is small, in string units, H; < 1/,g. 

This is a basic consequence of the choice of the initial state which, in the pre-big 
bang scenario, approaches the flat, cold and empty string perturbative vacuum [b], and 
which is to be contrasted to the extremely curved, hot and dense initial state of the 


standard scenario, characterizing a Universe which starts inflating at the Planck scale, 


4. Open problems and phenomenological consequences 


In order to give a honest presentation of the pre-big bang scenario, it is fair to say 
that the string cosmology models are not free from various (more or less important) 
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Figure 5. Qualitative evolution of the Hubble horizon (dashed curve) and of the scale 
factor (full curve) in the pre-big bang inflationary scenario, in the S-frame, a(t), and 
in the E-frame, a(t). 








difficulties, and that many aspects of the scenario are still unclear. A detailed discussion 
of such aspects is outside the purpose of this paper, but I would like to mention here 
at least three important open problems. Presented in “time-ordered” form (from the 
beginning to the end of inflation) they are the following. 


e The first concerns the initial conditions, and in particular the decay of the string 
perturbative vacuum. The question is whether or not the “switching on” of a long 
inflationary phase requires fine-tuning. Originally raised in [24], this problem was 
recently re-proposed as a fundamental difficulty of the pre-big bang scenario [2s 
(see however 26, 27, 23)). 

e The second concerns the transition from the pre- to the post-big bang phase, which 
is expected to occur in the high curvature and strong coupling regime. There is 
a quantum cosmology approach, based on the scattering of the Wheeler-De Witt 
wave function in minisuperspace [7], but the problem seems to require, in general, 
the introduction of higher derivative (a’) and quantum loop corrections [21], 29] in 
the string effective action (see however [[15, [L6]). 

e The third problem concerns the final matching to the standard Friedman- 
Robertson-Walker phase, with a transition from the dilaton-dominated to the 
radiation-dominated regime, and all the associated problems of dilaton oscillations, 
re-heating, pre-heating, particle production, entropy production [BQ], and so on. 


All these problems are under active investigation, and further work is certainly 
needed for a final answer. However, even assuming that all the problems will be solved 
in a satisfactory way, we are left eventually with a further question, the third one 
listed in the Introduction, which is the basic question (in my opinion). Are there 
phenomenological consequences that can discriminate string cosmology from the other 
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inflationary scenarios? and, in particular, are such consequences observable (at least in 
principle) ? 

The answer is positive. There are many phenomenological differences, even if all 
the differences seem to have the same “common denominator”, i.e. the fact that the 
quantum fluctuations of the background fields are amplified in different models with 
different spectra. The spectrum, in particular, tends to follow the behaviour of the 
curvature scale during the phase of inflation. In the standard scenario the curvature 
is constant or decreasing, so that the spectrum tends to be flat, or decreasing with 
frequency. In string cosmology the curvature is growing, and the spectrum tends to 
grow with frequency. 

In the following sections I will discuss in detail this effect for the case of tensor 
metric perturbations. Here I would like to note that the phenomenological consequences 
of the pre-big bang scenario can be classified into three different types, depending on the 
possibility of their observation: Type I effects, referring to observations to be performed 
in a not so far future (20-30 years?); Type II effects, referring to observations to be 
performed in a near future (a few years); Type III effects, referring to observations 
already (in part) performed. To conclude this very quick presentation of the pre-big 
bang scenario, let me give one example for each type of phenomenological effect. 


e Type I: the production of a relic graviton background that, in the frequency range 
of conventional detectors (~ 10? — 10° Hz), is much higher (by 8 — 9 orders of 
magnitude) than the background expected in conventional inflation [B} BI, Bo]. 
The sensitivity of the presently operating gravitational antennas is not enough 
to detect it, however, and we have to wait for the advanced, second generation 
interferometric detectors (LIGO [B4], VIRGO [B4]), or for interferometers in space 


(LISA [Bd]). 


e Type Il: the large scale CMB anisotropy “seeded” by the inhomogeneous 
fluctuations of a massless [B7] or massive [B§] axion background. Metric fluctuations 
are indeed too small, on the horizon scale, to be responsible for the temperature 
anisotropies detected by COBE [BJ]; the axion spectrum, on the contrary, can be 
sufficiently flat for that purpose. Such a different origin of the anisotropy may 
lead to non-gaussianity, or to differences (with respect to the standard inflationary 
scenario) in the height and position of the first Doppler peak of the spectrum [AJ]. 
Such differencs could be soon confirmed, or disproved, by the planned satellite 


observations (MAP 42], PLANCK 3, ... ). 


e Type III: the production of primordial magnetic fields strong enough to “seed” the 
galactic dynamo, and to explain the origin of the cosmic magnetic fields observed 
on a large (galactic, intergalactic) scale [4]. In the standard inflationary scenario, 
in fact, the amplification of the vacuum fluctuations of the electromagnetic field 
is not efficient enough [5], because of the conformal invariance of the Maxwell 
equations. In string cosmology, on the contrary, the electromagnetic field is also 
coupled to the dilaton, and the fluctuations are amplified by the accelerated growth 
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of the dilaton during the phase of pre-big bang evolution. 


Finally, I wish to mention a further important phenomenogical effect, typical of 
string cosmology (and that I do not know how to classify within the tree types defined 
above, however): dilaton production, i.e. the amplification of the dilatonic fluctuations 
of the vacuum, and the formation of a cosmic background of relic dilatons |H6]. 

The possibility of detecting such a background is strongly dependent on the value 
of the dilaton mass, that we do not known, at present. If dilatons are massless [47], 
then the amplitude and the spectrum of the relic background should be very similar 
to those of the graviton background, and the relic dilatons could be possibly detected, 
in the future, by gravitational antennas able to respond to scalar modes, unless their 
coupling to bulk matter is too small [M7], of course. 

If dilatons are massive, the mass has to be large enough to be compatible with 
existing tests of the equivalence principle and of macroscopic gravitational forces. In 
addition, there is a rich phenomenology of cosmological bounds, which leaves open only 
two possible mass windows [A]. Interestingly enough, however, in the allowed light mass 
sector the dilaton lifetime is longer than the present age of the universe, and the dilaton 
fraction of critical energy density ranges from 0.01 to 1: in this context, the dilaton 
becomes a new, interesting dark matter candidate (see [HQ] for a detailed discussion of 
the allowed mass windows, and of the possibility that light but non-relativistic dilatons 
could represent today a significant fraction of dark matter on a cosmological scale). I 
have no idea, however, of how to detect directly such a massive dilaton background, 
because the mass is light, but it is heavy enough (2 10~‘eV) to be far outside the 
sensitivity range of resonant gravitational detectors. 

The rest of this lecture will be devoted to discuss various theoretical and 
phenomenological aspects of graviton production, in a general cosmological context and, 
in particular, in the context of the pre-big bang scenario. Let me start by recalling 
some basic notions of cosmological perturbation theory, which are required for the 
computation of the graviton spectrum. 


5. Cosmological perturbation theory 
The standard approach to cosmological perturbation theory is to start with a set of 
non-perturbed equations, for instance the Einstein or the string cosmology equations, 
Guy = Tw, (52) 
to expand the meric and the matter fields around a given background solution, 
Guy ge) ar ON Gia Tw — ai) 7s aa ey = soe (5.2) 


and to obtain, to first order, a linearized set of equations describing the classical 
evolution of perturbations, 


AG OT p (5.3) 
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In principle, the procedure is simple and straightforward. In practice, however, we have 
to go through a series of formal steps, that I list here in “chronological” order: 

e choice of the “frame”; 

e choice of the “gauge”; 

e normalization of the amplitude; 


e computation of the spectrum. 


5.1. Choice of the frame 


The choiche of the frame is the choice of the basic set of fields (metric included) used 
to parametrize the action. The action, in general, can be expressed in terms of different 
fields. In string cosmology, for instance, there is a preferred frame, the S-frame, in 
which the lowest order gravi-dilaton action takes the form (B.3). It is preferred because 
the metric appearing in the action is the same as the sigma-model metric to which 
test strings are minimally coupled (see Appendix A): with respect to this metric, the 
motion of free strings is then geodesics. It is always possible, however, through the field 


Op = Gye, @ = \/ (5.4) 


y: 
d _ 1” 
to introduce the more conventional E-frame (B.4) in which the dilaton is minimally 


redefinition 


coupled to the metric, with a canonical kinetic term. 

In the two frames the field equations are different, and the perturbation equations 
are also different. This seems to rise a potential problem: which frame is to be used to 
evaluate the physical effects of the cosmological perturbations? 

The problem is only apparent, however, because physical observables (like the 
perturbation spectrum) are the same in both frames. The reason is that there is a 
compensation between the different perturbation equations and the different background 
solution around which we expand. A general proof of this result can be given by using 
the notion of canonical variable (see the Subsection 6.3)). Here I will give only an explicit 
example for tensor perturbations in a d = 3, isotropic and spatially flat background. 

Let me start in the E-frame, with the background equations: 


1 

Fay = uP OVD, (5.5) 
referring to the “tilded” variables (6.4) (I will omit the “tilde”, for simplicity, and I will 
explicitly reinsert it at the end of the computation). Consider the transverse, traceless 
part of metric perturbations: 
6 = 0, 6M guy Th i, 6Y gv — per Vily’ =0=h,” (5.6) 
(V,, denotes covariant differentiation with respect to the unperturbed metric g, and the 
indices of h are also raised and lowered with g). The perturbation of the background 
equations gives: 


oR eS, (5.7) 
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We can work in the syncronous gauge, where 
go=1, gi=0, gi; = —075,;, 
hoo _ 0, hoi = 0, gt hi; = 0, Ojhj! = 0. (5.8) 


To first order in h we get 
. Le 1. 
sOT ER? = re ly = — a his 
1 
br = 5 (Ojhy * + O;h;* — O*hay) . (5.9) 


The (0,0) component of eq. (6.7) is trivially satisfied (as well as the perturbation of 
the scalar field equation); the (7, 7) components, by using the identities (see for instance 


B4)) 


hin = h; j + 2Hh,?, 


give 
Lf... .. VY. 1 
6 RJ = = (i + 3Hh,J — <n) = —5Dhi? =0. (6.11) 


In terms of the conformal time coordinate, dy = dt/a, this wave equation can be finally 
rewritten, for each polarization mode, as 


h! + 2h! — V?h =0, (5.12) 
a 


(where I have explicitly re-inserted the tilde, and where a prime denotes differentiation 
with respect to the conformal time, which is the same in the Einstein and in the String 
frame, according to eqs. (8.10), @.14)). 

Let us now repeat the computation in the S-frame, where the background equations 
for the metric (eq. (C.1) with no contribution from Hyvo,T,,,V and a) can be written 
explicitly as 


Ry” + 9° (pO? — Va °Oph) = 0. (5.13) 
Perturbing to first order, 
SVR” — (6 GD? +. G’O Dyn) 6 = 0. (5.14) 


The (0,0) component, as well as the perturbation of the dilaton equation, are trivially 
satisfied. The (7, 7) components, using again the identities (6.10), lead to Bl}: 


Oh,? — gh; =0. (5.15) 


In conformal time, and for each polarization component, 
hi’ (25 = ‘' h-V7h=0 (5.16) 
a 


This last equation seems to be different frm the E-frame equation (6.12). Recalling, 
however, the relation (B.10) between a and @, we have 


ef 

a 
2— = 
a 


a’ 
2—-¢ wl 
~ — 6, (6.17) 
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so that we have the same equation for h and h, the same solution, and the same spectrum 
when the solution is expanded in Fourier modes. The perturbation analysis is thus 
frame-independent, and we can safely choose the more convenient frame to compute the 
spectrum. 


5.2. Choice of the gauge 


The second step is the choice of the gauge, i.e. the choice of the coordinate system 
within a given frame. The perturbation spectrum is of course gauge-independent, but 
the the perturbative analysis 7s not, in general. It is possible, in fact, that the validity 
of the linear approximation is broken in a given gauge, but still valid in a different, more 
appropriate gauge. 

Since this effect is particularly important, let me give, in short, an explicit example 
for the scalar perturbations of the metric tensor in a d = 3, isotropic and conformally 
flat background, in the E-frame (I will omit the tilde, for simplicity). The perturbed 
metric, in the so-called longitudinal gauge, depends on the two Bardeen potentials ® 
and W as AY: 

ds? = a? |(1 + 26) dr? — (1 — 2W) da?) . (5.18) 


By perturbing the Einstein equations (6.5), the dilaton equation, and combining the 
results for the various components, one obtains to first order that ® = WV, and that the 
metric fluctuations satisfy the equation: 


bY 46-0! — V6 =0. (5.19) 
a 


We now consider the particular, exact solution of the vacuum string cosmology equations 
in the E-frame, 


a(n) = |n|?, o(n) = —Vv3In|n], n> 0, (5.20) 


corresponding to a phase of accelerated contraction and growing dilaton (i.e. the pre-big 
bang solution (B.16), written in conformal time, for d = 3). For this background, the 
perturbation eq. (6.19) becomes a Bessel equation for the Fourier modes ®,, 


3 
Oo, + no + k’?®, = 0, V7, = —k?O,, (5.21) 
and the asymptotic solution, for modes well outside the horizon (\kn| < 1), 
Ye = Ax ln |kn| + Bylkn|-? (5.22) 


contains a growing part which blows up (~ 77?) as the background approaches the high 
curvature regime (7 — 0_). In this limit the linear approximation breaks down, so 
that the longitudinal gauge is not in general consistent with the perturbative expansion 
around a homogeneous, inflationary pre-big bang background, as scalar inhomogeneities 
may become too large. 
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In the same background (6.20) the problem is absent, however, for tensor 
perturbations, since their growth outside the horizon is only logarithmic. From eq. 
(6.1) we have in fact the asymptotic solution 


This may suggests that the breakdown of the linear approximation, for scalar 
perturbations, is an artefact of the longitudinal gauge. This is indeed confirmed by 
the fact that, in a more appropriate off-diagonal (also called “uniform curvature” [bQ}) 
gauge, 

ds? = a le + 2) dn? — dz? — 20; Bdx' dn] ; (5.24) 


the growing mode is “gauged down”, i.e. it is suppressed enough to restore the validity 
of the linear approximation [51]] (the off-diagonal part of the metric fluctuations remains 
growing, but the growth is suppressed in such a way that the amplitude, normalized to 
the vacuum fluctuations, keeps smaller than one for all scales k, provided the curvature 
is smaller than one in string units). This result is also confirmed by a covariant and 
gauge invariant computation of the spectrum, according to the formalism developed by 
Bruni and Ellis [52]. 

It should be stressed, however, that the presence of a growing mode, and the need 
for choosing an appropriate gauge, is a problem typical of the pre-big bang scenario. In 
fact, let us come back to tensor perturbations, in the E-frame: for a generic accelerated 
background the scale factor can be parametrized in conformal time with a power a, as 


follows: 

a = (—n)°*, n— 0_, (5.25) 
and the perturbation equation (6.12) gives, for each Fourier mode, the Bessel equation 

hy + =a + k’h, = 0, (5.26) 
with asymptotic solution, outside the horizon (|kn| << 1): 

: =A +B fot = Ay + B, |n|*?*. (5.27) 


The solution tends to be constant for a < 1/2, while it tends to grow for a > 1/2. It is 
now an easy exercise to re-express the scal factor (6.25) in cosmic time, 


dt = adn, aye oer, (5.28) 


and to chech that, by varying a, we can parametrize all types of accelerated backgrounds 
introduced in Section B: accelerated expansion (with decreasing, constant and growing 
curvature), and accelerated contraction, with growing curvature (see Table II). 

In the standard, inflationary scenario the metric is expanding, a < 0, so that the 
amplitude h, is frozen outside the horizon. In the pre-big bang scenario, on the contrary, 
the metric is contracting in the E-frame, so that h; may grow if the contraction is fast 
enough, i.e. a > 1/2 (in fact, the growing mode problem was first pointed out in the 
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a>d0 accelerated contraction a<0,a<0,H <0 


Table 2. The four classes of accelerated backgrounds. 





context of Kaluza-Klein inflation and dynamical dimensional reduction [b3], where the 
internal dimensions are contracting). For the low-energy string cosmology background 
(6.20) we have a = 1/2, the growth is simply logarithmic (see (6.23), and the linear 
approximation can be applied consistently, provided the curvature remains bounded by 
the string scale [bi]. But for a > 1/2 the growth of the amplitude may require a different 
gauge for a consistent linearized description. 


5.8. Normalization of the amplitude 


The linearized equations describing the classical evolution of perturbations can be 
obtained in two ways: 


e by perturbing directly the background equations of motion; 


e by perturbing the metric and the matter fields to first order, by expanding the 
action up to terms quadratic in the first order fluctuations, 


(6g) ‘| (5.29) 


and then by varying the action with respect to the fluctuations. 


g7 9+ 6g, OS=s 





The advantage of the second method is to define the so-called “normal modes” 
for the oscillation of the system {gravity + matter sources}, namely the variables 
which diagonalize the kinetic terms in the perturbed action, and satisfy canonical 
commutation relations when the fluctuations are quantized. Such canonical variables 
are required, in particular, to normalize perturbations to a spectrum of quantum, zero- 
point fluctuations, and to study their amplification from the vacuum state up to the 
present state of the Universe. 

Let us apply such a procedure to tensor perturbations, in the S-frame, for a d = 3 
isotropic background. In the syncronous gauge, the transverse, traceless, first order 
metric perturbations hj. = 6) Jw satisfy eq. (6.8). We expand all terms of the low 
energy gravi-dilaton action (8.3) up to order h?: 


6) ghv = —pi”, 6°) ghv = hh, ”, 
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1 
64,./—g =0, 62)./—g = =a [=Ghiyy hi”, (5.30) 


and so on for 6 R,,,, 6°) Ruy (see for instance [b4]). By using the background equations, 
and integrating by part, we finally arrive at the quadratic action 


65 — + f dea’ e (it + ma) (5.31) 


By separating the two physical polarization modes, i.e. the standard “cross” and “plus” 
gravity wave components, 


hihi = 2 (hi + ho), (5.32) 
we get, for each mode (now generically denoted with h), the effective scalar action 
525 = =f d*za%e * (i? + nh) . (5.33) 
which can be rewritten, using conformal time, as 
65 = ; / @Padna?e® (h? + hVh) . (5.34) 


The variation with respect to h gives finally eq. (B.1@), ie. the same equation obtained 
by perturbing directly the background equations in the S-frame. 

The above action describes a scalar field h, non-minimally coupled to a time- 
dependent. external field, a?e~? (also called “pump field”). In order to impose the 
correct quantum normalization to vacuum fluctuations, we introduce now the so-called 
“canonical variable” w, defined in terms of the pump field as 


w= 2h, gaue , (5.35) 


With such a definition the kinetic term for ~ appears in the standard canonical form: 
for each mode k, in fact, we get the action 


1 F Zl! 
5S, = 5 f dn ( eae + =v) ) (5.36) 


and the corresponding canonical evolution equation: 


ol! 


i+ [k? — V(n)| de =0, Vinh=s, (5.37) 
which has the form of a Schrodinger-like equation, with an effective potential depending 
on the external pump field. This form of the canonical equation, by the way, is the same 
for all types of perturbations (with different potentials, of course). What is important, 
in our context, is that for an accelerated inflationary background V(z) — 0 as 7 — —on. 
This means that, asymptotically, the canonical variable satisfies the free-field oscillating 


equation 
1 — —00, 1+ kd, = 0, (5.38) 


and can be normalized to an initial vacuum fluctuation spectrum, 
7 — —00 Ve = as eon (5.39) 
2 J/2k ? 
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Figure 6. Amplification of tensor fluctuations, with and without the higher-curvature 
corrections included in the canonical perturbation equation. 


in such a way as to satisfy the free field canonical commutation relations, |q,, vr = ig. 
The normalization of w, then fixes the normalization of the metric variable hy, = w/z. 

It is important to stress that there is no need to introduce the canonical variable 
to study the classical evolution of perturbations, but that such variable is needed for 
the initial normalization to a vacuum fluctuation spectrum. We can also normalize 
perturbation in a different way, of course but in that case we are studying the 
amplification not of the vacuum fluctuations, but of a different spectrum [B5}. 

At this point, two remarks are in order. The first concerns the frame-independence 
of the spectrum. The above procedure can also be applied in the E-frame, to define 
a canonical variable 1): one then obatins for 7, the canonical equation (6.37), with a 
pump field that depends only on the metric, 2 = a. However, by using the conformal 
transformation connecting the two frames, it turns out that the two pump fields are the 
same, 7 = G@ = ae~*/? = z, so that for a and y we have the same potential, the same 
evolution equation, the same solution, and thus the same spectrum. 

The second remark is that the canonical procedure can be applied to any action, 
and in particular to the string effective action including higher curvature corrections of 
order a’, which can be written as P]]: 


S= / d‘x,/—ge-* {-R — 0,¢0" + o [Rap - (,00"ey']} (5.40) 


where R2.p = Re vop — 4R°., + R? is the Gauss-Bonnet invariant (we have chosen a 
convenient field redefinition that removes terms with higher-than-second derivatives 
from the equations of motion, see Appendix A). From the quadratic perturbed action 
we obtain a’ corrections to the pump fields. The canonical equation turns out to be the 
same as before, but with a k-dependent effective potential [54], and such an equation can 
be used to estimate the effects of the higher curvature corrections on the amplification of 
tensor perturbations. A numerical integration [64], in which the metric fluctuations are 
expanded around the high-curvature background solution of ref. [21], leads in particular 


to the results illustrated in Fig. 6. 
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Figure 7. Scattering and amplification of the canonical variable. 


The qualitative behaviour is similar, both with and without a’ corrections in the 
perturbed equations: the fluctuations are oscillating inside the horizon and frozen 
outside the horizon, as usual. However, the final amplitude is enhanced when a’ 
corrections are included, and this suggests that the energy spectrum of the gravitational 
radiation, computed with the low-energy perturbation equation, may represent a sort 
of lower bound on the total amount of produced gravitons. 


5.4. Computation of the spectrum 


The final, amplified perturbation spectrum is to be obtained from the solutions of the 
canonical equation (6.37). In order to solve such an equation we need explicitly the 
effective potential V{z(7)| which, in general, vanishes asymptotically at large postive and 
negative values of the conformal time. Consider, for instance, the tensor perturbation 
equation in the E-frame, so that the pump field is simply the scale factor. The typical 
cosmological bckground in which we are interested in should describe a transition fom 
an initial accelerated, inflationary evolution, 


1) 7 —O, a~ In|*, Vw ie (5.41) 
to a final standard, radiation-dominated phase, 
i> +00, a~n, y=0. (5.42) 
In this context, the evolution of fluctuations, initially normalized as in eq. (6.39), can 
be described as a scattering of the canonical variable by an effective potential, according 
to the Schrodinger-like perturbation equation (5.37) (see Fig. 7). 
However, the differential variable in eq. (5.37) is (conformal) time, not space. As a 
consequence, the eigenfrequencies represent (comoving) energies, not momenta. Thus, 
even normalizing the initial state to a positive frequency mode, as in eq. (5.39), the final 


state is in general a mixture of positive and negative frequency modes, i.e. of positive 
and negative energy states, 


+ FOO, dour ~ ce 8 + c_e thn, (5.43) 
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In a quantum field theory context, such a mixing represents a process of pair 
production from the vacuum. The coefficients cz, are the so-called Bogoliubov 





coefficients, parametrizing a unitary transformation between |in) and |out) states. In 
matrix form, they connect the set of |in) annihilation and creation operators, {Win, bx, bh} 
to the out ones {Wout, Gx, al}, as follows: 


a, = Cyd, + bl ,, at, =c_b, + ot bt ,. (5.44) 
Thus, even starting from the vacuum, 

Tin = (O|b'b|O) = 0, (5.45) 
we end up with a final number of produced pairs which is nonzero, in general, and is 
controlled by the Bogoliubov coefficient c_ as 

out = (Olatal0) = |c_|? 4 0. (5.46) 

In a second quantization approach, the amplification of perturbations can thus be 
seen as a process of pair production from the vacuum (or from any otherwise specified 
initial state), under the action of a time-dependent external field (the gravi-dilaton 
background, in the string cosmology case). Equivalently, the process can be described as 
a “squeezing” of the initial state [6] (this description is useful to evaluate the associated 
entropy production |57]), or, in a semiclassical language, as a “parametric amplification” 
[53] of the wave function y%, which is scattered by an effective potential barrier through 
an “anti-tunnelling” process [b9]. Quite independently of the adopted language, the 
differential energy density of the produced radiation, for each mode k, depends on the 
number of produced pairs, and can be written as 

_ ak = j 

dp, = ORT Toa? Me = \C-1k) |" (5.47) 
The computation of the so-called energy spectrum, defined as the spectral energy density 
per logarithmic interval of frequency, 


dp, _ dpe _ kt 2 


thus requires the computation of c_(k), and then the knowledge of the asymptotic 





solution of the canonical pertubation equation at large positive times. 

To give an explicit example we shall consider here a very simple model consisting 
of two cosmological phases, an initial accelerated evolution up to the time 7, and a 
subsequent radiation-dominated evolution for 7 > 7: 


an (=9)", n<m, 

a~n, n>. (5.49) 
The effective potential for tensor perturbations in the E-frame, |a”/a|, starts from zero 
at —oo, grows like n~?, reaches a maximum ~ 77”, and vanishes in the radiation phase. 


We must solve the canonical perturbation equation for 7 < 7, and 7 > 7. In the first 
phase the equation reduces to a Bessel equation: 


nt Gs = | dp = 0, (5.50) 


2 
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with general solution [60] 
de = In|’? [AHO (|kn|) + BHM (lknl)], v= la-1/2I, (5.51) 


where H‘!) are the first and second kind Hankel functions, of argument kn and index 
vy = |a — 1/2| determined by the kinematics of the background. By using the large 
argument limit of the Hankel functions for 7 — —oo, 

E(k) ~ pace Hf (kn) ~ Teac (5.52) 
we choose initially a positive frequency mode, normalizing the solution to a vacuum 
fluctuation spectrum, 


A=1/2, B=0. (5.53) 


In the second phase V = 0, and we have the free oscillating solution : 


1 
i= Tk (qe + oa) (5.54) 


The matching of ~ and ~’ at 7 = 7, gives now the coefficients cz (more precisely, 
1) 1) 


the matching would require the continuity of the perturbed metric projected on a 
spacelike hypersurface containing 7, and the continuity of the extrinsic curvature of that 





hypersurface [61]; but in many cases these conditions are equivalent to the continuity 
of the canonical variable ~, and of its first time derivative). 

For an approximate determination of the spectrum, which is often sufficient for 
pratical purposes, it is convenient to distinguish two regimes, in which the comoving 
frequency k is much higher or much lower than the frequency associated to the top of 
the effective potential barrier, |V(7)|!/? ~ nj*. In the first case, k >> 1/|m| = ki, we 
can approximate the Hankel functions with their large argument limit, and we find that 
there is no particle production, 


Keel eaaa je 0, (5.55) 


In practice, c_ is not exactly zero, but is exponentially suppressed as a function of the 
frequency, just like the quantum reflection probability for a wave with a frequency well 
above the top of a potential step. We will neglect such an effect here, as we are mainly 
interested in a qualitative estimate of the perturbation spectrum. 

In the second case, k < 1/|7,| = ki, we can use the small argument limit of the 
Hankel functions, 


H® ~ alkm)” — ib(km)~”, HY ~a(km)’ +ib(km)~”, (5.56) 
and we find 
Jey & lo] = [ms a 


corresponding to a power-law spectrum: 


kA kt (k\* 
dpe c_(k)P x 2 (=) k<hk, (5.58) 


dink 7! mw \ ky 
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OO 
de Sitter, constant curvature | a=-1 | 2-2-0] flat 


power-inflation, decreasing curvature paca Pawo decreasing 
pre-big bang inflation, growing curvature fast |s-w>0, increasing 


Table 3. Slope of the graviton spectrum. 





with a cut-off frequency k; = ny; ' controlled by the height of the effective potential. 
For a comparison with present observations, it is finally convenient to express the 

spectrum in terms of the proper frequency, w(t) = k/a(t), and in units of critical energy 

density, p.(t) = 3M? H?(t)/87. We then obtain the dimensionless spectral distribution, 


Aw,t) = —< dow) 8 wh Cm 














p(t) dw 30 M2H? Wy 
W 3-2v 
~ 920,,(t) (=) . nea (5.59) 
WwW 
where 
1 A 
po ee (5.60) 
aan a 


is the maximal amplified proper frequency, g: = Hi/M,, and 


a= -() (2) son 


is the energy density (in critical units) of the radiation that becomes dominant at t = f,, 
rescaled down at a generic time t (today, 2,(to) ~ 107“). 

It is important to stress that the amplitude of the spectrum is controlled by 
gi = H,/Mp, i.e. by the curvature scale in Planck units at the time of the transition t) 
(a fundamental parameter of the given inflationary model). The slope of the spectrum, 
3 — 2v, is instead controlled by the kinematics of the background. In fact, it depends 
on the Bessel index v which, in its turn, depends on a, the power of the scale factor 
(eq. (6.51). The behaviour in frequency of the graviton spectrum, in particular, tends 
to follow the behaviour of the curvature scale during the epoch of accelerated evolution, 
see Table III. 

The standard inflationary scenario is thus characterized by a flat or decreasing 
graviton spectrum; in string cosmology, instead, we must expect a growing spectrum. 
This has important phenomenological implications, that will be discussed in the 
following section. 
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6. The relic graviton background 


As discussed in the previous Section, one of the most firm predictions of all inflationary 
models is the amplification of the traceless, transverse part of the quantum fluctuations 
of the metric tensor, and the formation of a primordial, stochastic background of relic 
gravitational waves, distributed over a quite large range of frequencies (see for a 
discussion of the stochastic properties of such a background, and for a possible 
detection of the associated “squeezing” [64]). 

In a string cosmology context, the expected graviton background has been already 
discussed in a number of detailed review papers [59 (65) (66). Here I will summarize the 
main properties of the background predicted in the context of the pre-big bang scenario. 

For a phenomelogical discussion of the spetrum, it is convenient to consider the 
plane {Q¢,w}. In this plane there are three main phenomenological constraints: 


e A first constraint comes from the large scale isotropy of the CMB radiation. The 
degree of anisotropy measured by COBE imposes a bound on the energy density of 
the graviton background at the scale of the present Hubble radius [67], 


Q¢(wo) S 107", wy ~ 1078 Hz. (6.1) 


e A second constraint comes from the absence of distortion of the pulsar timing-data 
[63], and gives the bound 


OQg(w,) S 10°78, Wy ~ 1078 Hz. (6.2) 


e A third constraint comes from nucleosynthesys [69], which implies that the total 
graviton energy density, integrated over all modes, cannot exceed the energy 
density of one massless degree of freedom in thermal equilibrium, evaluated at 
the nucleosynthesis epoch. This gives a bound for the peak value of the spectrum 


Ba, 

hyp [ dinwe(w, to) $0.5 x 107, 

hioo = Ho/(100 km sec~*Mpc™*), (6.3) 
which applies to all scales. 


A further bound can be obtained by considering the production of primordial black 
holes [70]. The production of gravitons, in fact, could be associated to the formation 
of black holes, whose possible evaporation, at the present epoch, is constrained by a 
number of astrophysical observations. The absence of evaporation imposes an indirect 
upper limit on the graviton background. In a string cosmology context, however, and in 
the frequency range of interest for observations, this upper limit is roughly of the same 
order as the nucleosynthesis bound [/0]. 

For flat or decreasing spectra it is now evident that the more constraining bound 
is the low-frequency one, obtained from the COBE data. In the standard inflationary 
scenario, characterized by flat or decreasing spectra (see Table III), the maximal allowed 
graviton background can thus be plotted as in Fig. 8. The flat spectrum corresponds 
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Figure 8. Graviton spectra in the standard inflationary scenario. 


to de Sitter inflation, the decreasing spectra to power inflation. The breakdown in 
the spectrum, around w.q ~ 10-'° Hz, is due to the transition from the radiation- 
dominated to the matter-dominated phase, which only affects the low-frequency part of 
the spectrum, namely those modes re-entering the horizon in the matter-dominated era. 
For such modes there is an additional potential barrier in the canonical perturbation 
equation, which induces an additional amplification ~ (weq/w)? > 1, with respect to 
the flat de Sitter spectrum. 

However, this break of the spectrum is not important for our purposes. What is 
important is the fact that the observed anisotropy constrains the maximal amplitude 
of the spectrum. But the amplitude depends on the inflation scale, as stressed in the 
previous Section. From the COBE bound (6.1}), imposed on the modified de Sitter 
spectrum at the Hubble scale, 


Q¢(wo, to) = gi2,(t)(Weq/w)? S 107", (6.4) 
we thus obtain a direct constraint on the inflation scale: 
HiyM,. 510" (6.5) 


(for power-inflation the bound is even stronger [B1]). 

This bound applies to all models characterized by a flat or decreasing spectrum. The 
bound can be evaded, however, if the spectrum is growing, like in the string cosmology 
context. To illustrate this point, let me consider the simplest class of the so-called 
“minimal” pre-big bang models, characterized by three main kinematic phases [44]: 
an initial low-energy, dilaton-driven phase, an intermediate high-energy “string” phase, 
in which a’ and loop corrections become important, and a final standard, radiation- 
dominated phase (see Fig. 9). The time scale 7, marks the transition to the high 
curvature phase, and the time scale 7), characterized by a final curvature of order one 
in string units, marks the transition to the radiation-dominated cosmology. 

By computing graviton production in this background [BQ] we find that the 
spectrum is characterized by two branches: a high frequency branch, for modes crossing 
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Figure 9. A minimal model of pre-big bang background. 


the horizon (or “hitting” the barrier) in the string phase, w > w, = (an,)~!; and a low 
frequency branch, for modes crossing the horizon in the initial dilaton phase, w < ws. 
The slope is cubic at low frequency, and flatter at high frequency, and the spectrum can 
be parametrized as follows: 


Ww 3—2v 
QG(w, to) & G22, (to) (=) id, <w <0, 
Wy 
W 2v W 3 
~ g?0,,(to) (=) (=) ; Ww < Ws (6.6) 


(modulo logarithmic corrections). There are two main parameters: the transition 
frequency w,, and the Bessel index v, for the high frequency part of the spectrum. 
These parameters represent our present ignorance about the duration and the kinematic 
details of the high curvature phase. 

In spite of this uncertainty, however, there is a rather precise prediction for the 
height and the position of the peak of the spectrum, which turns out to be fixed in 
terms of the fundamental ratio M,/M, as: 


Qe(w1) ~ 10-4(M,/M,)’, w, ~ 101(M,/M,)!/? Hz. (6.7) 


The behaviour of the spectrum, in this class of models, is illustrated in Fig. 10. A precise 
computation shows that, given the maximal expected value of the string scale [19] 
(M,/M, ~ 0.1), the peak value is automatically compatible with the nucleosynthesis 
bound, as well as with bounds from the production of primordial black holes. 

In the minimal models the position of the peak is fixed. Actually, what is really 
fixed, in string cosmology, is the maximal height of the peak, but not necessarily the 
position in frequency, and it is not impossible, in more complicated non-minimal models, 
to shift the peak at lower frequencies. 

In minimal models, in fact, the beginning of the radiation phase coincides with the 
end of the string phase. We may also consider models, however, in which the dilaton 
coupling g? = exp(@) is still small at the end of the high curvature phase, and the 
radiation era begins much later, when g? ~ 1, after an intermediate dilaton-dominated 
regime. The main difference between the two cases is that in the second case the effective 
potential which amplifies tensor perturbations is non-monotonic [59], so that there are 
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Figure 10. Graviton spectra in minimal pre-big bang models. 


high frequency modes re-entering the horizon before the radiation era. As a consequence, 
the perturbation spectrum is also non-monotonic, and the peak does not coincide any 
longer, in general, with the end point of the spectrum (see also [7I]}), as illustrated in 
Fig. 11. 

For minimal models the peak is around 100 GHz, for non minimal models it could 
be at lower frequencies. These are good news from an experimental point of view, of 
course, but non-minimal models seem to be less natural, at least from a theoretical point 
of view. The boxes around the peak, appearing in Fig. 11, represent the uncertainty in 
the position of the peak due to our present ignorance about the precise value of the ratio 
M,/M, (for the illustrative purpose of Fig. 11, the ratio is assumed to vary in the range 
0.1—0.01). The wavy line, in the high frequency branch of the spectrum, represents the 
fact that the spectrum associated to the string phase could be monotonic on the average, 
but locally oscillating [72]. Finally, the lower strip, labelled by ds = 99%, represents 
the fact that even the height of the peak could be lower than expected, if the produced 
gravitons have been diluted by some additional reheating phase, occurring well below 
the string scale, during the standard evolution. 

This last effect can be parameterized in terms of 0s, which is the fraction of present 
entropy density in radiation, due to such additional, low-scale reheating. The position 
of the peak then depends on 6s as B3: 


M, 1/2 
w1(to) ~ To Ge) (Ta Fey"s 


2 
OQg(wr, to) ~ 7 x 10-5AZ2, (7) (1 —6s)*", (6.8) 
Mp 
where Tp = 2.7°K ~ 3.6 x 10!'Hz. Such a dependence is not dramatic, however, because 
even for 6s = 99% the peak keeps well above the standard inflationary prediction, 
represented by the line labelled “de Sitter” in Fig. 11. 
Given the various theoretical uncertainties, the best we can do, at present, is to 


define the maximal allowed region for the expected graviton background, i.e. the region 
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Figure 11. Peak and end point of the spectrum in minimal and non-minimal models. 


spanned by the spectrum when all its parameters are varied. Such a region is illustrated 
in Fig. 12, for the phenomenologically interesting high frequency range. The figure 
emphasizes the possible, large enhancement (of about eight orders of magnitude) of the 
intensity of the background in string cosmology, with respect to the standard inflationary 
scenario. 

It may be useful to stress again the reason of such enhancement. In the standard 
inflationary scenario the graviton spectrum is decreasing, the normalization is imposed 
at low frequency, and the peak value is contolled by the anisotropy of the CMB radiation, 
6T/T S 10~°. Thus, at low frequency, 

2 
Malta) S (to) (F>) 

COBE 
In string cosmology the spectrum is growing, the normalization is imposed at high 
frequency, and the peak value is controlled by the fundamental ratio M,/M, S 0.1. 
Thus 


~ 10-7". (6.9) 





Ne(to) S Q4(to) (ey 5 10-*. (6.10) 


p 

The graviton background obtained from the amplification of the vacuum 
fluctuations, in string cosmology and in standard inflation, is compared in Fig. 12 
with other, more unconventional graviton spectra. In particular: the graviton spectrum 
obtained from cosmic strings and topological defects [73], from bubble collision at the 
end of a first order phase transition [74], and from a phase of parametric resonance of 
the inflaton oscillations [75]. Also shown in Fig. 12 is the spectrum from models of 
quintessential inflation [76], and a thermal black body spectrum for a temperature of 
about one kelvin. All these cosmological backgrounds are higher than the background 
expected from the vacuum fluctuations in standard inflation, but not in a string 
cosmology context. 

It may be interesting, at this point, to recall the expected sensitivities of the present, 
and near future, gravitational antennas, referred to the plots of Fig. 12. 
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Figure 12. Allowed region for the spectrum of vacuum fluctuations in string 


cosmology and in standard inflation, compared with other relic spectra of primordial 
origin. 


At present, the best direct, experimental upper bound on the energy of a stochastic 
graviton background comes from the cross-correlation of the data of the two resonant 
bars NAUTILUS and EXPLORER [77]: 


OQghi00 Ss 60, vy ~ 907 Hz (6.11) 


(similar sensitivities are also reached by AURIGA [?8]). Unfortunately, the bound is 
too high to be significant for the plots of Fig. 12. However, a much better sensitivity, 
Qg ~ 10-4 around v ~ 10° Hz, is expected from the present resonant bar detectors, if 
the integration time of the data is extended to about one year. A similar, or slightly 
better sensitivity, Qg ~ 10-° around v ~ 10? Hz, is expected from the first operating 
version of the interferometric detectors, such as LIGO and VIRGO. At high frequency, 
from the kHz to the MHz range, a promising possibility seems to be the use of resonant 
electromagnetic cavities as gravity wave detectors [79]. Work is in progress to 
attempt to improve their sensitivity. 

The present, and near future, available sensitivities of resonant bars and 


interferometers, therefore, are still outside the allowed region of Fig. 12, determined 
by the border line 


Oehiig 22 10-*: (6.12) 


Such sensitivities are not so far from the border, after all, but to get really inside we have 
to wait for the cross-correlation of two spherical resonant-mass detectors [81], expected 
to reach Ng ~ 1077 in the kHz range, or for the advanced interferometers, expected to 
reach Qg ~ 107! in the range of 10? Hz. At lower frequencies, around 10-2 — 10~° Hz, 
the space interferometer LISA seem to be able to reach very high sensitivities, up 
to Ng ~ 10-!!. Work is in progress, however, for a more precise computation of their 
sensitivity to a cosmic stochastic background [B2]. 
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Detectors able to reach, and to cross the limiting sensitivity (6.19), could explore 
for the first time the parameter space of string cosmology and of Planck scale physics. 
The detection of a signal from a pre-big bang background, extrapolated to the GHz 
range, could give a first experimental indication on the value of the fundamental ratio 
M,/M,. Even the absence of a signal, inside the allowed region, would be significant, 
as we could exclude some portion of parameter space of the string cosmlogy models, 
obtaining in such a way direct experimental information about processes occuring at 
(or very near to) the string scale. 


7. Conclusion 


The conclusion of these lectures is very short and simple. 

There is a rich structure of stochastic, gravitational wave backgrounds, of 
cosmological origin, in the frequency range of present (or planned for the future) gravity 
wave detectors. 

Among such backgrounds, the stronger one seems to be the background possibly 
predicted in the context of the pre-big bang scenario, in a string cosmology context, 
originating at (or very near to) the fundamental string scale. Also, the maximal 
predicted intensity of the background seems to be accessible to the sensitivity of the 
future advanced detectors. 

If this is the case, the future gravity wave detectors will be able to test string 
theory models, or perhaps models referring to some more fundamental unified theory, 
such as D-brane theory, M-theory, and so on. In any case, such detectors will give direct 
experimental information on Planck scale physics. 
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Appendix A. The string effective action 


The motion of a point particle in an external gravitational field, g,,,, is governed by the 
action 


m 
__m ipa 
S 7 pari DO ty. (A.1) 


where x(7) are the spacetime coordinates of the particle, and 7 is an affine parameter 
along the particle world-line. 
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The time evolution of a one-dimensional object like a string describes a world- 
surface, or “world-sheet”, instead of a world-line, and the action governing its motion 
is given by the surface integral 

M2 = 
a bf drdo (=77'10:0""0)0" Gul 2), (A.2) 
where 0; = 0/0€', and €' = (7,0) are respectively the timelike and spacelike coordinate 





——= 


on the string world-sheet (7,7 = 1,2). The coordinates x“(7, 0) are the fields governing 
the embedding of the string world-sheet in the external (also called “target” ) space. The 
parameter M? defines (in units h/27 = 1 =c) the so-called string tension (the mass per 
unit length), and its inverse defines the fundamental length scale of the theory (often 
called, for hystorical reasons, the a’ parameter): 
g.. 1 
ae 2 Qa! 


In a curved metric background g,,, depends on x", and the nonlinear action (A.Q) 





(A.3) 


represents what is called a “sigma model” defined on the string world sheet. 
For the point particle action ((A.]]) the variation with respect to 2” leads to the well 
known geodesic equations of motion, 


i +Typ"e%a” =0. (A.4) 


The string equations of motion are similarly obtained by varying with respect to x” the 
action ((A.2)): we get then the Eulero-Lagrange equations 


OL OL . 
a L= J-9y40;2"0;2" Gu; AD 
Aa") Bue ee Bi a 
which can be written explicitly as 
- 1 a 
Osx" + 740,2°0;2"T og" =0, = 0 77" 05; (A.6) 


val 
These equations describe the geodesic evolution of a test string in a given external 
metric. The variation with respect to yiz imposes the so-called “costraints”, i.e. the 
vanishing of the world sheet stress tensor Tix, 

2 6S 
v—7 oy 


It is important to note, at this point, that for a classical string it is always possible 


1 
T,; = = 0,0"0;0" guy — ~VijOnx"O"x, = 0. A.7 
j gj Juv ~ 5 Vii Lu 


to impose the so-called “conformal gauge” in which the world sheet metric is flat, 
Vij = Mj. In fact, in an appropriate basis, the two-dimensional metric tensor can 
always be set in a diagonal form, 7;; = diag(a,b), and then, by using reparametrization 
invariance on the world sheet, b?do? = a?do’?, the metric can be set in a conformally 
flat form, 7; = a?7j;. Since the action (A.J) in invariant under the conformal (or Weyl) 
transformation 74; > 0?(&%) yj; 


VHT AVI 7", (A.8) 
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we can always eliminate the conformal factor a? in front of the Minkowski metric, by 
choosing 2 = a~'. In the conformal gauge the equations of motion ((A-6)) reduce to 


#Y — 2" + Tag (a* + 2%) (4° — 2) =0, (A.9) 
where # = dx/dr, x' = dx/do, and the constraints ((A.7) become 
Celta’ toe") =0, gga a” =O. (A.10) 


We now come to the crucial observation which leads to the effective action governing 
the motion of the background fields. The conformal transformation ([A.8}) is an invariance 
of the classical theory. Let us require that there are no “anomalies”, i.e. no quantum 
violations of this classical symmetry. By imposing such a constraint, we will obtain a set 
of differential equations to be satisfied by the background fields coupled to the string. 
Thus, unlike a point particle which does not imposes any constraint on the external 
geometry in which it is moving, the consistent quantization of a string gives constraints 
for the external fields. The background geometry cannot be chosen arbitrarily, but must 
satisfy the set of equations(also called G-function equations) which guarantee the absence 
of conformal anomalies. The string effective action used in this paper is the action which 
reproduces such a set of equations for the background fields, and in particular for the 
metric. 

The derivation of the background equations of motion and of the effective action, 
from the sigma-model action (A.J), can be performed order by order by using a 
perturbative expansion in powers of a’ (indeed, in the limit a’ — 0 the action becomes 
very large in natural units, so that the quantum corrections are expected to become 
smaller and smaller). Such a procedure, however, is in general long and complicated, 
even to lowest order, and a detailed derivation of the background equations is outside 
the purpose of these lectures. Let me sketch here the procedure for the simplest case in 
which the only external field coupled to the string is the metric tensor g,,,. 

In the conformal gauge, the action (A.2)) becomes: 

ee i dE Ope" dix” g.. (A.11) 
Ara! 
Let us formally assume a deformation of the number of world sheet dimensions, from 





2 to 2+, and perform the conformal transformation: ;; — nj;;exp(p). Expanding we 
get, for small e, 





1 ; 
_ a por CPO. Oa” Guy = 


: ard On" Ox" Gin (1 a <p + =) ele) 


~ Aral 2 


For « — 0 the p dependence disappears, and the classical action is conformally 








invariant. In order to preserve this invariance also for the quantum theory, at the one 
loop level, let us treat the sigma model as a quantum field theory for z“(o,7), and let 
us consider the quantum fluctuations 7“ around a given expectation value z}. For the 
general reparametrization invariance of the theory we can always choose for 29 a locally 
inertial frame, such that g,.(%o) = Nu». By expanding the metric around 29, the leading 
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corrections are of second order in the fluctuations, because in a locally inertial frame 
the first derivatives of the metric (and then the Cristoffel connection) can always be 
set to zero (but not the curvature). With an appropriate choice of coordinates, called 
Riemann normal coordinates, the metric can thus be expanded as: 





1 ibaa. 
Gale) =the = 3 uvaa (to) BP + on (A.13) 
and the action for the quantum fluctuations becomes, to lowest order in the curvature, 
foo ‘: 2*¢|a,0"0'8 (1 + <p) 
Ara! ' a 2 
1 . 
— 3 it" OE Raval to) 8°" (1 - <p) + J : (A.14) 


It must be noted that, at the quantum level, the dependence of p does not disappear 
in general from the action in the limit ¢ — 0, since there are one-loop terms that diverge 
like «~!, just to cancel the e dependence and to give a contribution proportional to p to 
the effective action. By evaluating, for instance, the two point function for the quantum 


operator #°2°, in the coincidence limit ¢ > o’ (the tadpole graph), one obtains [B3] 


ik-(o—o') 
(8°(0)8°(0")yoor ~ 9° Tim, fd? — we", (A.15) 
which gives the one-loop contribution to the action 
AS ~ - PE ATG" Ry p- (A.16) 


This term violates, at one-loop, the conformal invariance, unless we restrict to a 
background geometry satisfying the condition 


Rp =0. (A.17) 


which are just the usual Einstein equations in vacuum. 

A similar procedure can be applied if the string moves in a richer external 
background (not only pure gravity). Indeed, pure gravity is not enough, as a consistent 
quantum theory for closed bosonic strings, for instance, must contain at least three 
massless state (beside the unphysical tachyon, removed by supersymmetry) in the lowest 
energy level: the graviton, the scalar dilaton and the pseudo-scalar Kalb-Ramond axion. 
The sigma model describing the propagation of a string in such a background must thus 





contain the coupling to the metric, to the dilaton ¢, and to the two-form B,, = —B,,: 
S = | PE A832" (VG + Bw) 
1 
— & f @ey7ER (9), (A.18) 
An 2 
where €”/ is the two-dimensional Levi-Civita densor density, €4. = —€1 = 1, and R®(y) 


is the two-dimensional scalar curvature for the world sheet metric y. The condition of 
conformal invariance, at the one-loop level, leads to the equations 


1 
Ruy - VuVu a 4 woop Hy a 0, Bye = Ones = On Sa oi OFF iis, 
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1 
R+2V76 — (VO)? — [Hive 


Vi (eon) 0, (A.19) 


which can be obtained hy extremizing the effective action 


1 
ae fd’ eyigl *|R+( (V6) - SH, (A.20) 


= 0, 


S=- 





(see Appendix C). 

It should be noted that the inclusion of the dilaton in the condition of conformal 
invariance cannot be avoided, since the dilaton coupling in the action (A.1§) breaks 
conformal invariance already at the classical level (,/—YR®) is not invariant under a 
Wey] rescaling of y). However, the dilaton term is of order a’ with respect to the other 
terms of the action (for dimensional reasons), so that it is correct to sum up the classical 
dilaton contribution to the quantum, one-loop effects, as they are all of the same order 
in a’. Without the dilaton, however, the world sheet curvature density —7yR°) does 
not contribute to the string equations of motion, as it is a pure Eulero two-form in two 
dimensions (just like the Gauss-Bonnet term in four dimensions). 

Let me note, finally, that the expansion around x9 can be continued to higher 
orders, 


g(x) =n + R&& + ORZEE + R?RREE + ..., (A.21) 


thus introducing me curvature terms, and higher powers of a’, in the effective action: 


ae + fa ay/igl eW ‘|e (Vo)? - Sapte: (A.22) 


At any given order, unfortunately, there is an intrinsic ambiguity in the action due to 


S=- 





the fact that, with an appropriate field redefinition of order a’, 


Iuv > Gov + Of (Ryy + O,00,0 + ...) 
g>go+a' (R+VOH..), (A.23) 


we obtain a number of different actions, again of the same order in a’ (see for instance 
[84]). This ambiguity cannot be eliminated until we limit to an effective action truncated 
to a given finite order. 

The higher curvature (or higher derivative) expansion of the effective action is 
typical of string theory: it is controlled by the fundamental, minimal length parameter 
Xs = (2ra’)'/?, in such a way that the higher order corrections disappear in the point- 
particle limit A, — 0. At any given order in a’, however, there is also the more 
conventional expansion in power of the coupling constant g, (i.e. the loop expansion 
of quantum field theory: tree-level ~ g~?, one-loop ~ g°, two-loop ~ g?, ...). The 
important observation is that, in a string theory context, the effective couplig constant 
is controlled by the dilaton. Consider, for instance, a process of graviton scattering, in 
four dimensions. Comparing the action (2.4) with the standard, gravitational Einstein 
action (2.1), it follows that the effective coupling constant, to lowest order, is 


V8nG = Ay = A,e%/? (A.24) 
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(G is the usual Newton constant). Each loop adds an integer power of the square of the 
dimensionless coupling constant, which is controlled by the dilaton as 


95 = (Ap/As)” = (Ms/My)” = €® (A.25) 
We may thus expect, for the loop expansion of the action, the following general scheme: 
S=- petv=a (R +V¢?+0'R? + is tree level 
— [ v=9(R+ Ve? +01R? +...) one — loop 
— pet’v=a (R + Ve"? +o0/R? + 5) two — loop 


searasieiseionisnen ties (A.26) 


Unfortunately, each term in the action, at each loop order, is multiplied by a dilaton 
“form factor” which is different in general for different fields and for different orders. 
This difference can lead to an effective violation of the universality of the gravitational 
interactions in the low-energy, macroscopic regime, and this violation can be 
reconciled with the present tests of the equivalence principle only if the dilaton is massive 
enough, to make short enough the range of the non-universal dilatonic interactions. 
The tree-level relation ((A.25}) is valid also for a higher-dimensional effective action, 
provided e® represents the shifted four-dimensional dilaton which includes the volume of 
the extra-dimensional, compact internal space, and which controls the grand-unification 
gauge coupling, agyr, as 
agur = exp(¢) = (M,/M,)? ~ 0.1 — 0.001. (A.27) 


However, the relation ((A.25) is no longer valid, in general, if the gauge interactions are 
confined in four-dimensions and only gravity propagates in the extra dimensions. In 
that case the relation depends on the volume of the extra dimensions, whose size may 
be allowed to be large in Planck units [86]. For internal dimensions of volume V,, the 
relation becomes, in particular, 


Mo =v 6°", (A.28) 
where ® is the dilaton in d = 3+ n dimensions. In this case, the string mass parameter 


could be much smaller than the value expected from eq. ((A.27), provided the internal 
volume is correspondingly larger. 


Appendix B. Duality symmetry 


Notations and conventions. In this paper we use the metric signature (+ — ——), 
and we define the Riemann and Ricci tensor as follows: 

Rwwa — Oak ya + Pup Tye? — (uv), 

Tee = Tries ae 
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Consider the gravi-dilaton effective action, in the S-frame, to lowest order in a’ and 
in the quantum loop — 


d+1 
ae fa +ey/\g| e~* [R+ (V9)"]. (B.1) 
For a homogeneous, but anisotropic, Bianchi I type metric background: 
b= ot), goo = N*(t), Gig = — 05 (t) 545, (B.2) 
we have (H; = a;/aj): 


Pet 
(Vo) = WN?’ go NIT a, 
1=1 


S=- 
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—¢ d 
— (IT« ‘ pyaar Da 20D +2(Da) |, (B.4) 
the action (B-]]), modulo a total derivative, can be rewritten as: 
2 
= ors [ated I | =e +(¥ it) 26> a | (B.5) 
We now introduce the so-called shifted dilaton ¢, defined by 


_ d,, 
gt = | a ]] aie’, (B.6) 





from which 
o=6+ na, b=6+ 0H, (B.7) 


(by assuming spatial sections of finite volume, (f d4x,/|g|)t=const < 00, we have absorbed 
into ¢ the constant shift —In(A;¢ fd4xr), required to secure the scalar behaviour of 
@ under coordinate reparametrizations preserving the comoving gauge). The action 
becomes: 


go 22 
_ * far (5 = > 1) . (B.8) 


By inverting one of the d scale factors the corresponding Hubble parameter changes 
sign, 





aj; — a; = a: Hi; = Hi; = a = a; i = —H,, (B.9) 
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so that the quadratic action is clearly invariant under the inversion of any scale 
factor preserving the shifted dilaton, 


a; > a; = az", o—-¢ (B.10) 
(“scale factor duality”, see [P] and the first paper of Ref. B]). 

In order to derive the field equations, it is convenient to use the variables 3; = In a,, 
so that H; = 6;, H; = 3;, and the action (B.8) is cyclic in 6;. By varying with respect 
to N,3; and ¢, and subsequently fixing the cosmic time gauge N = 1, we obtain, 


respectively, 
=D 
@ —>_H}? =0, (B.11) 
H, — Hi = 0, (B.12) 
se ed 
26-¢ —>\H7=0. (B.13) 


This is a system of (d+2) equations for the (d+1) variables {a;, 6}. However, only (d+1) 
equations are independent (see for instance 2]: eq. (B-Il]) represents a constraint on 
the set of initial data). 

The above equations are invariant under a time reversal transformation 


t— —t, H— -H, 6— —d, (B.14) 
and also under the duality transformation (B.1Q). If we invert k < d scale factors, 
a, =a, -,... @ =a;,", the shifted dilaton is preserved, 6 = ¢, provided 

d k d 
¢=¢—- > na; =¢- > na; - » Ina;, (B.15) 
i=1 i=1 i=k+1 
from which: 
k 

b= 6-2) nag. (B.16) 

i=1 


Given an exact solution, represented by the set of variables 


{Q1,-.da, P}, (B.17) 


the inversion of k < d scale factors defines then a new exact solution, represented by 
the set of variables 


{ay',..@,°,@p41,...dg, 6 — 2lnaqy... — 2Inag}. (B.18) 
By inverting all the scale factors we obtain the transformation 
d 
{a:,¢} > {a;',¢-25- Ina} (B.19) 
i=1 


which, in the isotropic case, corresponds in particular to the duality transformation 


(2.5). 


As a simple example, we consider here the particular isotropic solution 


a= piva o@=-—Int, (B.20) 
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which satisfies identically the set of equations (B.I1]) - (B.13). By applying a duality 
and a time-reversal transformation we obtain the four different exact solutions 

{as(t) =t*/V4, G(t) = —Int}, 

{as(-t) = (-#)*”/“4, ¢(-t) = - In(-#)}, (B.21) 











corresponding to the four branches illustrated in Fig. 2, and describing decelerated 
expansion, a(t), decelerated contraction, a_(t), accelerated contraction, a+(—t), 
accelerated expansion, a_(—t). The solution describes expansion or contraction if the 
sign of @ is positive or negative, repectively, and the solution is accelerated or decelerated 
if a and @ have the same or the opposite sign, respectively. 

It is important to consider also the dilaton behaviour. According to eq. (B.7): 


a (4t) = O(4t) + dmaz(4t) = (Vd - 1) (44). (B.22) 








It follows that, in a phase of growing curvature (t < 0,t — 0_), the dilaton is growing 
only for an expanding metric, a_(—t). This means that, in the isotropic case, there are 
only expanding pre-big bang solution, i.e. solutions evolving from the string perturbative 
vacuum (H — 0,¢@ — —oo), and then characterized by a growing string coupling, 
ds = (exp 4/2) > 0. 

In the more general, anisotropic case, and in the presence of contracting dimensions, 
a growing curvature solution is associated to a growing dilaton only for a large enough 
number of contracting dimensions. To make this point more precise, consider the 
particular, exact solution of eqs. (B.IT}) - (B.13) with d expanding and n contracting 
dimensions, and scale factors a(t) and b(t), respectively: 


a=(-t)-V¥¥4" p= (-)Y%" = -In(-t), *t-0_. (B23) 
This gives, for the dilaton, 


nod—-vdtn, 


¢é=¢+dlna+ninb= ror (—t), (B.24) 
so that the dilaton is growing if 
d+Vd-+-n > n. (B.25) 


For n = 6, in particular, this condition requires d > 3. This could represent a potential 
difficulty for the pre-big bang scenario, which might be solved, however, by quantum 
cosmology effects [87]. 

The scale factor duality of the action (B.8) is in general broken by the addition of 
a non-trivial dilaton potential (unless the potential depends on the dilaton through ¢, 
of course). When the antisymmetric tensor B,,, is included in the action, however, the 
scale factor duality can be lifted to a larger group of global symmetry transformations. 
To illustrate this important aspect of the string cosmology equations, we will consider 
here a set of cosmological baground fields {¢, guv, By}, for which a syncronous frame 
exists where goo = 1, go; = 0, Bo, = 0, and all the components ¢, g;;, Bj; do not depend 
on the spatial coordinates. 
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Let us write the action 


1 ~ i] 
$= 5 [dl ay/igl e? [R+ (V6) - GHpua (B.26) 


directly in the syncronous gauge, as we are not interested in the field equations, but 





only in the symmetries of the action. We set gj; = —7yi; and we find, in this gauge, 


To = ais Toi? = sod = : (9° 'a), i (74), : 


Bag = — GT (75) — 51 (44) — (4), 


1 1 1 
J iba j= fa-la\ j -1: Eat ee ee ae 
=e (7 4). A (y 7). Tr (7 7) + (7 ay 7). , (B.27) 
where 
an, “yi. a 
rie =o) =o (B.28) 
and so on {note also that ~~! means (y~')]. Similarly we find, for the antisymmetric 
tensor, 
. es ee ae Anat 
Hoy = Bay, BY Sy Beal By). 
HywoH”* = 3HojH™ = —3Tr (y'B) . (B.29) 


Let us introduce the shifted dilaton, by absorbing into @ the spatial volume, as before: 


\/| det gijle"? = en? (B.30) 


from which 
$= $—-=5 in (det) = 6 - ST (774) (B31) 
egg ee Be ye 


By collecting the various contributions from ¢,R and H?’, the action (B.26) can be 
rewritten as: 


$= f ave 3|' 4 Fe (74) — 2 (7) 
= 3 G4) +e (4) + Fe (7A). 9 


We can now eliminate the second derivatives, and the mixed term (~ #7), by noting 
that 


£ [e-Prr (y714)] =e a: (4) +1 (9715) - or (74)| . (B33) 


dt 
Finally, by using the identity, 
(yy =-y 47" (B.34) 


(following from g~tg = y~!y = I), we can rewrite the action in quadratic form, modulo 
a total derivative, as 


oS —* fate? is —- atk (v4) + otk (771B)'| (B.35) 
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This action can be set into a more compact form by using the 2d x 2d matrix 
M, defined in terms of the spatial components of the metric and of the antisymmetric 


tensor, 
Cm “G's 
Me -1 -1 ’ 
BG G—BG™B 


and using also the matrix 7, representing the invariant metric of the O(d,d) group in 
the off-diagonal representation, 


n= & : (B.37) 


(J is the unit d-dimensional matrix). By computing Mn, M1 and (Mn)? we find, in 
fact, 


Tr (ln) = 21r ly + (7B) "| = Zr - (v4) + (7718) "| : (B.38) 
and the action becomes 
o= —* fate? io + atk (wn) (B.39) 


We may note, at this point, that M is a symmetric matrix of the pseudo-orthogonal 
O(d,d) group. In fact, 


M'7nM =n, M=M?* (B.40) 
for any B and G. Therefore: 
. 2 : 
Mn =nM", (Mn) =n (M-')'Mn, (B.41) 


and the action can be finally rewritten as 
Ar = [2 1 ‘ 
= 22. —¢ = —1)\: 

s=—= | ate 6 + 2Tr MT (M )|. (B.42) 
This form is explicitly invariant under the global O(d,d) transformations (2.10), 
preserving the shifted dilaton: 

o— 4, M— ATMA, ATnA =n (B.43) 
In fact 

ir M (")= Tr 





ATMAA~! (ut) (aT) =Tr M (mM). (B.44) 
In the absence of the antysimmetric tensor M is diagonal, and the special O(d, d) 
transformation with A = 7 corresponds to an inversion of the metric tensor: 

M = diag(G',G), 

M = A?MA = Mn = diag(G,G"!) = G=G". (B.45) 
For a diagonal metric G = a7J, and the invariance under the scale factor duality 


transformation (2.5) is recovered as a particular case of the global O(d,d) symmetry 
of the low energy effective action. 
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Appendix C. The string cosmology equations 


In order to derive the cosmological equations let us include in the action, for 
completeness, the antisymmetric tensor B,,, a dilaton potential V(¢), and also the 
possible contribution . other matter sources represented by a Lagrangian density Ly»: 


S=- ne a f tteylal */R+ (Vd)° - SH + V(6) 


- ae lg| Len: (C.1) 


In a scalar-tensor model of gravity, expecially in the presence of higher derivative 





interactions, it is often convenient to write the action in the language of exterior 
differential forms, as this may simplify the variational procedure (see for instance |B§]). 
Here we will follow however the more traditional approach, by varying the action with 
respect to g,,,@ and B,,. We shall take into account the dynamical stress tensor T),,, of 
the matter sources (defined in the usual way), as well as the scalar source o representing 
a possible direct coupling of the dilaton to the matter fields: 


1 Vv 
bg(\/—gLm) = gV I dg" ; b¢(V/—glim) = V—ga6d. (C.2) 
We start performing the variation with respect to the metric, using the standard, 
general relativistic results: 


1 
6/-g= BV IIgs 
6 (V—9R) =V/-g (Gudgh” + IwV7 6g — Vivvo") (C.3) 


where G,, is the usual Einstein tensor. It must be noted, however, that the second 
covariant derivatives of dg’”, when integrated by parts, are no longer equivalent to a 
divergence (and then to a surface integral), because of the dilaton factor exp(—@) in 
front of the Einstein action, which adds dilatonic gradients to the full variation. By 
performing a first integration by part, and using the metricity condition Vag, = 0, we 
get in fact: 


1 
oe =| dty,/\g/T,,5g"” — aa { d*y,/\g| e-? 


1 
en at VabIpvV° — VuPVi + VueViLd — Oe (Vo)° — 59wV (9) 
Tole ce 3 





oe Tp Daao tle J a 
— ge lg| Va eo 250" — Vag" ='() (C.4) 


A second integration by part of Vdg"" cancels the bilinear term V,,@V_¢@, and leads to 
the field equations: 


1 1 i] 
Gy + VuVod + 59 |(VO)? —2V9 —V (6) + Hp] — GHyas He? 
1 


= 50 Tw (C.5) 
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We have chosen units such that 2\¢-! = 1, so that e® represents the (d + 1)- 
dimensional gravitational constant (see Appendix A). Also, we have implicitly added to 
the action the boundary term 


I = a 


whose variation with respect to g exactly cancels the contribution of the total divergence 
appearing in the last integral of eq. ((C.4): 


5, / Val e-*K*dEe = / Val e-? (QuV%5g"” — V16g"") dEq. — (C.7) 


Here K® is a geometric term representing the so-called extrinsic curvature on the d- 
dimensional closed hypersurface, of infinitesimal area diz, bounding the total spacetime 
volume over which we are varying the action. Note that the integral ((C.@) differs from 
the usual boundary term, used in general relativity to derive the Einstein equations, 
only by the presence of the tree-level dilaton coupling e~® to the extrinsic curvature. 

Let us now perform the variation with respect to the dilaton, again in units 
2\7-! = 1. We get the Eulero-Lagrange equations: 


On, [-2V=ge-*a"9] = e-*/=g LR +(V¢)’— aH +V 


—¢ ?./—gV' + /—go (C.8) 
(where V’ = OV/0¢), from which 


1 
R+2V7¢—- (Voy +V —-V'- ie + ea =0. (C.9) 
The variation with respect to By, 


‘ / d@+1z,/|g| e-* (8, Bya) Ht = 0, (C.10) 
gives finally 


a, (vil 0) =0=V, (e*HM), (C.11) 


Eqs. (C5, €-9, C-I]]) are the equations governing the evolution of the string 
cosmology background, at low energy. Note that eq. (C.9) can also be given in a 
simplified form: if we eliminate the scalar curvature present inside the Einstein tensor, 
by using the dilaton equation (C.9)), we obtain: 

Rw’ +V,V'b- sev" = 7 Hyap Ht? = 5 (T," — &o). (C.12) 

For the purpose of these lectures, it will be enough to derive some simple solution 
of the string cosmology equations in the absence of the potential (V = 0), of the 
antisymmetric tensor (B = 0), and with a perfect fluid, minimally coupled to the 
dilaton (o = 0), as the matter sources. Assuming for the background a Bianchi I type 
metric, we can work in the syncronous gauge, by setting 


Iu = diag(1, —a;6i;), ai = aj(t), Q = o(t), 
Ty” = diag(p,—p;5/), pip == const, — pp = p(t). (C.13) 
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For this background: 
To? = 6}, Ty°=aidi6j, Ro? = — >> (Ai + H?) ; 


a 


2 
k a 


7 


(Vd) =, Vb=G+) Hib, VoV°d= 4, 

ViV¢ = Hid. . (C.14) 
The dilaton eq. (|C.9}) gives then 

26 +26 > Hi — & — SO (2H, + H?) - (sm) <0 (C.15) 
The (00) component of the eq. (CB gives : 


2 
@° — 263° H; — SH? + (= it) = e%p. (C.16) 


The diagonal, spatial components (7,7) of eq. (C.5) (the off-diagonal components are 
trivially satisfied) give 


2 
H+ HSH — Hd — 5D (2H + #) -3 (=) 
k a 4 
1. 4. 4 1 
= 5? +o+0) Hi= ao Pi (C.17) 


The last five terms on the left-hand side add to zero because of the dilaton equation 
(C15), and the spatial equations reduce to 


Foo, (6 -»>- i) = sees (C.18) 
k 


The above equations are clearly invariant under time-reversal, t — —t. In order 
to make explicit also their duality invariance, let us introduce again the shifted dilaton 
(see eq. ([B.7)), such that 


ef = 08 / =, 6=6-DoM, (C.19) 
and define 
B= pv—g = pl Ia, B= pv—g = pl Iai. (C.20) 


In terms of these variables, the time and space equations (C.16JC.18), and the dilaton 
equation (C.15), become, respectively: 


2 => 

& —>_ HP =e%%, (C.21) 
Z = 1s 

H, — H,¢ = 50 Pi (C.22) 


so 26 = > HP = 0. (C.23) 
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They are explicitly invariant under the scale-factor duality transformation: 

a; > a;", 6 ¢, PD, p> =p. (C.24) 
which implies, for a perfect fluid source, a “reflection” of the equation of state, 
7 = p/p = B/p — —p/p = —7 (see the first paper in Ref. [§]). A general O(d, d) 
transformation changes however the equation of state in a more drastic way (see [1]), 
introducing also shear and bulk viscosity. 


The above (d+ 2) equations are a system of independent equations for the (d+ 2) 
variables {a;,¢,}. Their combination implies the usual covariant conservation of the 


energy density. By differentiating eq. ((C.21}), and using (C.22C.23) to eliminate Hi, d, 
respectively, we get in fact 


eye (C.25) 
which, using the definitions ((C.20), is equivalent to 
p+ > Ai (p+ pi) =0. (C.26) 


In order to obtain exact solutions, it is convenient to include this energy conservation 
equation in the full system of independent equations. 

In these lectures I will present only a particular example of matter-dominated 
solution by considering a d-dimensional, isotropic background characterized by a power- 
law evolution, 


an t®, o~—6lnt, p= YP. (C.27) 
We use ((C.21C.23}, (C-25) as independent equations. The integration of eq. ((C-25) gives 


immediately 


B= poa™; (C.28) 
eq. (C-.21]}) is then satisfied provided 

dya+ B=2. (C.29) 
Finally, eq. (C-23) provides the constraint 

28 — 6° —da’ = 0. (C.30) 


We have then a system of two equations for the two parameters a, 3 (note that, if a 
is a solution for a given y, then also —a is a solution, associated to —y). We have in 
general two solutions. The trivial flat space solution @ = 2,a = 0, corresponds to dust 
matter (y = 0) according to eq. (C.22)). For 7 4 0 we obtain instead 


27 2 
_ a Cai 
which fixes the time evolution of a and ¢: 
Y = 2 
a~ tira o= Int, (C.32) 


ltd? 
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and also of the more conventional variables p, ¢: 

2(dy — 1) 

——__—] 
Lady 

This particular solution reproduces the small curvature limit of the general solution 


d 


p= pa* = pa), gé=¢+dlna= nt. (C.33) 


with perfect fluid sources (see the last two papers of Ref. [B]), sufficiently far from the 
singularity. Like in the vacuum solution ([B.20) there are four branches, related by 
time-reversal and by the duality transformation (C.24), and characterized by the scale 
factors 





as (£t) ~ (4t)t2/ +7), (C.34) 





The duality transformation that preserves ¢ and J, and inverts the scale factor, in this 
case is simply represented by the transformation y — —~y. Consider for instance the 
standard radiation-dominated solution, corresponding to d = 3, y = 1/3, and t > 0, 
and associated to a constant dilaton, according to eq. (C.33). A duality transformation 


gives a new solution with y = —1/3, namely (from (C.34/C.33): 
ant V2, pra’, g@~ —3lnt. (C.35) 


By performing an additional time reflection we then obtain the pre-big bang solution 
“dual to radiation”, already reported in eq. (2.16). 
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SUMMARY. String cosmology aims at providing a reliable description of the 
very early Universe in the regime where standard-model physics is no longer 
appropriate, and where we can safely apply the basic ingredients of superstring 
models such as dilatonic and axionic forces, duality symmetries, winding modes, 
limiting sizes and curvatures, higher-dimensional interactions among elementary 
extended object. The sought target is that of resolving (or at least alleviating) 
the big problems of standard and inflationary cosmology like the spacetime 
singularity, the physics of the trans-Planckian regime, the initial condition for 
inflation, and so on. 


1.1 The standard “Big Bang” cosmology 


In the second half of the last century the theoretical and observational study 
of our Universe, grounded on one hand on the Einstein theory of general rela- 
tivity, and on the other hand on astronomical observations of every increasing 
precision, has led to the formulation (and to the subsequent completion) of the 
so-called standard cosmological model (see e.g. [1, 2, 3]). 

Such a model — like every physical model — is based on various assumptions. 
We should mention, in particular: 


1. The assumption that the large-scale spacetime geometry can be foliated 
by a class of three-dimensional space-like hypersurfaces which are exactly 
homogeneous and isotropic. 
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2. The assumption that the matter and the radiation filling our Universe be- 
have exactly as a perfect fluid with negligible friction and viscosity terms. 


3. The assumption that the radiation is in thermal equilibrium. 


4. The assumption that the dominant source of gravity, on cosmological 
scales, is the so called dark matter component of the cosmological fluid 
(invisible, up to now, to all attempted detection procedures of nongravi- 
tational type); and so on. 


Using such assumptions, the standard cosmological model has obtained a 
long and impressive series of successes and experimental confirmations, such as: 


1. The geometric interpretation of the apparent recessional velocity of dis- 
tant light sources, together with a precise theoretical formalization of the 
empirical Hubble law. 


2. The prediction of a relic background of thermal radiation. 


3. The explanation of the process of genesis of the light elements and of the 
other building blocks of our present macroscopic world (like the processes 
of nucleosynhesis and baryogenesis); and so on. 


In spite of these important achievements the standard cosmological model 
was put in trouble when, in the 1980s, the scientific community started to 
investigate the problem of the origin of the observed galactic structures, and of 
the small (but finite) inhomogeneity fluctuations presents in the temperature 
T of the relic background radiation (AT/T ~ 10~°). How did originate the 
temperature inhomogeneities AT /T and, especially, the matter inhomogeneities 
Ap/p which are at the grounds of the concentration and subsequent growth of 
the cosmic aggregates (cluster of galaxies, stars and planets) that we presently 
observe? No temperature fluctuation and density fluctuation should exist, on 
macroscopic scales, if our Universe would be exactly homogeneous and isotropic 
as required by the standard cosmological model. 

This problem was solved by assuming that the standard cosmological model 
has to be modified, at some very early epoch, by the introduction of a cosmo- 
logical phase — called inflation — characterized by an accelerated expansion rate 
[4, 5, 6]. During such a primordial inflationary phase the three-dimensional spa- 
tial sections of our Universe underwent a gigantic (almost exponential) growth 
of proper volume in few units of the Hubbe-time parameter (see see.g. [3, 7, 8]). 
This process was able to amplify the microscopic quantum fluctuations of the 
matter fields (and of the geometry), thus producing the macroscopic inhomo- 
geneities required for the formation of the matter structures and of the temper- 
ature anisotropies we observe today (see see.g. [8, 9, 10]). 

A phase of inflationary evolution like that proposed above, however, cannot 
be extended back in time to infinity (or, to use the standard terminology, cannot 
be past eternal [11, 12, 13]). If we go back in time to sufficiently earlier epochs 
we find that the inflationary phase of the standard model has a beginning at 
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a precise instant of time. Before that time, the Universe was in an extremely 
hot, dense and curved primordial state — an ultimate concentrate of matter and 
radiation at extremely high energy and temperature. 

This means, in other words, that before starting inflating the Universe was 
quite close to the so-called big bang epoch, namely to the epoch of the huge 
cosmic explosion which — according to the standard model, even including the 
inflationary phase — gave rise to the matter and energy species we observe today, 
and was at the origin of the spacetime itself. 

In fact, the big bang epoch of the standard model corresponds (strictly speak- 
ing) to a mathematical singularity where the energy density and the spacetime 
curvature blow up to infinity. We can thus say that to the question How did 
the Universe begin?, the standard cosmological model provides the answer: The 
Universe was born from the initial big bang singularity. 


1.1.1 Validity restrictions of the standard cosmological 
model 


It is well known that standard cosmology is based on the Einstein theory of 
general relativity, which is a relativistic theory of gravity, but not a quantum 
theory. Hence, like all classical theories, general relativity has a limited valid- 
ity range. Because of those limits the standard cosmological model cannot be 
extrapolated to physical regimes where the energy and the spacetime curvature 
are too high: this prevents taking too seriously the predictions of such a model 
about the initial singularity. 

We should recall, in fact, that a classical model is valid until the correspond- 
ing action S = Et is much larger than the elementary quantum of action (or 
Planck’s quantum) h. If we take a cosmological patch of the size given by the 
Hubble radius c/H, we can then estimate the total involved energy E by mul- 
tiplying the energy density p of the gravitational sources by the spatial volume 
(c/H)?, containing the contribution of all observable matter and radiation at a 
given time t. The typical cosmological time scale, on the other hand, is provided 
by the Hubble time H~!, and the energy density p is related to the Hubble time 
by the Einstein equations, which imply (modulo numerical factors of order one) 
p = c?H?/G, where G is the Newton gravitational constant. By imposing the 
condition Et >> h we then find that the standard cosmological model may give 
a reliable (classical) description of the Universe provided that 


5 


(This condition, in units h = c = 1, can also be rephrased as H < Mp, where 
Mp = (hc/G)"/? is the Planck mass). 

The parameters C’, G, h appearing in the above equation are constant, while 
the Hubble parameter H is closely related to the spacetime curvature and is 
time dependent, H = H(t). According to the standard model, in particular, H 
grows as we go back in time, and diverges at the time of the big-bang singularity 


6 CHAPTER 1. STRING THEORY AND PRIMORDIAL COSMOLOGY 


Curvature and Hubble parameter 





Figure 1.1: According to the standard cosmological model, the spacetime curva- 
ture and the associated Hubble parameter H(t) undergo an unbounded growth 
as we go back in time, and blow up at the time t = 0 of the initial “big bang” 
singularity. 


(Fig. 1.1). Correspondingly, the ratio c?/GH? decreases and goes to zero at 
the singularity. Hence, before reaching the big bang epoch we necessarily enter 
the regime where the condition (1.1) is violated, and the standard cosmological 
model is no longer valid. 

In order to provide a reliable description of the primordial Universe we should 
thus use a more general approach, based on a theory able to describe gravity 
also in the quantum regime. A possible candidate for this theory, which is 
complete, consistent at all energy scales and, besides gravity, also incorporates 
all fundamental interactions, is the so-called theory of strings (see, e.g., [14, 15, 
16]). 


1.2 String theory 


The name of this theory is due to the fact that it proposes a model where 
the fundamental building blocks of our physical description of nature are one- 
dimensional extended object (elementary “strings”, indeed), instead of elemen- 
tary particles. Such strings can be open (of finite length), or closed, and the 
spectrum of states associated to their vibration modes can reproduce the par- 
ticle states of the gravitational interaction and of all the other fundamental 
(electromagnetic, strong and weak) interactions. 

In addition, if the string model is appropriately supersymmetrized — namely, 
if we add to each bosonic degree of freedom a corresponding fermionic partner 
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— we arrive at the so-called theory of superstrings. This model potentially de- 
scribes not only all interaction fields, but also their elementary sources (quarks 
and leptons), and thus all possible species and states of matter [14, 15]. 

But there is more. A basic property of string theory — probably the most 
revolutionary property, comparing with the other theories — is the property of 
determining not only the possible form of the interaction terms (which is also 
done by the usual gauge theories, through the minimal coupling procedure), 
but also the form of the free-field (kinetic) terms (which in the other theories 
is always left, to some extent, arbitrary). Indeed, string theory satisfies a new 
symmetry (called conformal symmetry) which rigidly prescribes the allowed free- 
field dynamics, at any given order of the chosen perturbative expansion [14, 15]. 

Quantizing a string, and imposing that the conformal symmetry is left un- 
broken by the quantum corrections (i.e. imposing the absence of conformal 
anomalies), one finds, in fact, that — to lowest order — the electromagnetic field 
must satisfy the Maxwell equations, the gravitational field must satisfy the Ein- 
stein equations, the spinor fields must satisfy the Dirac equations, and so on. 
All field equations, laboriously discovered in the past centuries through the the- 
oretical elaboration of a large amount of empirical data, can be simply predicted 
by string theory even in the absence of any experimental input! 

Finally, as already stressed, string theory is valid for all interactions also in 
the quantum regime, and can thus be used at arbitrarily high energy scales. In 
particular, unlike general relativity, can be applied to describe the Universe at 
epochs arbitrarily near to the big bang epoch. In such a limiting high-energy 
regime the equations we obtain from string theory are different, in general, 
from the corresponding field-theory equations, and thus it makes sense to ask 
the question What’s new from string theory about cosmology? 

In particular, What’s new about the very early epochs at the beginning of the 
Universe? 


1.3 String cosmology 


There are, in particular, two aspects of string theory which can play a relevant 
role in the formulation of a consistent cosmological scenario. 

The first one concerns the so-called dual symmetry, typical of one-dimensional 
extended objects. If such a symmetry is respected (even at the approximate 
level) by the gravitational dynamics on cosmological scales, then any cosmolog- 
ical phase occurring at t > 0, and characterized by a decreasing Hubble parame- 
ter H (hence, decreasing curvature), must be associated to a dual partner phase, 
defined at t < 0 and characterized by growing H (see [17] for a nontechnical 
illustration of this duality symmetry). It follows in particular that the present 
cosmological phase, subsequent to the big bang epoch and well described by the 
standard model, must be preceded in time by an almost specularly symmetric 
phase occurring before the big bang (Fig. 1.2). Such a duality symmetry should 
also leave an imprint on the properties of the cosmological perturbations [18]. 

In Fig. 1.2 both phases are characterized by a curvature (and a Hubble 
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Curvature and Hubble parameter 





dual phase 
“pre-big bang” 


present phase 
“post-big bang” 






t= 0 time 


Figure 1.2: The standard cosmological phase, of “post-big bang” type, is preceded 
by a (string-theory) dual phase of “pre-big bang” type. 


parameter) which diverges as ¢t goes to zero. If that would be the case, then 
the two branches of the cosmological evolution would be causally disconnected 
by a spacetime singularity, with no chances of merging together into a single 
coherent model of spacetime evolution. It is here, however, that comes into play 
another crucial aspect of string theory. 

String theory is indeed characterized by a fundamental length A,, which is a 
constant parameter of the string action and which controls the typical size of a 
quantized string. The physical role played by A; is very similar to the role played 
by the Bohr radius for the atom, which represents the minimal allowed size of the 
quantum electronic orbitals. The numerical value, however, is quite different: 
we may expect, in fact, As ~ 107°3 cm (i.e. a value of Ay which is about 10 
times that of the Planck length \p = h/Mpc’), in order that string theory may 
include a realistic description of all fundamental interactions (different values of 
As are possible in the presence of large extra dimensions, see below). 

Aside from the particular numerical value of A,, what is important, in our 
context, is that proper distances and sizes smaller than A, have no physical 
meaning in a string-inspired model. It follows that, in a string-cosmology con- 
text, the Hubble radius c/H has to be constrained by the condition c/H 2 As. 
Since the Hubble radius is directly related to the inverse of the spacetime cur- 
vature, we can deduce that the curvature cannot blow up to infinity, because of 
the constraint H S c/A;. Hence, when a given spacetime region has reached the 
limiting value H ~ c/)s, its geometrical state can only evolve in two ways: it 
can either stabilize at such a maximum value, or start decaying towards lower 
curvature states after a bounce induced by appropriate “stringy” effects (see 
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e.g. [19]). 

In such a context, the big bang singularity predicted by the standard model 
and sharply localized at a a given epoch (say, t = 0), has thus to be replaced 
by an extended phase of very high (but finite) maximal curvature: the so- 
called string phase (see e.g. [20, 21]). By combining the existence of the dual 
symmetry and of a minimal length scale, a string-based model can thus complete 
the standard cosmological scenario by removing the curvature singularity and 
extending the physical description of the Universe back in time, beyond the big 
bang, to infinity. The big bang era is still there, but it is deprived of the standard 
role of initial singularity: it corresponds, instead, to the epoch marking the 
transition between the growing curvature and the decreasing curvature regime 
(Fig. 1.3). 

Within such a cosmological scenario (first presented in detail in [22]) the 
initial cosmological state is no longer localized at t = 0, but it is moved to the 
limit t — —oo, and corresponds to an asymptotic state usually called the string 
perturbative vacuum. Such a new initial state, as illustrated in Fig. 1.3, turns 
out to be a sort of specularly symmetric version of the final state that would 
be reached in the asymptotic future by a Universe which keeps expanding for 
ever according to the standard cosmological dynamics. Namely, a flat, empty 
and cold initial state, drastically different from the initial hot, explosive state, 
extremely curved and concentrated, proposed by the standard scenario. 

There is, however, a possible asymmetry between the initial and final state 
of the above string-cosmology model, due to the coupling strength of the fun- 
damental interactions: such a coupling tends to zero as t + —oo, while it may 
become very strong in the opposite limit, if not appropriately stabilized (see e.g. 
(20, 21]). This growth of the coupling can be accompanied, in principle, also by 
a large amount of entropy production (see e.g. [23]). 


1.4 A higher-dimensional Universe 


String theory, which is at the grounds of the cosmological scenario described 
in the previous section, can be consistently formulated only in the context of a 
higher dimensional spacetime manifold. 

In fact, in order to consistently quantize a bosonic string without introducing 
ghosts (states of negative norm), and without violating the Lorentz symmetry, 
one must introduce a generalized spacetime manifold with 26 dimensions (see 
e.g. [14, 15]). In this way, however, one obtains a model which has still a 
pathology, as it contains tachyons (states of imaginary mass), which we believe 
should be absent in any realistic physical model. 

In order to eliminates the tachyons, we can generalize the bosonic string 
model by adding fermion states and considering the so-called superymmetric 
string models, or superstring models. In that case, a consistent quantization 
requires 10 spacetime dimensions, and the number of total dimensions is to 
be increased up to 11 (with one time-like and 10 space-like dimensions) if we 
require that the five possible types of superstrings may be connected by duality 
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standard 
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t=- 0 > t=+0 


Figure 1.3: Time evolution of the curvature scale and of the energy density 
in a typical example of string-cosmology scenario. The big bang epoch does 
not correspond to a singularity (like in the standard model) but to a phase of 
maximal, finite curvature. The Universe evolves starting from a flat, cold and 
empty state called the “string perturbative vacuum”, asymptotically localized at 
$= —oo. 


transformations, and may represent various weak-coupling regimes of a more 
fundamental theory, called M-theory [24] (see also [25]). 

Hence, whatever string model is assumed to apply, it is clear that the as- 
sociated string cosmology scenario must be referred to a higher dimensional 
Universe. On the other hand, all present phenomenological experience (includ- 
ing the most sensitive high-energy experiments) points at a world with one 
time-like and only three space-like dimensions. We are thus naturally led to the 
following questions: 

If string theory is correct, and the Universe in which we live has a number 
d > 3 of spatial dimensions, why our experience is only limited to a three- 
dimensional space? why we cannot detect the additional “extra” dimensions? 
what happened to those dimensions, if they really exist? 

There are at least two possible answers to the above questions. 

There is an old-fashioned answer — which, for a long time, has been also the 
only possible answer to the previous questions — dating back to the so-called 
Kaluza-Klein model, formulated at the beginning of the last century [26, 27] 
in the context of a higher dimensional version of general relativity. According 
to such model, we cannot detect the extra dimensions simply because such 
dimensions are compactified on length scales of extremely small size (hence, 
they need extremely high energies in order to be experimentally resolved). 

We can take, as a simple example, a long and very thin cylinder. A cylinder 
is a two-dimensional object but, if it is observed from a distance much larger 
than its radius, it may appear (in all respects) as being one-dimensional, ex- 
tended in length but deprived of any sensible thickness. In the same way the 
spatial extension of our Universe could be largely asymmetric, with three spa- 


1.5. BRANE COSMOLOGY 11 


tial dimensions macroscopically expanded on a large scale, while all the other 
dimensions rolled up in a highly compact way, and confined on a very small 
length scale — of order (for instance) of A. If we do not have a sufficiently 
powerful instrument, able to resolve the required (very tiny) distance scales, we 
will always observe three spatial dimensions only. 

Very recently, however, a new possible answer to the dimensionality problem 
has been suggested by theoretical studies mainly performed in the second half of 
the 1990s, and closely related to particular string-model configurations, called 
branes [25]. Such a new answer states that we cannot “see” the extra dimensions 
simply because the fundamental interactions propagate only along three spatial 
dimensions. All instruments we use to explore the world around us (starting 
from our eyes up to the more powerful and sophisticated technological tools) 
have indeed a working mechanism based on the fundamental (electromagnetic, 
nuclear, and so on) interactions. If such interactions are living only on a re- 
stricted subspace of the full spacetime manifold (like, for instance, waves which 
propagate on the surface of a pond, and not in the direction orthogonal to the 
pond surface), then the extra dimensions are hidden to our direct experience, 
even if they are largely (or infinitely) extended. 

This second possible answer to the dimensionality problem has suggested 
new, interesting types of cosmological models, formulated in the context of the 
so-called brane-world scenario (see, e.g., [28]). 


1.5 Brane cosmology 


According to the so-called brane-world cosmology, our Universe could be a 
four-dimensional “slice” of a higher-dimensional bulk manifold. The elemen- 
tary charges sourcing the gauge interactions are confined on a three-dimensional 
hypersurface “3 associated to an object called Dirichet 3-brane (or D3-brane), 
and we cannot detect the external spatial dimensions because the gauge fields of 
those charges can propagate only on the world-volume 4 swept by the time evo- 
lution of the brane. (It should be recalled that the description of our Universe 
as a four-dimensional “domain wall” embedded in a higher-dimensional bulk 
spacetime was previously suggested, with different motivations, also in [29]). 

In a string theory context, however, the confinement mechanism is not 
equally efficient for all fundamental interactions. Gravity, in particular, is not 
confined, or is only partially [30] confined, so that it can propagate outside 
the brane spacetime. This possibility is illustrated in Fig. 1.4, which shows a 
brane spacetime 4 with two possible sources of interactions. One is a charge, 
source of the electromagnetic field: the associated electromagnetic waves (or 
photons) are strcicly confined and can propagate only on 44. The other is a 
mass, source of the gravitational field: the associated gravitational waves (or 
gravitons) can leave the brane spacetime /4 and propagate through the external 
spatial dimensions. 

This property of the gravitational field is quite important because, if the 
higher-dimensional bulk spacetime contains two (or more) fundamental branes, 
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Figure 1.4: A brane-Universe with one time-like and three space-like dimen- 
sions, embedded in an external bulk spacetime characterized by six (according to 
superstring theory) or seven (according to M-theory) extra spatial dimensions. 
Electromagnetic forces are confined on the brane spacetime, while gravitational 
forces propagate also in the directions external to the brane. 


they can interact among themselves gravitationally. And this possibility leads 
us to an interesting geometric interpretation of the big bang mechanism, namely 
of the high-energy process which has marked the beginning of the standard cos- 
mological phase, bringing the Universe to the form we are presently observing. 

In fact, during the high-curvature phase localized around t = 0 (Fig. 1.3), a 
higher-dimensional Universe tends to be filled by branes which are spontaneously 
produced in pairs from the high-energy vacuum, and which can gravitationally 
(and strongly) interact among themselves [21]. According to string theory, on 
the other hand, the total gravitational force in a higher-dimensional spacetime 
includes various components: we should mention, in particular, the symmetric- 
tensor contribution associated to the graviton, the scalar contribution associated 
to the dilaton, and the antisymmetric-tensor contribution associated to the azion 
(see, e.g., [20, 21]). 

The first two types of forces are always attractive, while the axion force 
is repulsive between sources of the same sign and attractive between sources 
of opposite sign (like, for instance, a brane and an antibrane, characterized 
by opposite axionic charges). It follows, in particular, that if we have two 
identical branes (or antibranes) in an initial static and symmetric state, then 
the axion repulsion exactly cancels the attraction due to the graviton and to 
the dilaton, and the net resulting force is vanishing. If we have instead a brane 
and an antibrane then the total gravitational force is always non-vanishing and 
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Figure 1.5: A brane (D3) and an antibrane (D3) tend to collide because the 
mutual gravitational force they experience in a higher dimensional spacetime is 
always of attractive type (like the electric force acting between a charged particle 
and the corresponding antiparticle in the usual three-dimensional space). 


attractive, quite irrespective of their initial configuration. 

Because of such attractive force, branes and antibranes, copiously produced 
during the high-energy pre-big bang phase, tend to collide among themselves 
(Fig. 1.5): it could be, therefore, that it was the collision of our brane-Universe 
with an antibrane to simulate the big bang explosion, and trigger the transition 
from the pre-big bang phase to the phase of standard (post-big bang) evolu- 
tion. This type of scenario is very similar to the so-called ekpyrotic model (first 
proposed in [31], and later embedded in the context of a more general type of 
cyclic cosmologies, see e.g. [32]), with the only difference that, in the ekpyrotic 
case, the 3-branes are domain walls representing the spacetime boundaries. 


1.6 Conclusion 


String theory, M-theory, and the related models of brane interactions suggests 
new and interesting scenarios for the birth of the Universe and its subsequent 
primordial evolution, not necessarily limited in time by a big bang singularity. 
They can be tested by present (or near-future) observations concerning the 
properties — in particular, the “blue” tilt [33] of the spectrum — of the cosmic 
background of relic gravitational radiation (see, e.g., [84]), the possibility of 
axion contributions to the CMB anisotropies (see, e.g., [35]), the evolution of the 
so-called dark energy (or quintessence) field dominating the large-scale dynamics 
(see, e.g., [36, 37]). 
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Some of those scenario have been briefly introduced and illustrated in the 
previous sections. But there are also other, equally interesting scenarios closely 
related to the previous ones, among which I would like to mention the string- 
gas [38] and brane-gas [39] cosmologies, based on the repulsive mechanism of 
winding modes, as well as more general bouncing cosmology models (see, e.g., 
[40, 41, 42]). Also, models of brane anti-brane inflation [43, 44], where the 
(time-varying) distance between the two branes plays the role of the inflation 
field. 

All these models have many (and interesting) phenomenological implications, 
but — as usual in a cosmological context — many studies and many observational 
data are required before being able of selecting the model most appropriate to 
our Universe. Thus, we can easily predict that we still have in front of us many 
years of work and — maybe — of surprising findings. 
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Abstract 


It is explained why the curvature associated to the vacuum energy density arising from 
SUSY breaking cannot be completely transferred to the extra spatial dimensions of a 
bulk space-time manifold, and it is shown — without using hierarchy arguments but only 
the results of current large-scale observations — why the Tev scale should correspond to 
the maximal allowed SUSY-breaking scale. 
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and awarded with “Honorable Mention” 


The aim of this paper is to argue that we must expect a phenomenological upper bound 
of about one TeV on the supersymmetry breaking scale characterizing standard-model in- 
teractions, provided i) the space-time in which we live is the four-dimensional section of a 
curved higher-dimensional bulk manifold, and ii) the vacuum energy density associated to 
SUSY breaking is gravitating like all other forms of energy. Let us start with two obser- 
vations which are hardly questionable (at least, at the present stage of understanding of 
fundamental physics). 


The first observation is that supersymmetry is broken, in our four-dimensional Universe, 
at a scale Mgysy 2 10? GeV (as the required superpartners of known particles are not 
observed, up to this mass/energy scale). This necessarily produces a vacuum energy density 
(Mgusy /Mp)* = 10-%*, where Mp = (87G)~!/?2 ~ 10!8 GeV is the reduced Planck mass 
(as the zero-point energies of boson and fermion fields fail to cancel one another, in general, 
in the absence of supersymmetry constraints). 


The second observation is that such a huge energy density, in spite of its presence, does 
not bend the geometry of the four-dimensional macroscopic space-time that we are presently 
observing (as the currently observed level of curvature, at large scales, corresponds to a much 
smaller vacuum energy density, py/M? < 10~'%°). Barring the (exotic) possibility that the 
vacuum energy associated to a SUSY-broken phase is gravitationally neutral, this second 
observation provides a compelling motivation for the existence of extra spatial dimensions 
able to absorb the curvature produced by the four-dimensional energy density Manes, and 
thus characterized by a curvature scale L such that 





—2 4 Mgusy 

L* ~ 8"G Mgysy = Pe (1) 
P 

In that case, our four-dimensional space-time may be seen as a (nearly flat) section of 

a (highly curved) higher-dimensional bulk manifold — much in the same way as ordinary 

three-dimensional space, in spite of the energy density it contains, may correspond to a flat 

section of a curved FRW space-time. 


This idea of “off-loading” the gravitational effects of the vacuum energy density along 
extra spatial dimensions is rather old [1], but has been recently considered with renewed 
interest [2]-[5] within the so-called “brane-world” scenario, where standard-model (gauge) 
interactions are confined on the four-dimensional hypersurface swept by the time-evolution 
of some fundamental three-brane. Putting aside the problems of naturalness, fine-tuning, 
self-tuning, ... possibly associated to the existing examples of this off-loading mechanism, 
the crucial point (for the purpose of this paper) concerns the supersymmetry properties 
that the bulk must satisfy (to a high degree of accuracy) for a successful (i.e. realistic) 
scenario. 


In fact, if bulk supersymmetry is broken at a scale Meuk 


, it can be shown that our four- 
dimensional space-time (henceforth brane-world, for short) automatically absorbs from the 


bulk a vacuum energy density py, which is determined in general by Melk and by the 


bulk curvature scale L. Such a contribution arises from the zero-point energies necessarily 
associated to the quantum fluctuations of the bulk geometry at the brane position [6], which 
are perceived on the brane as towers of massive gravitational excitations not included into 
the standard (four-dimensional) field multiplets. 


In order to evaluate the energy density transferred in this way from the bulk to the 
brane we may consider an unperturbed background configuration describing a three-brane 
embedded in a D = (4+ n)-dimensional bulk manifold, whose curvature along the n extra 
dimensions completely absorbs the huge contribution of brane SUSY breaking, according 
to Eq. (1). We stress that such a contribution arises from the quantum zero-point energies 
of all fields localized on the brane, possibly including the massless components of metric 
fluctuations (representing long-range gravitational interactions) if they are confined on the 
brane (for instance, through an infinitely attractive potential as in [2]). 


The complete spectrum of metric fluctuations also includes, however, a wide sector of 
tensor/scalar perturbations which can freely propagate along all bulk directions, and whose 
oscillations evaluated at the brane position can in principle drag up energy from the bulk 
to the brane. The effective action for such fluctuations, dimensionally reduced (integrating 
over the directions orthogonal to the brane), canonically normalized, and evaluated at the 
brane position, describes massive tensor/scalar fields which, once quantized, generate a 
zero-point energy density [6]: 


aN A 
iene | dy | dPky/|hl? + |x. (2) 


Here yi, 7 = 1,...,m are the momenta along the n extra dimensions, appearing on the 
brane as a (continuous) spectrum of mass eigenvalues, and A, X are the (possibly different) 
cutoff parameters in the momentum spaces corresponding to the spatial dimension internal 
and external to the brane, respectively. We have supposed, for simplicity, that the n 
extra dimensions are isotropic (all with the same curvature scale ~ L), and non-compact 
(but “warped” by the bulk curvature), so as to be associated to a continuous spectrum of 
momenta a 


We can now observe that the vacuum energy (2) of the (bosonic) metric fluctuations, in 
the case of a perfectly supersymmetric bulk, will be exactly compensated by the opposite 
contribution of the existing bulk fermionic “superpartners”. If, on the contrary, bulk su- 
persymmetry is broken at a scale ayeule. then even subtracting the fermionic contribution 
the net result for the vacuum energy density is in general non-vanishing. Considering, in 
particular, a model of broken supersymmetry with the same number of boson and fermion 
degrees of freedom, subtracting from Eq. (2) the associated contribution of the fermionic 
components of the gravitational supermultiplet, and assuming the so-called “supertrace” 
cancellation of the mass-squared terms [7] (as in models of spontaneously broken supersym- 
metry), we may expect from (2) the leading order result [6] 


n 4 
ee ( og"*) (ge) (3) 


2 


We have assumed that \ ~ oe since above that scale supersymmetry is restored, and ap- 
propriate cancellations are expected to suppress to zero the vacuum energy density sourced 
by the bulk fields. 


It is important to stress that the above result for the vacuum energy density absorbed 
from the bulk by the brane is valid for LMek ~& 1, while it reduces to py ~ (Merk: when 
LEME S 1. In other words, the result for py is bounded from below by 


A 
pv & (mg), (4) 


quite irrespectively of the continuous or discrete nature of the spectrum of the metric 
fluctuations (namely, for both compact and non-compact extra dimensions). 


In fact, let us first observe that the result (3), obtained in the case of a continuous 
spectrum, can also be extended to the case of compact extra dimensions (of proper size L) 
and discrete spectrum, provided the mass-eigenvalue spacing L~! is negligible with respect 
to the energy scale M2" (ie. for LMP"*K > 1). In the opposite case (LMeU* < 1) in 
which the discrete nature of the spectrum cannot be ignored, instead, the integral L” [{ dy 
of Eq. (2) is replaced by the (dimensionless) sum operator }°,, over the eigenvalues yn, 
and result for py — assuming the convergence of the series of SUSY-breaking corrections 
at the bulk scale, as before — becomes py ~ a This result can also be understood 
as a consequence of the Casimir effect which, for L~! > Mee, dominates the vacuum 
energy density of the compact extra dimensions, leading to an overall bulk energy density 
Poulk ~ (Ly "(eek )*. The energy absorbed by the brane, given by the integration of 
Pbulk Over the proper volume of the transverse dimensions, is then py ~ (ee 


Finally, let us come back to the case of a continuous spectrum of bulk fluctuations, 
associated to warped, non-compact dimensions with a curvature scale of order L, and leading 
to the result of Eq. (3). If LMpuk > 1 such a result is always valid, quite independently 
of the absolute magnitude of the two energy scales L~! and Ve If LMeuk < 1 the 
result (3) is still valid, in principle, but we must take into account that a curvature L~! 
necessarily induces a bulk supersymmetry breaking characterized by a scale of the same 
order [8, 9]. Hence, in this case, bulk supersymmetry is automatically broken up to a scale 
Mg ~ L~1, and we are led again to py ~ L~* ~ (Mguk)4. 


There are two main conclusions that we can draw from the above discussion. First, 
when bulk supersymmetry is broken at a scale Me the quantum zero-point energies of 
the bulk gravitational fluctuations necessarily induce on the brane a vacuum energy density 
pv which is at least of order (Ae Second, even in the absence of specific sources of 
bulk SUSY breaking, a curved geometry breaks bulk supersymmetry and thus induces on 
the brane a vacuum energy density py ~ L~*. On the other hand, the bulk has to be curved 
(according to Eq. (1)) in order to absorb the huge cosmological constant Mgygy associated 
to supersymmetry breaking on the brane. It follows that the process of “off-loading” to 
the bulk the effects of SUSY breaking cannot have a hundred per cent efficiency: it is 


necessarily associated to a gravitational “backreaction” assigning to the brane a minimal 
level of vacuum energy density which, according to Eq. (1), is given (in Planck units) by 


EV esi Nia \e Mgusy \" (5) 
MA f Ma} 


Similar results, previously obtained with different arguments [7, 10, 11, 12], can thus find 
a confirmation which is fully independent of the number and/or compactness of the extra 
dimensions. 


The above result bring us to the final point of this paper. The vacuum energy density 
that we are presently observing in our Universe is constrained by large-scale measurements 
(see e.g [13]) to be py/Mp S 10~-°. If our four-dimensional macroscopic Universe is 
a brane-world embedded in a higher-dimensional bulk, then the SUSY breaking of the 
(standard-model) fields confined in four-dimensions should induce on the brane the minimal 
level of vacuum energy density (5), and the phenomenological constraints on py should 
consequently determine the following upper bound on the allowed SUSY-breaking scale: 


Mgusy S 107'° Mp ~ 1 TeV. (6) 

In such a case, supersymmetry effects could become directly observable already within 
the forthcoming collider experiments (see e.g. [14]), planned to be sensitive to the TeV scale. 
The non-observation of supersymmetric effects at the TeV scale should be interpreted as 
experimental evidence against the existence of supersymmetry, and/or against the physical 
relevance of the scenario of “bulk-diluted” vacuum energy density discussed in this paper. 


In that case, one should possibly apply to other mechanisms for the cancellation of the 
vacuum energy density (see e.g. [15]). 
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Abstract 
An inhomogeneous version of pre-Big Bang cosmology emerges, within string theory, from 
quite generic initial conditions, provided they lie deeply inside the weak-coupling, low- 
curvature regime. Large-scale homogeneity, flatness, and isotropy appear naturally as late- 


time outcomes of such an evolution. 


CERN-TH/97-42 
March 1997 


1 Introduction 


Superstring theory, a supposedly consistent and unified quantum theory of all interactions, 
suggests, through its peculiar duality symmetries [fl], an attractive alternative to standard 
inflationary cosmology, the so-called pre- Big Bang (PBB) scenario [2] B] H. 

The basic postulate of PBB cosmology is that the Universe started its evolution from a 
very perturbative initial state, i.e. from very weak coupling and very small curvatures (in 
appropriate units, see below). If initial homogeneity is also assumed, this leads automatically 
to a super-inflationary epoch during which the accelerated expansion of the Universe is driven 
by the accelerated growth of the effective (gauge and gravity) coupling, i.e. of the dilaton. 

This result looks surprising, at first sight, since the equation of state of the dilaton is 
not of the kind that one usually associates with inflation. Indeed, inflation only occurs if 
the geometry is looked at in the so-called String(S)-frame, the one appearing in the Nambu- 
Goto-Polyakov action, while in the Einstein(E)-frame one rather observes an accelerated 
contraction. The point here is that, precisely at weak coupling and small curvatures, fun- 
damental strings keep their characteristic size constant and sweep geodesic surfaces with 
respect to the S-frame metric [6]. Thus, in this regime at least, the latter is the correct 
frame for describing how distances among objects vary w.r.t. their intrinsic size, and for 
determining what is actually meant by small or large curvatures. As long as curvatures 
remain small (resp. become O(-5)) in the string frame, the low energy effective action of 
string theory represents an adequate (resp. becomes an inadequate) description of physics. 

Going from one “frame” to another, although not a coordinate transformation, is only 
a matter of field redefinitions. Hence, any physical observable takes the same value in any 
such “frame”. Whenever useful for computations, any other frame can be used, and we shall 
take advantage of this possibility below. However, the description of physical phenomena is 
all but intuitive in other frames and, in order to avoid problems of interpretation, it is best 
to transform back the results to the string frame at the end of the calculations. 

The PBB scenario also needs an “exit assumption” from the PBB phase to standard non- 
inflationary cosmology. Higher derivative (a’) corrections are expected to stop the indefinite 
growth of curvature (see [7] for recent progress on this issue), while loop corrections and/or a 
non-perturbative potential are usually assumed to stop the indefinite growth of the coupling 


itself. If such a “graceful exit” turns out to be a property of string theory, one will obtain an 


interesting scenario whereby the usually assumed Big Bang initial conditions (a hot, dense 
and highly-curved state) will be the outcome -rather than the starting point- of inflation. 
Several interesting phenomenological consequences of the scheme have also been worked out 
BI. 

In spite of the above advantages of the PBB scenario, it is clear that the assumption of 
homogeneous initial conditions is a difficult one to swallow. After all, inflation is supposed to 
explain [9] homogeneity(as well as isotropy and flatness)! The purpose of this note is to relax 
the assumption of initial homogeneity by taking the initial state of the Universe to be in the 
weak-coupling, weak-curvature regime, but otherwise arbitrary. Generically, PBB behaviour 
will emerge in suitable regions of space which, eventually, will fill all but an infinitesimal 
fraction ofspace. Within those regions, the Universe will appear very homogeneous, isotropic 
and spatially flat. 

The plan of the paper is as follows: in Section 2, I give the general form of the equa- 
tions in the E-frame and describe some general features of their solutions, which will be 
confirmed by the construction, in Section 3, of the general analytic asymptotic solution near 
the “singularity”. In Section 4, the results of the previous Sections will be reinterpreted in 
the physical S-frame and semiquantitative local conditions for the onset of PBB behaviour 
will be given. 

Most of our technical results are not really new, only the physical motivation and in- 
terpretation are. In particular, our method can be traced back to the work of Belinskii 
and Kalatnikov [10] which was made recently more systematic through the so-called gra- 
dient expansion method either directly in terms of Einstein’s equations [ll], or within a 


Hamilton-Jacobi formulation [13]. 


2 General properties of the solutions in the E-frame 


Having made the basic postulate that the Universe started its (pre) history in a weak- 
coupling, low-curvature state, we will describe its early evolution in terms of the tree-level, 
low-energy effective action of string theory. 

For simplicity we shall consider only the particular case of a critical superstring theory, 


with vanishing cosmological constant and six frozen internal dimensions. The effective four- 


dimensional theory is thus described (in Landau-Lifshitz notations [13]) by the action: 
if = Vv 
M5 = 5 / duV/Ge-* (R(G) + G"’8,,60,0) (2.1) 


where G,, is the string-frame (S-frame) metric, ¢ is the dilaton and we have also set to zero 
the antisymmetric tensor field B,,. In the conformally related Einstein frame (E-frame) 
defined by the new metric g,, via: 


Iw = Gia (2.2) 


the action becomes: 
E i 1 gs 
Perf = 5 [ava (Rio) _ 94 0,008) (2.3) 


and the field equations take the familiar form: 


1 1 1 
Pigs _ 5 Ik — On P 0 ~~ 90 (9)" 
vo = g'”’ DOL = 0 (2.4) 


where we are using units in which 87G'y = 1. 


We also choose to work in the synchronous gauge, i.e. we fix: 
goo = —l, doi = 0 (i = 1,23), (2.5) 


so that the dynamical variables become the three-metric g;; and the dilaton @. 


The Einstein equations for the system can be readily written. They consist of: 


e The Hamiltonian constraint 
2¢7 + Trx? — x? = 4R — 2(7¢)” (2.6) 


e The three Momentum Constraints 


Xi — May =-O Vib Q.7) 

e The dynamical equation for @ 
b+ sxb= V9 (2.8) 

e The dynamical equation for g;; 
dtzxd=2R +Vdv"¢ (2.9) 


where a dot denotes derivative w.r.t. E-frame “cosmic” time 7, covariant derivatives are 
defined w.r.t. the three-metric g;; (whose three-curvature is denoted by R), and we have 


defined: 


Xig = Gin XG = xg”, Trx? = xix, x =x) ao det(gi;). (2.10) 








It is easy to check that the above equations reduce to the usual cosmological equations once 
all spatial gradients are set to zero. It is also possible to check that the four constraints, 
once imposed at an initial time, remain valid at all times thanks to the evolution equations. 
The following general inequalities follow as long as the three metric ispositive (semi) 

definite: 
Tre > ax 0, (2.11) 


where the first equality is reached in the isotropic case. 

Combining the trace of (2.9) and (2.4) we obtain a useful equation which does not involve 

spatial gradients: 
y=- (Srv + #) <0, (2.12) 
with the equality sign holding iff 6 = vq =U. 

Equation (2.12), together with the basic postulate of PBB cosmology, is enough to con- 
clude that, on the 7 = 0 hypersurface, we can only have regions with y < 0. Indeed, regions 
with y > 0, given Eq. (2-12), will necessarily have to originate from a large curvature phase 
in the past. Even regions with x = 0 are excluded, since, going backward in time, they 
generically came from a positive x. Furthermore, the Hamiltonian constraint (2.4) implies 
that x can only vanish if 


1 io 
R> qe + 5? (2.13) 


i.e. in regions of sufficiently large positive spatial curvature. In sufficiently homogeneous 


regions, in which fields vary little over a Hubble radius, we get from (2.11), (2.6) the bounds: 





ie ga ee i (2.14) 


We conclude that generic initial data satisfying the PBB postulate can be presented in 
terms of quasi-homogeneous regions where —\/3 < p < —1, separated by inhomogeneous 
regions where p can take any negative value larger than —/3. Let us see how each one of 


these regions evolves in time: 


The quasi-homogeneous regions with p < 0 undergo an accelerated contraction in the 
Einstein frame and are consistent with the PBB postulate. We shall see below (and in Section 
3) more precisely how they evolve in the E-frame while, in Section 4, we will reinterpret those 
results in the S-frame. 

Highly inhomogeneous regions are more difficult to deal with, but are not expected [LQ] 
to undergo a marked accelerated (or decelerated) evolution. 

It is relatively easy to see that, for quasi-homogeneous regions with p < 0, the approxi- 
mation of neglecting spatial derivatives improves with time.Leaving to Section 3 the study 
of the asymptotic solution, we just note that, neglecting spatial gradients, the trace of (2.9) 
gives: 


>g~(t-1),7<%; (2.15) 





oa T= To 
where, in general, 7 can depend on x. Invoking now (2.6) and the definition (2.14) we can 
determine ¢ up to a sign ambiguity. However, given the fact that we chose y < 0, and that 


we want to start the evolution from weak coupling, we have to choose the sign giving: 


o= -J5Vl —p-*>¢~ —-c(z)log(m—T), c(x) > 0. (2.16) 


In order to check that spatial gradients are subleading w.r.t. time derivatives as we 


approach 7 = 79 consider, for instance, the ratio (with no sum over i, 7 implied): 


yo. : 
ry = Vibe (2.17) 
@ 
As we approach the singularity, using (2.19), (2-16), we find: 
rig ~ 9° GF TiP TiO ~ er” GGnm log’(T| — T) > 0, (2.18) 


unless the contraction of the three-volume is highly anisotropic. 

We thus conclude that, within sufficiently homogeneous and isotropic regions, the ap- 
proximation of neglecting spatial derivatives becomes increasingly good as we approach the 
singularity at 7 = 7. This conclusion will be fully confirmed in the analytic asymptotic 
solution presented in Section 3. 

Let us now try to understand how things evolve as one goes backward in time, T — —oo. 
It is not possible to obtain an asymptotic solution in this limit by the method used in Section 


3. Nevertheless, we can make the following observations: Eqs. (2.9), (2.12), together imply 
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that the only early-time fixed points are either at infinity (corresponding to a singularity) 





or at db Xij = V’¢ = 0. This implies however (neglecting boundary terms) 7i:¢ = 0 and 





thus, using Eq. (2.9), R! = 0, which, in three dimensions, is equivalent to flat space. Thus 
the only non-singular fixed point is the trivial one. 

Homogeneous PBB cosmologies are examples of solutions converging towards this trivial 
fixed point in the far past. Our basic postulate requires that there should be a finite-measure 
basin of attraction (containing the homogeneous cases) towards this fixed point. By using 
a reliable linear perturbation theory around the homogeneous solutions, it is not hard to 
show that such a finite basin should exist, although determining its exact extension is highly 
non-trivial. 

Another related issue is whether, within such a basin of attraction, one is really ap- 
proaching the trivial Minkowski vacuum with vanishing coupling and curvature. The tricky 
point here is that curvatures and derivatives of @ have to go to zero in string units, namely 
they have to become much smaller than e® in the E-frame. Although we have indications 
that this is indeed the case, we leave a full discussion of this important question to further 


investigations. 


3 General asymptotic solution in the E-frame 


In this Section we present the leading term of the general asymptotic solution of Eqs. (2.4)- 
(2.9) near the singularity hypersurface T = 79(x). The construction is quite straightforward 
(see e.g. ({LO])), if one makes a few approximations in solving the equations and then checks, 
a posteriori, their validity. Finally, a counting of the number of arbitrary functions contained 
in the solution shows that we are indeed describing the most general solution. 


Inserting (2.15) back into Eq.(2.9) we get, for small enough gradients, 


1 
xi + ——y] =0,7 < 7%. (3.1) 
T — To 


Integrating this equation twice we get: 


yO T)\]" 
xi =—, oi;(x,7) = lexp (2Aa)log(t — *))| 9x3 (X, 0) (3.2) 
T— To To 7 4G 
where the space-dependent quantities \” satisfy: 
: 1 ; 
N=13< MN SL, Aig = AF guy (a, 0) = Aye. (3.3) 


At this point we use (2.4) and find, asymptotically: 


b(x,7) = o(x,0) — V2\/1 — APN, log(1 — 7) (3.4) 


Rewriting finally Eq.(2.8) in the form: 


(/9¢) = V9GV" ¢, (3.5) 


we see that it is automatically fulfilled asymptotically since, from (8.9), (B.4), we find Jae ~ 
const(z). 

A convenient way to present the solution and to check that, indeed, it is general, consists 
of introducing local coordinates with respect to which the matrix and the three-metric are 
diagonal. Then we can write: 


gij(a, 7) = Soe (w)eS(a)(1 — —)o) (3.6) 


(x, 7) = o(2, 0) — V2,/1 — > d2 log(1 — a) Yas =1 (3.7) 


where, at the moment, e? are arbitrary “dreibein” matrices and we note that the parameter 
p of Section 2 is now given by p-? = >> A?. 

The above solution appears to depend upon thirteen arbitrary functions of space, i.e. 
nine e?, two of the three \,, 7, and ¢9. However, we have not imposed yet the momentum 
constraints (2.7). These constraints, being conserved, reduce to their form at 7 = 0 and can 
be used to eliminate three of the nine e?. We are left with ten arbitrary functions. Yet, within 
the synchronous gauge, we can still perform a four-parameter family of gauge transformations 
(see, e.g., [L3]) allowing us to set 7(x) = 79 (independent of x) and to further fix three of the 
remaining sixindependent quantities e?. We end up with six (physical) arbitrary functions 


which is, indeed, the correct. number [IO] for the problem at hand. 


4 Physical reinterpretation in the string frame 


In order to discuss the physical implications of our results we transform them back to the 


string frame. Using Eq. (2.2) we obtain 


TO 


Giga, 7) = Set (w)es(a) (1 — A)PervVPVELN (4.1) 


7 


Since goo = —1 has also been changed into a non-trivial Gog, westill have to go to the 
synchronous gauge in the S-frame. This is easily accomplished, to leading order in the 


gradients, by changing the time variable from 7 to t according to: 
V2(to — t) = Ty €8/2(/2 — /1 — S22) — 7 /m) VL (4.2) 


where we note that, for any choice of the Ag, t — to as T — 7. Finally, after defining 
approriate S-frame “dreibeins” E%(x), we get: 


t 
Gi; (2, t) = LEG) E%(2)(1 — = (4.3) 
0 


(x, t) = 6(a,0) +7 log(1 — -) (4.4) 


where: 


1 _ a a 1-yr i J2/1— >A? (45) 
l-s tayo Le 1->» 
The above relations imply: 
Soa =1, y=-1+ 500 (4.6) 
so that we find for the (O(d, d)-invariant) shifted dilaton [ll]: 


g=¢o- strlogG ~ —log(1 — ~) + (2, 0), (4.7) 
0 


which generalizes the well known S-frame homogeneous cosmology results PJ, BJ. 


Eqs. (4.5) can easily be inverted to express the A,’s in terms of the a,’s: 


1 2A, — 3A» 


=e 6. 4, 
aaa 3 1=1y a, ve) 


Using these equations we can construct, in principle, scale-factor-duality(SFD) related 
solutions (a2 — —Qq for some af) even in the inhomogeneous case. Of course, one has to 
check that the constraints can be simultaneously imposed on each component of the dual 
pairs. 

We are finally in a position to study how the three-volume of a quasi-homogeneous region 


evolves in the string frame. We find 





G 
a=7 (4.9) 


oo 


which shows that quasi-homogeneous regions undergo superinflation in the string frame 


provided: 
\. 4, = 2 t= wy aE (4.10) 
1-4,/1-> Y 
This condition is satisfied provided p-? = > - < 7/9, which includes all but a small region 
for the allowed values of this quantity (see (2.14])). Note that the maximal expansion rate is 
reached for > ag = —V3 corresponding to the isotropic case \, = 1/3. 
We may also ask about the flatness problem. It is easy to see that the typical quantity 
measuring flatness er contains a logarithmically enhanced term which, for t — tg, behaves 


as 7 
R_Givievie 
x? eb? 


and thus goes to zero almost everywhere thanks to (4.6). The non-enhanced terms are more 


Brey) Oleg a: (4.11) 


involved, but certainly behave in the same way for sufficiently isotropic situations. Thus, as 
expected, spatial flatness is generically achieved after a long PBB era. 

We conclude that all but the “skin” of the quasi-homogeneous regions with negative p 
inflates when we look at the geometry in the “right” frame and becomes homogeneous and 
spatially flat. Presumably, after a while, these regions represent by far the largest fraction 
of the Universe. Furthermore, the isotropic regions dominate all others, providing also a 


possible “explanation” for the isotropy and flatness of our observable Universe. 


5 Conclusions 


In this paper we have relaxed the assumption of homogeneity (and spatial flatness) in the 
initial conditions for string cosmology. The emerging picture, which bears some similarity to 
Linde’s chaotic inflation [14], can be described as follows: the primordial state of the Universe 
is arbitrarily close to flat space-time but not particularly homogeneous, in the sense that 
time and space derivatives are both extremely small but comparable. Stochastically, however, 
sufficiently homogeneous and isotropic conditions will emerge in some regions of space and 
undergo, in the S-frame, an accelerated expansion yielding homogeneity, flatness and isotropy 
as one approaches a singularity in the future within a finite proper time. Before such a 


singularity is reached, the low-energy effective action will cease to be valid and, hopefully, 


the higher-derivative corrections present in string theory will lead to a finite-curvature stringy 
phase [7] rather than to a genuine singularity. 

In this connection, it is amusing to speculate that the famous singularity theorems of 
Hawking and Penrose will find an unexpected (and welcome!) application in string cos- 
mology: since the conditions of the theorems do probably apply to the low-energy effective 
action, they will imply the necessary growth of curvature up to the scale at which string 
corrections invalidate the assumptions made in those theorems, i.e. the unavoidable occur- 
rence of a long, dilaton-driven inflationary phase as long as the initial Universe was indeed 


at very weak coupling and very nearly flat. 
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The duality-type symmetries of string cosmology naturally lead us to expect a 
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SCM 


1. Introduction 


The standard cosmological model (SCM) provides the best account so far 
for the observed properties of our present Universe. Nevertheless, in spite of 
its success, the SCM cannot be extended backward in time to arbitrarily large 
curvatures or temperatures without running into problems. We are referring here 
not only to the well-known phenomenological problems (e.g. horizon, flatness, 
entropy), but also to what is probably the main conceptual difficulty of the SCM, 
the initial singularity. The aim of this paper is to present a possible alternative to 


the initial singularity, which arises naturally in a string cosmology context because 
of the “large scale-small scale” symmetry (target-space duality) typical of string 


theory (see Refs. [1-4] for previous pioneer work along this line). 

What we shall refer to here as ” string cosmology’ is just the string-theory 
analogue of the usual Einstein-Friedman (EF) equations of the SCM. The string- 
cosmology equations are thus obtained by varying the low-energy string theory 
effective action -describing the massless background fields- supplemented with a 
phenomenological source term that accounts for possible additional bulk string 
‘matter at the classical level. As long as the equation of state of the classical 
sources [5] is compatible with the properties of string propagation in the mass- 
less backgrounds, the resulting system of coupled equations enjoys a much larger 
symmetry than that of standard cosmology [6]. 

This definition of string cosmology is probably insufficient for a truly ” stringy” 
description of the Universe in the high curvature regime (near the Planck scale), 
where higher-order string corrections cannot be neglected, but it is certainly 
enough to suggest the alternative to the singularity of the SCM discussed here. 


In the SCM, curvature, source energy density, and temperature all grow as 
we go backward in time: eventually, they blow up at the initial singularity, the 
so-called big bang. A possible way out of this conclusion is to postulate that the 
standard picture of space-time as a smooth manifold does not survive near and 
above the Planck scale, where some drastic modification of the classic geometry is 
to be introduced (see [7] for recent speculations on this subject). There are also, 
however, more conventional alternatives to the standard singular scenario. The 
two simplest possibilities are illustrated in Fig. 1. In the first case the curvature 
stops its growth after reaching a maximal value. In the second case, the curvature 
grows to a maximum value and then starts decreasing again as we go backward in 


time. 


The first case corresponds to a de Sitter-like primordial inflationary phase with 
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unlimited past extension. It is constrained by phenomenological bounds (based, 


as we shall see in Section 4, on the properties of the relic graviton spectrum), 


which imply for the final curvature scale a value at least four orders of magnitude 
‘below the Planck scale. This may seem unnatural if one believes that the cur- 


vature becomes stable just because of quantum gravity effects. Moreover, it has 
been recently argued [8] that eternal exponential expansion with no beginning is 
impossible in the context of the standard inflationary scenario. If this is so, the 
hypothesis of a primordial phase of constant curvature does not help to avoid the 
problem of the initial singularity. 

The second possibility describes the alternative to the singularity suggested 
by the symmetries of string cosmology. In this case, as shown in Section 4, the 


quoted phenomenological constraints can be evaded and the curvature can reach 


the Planck scale. In this context the big-bang does no longer corresponds to a 


singularity, but to an instant of maximal curvature marking the transition from 


a ”string-driven” growing-curvature regime (in the sense explained in Section 2) 


to the decelerated evolution of the standard scenario. We shall call, in general, 





2222 


*yre-big-bang” this new phase characterized by growing curvature and accelerated 
evolution (as one goes forward in time). 


It is important to stress that the growth of curvature, during such a phase, 
may be due not only (and not necessarily) to the contraction of some internal 


space, but also to the superinflationary expansion [9] of the three physical spa- 
tial dimensions. Thus this scenario is something genuinely different from the old 
oscillating cosmological model, in which the present expansion is preceded by a 
contracting phase. Indeed, in this scenario, it is also possible for the Universe to 
be monotonically expanding (see Section 5). We also stress that this picture is by 
no means to be regarded as an alternative to the standard (even inflationary) cos- 
mology. It is only a completion of the standard picture, which cannot be extended 
beyond the Planck era. 

This paper is devoted to the discussion of various aspects of this possible 
alternative to the singularity of the SCM, and is organized as follows: 

In Section 2 we shall discuss two string-theoretic motivations for the pre-big- 
bang scenario: one is based on the solution of the string equations of motion in 
a background with event horizons [5]; the second rests on a property of the low- 


energy string effective action, called scale-factor-duality [10-12], a particular case 
of a more general O(d, d)-covariance of the string cosmology equations [6,13,14]. 


In Section 3 a simple example of a string-driven pre-big-bang scenario is used 
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to illustrate the behaviour of the density and of the temperature during the phase 


of growing curvature, and to discuss its possible relevance as a model of inflation. 


If such a scenario is taken seriously, the important question to ask is whether 


observable tracks of the pre-big-bang era may survive and be available to present 
‘observations [cf. the observable tracks of the big bang, the electromagnetic cosmic 


microwave background (CMB)]. In Section 4 we show that these tracks may exist, 
and that they are to be looked for in the relic graviton background, either directly 
or through the distortions they induce on the CMB, perhaps not an impossible 
dream for the not-too-distant future. 

In Section 5 we present solutions to the string cosmology equations which 
interpolate smoothly between the growing-curvature and the decreasing-curvature 
phases and in which both the curvature and the effective string coupling (the 
dilaton) are everywhere bounded. Although these solutions do not yet incorporate 
a completely self-consistent equation of state for the string sources, they represent 
good candidates for describing the background dynamics around the maximum 
curvature regime. 


Our main conclusions are summarized in Section 6. 


2. String theory motivations for the pre-big-bang scenario 


2.1 String propagation in a background with shrinking event horizons 
One argument supporting the pre-big-bang scenario is provided by the solu- 
equations of motion in a back 


tion to the string eround manifold with event horizons 





decreases in time. This has important consequences for objects of finite proper 


size, such as strings. 
In order to present this argument, it is convenient to start by recalling some 
elementary, kinematical properties of Friedmann-Robertson-Walker spatially flat 


metrics: 


Gav = thag(L, —a?(t)6;;). (2.1) 


a is the scale factor, and H = a/a is the usual Hubble parameter, where a dot 
denotes differentiation with respect to the cosmic time t. 
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definiti 


Consider the proper distance along a null geodesic 


a(t) f° at’a-() 2) 


ti 


In the limit t2 — tax, where tyyaz is the maximal future extension of the cosmic 


time coordinate on the given background manifold, d(¢;) defines the proper size 
of the event horizon at the time t; (i.e. the maximal size of the space-time region 


within which a causal connection can be established). In the limit t; > tmin, 
where tmin is the maximal past extension of the cosmic time coordinate, d(tz) 


defines instead the particle horizon at the time #3 (i.e. the maximal portion of 


space which can be included inside the past light cone of a given observer). 





By means of these definitions, and by using |H| as an indicator of the curvature 
scale, it is possible to provide a sort of ”causal” classification of the isotropic and 
homogeneous backgrounds based on their asymptotic behaviour, which is reported 
in Table I for the expanding case, and in Table ITI for the contracting one. Note 


that, in both tables, the linear evolution of the horizon is referred to the cosmic 


time coordinate; note also the "dial" Symmetry which exchanges particle with 
event horizon when passing from expanding to contracting backgrounds. 


For the purpose of this paper, three points have to be stressed. The first point 


is that we are in presence of event horizons only if 
sign{a} = sign{a}, (2.3) 


that is only in the case of accelerated evolution. Inflation, on the other hand, 
is accelerated expansion, and inflation plus the simultaneous shrinking of some 
internal dimension may be self-sustained (in the absence of dominant vacuum 
contributions) only in the case of accelerated contraction [15]. Event horizons 
thus appear naturally during a phase of dimensional decoupling. 

The second point to be stressed is that, for an accelerated evolution, the 
‘proper size of the regions that are initially in causal contact tends to evolve in 
time, asymptotically, like the scale factor a(t). [This can be easily seen from eq. 
(2.2) by considering a causally connected region of proper initial size d(t;) = t, in 
a background which is, for example, in accelerated expansion, i.e. a ~ t%, a > 1 for 
t — oo. One then finds, for tg >> t1, that d(t2) ~ d(t1)a(t2)/a(ti)]. Comparing 
this behaviour with the time evolution of the event horizon, we may thus conclude 
that the regions which are initially in causal contact grow faster that the horizon 
in the case of accelerated expansion, and contract more slowly than the horizon 
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in the case of accelerated contraction. In both cases, they will tend to cross the 
horizon. This is not a source of problems for point-like objects, of course, but. 
extended sources may become, in such a situation, larger than the causal horizon 
string!!! 
4 The third important point is that, according to Tables I and II, the curvature 
isigrowing only if 
sign{a} = sign{ H}. (2A) 


TT A typical pre-big-bang configuration with accelerated evolution and growing cur- 


vature is thus necessarily associated with the presence of an event horizon which 


shrinks linearly with respect to cosmic time: extended objects, in such back-| IIIIIIIIIIT! 


a grounds, are doomed to become causally disconnected, quite independently of 


their proper size. 


iii This effect is peculiar to gravity, and can be easily understood in terms of 9999 
tidal forces [16]. Consider indeed a free-falling object, of finite size A, embedded in 





a cosmological background. Each point of the extended object will fall, in general, 
along different geodesics. In the free-falling frame of one end of the object, the 
other end, at a proper distance |z| = 4, will have a relative acceleration given by OK 


the equation of geodesic deviation, 


Du" 
Ds 





= |R* gu u%z9| =r is . 2.5 
p a 


This acceleration defines a local Rindler horizon at a distance 
a 
a=xX "|" 2.6 
el, (2.6) 


which depends only on the background curvature. If the curvature is growing, 


this distance becomes smaller and smaller, until the two ends become causally 


In the case of strings, the existence of a causally disconnected asymptotic 


classical path of a point particle is no longer allowed [17]. Suppose indeed that 


the exact solution of the string equations of motion and constraints in a cos- 





mological background is expanded around a comoving geodesic representing the 
point-particle motion of the centre of mass of the string [18]. Such an expansion 
is valid, provided [5,17] 

ox" 


xin 
Xi ~ | 





| (2.7) 


(X* is any spatial component of the target space coordinates, and o is the usual 
world-sheet space variable) and provided the first-order fluctuations, whose Fourier 


components satisfy the linearized equation 


NO 


)xn = 9, (2.8) 


Xi, + ( 


ml 
Q| a: 


stay small [x’ = a(t)X*, and \ = ma’, where m is the string mass and a’ the 
string tension]. 

If the background curvature is growing, this approximation breaks down 
asymptotically. Indeed, in the high curvature limit |@/a]| >> n?\?, the asymp- 


totic solution to the fluctuation equation (2.8) can be written in general as 


dt 
Xi=A+B] (2.9) 


with A and B independent of time, and one obtains 





ie Ox’ 
|X*| << | | (2.10) 
Oo 
in the case of expanding backgrounds, and 
5 Ox’ 
Xi] >> || (2.11) 
Oo 


in the contracting case. 


In both cases the condition (2.7) is not satisfied, and the geodesic expansion is 
‘no longer valid, asymptotically. In both cases, however, the exact solution can be 


expanded around a new asymptotic configuration [5,19,20], which is ” unstable”, 
in the sense that it is non-oscillating with respect to the world-sheet time. 

What is important, in our context, is that this kind of solution, when inserted 
into the string stress tensor, leads in general to a self-sustained scenario. In other 999 
words it leads to an effective equation of state characterizing a source which can 
drive, by itself, the phase of accelerated evolution and growing curvature. In the 
perfect fluid approximation and, in particular, for a background with d expanding 


and n contracting dimensions, such an equation of state takes the form [5] 
p-dp=n¢=0 (2.12) 


(p is the energy density, p and q are respectively the pressure in the expanding 


space and in the internal shrinking dimensions). 


A kind of explanation of KK shrinkigg ; 
while U expansion 


According to this equation of state it is possible to obtain a ”string-driven” 
‘pre-big-bang phase not only during an anisotropic situation of dimensional decou- 


pling [5], but also in the case of isotropic expansion (n = 0) or isotropic contraction 


(d = 0), provided the correct string gravity equations, including the dilaton, are 
O used instead of the Einstein equations [6]. This is to be contrasted with the case 
of point-like sources, where it is impossible to achieve, asymptotically, the causally 
disconnected regime characterized by non-oscillating configurations, and it is thus 
impossible to arrange a self-consistent equation of state able to sustain the pre- 


big-bang phase. 


2.2 Scale factor duality V. paper 
‘A second, probably stronger, motivation supporting the pre-big-bang picture 
follows from a property of the low-energy string effective action, which can be 


written in D dimensions 


___! D 6 ug 
s= ao fe xrrv/|gle °(R+0,¢0"¢ Le. (2.13) 





(here H = dB is the antisymmetric tensor field strength and V is a constant which 

is vanishing in a critical number of space-time dimensions). 
The cosmological equations obtained from this action for a homogeneous 
and spatially flat background are characterized by a symmetry called ”scale fac- 
© tor duality” [10]. According to this symmetry, for any given set of solutions 
{a;(t), o(t),1 = 1,...,D —1} (a; are the scale factors of a diagonal, not neces- 
sarily isotropic metric in the synchronous frame gauge goo = 1,90; = 0), the 


configuration obtained through the transformation (for each 7) 
a-a@-a;' , ¢>7¢=¢ -2Ina; (2.14) 


is still a solution of the graviton-dilaton system of equations [10-12]. 


This transformation is just a particular case of a more general global O(d,d) 
: ‘covariance of the theory [13,14] (d is the number of coordinates upon which the 
MV: OK Pee. : 


* background fields are explicitly independent, in our case the D — 1 spatial co- 


ordinates). In the case of anisotropic backgrounds with generally non-diagonal 


metrics, this covariance, besides transforming the dilaton field as 


~@— ¢—In| det g;;| 1 (2.15) 


7 


O(d,d) 


omega 


210 I th: components of the metric and of the antisymmetric 


tensor as follows: 
M > OF MQ, (2.16) 


where 22 represents a global O(d,d) transformation, and 


G} -G"'4B 
—— & ea) an) 


(G = gj; and B = B,; = —B,; are matrix representations of the d by d spatial part 
of the metric and of the antisymmetric tensor, in the basis in which the O(d, d) 
metric is in off-diagonal form [6,13]). 

In the case of manifolds with spatial sections of finite volume (such as a torus), 
ie. (f d?x VG), = const < +00, this O(d,d) covariance can be preserved 
even if the scalar poyential V is taken dilaton-dependent, provided ¢@ appears in 


the potential only through the combination [13] 


o=¢-Iny|G| (2.18) 


(we have absorbed into ¢ the constant shift — In [ d¢z required to secure the GL(d) 
coordinate invariance of the corresponding non-local action). 

Moreover, the O(d, d) covariance holds even if the equations are supplemented 
by phenomenological source terms corresponding to bulk string matter [6]. Indeed, 
their effective equation of state can be expressed in terms of the 2d-dimensional 
phase-space variables 74 = (P,;,0X*/0c), representing a solution of the string 
equations of motion: when the background is changed according to eq. (2.16), the 
new solution Z = ~!Z generates a new effective equation of state which leaves 


the overall O(d, d) symmetry unbroken [6]. 





It is true, indeed, that the Hubble parameter is odd under scale factor duality, 


' maps an expanding solution 


H — —H, so that a duality transformation a — a~ 
of Table I into a contracting one of Table II (and vice versa). However, the cos- 
mological solutions with monotonic evolution of the curvature (see for instance 
Section 3) are in general defined on a half-line in t, namely —oco < t < t, and 
te. <t < oo, where t, is some finite value of the cosmic time where a curvature sin- 
gularity occurs [10]. We are thus allowed, in such a case, to change simultaneously 


the sign of H and @ inside a given table (i.e. keeping the sign of @ constant), by 
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GV on 
that 


dilaton, 
dilaton, 


This means that, to any given decelerated solution, with monotonically de- 
creasing curvature, typical of the standard post-big-bang cosmology, it is always 
possible to associate a pre-big-bang solution, with accelerated evolution and in- 


creasing curvature, through the transformation 


a(t) + a71(—4). (2.19) 


It is important to stress that this mapping property (valid in the cases of both 


expanding and contracting backgrounds) @annot/bé “achieved ini the iframiework of 
Einstein's equations, where there is mo dilaton, In that case, scale factor duality 


dilaton!!! ;; broken; one is just left with the jmoxe conventional! tine keveisal symmetiy 





a(t) > a(—t). 

Unlike straight scale-factor-duality, the transformation (2.19) has non-trivial 
fixed points a(t) = a~!(—t) describing models that are monotonically expanding 
(or contracting), since H(t) = H(—t), and in which the duration of the primordial 
superinflationary evolution equals that of the dual decelerated phase, as H (i = 
—H(—t). We shall come back on this point in the following section. 


3. An example of pre-big-bang dynamics 

Consider a spatially flat background configuration, with vanishing antisym- 
metric tensor and dilaton potential. The dilaton field depends only upon time, 
and the metric, which is assumed to describe a phase of dimensional decoupling 
in which d spatial dimensions expand with scale factor a(t), and m dimensions 


contract with scale factor b(t), is given by 
Juv = diag(1, —a*(t) dij, —b?(t) Sab) (3.1) 


(conventions: ji =1;..,D=d+m 19 = 1,446 a,0= 1,2; 0). 

We are working in a synchronous frame in which go9 = 1, go; = 0 = Joa, SO 
that the time parameter ¢t coincides with the usual cosmic time coordinate. In this 
gauge, the stress tensor of a comoving source, in the perfect fluid approximation, 


becomes 
Ty diag(p(t), —p(t)6!, —q(t)6°), (3.2) 
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where p and q are the pressures in the expanding and contracting space, respec- 
tively. It is also convenient to introduce the O(d+n,d+7)-invariant expressions 
for the dilaton and the matter energy density, that in this background take the 


form 


$= ¢-Inv/g| = ¢-—dlna—nlnb (sed) 
DB = py/\g| = pat” (3.4) 


(we also define, for the pressure, D = p,/|g]). 
With these definitions, the equations obtained by varying the effective action 
(2.13) (with V = 0) and the action for the matter sources, 


il " : s " 
Ry” + Vn V" 9) — sHsp vaP — 16nG peT,, ” (3.5) “einstein 
1 . 
R= (Vpd)? +272 VO - 7p tvolt”* = 0 (3.6) dilaton 
A(/|gle * HH’) =0 (3.7) hubble 


(V, is the Riemann covariant derivative), can be written in a particularly simple 


form (when B = 0). The dilaton equation (3.6) reduces to 
22 ee 
@ —2¢6+dH? +nF? =0, (3.8) 


where H = a/a, F = b/ b. Moreover, by combining this equation with the time 


component of (3.5) we get 
2 a 
@ — dH? — nF? = 161G ppe’?. (3.9) 


From the space components of (3.5) we have finally the equations for the external 
and internal pressure 
2(H — Hd) = 16nG ppe® (3.10) 


2(F — F$) = 16G pge?. (3.11) 


[Note that the four equations (3.8) to (3.11) are only a particular case of the 


O O(d,d)-covariant string cosmology equations of Ref. [6], for vanishing B,V and a 
perfect fluid description of the matter sources]. 


‘Suppose now that a(t) describes accelerated expansion, b(t) accelerated con- 
traction, and that 
p=yp , @=yp , b=a* (3.12) 


10 


b=a*-1 
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witlY 71, yo, € constants, « > 0. ”Stringy” sources, asymptotically consistent with 


su¢h background [5], must satisfy the equation of state (2.12), which implies 
dy, — nyo = —1. (3.13) 


As discussed in [5], the three possible asymptotic behaviours, |q| << |p|,|q| >> 
|p| and |q| ~ |p| correspond to « < 1, € > 1 and e = 1, respectively. In the 
first two cases, however, eqs. (3.8) to (3.11) can be consistently solved only for 
Pp =p =4q =D, so that one recovers the vacuum background [10] with a Kasner-like 
metric solution, and ¢ ~ —In|¢]. 

If we look for solutions with non-vanishing bulk string matter we have thus 
to consider the third possibility, b = a~+. In such a case eqs. (3.10) and (3.11) 
imply p = —q, and the condition (3.13) is non-trivially satisfied by 


= 


————— 14 
d+n ae) 


Vif 


We can thus obtain, from eqs. (3.8) to (3.10), the particular exact solution 


a(t) = oN) = (yD, oe 


dg=¢ot2dIna , p=poa"t*4, 
where to, Po, do are integration constants, related by 


(d+n)(d+n-1) 


(d+n+1)? elo) 


poe?? =A 


This solution satisfies the properties 
a>0 , @>0 , H>0 
b<0 , b<0 , F<O 


Therefore, in the ¢ > 0_ limit, it describes a background in which the evolution 
is accelerated, since {a,a} and {b,b} have the same sign, and the curvature is 


growing, since {a@,H} and {b, F} have the same sign (recall Tables I and II). 


Moreover, the equation of state of the sources, 





p 
Sa 3.18 
P : d+n ( ) 


is compatible with the solution of the string equations of motion, so this back- 


ground is a typical example of String-driven pre=big-bang Cosmology, 


it 


It may be interesting to note that, in the four-dimensional isotropic limit 
(n = 0,d = 3), the solution (3.15) simply reduces to 
—t 


a=(S)? , d=b0-3W(-F) , p=-S=pol-F), (8.19) 


namely to the superinflationary background obtained, via the duality transfor- 
mation (2.14), from the standard radiation-dominated cosmology (with constant 


dilaton), 
t 


o=(" » = , p=3p= pol), (3.20) 


as already pointed out in [6]. 


The simple example (3.15) can be used to illustrate two important properties 


of the pre-big-bang phase: not only the curvature, but also the total effective 
energy density and the temperature are growing together with the curvature. 


For the behaviour of p we have indeed, from eq. (3.15): 





t —n— n 
p(t) = po(- 7)" ARE (3.21) 


Since we are working in a Brans-Dicke frame, we have to include also the time 
variation of the gravitational constant, G ~ e®, in the term that plays the role of 
the total gravitational source. We thus obtain, for the effective energy density, 


n ie 
a4mtt = po(——)~?, (3.22) 


Gp ~ poa 
to 


which is always growing for t > O_ . 

As far as the temperature behaviour is concerned, it must be recalled that, 
according to the string cosmology equations (3.5) to (3.7), the dilaton gives no 
contribution to the covariant conservation of the energy of the sources (in spite of 
its coupling to the tensor H,,,q [6]). Moreover, when H,,,. = 0, such a conservation 
equation defines a regime of adiabatic evolution for the perfect fluid. By using the 


standard thermodynamical arguments (see for instance [21]) one can thus obtain, 


for any given equation of state p = yp, a relation between temperature and scale 


factor which, in the case of d isotropic spatial dimensions, takes the form 
a(T) ~ TV, (3.23) 


The conservation equation, on the other hand, provides also a relation between 


scale factor and energy density: 
p(a) ~ a 447), (3.24) 


T2 


For a standard radiation-dominated background (y = 1/d), such as that of eq. 


(3.2), one then finds the usual adiabatic decreasing of the temperature: 


1 
prayer , Tre, (3.25) 





For the dual background (3.19), on the contrary, y = —1/d and the temperature 


increases together with the scale factor, 


il 1 


The same result holds in the more general anisotropic pre-big-bang back- 
ground of eq. (3.15), with equation of state (3.18). Indeed in such a case the 
conservation equation reads 

p= HD (3.27) 


and implies 
pla) wat *-4, (3.28) 


In terms of the total proper volume V = VaV,, = a2~”, eq. (3.27) can be rewritten 


as an adiabaticity condition 








1 1 dVq dV, 1 p 
= —d(pV) + =(p— —)V = —d(pV)+ —dV =0 3.29 
dS pulev) + PT Ta Puev) +z (3.29) 
corresponding to the effective pressure 
d+n p 

‘= = . 3.30 
P= a ea (3.30) 

The integrability condition 075/O0VOT = 07,5/dTOV then gives 
Cae aca (3.31) 


which, using eq.(3.28), leads to 


De (3.32) 


Thus we find that, during the pre-big-bang phase, the temperature, also in the 
anisotropic case, grows proportionally to the expanding scale factor. 

Two comments are in order: 

The first is that, according to this example, the temperature seems to remain 
unchanged (T' = ig ) when passing from a background a to the dual one a4 = a7!. 


Indeed, from eqs. (3.25) and (3.26), 


Trvaé=a nT. (3.33) 


This behaviour is to be contrasted with recent results, obtained in a black-hole 
background, which suggest that the temperature should be inverted under a duality 
transformation [22]. 

We must note, however, that the pre-big-bang solution considered here is 
related to the decelerated post-big-bang phase not only through a duality trans- 
formation, but also through a change of the cosmic time range from [—oo, 0] to 
[0, co]. Moreover, what we have considered is the temperature of the sources, and 


not the horizon temperature as in the black hole case. 


Indeed, the appearance of a dynamical event horizon during the pre-big-bang 
and to 


define an intrinsic ”background temperature”. The reason is that, in contrast 
with the Rindler or de Sitter case, the Green functions for fields embedded in a 
manifold with shrinking horizons are not, in general, periodic with respect to the 
Euclidean time coordinate. In other words, a De Witt detector [23] in the frame 
of a comoving pre-big-bang observer will measure a particle background, but the 
response function of the detector is not of the thermal type and cannot define an 
intrinsic temperature. 

Moreover, even introducing (naively) a temperature associated with the pre- 
big-bang event horizon in terms of its local surface gravity, Ty ~ |t|~+, it would 
be impossible in this cosmological context to discuss the transformation of the 
temperature under duality by using the horizon thermodynamics, because there is 
no event horizon in the dual, decelerated phase. 

It is possible, however, to obtain a thermal spectrum from the geometry, in 
a cosmological context, by considering the high frequency sector of the particle 
spectrum produced by a background that evolves smoothly between two asymp- 
totically flat states [23-25]. In this way one can associate a temperature with the 
geometry, independently from the presence of event horizons, and one can easily 
show that for a ”self-dual” metric [i.e. a metric that satisfies a~'(t) = a(—t), see 
for instance Section. 5], this ”geometric” temperature is inverted under duality, 
just as in the black hole case. 

The demonstration is based on the properties of the Bogoliubov coefficients, 
c,(k) and c_(k), parametrizing for each mode k the transformation between the 
|in > and |out > vacuum, and normalized in such a way that |c_(k)|? =< ng > 
measures the spectral number of produced particles, and |c+|? = 1+ |c_|?. 

Consider indeed the transformation t — —t, connecting an expanding to a 


contracting background. The |in > and |out > states get interchanged, but the 
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constant equilibrium temperature Jo associated with the thermal distribution of 
the produced particles is preserved, as it depends on the norm of the Bogoliubov 


coefficients, which is left unchanged 
lcy| =| <in,+lout,+ >] , |e_|=|< in,+lout,— > |. (3.34) 


The local temperature T(t) = To/a(t), characteristic of the given geometry, 
changes however from a regime of adiabatic red-shift to an adiabatic blue-shift, 
T(t) — T(-t) = To/a(-t). If the metric is self-dual we obtain, in units of To, 





T(a(—t)) = T(a—1(¢)) = T(t) = a(t) = (3.35) 
T(a(¢)) 
so that the temperature and its dual T satisfy 
TT = T? = const, (3.36) 


in agreement with earlier arguments of string thermodynamics in a cosmological 

O context [2,3]. 
The second comment regards the growth of the temperature of the source dur- 
‘ing the pre-big-bang phase [see eqs. (3.25) and (3.26)]. In the regime of radiation- 


dominated expansion, aT’ stays constant, and the usual way to get the very large 
present value of the entropy, starting from reasonable initial conditions, is through 
the occurrence of some non-adiabatic “reheating” era. In the dual pre-big-bang 
regime, on the contrary, the temperature of the sources grows with the scale factor 


just because of the adiabatic evolution. It is thus possible (at least in principle) 





Consider, for example, a cosmological evolution which is symmetric around 
the phase of maximal curvature, in the sense that the post-big-bang decelerated 
expansion of the three-dimensional space [eq. (3.20)] is preceeded by a correspond- 
ing phase of accelerated expansion [eq. (3.19)], which extends in time as long as 
the dual decelerated phase. 

The pre-big-bang superinflation ends at the maximum curvature scale, which 
is expected to be of the order of the Planck mass, Hy ~ Mp. On the other hand, 


IIIIIIIIII[II] OF Present curvature scale Ho is about(60/orders/of magnitude below’ the Planck 


‘scale. In the case of a symmetric evolution evolution around the maximum (see 
e.g. the example presented in Section 5), the pre-big-bang superinflation era must 
start at a scale Hj ~ Ho ~10-°M,>, thus providing a total amount of inflation 


af Ay 1/2 > 4,30 
— Ww —— vA 1 * 
Gg ee (3.37) 
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which is just the one required for the solution of the standard cosmological puzzles 
[26]. 

Apart from this amusing numerical coincidence, what is important to stress 
is that in the case of a symmetric temporal extension the pre-big-bang scenario 
seems capable of providing automatically the required amount of inflation, for any 
given value of the final observation time to, thus avoiding the anthropic problem 
that is in general included in the more conventional, post-big-bang, inflationary 
models (see [27] for a lucid discussion of the anthropic principle in an inflationary 


context). 


It should be clear, however, that even in this context the large present value 


of the total entropy would be the @oisee Hetioe%6f a iiIoiraisIbatiGlconversionlof Hh 
occurring during the transition to the standard 


scenario. A possible example of such process is the decay of highly excited string 
states, created by the background evolution through the mechanism described 
(for the case of gravitons) in the following section. One should also mention, in 
this context, the existence of an additional source of radiation entropy due to 
the presence of non-trivial antisymmetric tensor backgrounds. Indeed, even if the 
evolution is globally adiabatic, entropy exchanges may occur between B and the 
fluid part of the source, because of the covariant conservation of the total energy 
density. As a consequence, the damping of B in time (which is expected to occur 
if the standard isotropic scenario is to be recovered) should be accompanied by an 


entropy increased in the radiation fluid, as already stressed in [6]. 


4. Observable tracks of a pre-big-bang phase 

As discussed in the previous sections, there are various reasons for which 
the occurrence of a period of accelerated evolution and growing curvature, in 
the past history of our Universe, may seem both plausible (from a string theory 
point of view) and attractive (for its phenomenological aspects). The important 
question to ask, therefore, is whether the occurrence of such a phase may be tested 


experimentally in some way. 


An affirmative answer to this question is provided by the study of the cosmic 
graviton background [28-30]: indeed, gravitons decoupled from matter earlier than 


any other field (nearly at the Planck scale), so that the shape of the spectrum of the 
gravitons produced by the transition from the pre-big-bang to the post-big-bang 
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SPECTRUM OF GRAVITONS 


scenario should survive, nearly unchanged, up to the present time. Given a model 
of cosmological evolution, in particular, one can compute the expected graviton 
spectrum, and then constrain the model by using the present observational bounds. 

Consider, for example, a generic model of pre-big-bang evolution in which the 
dilaton is growing, d dimensions expand with scale factor a(7) and n dimensions 


contract with scale factor b(7) in such a way that, for 7 < —7 < 0, 


an~(-—n* , bx(=n)® , o~yina, (4.1) 


where 77 is the conformal time coordinate, related to the cosmic time t by dt/dn = a 
(we shall denote, in this section, derivatives with respect to 7 with a prime). Note 
that in eq. (4.1) 7 ranges over negative values, so that a, and ¥ are all positive 
parameters. We shall assume that this phase is followed (at 7 = —1,) by the 
standard radiation-dominated, and matter-dominated (at 7 = 72), expansion of 
three spatial dimensions, with frozen dilaton and radius of the internal space, 
namely 
avn , b=1 , $=¢ » -m<<%M, 


ant? » 21 5. O©=09 3. H>m>0. 


The spectrum of the gravitons produced from the vacuum, because of the 


background variation, is to be computed from the free propagation equation of a 


(4.2) 


metric fluctuation, hy, = dg,,, obtained by perturbing the background equations 
at fixed sources [31-33] (in our case dilaton and antisymmetric tensor included), 
0T = 0 = OHyva = 0. The contribution to the graviton production from a 


possible variation of the effective gravitational coupling can be accounted for, in 


general, by perturbing a Brans-Dicke background [34]. In our case we shall perturb. 
the string gravity equations (3.5) to (3.7) around the cosmological configuration 
Bele — 0,¢ _ P(t), uv 7 diag(1, 9:j, Gab) }, where Jj = —a76i; and Jab = 
—b?5,y are the d- and n-dimensional conformally flat metrics of the expanding 
and contracting manifolds, respectively. 


By imposing the gauge 
toe=0 2 Woe SU 2 gia =O, (4.3) 


and by considering a perturbation h;4(Z,t) propagating in the expanding ” exter- 


nal” space, one then gets the linearized equation [34] 


oY” Ju Jvhit — oh;t =0, (4.4) 


alg 


where \7,, denotes the covariant derivative with respect to the background metric 


g. By performing a Fourier expansion, and introducing the variable 
WF = hy Ib"/2qg4@-V/2e- 4/2 (4.5) 


one can conveniently rewrite eq. (4.4), for each mode 7;/(k) in terms of the 


conformal time variable, in the form: 


graviton spectrum w""(k) + [k2 — V()]v(k) = 0, (4.6) 
where 
V(n) =P 4 BEF aya 32? + Bn ayy ap 


For the phenomenological background (4.1), (4.2) we thus have the effective 


potential barrier 


V(n) = gatla(é—1— 7) — 8 +1" — 1} ; ome 
V(n) =0 . —m <n <M (4.8) 
2 
V(n) et) ’ n> 12; 
1) 


which clearly displays the usual contribution of the accelerated expansion (a # 0) 
[28,29], of the dimensional reduction process (n3 4 0) [35,36] and, in addition, of 
the dilaton variation (y 4 0) [34]. 

The general solution of eq. (4.6) can be written in terms of the first- and 
second-kind Hankel functions H. (kn), ef (kn), of index 


[a(d—1—y)—n6+4+]1] (4.9) 


bole 


y= 


during the pre-big-bang phase, and of index |v| = 1/2 and |v| = 3/2 during the 
radiation- and matter-dominated phase, respectively. Starting with the initial 


solution 
w(k) = Nn 7H (kn), n<—m (4.10) 


representing positive frequency modes in the 7 — —oo limit (and corresponding 
oO to the Bunch-Davies conformal” vacuum [23]), one has in general a linear com- 


bination of positive (H)) and negative (H)) frequency solutions for 1 — oo. 
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The Bogoliubov coefficients c+(k), describing such mixing, can be obtained by 





matching the solutions at 7 = 7, and 7 = 72 (N2 >>). 
For kn, < 1, using the small argument limit of the Hankel functions, and con- 


sidering only the first background transition, this ”sudden” approximation gives 
le=(k)| = Gem) (4.11) 


(we neglect numerical factors of order unity). For kn © 1, ie. for modes with 
a comoving frequency k higher than the potential barrier [V(7)]!/? ~ n+, this 
approximation is no longer valid; then the mixing coefficient c_ is to be computed 
by replacing the potential step with a smooth transition from V(7,) to 0 (in order 
to avoid ultraviolet divergences). In this way one finds, however, that for k7, > 1 
the mixing is exponentially suppressed [23,25,35], so that it may be neglected for 
our purposes. 

The modes with sufficiently small frequency k < 1/n2 are significantly affected 
also by the second background transition, from the radiation-dominated to the 
matter-dominated regime [28,37-39]. In the same approximation one finds that, 


for this frequency sector, 


H 





Jo_(k)| = (key) (kena)™, (4.12) 


where the sign of the second exponent is —1 (+1) if y+ 1/2 > 0 (< 0) [84]. For 
all the models of dynamical dimensional decoupling proposed up to now (see for 
instance [5,15,40]), including the pre-big-bang example of the previous section, 
one has however vy + 1/2 > 0. We shall thus disregard here, for simplicity, the 
alternative possibility (but we note that for vy + 1/2 < 0 the phenomenological 
constraints on the graviton spectrum that we shall present below turn out to be 


somewhat relaxed [34]). 

The spectral energy density p(w) = w(dpg/dw), which is the variable usu- 
ally adopted to characterize the energy distribution of the produced gravitons: 
‘[28,29,39], is simply related to the Bogoliubov coefficient c_(k) that gives, for 
each mode, the final number of produced particles: 

pw) = w*|e_|?, (4.13) 


where w = k/a(t) is the proper frequency (again we neglect numerical factors of 
order unity). On the other hand, |n|~+ ~ |a(7)H(n)|; moreover, 7 corresponds to 


the beginning of the radiation era, so we can conveniently express the maximum 
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curvature scale H, = H(m,), reached at the end of the pre-big-bang phase, as 
H? ~ Gp,(m), where G is the usual Newton constant, and p, is the radiation 
energy density [29]. It follows that the spectral energy density (4.13), at the 
present observation time to, and in units of critical energy density p., can be 


finally expressed as 


OQ(w, to) = BED GO. eee we <wW < Wy 
pe = (4.14) 


Ow, to) = Oe) ey CIPO) « mews 
Pe Wy W92 








Here Qy(to) ~ 10~* is the fraction of critical energy density present today in 
radiation form; wo ~ Ho ~ 10~'8 Hz is the minimal frequency inside the present 


Hubble radius; 
H. 
B= F wo ~ 10° (4.15) 


is the frequency corresponding to the radiation — matter transition and, finally, 





Aya HL 
@, = Te wo ~ 10° (FF) wo (4.16) 





is the maximum cut-off frequency depending on the height of the potential barrier 
V(m), i-e. on the big-bang curvature scale Hj. 

The two important parameters of the spectrum (4.14) are the maximum scale 
Hy, and the power v which depends on the pre-big-bang kinematics and fixes the 
frequency behaviour of the energy density of the relic gravitons. In four dimensions 
(d = 3,n = O), and in the absence of dilaton contributions (y = 0), the high- 
frequency behaviour of the spectrum mimics exactly the behaviour of the curvature 
scale for 7 < —7, as was stressed in [29,39] (we recall indeed that in such a 
case 4 — 2|vy + 1/2| = 2 — 2a, so that a de Sitter phase at constant curvature, 
a = 1, corresponds to a flat spectrum). If, however, the other contributions to the 
graviton production are included, then the total spectrum may be flat or decreasing 
even if the curvature is growing. 

What is important to stress is that for a flat or decreasing spectrum the most 
significant bound is provided by the isotropy of the electromagnetic background 
radiation [28], Q < Q;, while if the spectrum is growing fast enough it is only 
constrained by the critical density bound [34,39], Q < Q.. The first bound turns 
out to be most constraining if imposed at the minimum frequency wo, the second 


bound at the maximum frequency w , (there is also a bound obtained from the 
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pulsar-timing data [28], to be imposed at a frequency w ~ 107° Hz, but it is not 
significant in our context [34]). 


The two constraints 
Q(wo) <Q; ‘ QO(w) <Q. (4.17) 


define an allowed region in the (H,,v) plane, which is bounded by the curves 
[obtained from eq.(4.14)] 


AL 1 
Log(aF-) <2+ bogie, 
A, il 


lv +1/2| 


(4.18) 
(116 + LogQ,;) — 58. 


The region allowed by the present experimental data (Q. ~ 1,0; ~ 1078) is shown 
in Gp 2. 

Because of the many approximations made, and of the uncertainties in the 
experimental data, this figure is expected to give, of course, only a qualitative 
picture of the possible phenomenological scenario. We can see, nevertheless, that 
(hore is/a maximum allowed Seale‘ofeurvatine, H ~ 10°Wf,, which can be reached 
only if the spectrum is growing fast enough, |v + 1/2| < 1.8. The general bound on 
the pre-big-bang kinematics to allow a given final scale H; < 10?Mp, in particular, 


is given by eq. (4.18) as 


108 


1 
S| SS 4.19 
aa 5! ~ 58+ Log(Hi/Mp) ae) 


The Planck scale, in particular, can be reached if |v + 1/2| ~ 1.88. Flat or 
decreasing spectra, |v + 1/2| > 2, can only be extended to a maximum scale 
reel wee One thus recovers the well-known bound [41] (already quoted in 
Section 1) that applies to a four-dimensional primordial phase of the de Sitter type 
(which has vy + 1/2 = 2, and thus corresponds to a flat spectrum). 

This bound is avoided by the pre-big-bang example given in Section .2. In 


that case 
2 


aa ea 


: vy = 2d, (4.20) 
and one gets an increasing-with-energy graviton spectrum with 


| 2 


UN Bega, 


(4.21) 
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As a result, the curvature can reach the maximum allowed scale for any number 
of dimensions. 

The situation that we have discussed refers to the case of a sudden” transition 
from the growing curvature regime to the decreasing one. The transition, however, 
could pass through an intermediate de Sitter phase of maximal constant curvature. 
In such a case, the high-frequency part of the graviton spectrum is flattened, while 


the lower-frequency part continues to grow. It is still possible to evade the bound 

Ay <10-4M p, and to consider a de Sitter inflation occurring at the Planck scale, 

but its duration turns out to be constrained by the present pulsar-timing data, in 

10*(-1) Mppiiehtawaythat 10-"M/p is’practically the maximum allowed value of /, in such 
a Planck-scale inflation [39]. 

Note that, in this paper, we are using the data on the isotropy of the elec- 


tromagnetic CMB only as a bound on the possible presence of a relic graviton 


background, since we are mainly interested in the limiting value of the curvature 





for a phase of pre-big-bang evolution. It is also possible, however, to interpret the 
CMB anisotropy recently detected by COBE [42] as entirely (or at least partially, 
but significantly) due to a stochastic background of cosmic gravitons [43,34]. By 
making such an assumption, and by using the graviton spectrum corresponding to 
our pre-big-bang model (4.21), the COBE result can be read as providing an in- 
‘teresting relation between the maximum scale H; and the total number of spatial 
dimensions d+ n. 
We should mention, finally, that an additional phenomenological signature of 
a pre-big-bang phase is contained in the squeezing parameter r(w) which charac- 
0 terizes the quantum state of the relic cosmic gravitons [44], produced from the 
vacuum by the pre-big-bang — post-big-bang transition. 
Such a parameter can be approximately expressed in terms of the Bogoliubov 
coefficients as [34,44] 
r(w) ~ In|c_|. (4.22) 


For the high-frequency part of the spectrum (w > w2) we thus find, from eq. (4.11), 


r(w) 2 |u+ 5ll25 -Im(2-) + 1 (ff 


eral (4.23) 


The first term on the right-hand side is expected to be dominant (at least in the 
presently allowed frequency range for a possible graviton detection); the second 
term determines the variation with frequency of the squeezing, and the last term 


provides a correction if the final curvature scale differs from the Planck one. In the 
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case of a future direct observation of the cosmic graviton background, a measure 
of the parameter r(w) would provide information both on the maximum curvature 


scale H, and on the kinematics of a possible pre-big-bang phase. 


5. The high curvature regime 
In the examples of pre-big-bang scenarios so far considered the growth of the 


(curvattire, as well as that of the effective coupling e®, were unbounded [see for 


instance eq. (3.15)]._ According to the phenomenological constraints discussed 
in the previous section, however, this growth must stop, at the latest around 
the Planck scale. A realistic model for this scenario should thus describe also a 
‘smooth transition from the growing to the decreasing curvature phase, avoiding 
the singularity both in the curvature and in the dilaton field. 

Of course, in the high-curvature regime in which one approaches the Hagedorn 
and Planck scale, string corrections (of order a’ and higher) are expected to modify 
the naive low-energy effective action (2.13). Moreover, in such regime a more 
realistic cosmology is probably obtained by including the contributions of a dilaton 
potential V(¢), and also of the antisymmetric tensor field. Indeed, there are regular 
examples (without sources) in which both a constant dilaton potential [12] and an 
O(d, d)-generated torsion background [45] contribute to violate the strong energy 
condition and to avoid the singularity. 

Let us resort, therefore, to the full O(d, d)-covariant equations of string cos- 
mology, obtained from the action (2.13) (supplemented by a phenomenological 
source term describing bulk string matter). Let us assume, furthermore, that the 
d-dimensional space has finite volume (even if flat, for simplicity) such as a torus. 
It is thus possible to make the O(d,d) covariance of the background fields com- 
patible with the GL(d) coordinate invariance, even in the presence of a non-trivial 
dilaton potential, provided V = V(@), where ¢ is as defined in eq. (2.18). In such 
case the field equations, obtained from the total (generally non-local) action, can 


be written in explicit O(d, d)-covariant form as [6] 


CS a eee; | 7 
oe =26= gi r(Mn) a oe V=0 (5.1) 
é + =Tr(Mn)2 —V =7pe? (5.2) 
(e-?MnM) =T (5.3) 


where M is the matrix defined in eq. (2.17), T is a 2d x 2d matrix representing 
the spatial part of the string stress tensor (including the possible antisymmetric 


current density, source of torsion [6]), and 7 is the O(d,d) metric in off-diagonal 


n= € 4 (5.4) 


(Note that, throughout this section, both T and 7 are expressed in units of 167G‘p, 


form 


so that they have dimensions L~?.) 

These three equations generalize, respectively, the dilaton equation (3.8), and 
the time and space part of the graviton equations, (3.9) to (3.11), to which they re- 
duce exactly for V = 0, vanishing torsion, and diagonal metric background. Their 
combination provides the useful covariant conservation equation of the source en- 


ergy density, which can be written in compact form as [6] 
~ liais : 
p+ gir (fnMnMn) =). (5.5) 


As in ordinary cosmology, this system of equations must be supplemented 
by an equation of state, which in this context reads as a relation of the form 
T = T(p,M). In order to provide an explicit example of regular pre-big-bang 
scenarios, we note that the variables of eqs. (5.1) to (5.3) can be separated, and 


the equations can be solved, for any given T’/p, provided 


OV 


of = OV. (5.6) 
06 
Indeed, using this condition, the combination of eqs. (5.1) and (5.2) gives 
ae 
(ey = op (5.7) 
Defining a time coordinate € such that 
dt = fat (5.8) 


Po 


(po is a constant, and we shall denote with a prime differentiation with respect to 


€), eqs. (5.7) and (5.3) can then be easily integrated a first time to give 
=/,—¢)! 1 2 
ple™*) = spalé + £0) (5.9) 


BMnM’ = p2Te?®. (5.10) 
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where _ 
r= f ae (5.11) 


(9 is an integration constant). 
On the other hand, by using (5.10) to eliminate MnM, and by noting that 


T/p=I", we can rewrite the conservation equation as 
| —¢ 1 ! 
pe ?= ~gPol’r(PnI'n) : (5.12) 


By adding eqs. (5.9) and (5.12), integrating a second time and defining (for later 


convenience) 
D(E) = 48 + (€+ 0)? — 54 r(Pn)? (5.13) 
(G is an integration constant), we obtain finally 
pe F = 1 Dp? (5.14) 


which, inserted into (5.9) and (5.10), gives 


B =-S(E+6) (5.15) 
MnM! = (5.16) 


We have thus satisfied eq. (5.3), and a combination of eqs. (5.1) and (5.2). 
We must still impose eq. (5.2) which, using eqs. (5.15) and (5.16) and the identity 
[6] 





(MnM'n)* = —(M'n)? (5.17) 
reduces to the condition 
1 VD? 
(§ + 6)" — 5Tr(Pn? = D+ (SY. (6.18) 


This condition, together with eq. (5.6), can be satisfied in two ways. The 
first way is trivial, V = 0 and @ = 0. The equations (5.15) and (5.16) can then be 
integrated for any given I'(€), but the singularity in this case cannot be avoided, 
because of the zeros of D(&). 

The second possibility corresponds to a non-trivial two-loop potential V(¢) = 
—~Voe2* < 0, with 8 = Vo. In this case too eqs. (5.6) and (5.18) are both satis- 
fied, and we can obtain examples of backgrounds that are exact solutions of the 
string cosmology equations (5.14)—(5.16) (with 6 = Vo), and which describe a 


25 


smooth evolution from asymptotically growing to asymptotically decreasing cur- 
vature, without singularities. We shall give some examples below. 
Let us consider, first of all, a d-dimensional isotropic background, with scale 


factor a, vanishing torsion (B = 0), and sources with a diagonal stress-tensor, so 


that [6] 
/ 
po et 0 Tf. a= {0 I 
Mya’ =2" ( © i) , a ee ae (5.19) 
where J is the d-dimensional identity matrix. By defining p/p = 7 we thus have 
D = AV + (€ + 60)? a f 9d) (5.20) 


The integration of the cosmological equations is thus immediate in the case of 
a perfect fluid source, with y = const. Consider for example the interesting case 


of the radiation-like solution, 


| 
y=5 5 f1ae= 


and define, for convenience, the constant parameters 


(+6) , & =const., (5.21) 


ale 


d—1 & 1 MAYH+& 1 
ao, Peo ee) . Goo e, 5.22 
By choosing the arbitrary constants €) and €; in such a way that 
A? = 4ac— b* > 0 (5.23) 


the integration of eqs. (5.15) and (5.16) then provides the non-singular solution 


a OE a AE £5) da + bes 
~e=%0+ Ina + OF +c) (d—1)A& a ar ) (5.24) 
_ mae st. 4(€1 — &0) 2aE + bei 
= 29(0F5 + be +c) eG AG One) (5.25) 
(ao and ¢p are dimensionless integration constants). Their combination gives 
— 4(£1 — £0) 2a + 0&1 
e =a5e exPlTy—ijAgy HAG, ae ve (5.26) 


which is growing for &; > &. 


Note that the dilaton potential V(4) provides its strongest contribution just 


in correspondence of the phase of maximum curvature, while it rapidly decays to 
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' zero away from this regime. We thushave an example of ”running cosmological 
running - = ; : 
constant” A = V(@), which may suggest a new possible approach to the cosmo- 
lambda logical constant problem based on the damping of A obtained from a non-local 
effective action (see also [46]). 
It is also interesting to point out that, in the case of a radiation-like source, 
the time coordinate € coincides with the conformal time 7. From eq. (5.14) we 


indeed obtain, for p 


7 one? 4(& — 2 b 
2 = —— Si Poe 7 ex yA = $0). S0) eicten(e + bt ihe (5.27) 
A(a$s + be +c) (d—1)A& Agi 
so that, from the definition of €, 
dg p Loy $0 ( 20 
i —), Z 
Fe = = ghivoe(S) (5.28) 


Equations (5.25) and (5.26) describe a radiation-dominated solution, which 


interpolates without singularities between an initial asymptotic phase of acceler- 
ated contraction, a ~ (—t)?/(4+), 6 = 6, = const., growing curvature, and a final 


phase of decelerated expansion, a ~ t?/(4+)), 6 = ¢2 = const., decreasing cur- 


vature. There are no horizons, and both the curvature and the dilaton field are 





In this example the final expanding state is reached starting from an initial 
contraction. There is, however, also the dual solution ¢,d@ corresponding to the 


equation of state 


2 :_ lg 
p=-— fd =-3E +6), (5.29) 


where € is the dual” time coordinate defined by eq. (5.8) for this new solution. 
From eqs.(5.14)—(5.16) one obtains, in terms of €, that the new solution {¢, @} is 
related to the old one {¢,a} by 


) = aga“ *(€) (5.30) 


where d€ ~ Gdt. In this solution, therefore, the background evolves smoothly 


from an initial accelerated phase of superinflationary expansion, a ~ (—t)~2/(4+)), 





with a logarithmically increasing dilaton, towards a final asymptotic phase of de- 


celerated contraction, a ~ t~2/(4+)), a logarithmically decreasing dilaton, and de- 


creasing curvature. Again the maximum curvature regime is crossed over without 





singularities. 

These two kinds of solution smoothly connect the pre-big-bang phase to the 
post-big-bang one by changing the sign of H (from expansion to contraction, and 
vice-versa). Their existence may suggests a possible scenario in which the tran- 
sition to the standard cosmology occurs after a period of background oscillations 
[11,47], namely a series of anisotropic contractions and expansions in which ” exter- 
nal” and ”internal” coordinates exchange their roles periodically. Such a scenario 
may also recall the Kasner-like oscillating behaviour, typical in general relativity 
of a cosmological metric approaching the initial singularity [48], with the only dif- 
ference that in our case the singularity is smoothed out by a phase of maximal 
curvature. 

This possibility is suggested by solutions obtained for a fixed equation of state. 
We might expect, however, that the transition from a given kinematical class of 
background evolution to the dual one might be associated with a corresponding 
‘transition between duality-related regimes also in the matter sources. In such a 
case it becomes possible to go across the phase of maximum curvature, without 
singularities, even for monotonically expanding (or contracting) ”self-dual” solu- 
tions. 

Consider indeed (always in an isotropic context, with diagonal pressure) a 
model of sources performing a transition from an equation of state that is typical 
of string-driven pre-big-bang, p = —p/d (see Section 3), to the dual, radiation- 
dominated regime with p = p/d. We shall model this transition by 


SO pera + fe=qyerd an 
where |£;| is a phenomenological parameter (typically of order M =) that charac- 
terizes the time scale of the transition regime. Asymptotically, i.e. for |€| >> |&1|, 
one recovers radiation for € > 0 and the dual state for € < 0. 

By inserting this matter behaviour into the equations (5.14), (5.15) and (5.20), 
we get a regular solution provided 9 and &; are chosen such that 


ac > &, (5.32) 


where a and c are the constants defined in eq. (5.22). This condition can be 


satisfied, in particular, by the choice 


fo = 0 AVo = &, (5.24) 
1 
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which nicely simplifies the final expression for the background fields (a more general 
choice does not change the qualitative behaviour of the solution, which is presented 
here for illustrative purposes only). 

With this choice, the integration of eqs. (5.15) and (5.16) gives 


= Ee, 2 
ef =e(1 42) (525) 
Gj 
2 
-_ + 14 Sa)# (5.26) 


where do and ¢o are integration constants. From their combination we have 


Pi. St Hi g pa 
ef = afet(1 + —&_)#. (6.27) 
Vere 


Moreover, according to eq. (5.14), 
d—1 7 4 d€ 





Dp 
- = Fy fipoe® a(t a = = ie (5.28) 
so that Hc “2 
a. d+1 
tr = Ty fipoe® "(+ a ) ae (5.29) 
1 
and ed “2 
3d41 
eae a ~E2pye% Ce (5.30) 


We note that, for € > oo, eq. (5.26) gives a(€) ~ €2/(4-)), while for € + —oo, 
a(€) ~ (—€)~?/(4-)), From the definition (5.8), it thus follows that, in the asymp- 
totic future dé/dt ~ a~', namely € tends to coincide with the conformal time, 
while in the asymptotic past € tends to coincide with the ”dual” time coordinate, 
as d&/dt ~ a. 

describes a model that 1s expanding 


Universe, starting from a flat space (H — 0) and weak coupling (e® — 0) regime, 


evolves through a superinflationary phase [a ~ (—t)~?/(¢+))] dominated by string- 


like unstable matter (p = —p/d), towards a final decelerated [a ~ ¢?/(¢+1)], 


radiation-dominated (p = p/d) phase with frozen gravitational coupling (e? = 
const.). In d = 8 spatial dimensions it provides an explicit realization of the 


model discussed at the end of Section 3. 





The curvature is everywhere bounded, growing from —oo to 0, and decreasing 


from 0 to oo. The behaviour of H and H is given by 








ap _ Expoe® 67, ats 
of = = 1+2,) a1 5.31 
apo 2d ( @) en 
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pp B _ (d+ ieerpRer | sat 
fog 2 2 Ome 8 yk re: 5.32 
The absence of singularity can be traced back to the fact that this solution is 


in the sense that 





t=—. (5.33) 


symmetric but not invariant under the inversion of the seale factor. The behaviour 
of a, e?, e%p, e®p, H and H is plotted in Fig. 3 for d = 3, ¢9 = 0, ap = po=e) = 1, 

An analogous solution obviously exists in which H is always negative (the 
universe is always isotropically contracting); it is easily obtained in correspondence 
with the dual equation of state 7(€) = —€/d,/€? + €?. More interesting, in our 
context, is however the Bianchi I type anisotropic background in which, during the 
pre-big-bang phase, d dimensions expand with scale factor a, while n dimensions 
shrink with scale factor b = a~!, with an equation of state p = —q = —p/(d+n) 
(the example discussed in Section 3). 


In this case, by setting y = p/p, we have 
1 
sPr(Pn)? = (d+ n)( f 9d8)? (5.34) 


and the equations (5.15) and (5.16) for a and ¢ reduce to 


a = -F(E +6) 
(5.35) 
7 D 2 frag i) 
where 
DI HEL sw / de)? (5.36) 


In analogy with the previous example, we represent the evolution in time of the 


sources between the dual asymptotic regimes by 


P= 7(é)= ee 
p d+n /€2 + & p 


[nae= VE + & 





(5.37) 
d+n 


and we choose conveniently the arbitrary parameters in such a way that ) = 0 
and €? = 4V. 
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The integration of eqs. (5.35) then provides 








> a d+n 
e? = ef (14 25) 1 (5.38) 
gi 
2 2 
2S aoe +4f1+ 7) aa (5.39) 


with ap and ¢o arbitrary integration constants. It follows that 








2 2(d—-n 2 d+n 
ef = at reo ($ 44/14 See 4 Sy) eS (5.40) 
ra &j fi 
and that ded i 2 
p +n — 2 Po -7z 
—= ES SEs 1 — d+n—-1, 5.41 
py) dt A(d+n) i poet”( + @) ‘ een 


By comparing this last equation with eq. (5.39) we can easily check that 
this solution, in the € — —oo limit, exactly describes the regime of pre-big- 
bang and dynamical dimensional reduction discussed in Section 3, with a(t) ~ 
(—t)~2/(4+"+1) — 1/b. This background, according to the solution (5.39), (5.40), 
evolves in such a way as to reach a phase of maximal, finite curvature, after which 
it approaches the dual, decelerated regime in which the internal dimensions are 
hot frozen, but keep contracting like b(t) = 1/a ~ t~?/(4"+)) for t — +oo. 

It is important to stress that the dilaton coupling, in this case, does not settle 
down to a finite constant value after the big-bang, but, according to eq.(5.40), 
tends to decrease during the phase of decreasing curvature. Such a decrease of 
@ is driven by the decelerated shrinking of the internal dimensions which are not 
frozen, unlike in the previous case. 

We have thus provided two examples of self-dual solutions which can model 
the transition from the growing to the decreasing curvature regime. These exam- 
ples are not intended to apply too far away from the maximum curvature scale 
(i.e. in too low a curvature regime where, for example, there are constraints which 
rule out too fast a variation of the gravitational coupling [49] and of the radius of 
the internal dimensions [50], such as the ones predicted by our last example). In 
the low curvature regime O(d,d) symmetry and scale factor duality may indeed 
be expected to be broken, for instance by a dilaton potential V(¢). They sug- 
gest, however, the interesting possibility of a transition, which may occur even for 
monotonically evolving scale factors, and which approximates a de Sitter phase in 


the neighbourhood of the big-bang region (H = 0). 


dl 


We note, finally, that in the model of sources that we have used the ratio 
p/p is not a constant, but the pressure is still diagonal. The effective, time- 


dependent equations of state (5.31) and (5.37) may thus be re-expressed in terms 


9929992999 of an effective bulk viscosity, which depends on p and which becomes negligibly 


small in the ”in” and ”out” asymptotic regimes where the perfect fluid behaviour 
is recovered. It is thus significative, in this context, that the evolution of a phase 
of exponential de Sitter expansion down to the decelerated regime, in a model 
of string-driven inflation [51], can also be interpreted in terms of an effective p- 


dependent, bulk viscosity [52]. 
We have already seen, on the other hand, that in the pre-big-bang phase the 


entropy of the sources is constant, as the matter evolution is adiabatic. Near the 
maximum (H ~ 0), however, one can define a horizon entropy [53] which shrinks 
like the pre-big-bang horizon area. Viscosity, and other dissipative processes, may 
thus naturally be expected to occur, in that regime, possibly yielding a large 


entropy increase. 


6. Conclusions 


In this paper we have described how string theory suggests and supports a 
picture of the Universe in which the present decelerated expansion is preceeded 
by a dual phase in which the evolution is accelerated and the curvature is growing 
(what we have called ” pre-big-bang”). We stressed that such a scenario is not 
to be regarded as an alternative to the usual post-Planckian cosmology, whether 


inflationary or not, but that it represents a complement of the standard scenario, 


‘which cannot be extended beyond the Planck scale. = 29292922222222222222222? 


In the pre-big-bang phase the growth of curvature may be accompanied (but 
not necessarily sustained) by the shrinking of some extra ”internal” spatial dimen- 
sions down to a final compactification scale. This scale, as well as the maximal 
(big-bang) curvature scale, are both expected to be given by the fundamental 
length parameter of string theory, i.e. roughly by the Planck scale itself. In 
the subsequent decelerated phase the internal radius may be frozen, or may keep 


shrinking, as shown by the examples presented in Section 5. 


As we pointed out there, the possibility of avoiding the big-bang singularity 
appears to be deeply rooted in a typical stringy symmetry, the scale factor dual- 


ity, which acts on homogeneous cosmological backgrounds. Indeed, the product 
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of scale-factor-duality and time reversal admits, as non-trivial fixed points, back- 
grounds which connect smoothly, at t = 0, two duality-related regimes, e.g. a 
superinflationary era and a standard decelerating expansion. 

Moreover, the generalization of scale-factor-duality to a full continuous O(d, d) 
symmetry provides a framework in which entire classes of non-singular cosmolog- 
ical models can be obtained via O(d,d) ” boosts” of trivial, or even singular [45] 
initial conformal backgrounds. 

Obviously, the picture presented here is in many respects qualitative and 
preliminary. Many problems remain to be solved, such as that of formulating a 
simple, yet consistent equation of state for string sources in curved backgrounds, 
At a more fundamental level, we might expect that, unless higher-order quantum 
string effects are consistently taken into account, it will be impossible to avoid a 
singularity once all physical constraints are imposed. 

Nevertheless, we wish to stress that the global picture emerging from our sim- 
plified approach is already well defined and allows, in principle, for experimental 
verifications. We have shown, indeed, that the string cosmology equations and the 
assumption of a pre-big-bang era provide definite predictions for the spectrum of 
‘relic gravitons that should be filling up space not less than the electromagnetic 
CMB does. Thus such a scenario can be confirmed, disproved, or at least signifi- 
cantly constrained, by some (hopefully near-future) direct or indirect observations 
and measurements of a gravitational-wave background of cosmological origin. It is 


perhaps encouraging to recall at this point that the-hot big-bang hypothesis [54] 
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Figure captions 


Fig. 1 
Two possible alternatives to the curvature singularity of the standard cosmological 


model. 


Fig. 2 
Present constraints on the maximum allowed curvature scale H, (in units of Planck 
mass), versus the index v which parametrizes the background kinematics. The 


allowed region extends down to |y + 1/2| = 0. 


Fig. 3 

Time evolution with respect to € of the self-dual solution given by eqs. (5.26) and 
(5.27) around the phase of maximal curvature (€ = 0). a) The scale factor and the 
dilaton coupling; b) the effective density and pressure; c) the Hubble parameter 


and its time derivative. 
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1 Introduction 


In recent years, pre-big bang (PBB) cosmology [fl] has established itself as a logically 
consistent alternative to standard slow-roll inflation 2]. While the ultimate verdict 
on which, if either, of these two versions of cosmology will survive is left to future 
experiments, at the theoretical level each one has its own advantages and shortcom- 
ings. 

The trade-off follows from the fundamental physical difference between the two 
scenarios: in slow-roll inflation the evolution is from larger to smaller curvatures, 
while in dilaton-driven PBB inflation the opposite is true. Thus, while in the former 
case Planckian/string-scale curvatures are naturally reached at the very beginning, 
pushing the problem of initial conditions into the full quantum-gravity domain (see 
e.g. B]), in the latter that problem can be tackled within a perfectly known (albeit 
non-linear) set of equations (see e.g. J). On the other hand, since large curvatures 
naturally occur at the end of dilaton-driven inflationf], the exit problem becomes 
harder to analyse than in the conventional scenario. 

It is generally believed that the exit problem of string cosmology [h], i.e. achieving 
a smooth, non-singular transition from inflationary to FRW-type string cosmology so- 
lutions, should be solved by a combination of two kinds of effects, corresponding to 
two different classes of corrections to the low-energy, tree-level effective action. While 
higher-derivative corrections should be able to bound the growth of curvature [6] (or 
to allow a reinterpretation of the lowest-order curvature singularity), loop corrections 
[@], accounting for the back-reaction on the geometry from particle production, should 
stop the growth of the coupling (of the dilaton) when a certain critical-energy con- 
dition [8] is reached. Recent proposals of cosmological entropy bounds [f] appear to 
support [10] these ideas. 

Unfortunately, present techniques are still inadequate for giving a convincing an- 
swer to the question of whether any one of these desired effects does actually take 


place. The question of fully non-perturbative higher-derivative corrections amounts 


‘A phenomenologically interesting consequence of this difference is that, in slow-roll inflation, 
Planck/string-scale physics is “screened” from observation by the subsequent long inflationary era; 
in the PBB scenario, it is in principle accessible to observation. 


to finding an exact (2D) conformal field theory. However, since supersymmetry is 
spontaneously broken in the case of cosmology, chances to get such a CFT in closed 


form are slim. 


Similarly, understanding the full effect of back-reaction would require knowledge 
of the full one-loop effective action up to four derivatives. In spite of brilliant work 
by Vilkovisky and collaborators [IT] on this problem, these are still early times for 
applying the results so far obtained to our problem. Thus our aim here will be 
more modest: we will try to understand in which direction does the back-reaction 
from particle production work in PBB cosmology while it is still a small effect. No 


attempt will be therefore be made to achieve (a fortiori to describe) a complete exit. 


We thus took an easier road, recently opened by Iliopoulos et al. [ff] and by 
Abramo and Woodard [13], [[4]. Their method was already checked, whenever pos- 
sible, against the more intuitive approach of Abramo, Brandenberger and Mukhanov 
[{5]. Apart from our use of a different gauge, known to be more appropriate in string 
cosmology, our work can be seen as a straightforward application of that method in 


the context of string cosmology. As a check of gauge invariance, we will also reproduce 


some results of [I3], [4]. 


Another (apparently strong) limitation of our work is that we consider loop cor- 
rections to solutions of the low-energy effective action, i.e. we do not include higher- 
derivative terms in the latter. Since the back-reaction effect turns out to be of the 
same order as a four-derivative term, it may look suspicious to neglect such terms 
in the tree-level action while keeping them in the correction. There is, however, a 
limit in which such an approximation is justified: it is a large-N limit, where N is 
the number of species of the produced particles. The one-loop back-reaction is of 
relative order g?N@2R and thus dominates over a tree-level higher-derivative correc- 
tion O(¢2R) at sufficiently larg¢| g’N. Finally, it can also be shown that higher-loop 
effects on the metric, the dilaton and the antisymmetric tensor (axion) are paramet- 
rically smaller at large g?N and small g?, justifying the one-loop approximation. This 
observation makes it all the more urgent to devote further effort to a non-perturbative 


understanding of one-loop back-reaction in cosmology. 


2N is indeed a large number for a typical string theory gauge group, say Eg ® Ex. 


The paper is organized as follows: after recalling (Sections 2 and 3) the form 
of the lowest-order PBB background whose modification we wish to compute, and 
the general idea of the method, we will introduce (Section 4) our gauge choice and 
then go, in Section 5, to the heart of the calculation of the back-reaction, first from 
egravi-dilaton production, and then from gauge-bosons production. In Section 6, after 
expressing the final result in a convenient form, we will argue that the back-reaction is 
of the expected order of magnitude and that, at leading order at least, it modifies the 
original background in the right direction to help with the exit problem. Finally, an 


explicit check of the gauge independence of our results is presented in an Appendix. 


2 PBB Backgrounds and Fluctuations 


In units in which 167G = h = c = 1 the normalized four-dimensional gravi-dilaton 


effective action in the Einstein frame reads: 
1 
o= [aoa [R- 3(¥e)| (2.1) 


Even within this minimal set of moduli (corresponding to having frozen the axion 
as well as internal dimensions), the gravi-dilaton system offers several interesting 
cosmological solutions, including, of course, the simplest ones, which describe spatially 
flat, homogeneous and isotropic Universes. In the comoving (cosmic)-time frame the 


line element takes the form 
ds? = —dt? + as (to) dx - dz , (2.2) 


where tg represents comoving time (we shall often use the suffix 0 to denote tree-level 
quantities). In the discussion of quantum fluctuations it is often convenient to go over 
to the so-called conformal frame, in which the metric (2.2)) becomes 


ds? = 0? (n) (—dr? + dz - dz) . (2.3) 


We recall that comoving and conformal times are related by dtp = Qdn. In the 


conformal frame a typical PBB-type solution appears as follows: 


1/2 
Q = (+) : Yo = —V3In (—n) ’ wg 0, (2.4) 


3 


where, by identifying the (arbitrary) constant 1; with the beginning of dilaton-driven 
inflation (DDI), we have normalized 2 to 1 at that moment. It is convenient to define, 
as usual, H(7) = Q'/Q = 1/27, which is related to the physical Hubble parameter H 
by 

SO = gS... 
ago 9 3to 
where H; = 1/2n; refers to the initial value of the physical Hubble parameter. Note 


Ho = to <0, (2.5) 


that, at initial time 7 = 7;, the physical Hubble parameter is given by 1’ since Q; = 1. 

We remind the reader that the above background corresponds to DDI in the string 
frame, with a string-frame scale factor blowing up like (—t,)~!/ V3 when the comoving 
string time t, approaches 0 from negative values (t, — 0~). In the Einstein frame, 
this is seen as a contraction (gravitational collapse, see fM]). What remains frame- 
independent is the fact that curvature grows in time, rather than decreases as in 
power-law inflation. This is why the results of cannot be directly used in our 
context. 


Let us now define the fluctuations around the classical backgrounds by: 


Guy = om (Quy + Vu) ) p=poto. (2.6) 
Our goal here is to compute the back-reaction on the above homogeneous backgrounds 
(2-4) (i.e. Wy and ¢) due to quantum fluctuations at leading order. Following [3], 
[14], we will thus parametrize the correction to the solution (2-4) by 
Ow) = AD) Nw + C(n)tutr 
(g) = Din), (2.7) 


where t,, = (—1,0,0,0) is a time-like vector and Hwy = Nu + tut, = diag (0,1,1,1). 
In the next section we shall recall the method of Refs. [1], [L3}, for computing 
A,C and D. Here we just conclude by recalling that A,C and D have no physical 


meaning separately. For instance, if A and D are given in terms of C’ by 
H, ” 
A = =n) [ dn/(QCy(a/) 
1 ( ” / / 
D = 52m) [anf(Qcy) , (2.8) 


then all three can be gauged away by the redefinition of time, 7 — 7 + $071 Pre. 


4 


3 The Procedure 


Since our background is of the power-law (though not of the power-inflation) type, 
we shall closely follow here the procedure described in for computing A, C, D. 
We will then stress at which point the two procedures start to diverge. In the 
authors first compute some amputated one-point functions denoted by a, and 6 (see 
below), and then attach external leg propagators in order to reconstruct the desired 
functions A, C’, D. Let us describe the procedure in a different, perhaps simpler, way. 

If, generically, we wish to compute a fluctuation VU; over a generic background Wo;, 
then the relevant one-point function is given by the obvious functional integral 


f DW pet oct ely, (x) 


(Ui(x)) = [Dv eS horh (3.1) 


If the action is expanded only up to the quadratic order in V;, the one-point functions 
are trivially zero. If, however, the action is expanded up to cubic order, S{Wog + 
Vy] = S[Vou + Si [Woe Uiv,; + 99" [Wo UU VY, (the summation convention is adopted 
everywhere), and S¥ Woe] is treated perturbatively, then there is a non-trivial one- 
loop correction to the one-point functions (see Fig. 1). This is the familiar story 
of vacuum-shifting tadpoles in quantum field theory. Analytically the result can be 


expressed as follows: 


_ f DU pe! Moel +453) Woe ¥i¥s 559" Wg JW; (x) UV U,V n i 
7 f DW petSoel +183 Wool Web; : 


(W,(x)) (3.2) 


The calculation of the diagrams in Fig. 1 can be performed in two steps. First, we 


ca 
Woy 
j 

7h 


Figure 1: The one-point functions from tadpoles 


compute the amputated one-point function for all possible three-point vertices, SE 


Then the full one-point functions are obtained by attaching the appropriate external 
lines. Formula (B.2) gives 


(Ui(x)) = ft e(¥ila)¥ (2) (Ga(2)Unl2) E99 (3.3) 


where (dropping indices hereafter), (U(a2)W(z)) is the standard Feynman propagator 
for the quadratic action $)[Vo|W? = VAY, ice. 


A(r)(U(x)U(z)) = id4*(2 — z). (3.4) 
Finally, one can express the one-point function as: 
(U(x)) = —A™* (2) (U(a) ¥(z))[S3] . (3.5) 


It turns out that the coincident limit propagator (V(x) W(2)) is a function of time, x°, 
only. Therefore, if one can invert the kinetic operator in the zero-momentum limit, 
then (B.5) provides our final expression for the one-point function. For the purpose 
of the first step it is convenient to distinguish three kinds of amputated one-point 
functions, a, y and 6, defined respectively in Figs. 2, 3 and 4. 

As an illustration of the use of (8.5), we present here the calculation of the one- 
point function A in the covariant gauge introduced in [12]. Note, from (2.7), that A is 
nothing but the amplitude (1), which can be expanded from the general definition 
(B.3) and Fig. 1, in terms of the amputated one-point functions a, and 6 as: 


A= (hud) 6+ (dud) PE y+ ud) +o. (3.6) 


As in (8.9), the external line propagators can be replaced by the inverse of the kinetic 
operators in the zero-momentum limit. In the covariant gauge of Iliopoulos et al. 
the Lagrangian can be diagonalized by transforming the variables into suitable linear 
combinations. The propagators of the original variables can be read off from those 
of the diagonalized variables by applying the inverse transformation. For a standard 


power-law-inflation background, 2 ~ t*® with s > 1, one easily finds 


(vung) = — “a iA, + vs iAc 














s+l1 s+1 
1 Ss 
yt! = YAN ——iA 
it ne) Pree Ti e 
3 38 
yi” = [4 AN — iA 3.7 
(Wu Pp) ( +i ae San Cc (3.7) 


6 


where 7A, and 7Ag are particular propagators of the diagonalizing variables. They 
can be replaced by the inverses of the corresponding kinetic operators in the zero- 
momentum limit, 1/D4 and 1/Dc. With this replacement, when (B.7)) is plugged 
back into the expression for the one-point function A in (B.6)), we immediately reach 


the desired expression for A: 


Js 


stl 


+5 [= 6a+1+ Fo] . 8) 


i! 
A=— |-4 = 
a De s+l1 


= a = 
Da (3a + 7) 





s+1 


This equation is the same as was given in [14]. The above outline shows how simply 
the relevant formulae can be obtained once the general result (B.5)) has been derived. 
In the Iliopoulos et al. gauge, which does need ghosts, there are three different types 
of loops, shown in Figs. 2, 3, and 4, where the dotted line describes the graviton, the 
dashed line the ghost, and the solid line the dilaton. 


y00 yoo y00 


Figure 3: The y-type amputated one-point function 


Let us now briefly compare this approach to the one of Ref. [15], whose authors 
have used a more intuitive method by computing the energy-momentum tensor of the 
quantum fluctuations and their back-reaction over the original backgrounds directly. 
The quantum fluctuations are obtained by solving the linear order perturbation equa- 


tions and the constraints. In our approach, as in [[L3], one uses instead the constraints 
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Figure 4: The 6-type amputated one-point function 


and the gauge-fixing conditions to obtain the Feynman propagators entering the loops. 
In the back-reaction was computed through systematic corrections of Einstein’s 
equations, the first non-vanishing correction being quadratic in the Planck length ¢p, 
the small expansion parameter characterizing quantum fluctuations to leading order. 
The counterpart to this in our approach is that the same parameter, ¢%, controls the 
loop expansion in quantum gravity. Incidentally, this last observation neatly solves an 
apparent paradox: classical gravitational waves always carry positive energy while, as 
we shall see, the back-reaction from the quantum production of gravitational waves 
from the vacuum turns out to have, at least in some cases, negative energy. The 
point is that, in the case of the amplification of vacuum fluctuations, there is no pa- 
rameter allowing a separation of real-graviton production from other virtual one-loop 
effects whose sign is undetermined. This a-priori non-determination of the sign of the 
back-reaction is self-evident in the effective action approach [IT]. 

We will follow the same procedure as outlined above in a different gauge where 
physical variables are more explicit. The usefulness of this gauge was first pointed 
out in and its significance has been explored in detail in [17], in the context of 
linear order perturbations to PBB backgrounds. In the next section we summarize 
results in the off-diagonal gauge relevant for the background (P.4)). In the Appendix 
we will comment on the gauge dependence of the results by comparing them to those 


obtained in other gauges, e.g. in the covariant gauge of [13]. 


4 Propagators in the off-diagonal gauge 


As explained in the previous section, in order to analyse the perturbations we need 
to expand (2.1) to quadratic and cubic orders in the fluctuations. We find: 


eee 1 1 
S = [ae —g E Bge g" {5Panutboos ~_ 7 V08.pVonv =p 7 8.0Vnw.0 


1 1 beat : 
—FVapsaow Ot — 39g! bposits(P) a — Py” — 59,0069!) (4-1 


Here the ‘pseudo-graviton’ (~,,) indices are raised and lowered by 7,,,. To complete 
the expansion of the g,, fields in terms of the background and the pseudo-graviton, 


we recall the expansions 


gf = 2 (yth — YY 4 re +...) 


1 1 i 
J-g = OF 1 i 5¥ ae (sy = vk Phas) + Al ; (4.2) 
where wp = wr. 
Following we split the fluctuations into tensor and scalar parts by 
0 0 2® —0;B 
w= (0 ng) t ap wey aan)” ee) 
where h;; represents the (transverse and traceless) tensor part with h;; = 0 and 


d;hi; = 0. The trace w is given by 7 = —26 + 6W — 2V’E, where V? = 0,0;. The 
action (2.1), when expanded up to quadratic order in the variables (4.3), shows that 
B and © behave like Lagrange multipliers, giving rise to the following constraints (a 


prime refers to 0/On): 


1 
B W'+ HO + 74 = 0 
® : AV?U—12HU'+ vod’ —4HV?(B- E’) =0. (4.4) 


Making use of the first constraint in (4.4), it is possible to diagonalize the quadratic 


part of the action in our background as 


S = ; / dx (vu — ,vd,0 + 0”) $ ae ~ d1.GigOnGij + 7606) , (4.5) 


where v and ¢;; are the canonical variables, given in terms of the original fields as 


Owing to two local gauge symmetries that preserve the form (4.3), two out of the four 
functions can be fixed through two independent gauge choices. The off-diagonal gauge 
corresponds to choosing V = E = 0, which simplifies the first canonical variable to 
v = Q¢@. The rest of the variables become related to this canonical variable in simple 
ways because of other relations following from the constraints (£4), 6 = V/3¢/2 and 
V?B = —V3¢'/2. 

The process of obtaining the propagator for the canonical variables is simplified by 
dragging the scale factor, 2, from the canonical variables to the quadratic differential 


operator. In the off-diagonal gauge this amounts to 


1 il QQ’ 
S.= 5 / d‘x x + hij Ahis| » A=2 2; ao a: 7 Q. (4.7) 


The differential operator A, in the zero-momentum limit, is easily inverted: 


As'i(n) = — [an2(m) [ dnof(m), Ao=2 at = 7 Q, (4.8) 


™ 


as has been advertised in [[4]. This choice of the inverse operator also enforces the 


boundary conditions 


Ag’ f(m) = (Ao Sf) (ni) = 0, (4.9) 


a property we require for the corrections A, C' and D. 
From the quadratic action (ff.7)) it is easy to read out the Feynman propagators 


for the physical modes 


(g(z)e(y)) = iA“\(a,y) 
(hij(x)ha(y)) = 2Tym iA*(@,y) , (4.10) 


where Tj;,; is an appropriately normalized tensor enforcing the transverse and trace- 
less conditions on gravitons, ie. O;Tijn = O;Tije = OTijzn = ATijzxr = O and 


Tiskt = Tijek = 0. For our purpose we are interested in computing the propagator 


10 


A~1(z,y) in the coincident limit x — y. To do this we go to the Fourier-transformed 
variables 


(a) = f Gradelme™™, —hyle) = f Gear , (4D 


where both the mode functions ¢, and hy;; can be obtained by solving the differential 
equations A f,(7) = 0. The solutions can be expressed in terms of Hankel functions 
of the second kind. Notice that, v = Q@ being the canonical variable, one should 
normalize its modes in the far past, 7 — —o0, as 1/y/IkI. By the large-argument 


limit of the Hankel function, this completely fixes the modes: 


fil) = 55 VAMHO (Un) (4.12) 


Consequently the propagator in the coincident-point limit takes the form 





rim (Ca o(y)) = LOE f ann? Cea HG? Cl) 





zy Br? 
: |7)| k; ky kikp, 
Lim (hij(x)hai(y)) = oy f dk (india + Fudjn — digder — Sx — Ox 
kjkr kky kik; kiki kiki kpky 
—by——— 12 — 06> 12 + Opt 72 + Oi rT oe ) 
x HO (k|n|) HG? (ell) - (4.13) 


Here we have replaced the transverse, traceless T;,,; tensor by its Fourier transform. 
The integral in (4.18}) is in general divergent in the ultraviolet. It should be kept in 
mind, however, that the present approach should be complemented by a momentum 
cutoff as a result of the ultraviolet sickness of gravity. We set the cutoff, at any given 
time, at kimax ~ Q|H|, which corresponds to a wavelength of the order of the Hubble 
radius. This is also the scale at which the mode functions switch from free plane waves 
to ‘frozen out’ modes. For modes larger than this wavelength the bosonic contribution 
dominates its fermionic counterpart (we assume some underlying supersymmetry) as 
a result of Bose-condensation. This is the effect we are after. For shorter-wavelength 
modes new degrees of freedom should appear, which would ultimately provide better 
ultraviolet behaviour, as in superstring theory. We also impose an infrared cutoff 
coming from a finite duration of dilaton-driven inflation, kin ~ |H;|, corresponding 


to the maximal Hubble radius. In conclusion we restrict momenta in all loops to be in 
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the range: |H;| < k < Q\|A| = |H;|/Q?. At this upper-momentum/short-wavelength 
cutoff, Q|H| ~ 1/|n|, ie. our cutoff corresponds to |kn| ~ 1. Note that, in the 
off-diagonal gauge, as a result of the constraints, all fields can be expressed in terms 


of @. Thus only one type of amputated loops, the d-type, effectively arises on the 
right-hand side of (B.5). 


5 Computation of the one-point functions 


In the first two subsections we shall compute the amputated one-point functions due 
to graviton, dilaton, and gauge-boson loops. In the last subsection the external zero- 


momentum propagators will be glued in to reconstruct the full one-point functions. 


5.1 Graviton and dilaton loops 


To get the three-point vertices we use our expansion of the action (.1}) to cubic order 
in the fluctuations, $3. The results are summarized in tables 1 and 2, showing all 
the relevant three-point vertices. In table 3 we list all the coincident loops appearing 
in 6 and their respective contributions to the loop integrals (x = |kn|). There is 
another way of doing the same computation, which involves, in general, four types of 


amputated loops in the off-diagonal gauge (Fig. 5). 


OOOC 


Figure 5: All possible types of amputated one-point functions in the off-diagonal gauge. 
Here the line represents all possible coincident propagators. 


The first type of loops, having h,;,; in the external leg, turn out to be zero, since the 
loop (see both tables 1 and 2), in the coincident limit, always picks up a factor of 6;,, 
which gives vanishing contributions because of the tracelessness of h;;. ‘The second 
type of loops, having Vo; in the external leg, also gives vanishing contributions, but 


for a different reason. Note that Vo; = 0;B can be integrated by parts to act on 
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the loop. The loops, however, being functions only of time in the coincident limit 
(4.13}) give zero when hit by a space derivative. Thus only the third and fourth types 
of loops survive in the off-diagonal gauge, the 6-type and y-type loops as defined in 


Figs. 3 and 4. 


Table 1: List of all asB,VarboVasz6, vertices. 


5 HO hon Bs (1) bona (2) Poss (34 
—H07' 72 ?5 thon pr (1) Paanbe (2) Pass (3)t 
4? OF? O52 9M P P20 a), g (1) Was 6. (2) Has 3(3) 
=? OF OF 19213 Wh), 6, (1) ba2a2(2)bassa(3) 
41705? OG? F103 972 dh, g (1) Vo. (2) Pasa5(3) 

Pew e( ( 


) 
) 
) 
12051 OF? 233 Pioza, (1 Varo snes 3) 
( 
) 





39 O31 03° Noss Va as (1) Vari (2)ass(3) 
38034 03° Noss Vass (1) Vania (2)baasa(3) 
40705" Og 1922993780), 4, (1) Vasbe (2 Was Bs (3) 
14 qo Os On Hamel ee Wabi | Vante 2) Passe) 
15 592094 8” Nagase 2 Hous 6: (1) Boro (2) Pass (3) 
16 12061 OF 19020319582), a, (1) bags, (2)Pasfs(3) 


6 
Em 
9 | 
ea 





While choosing an external leg one 


should permute 1,2,3 in each vertex. 


— V3 7,094 9486 6 (1) pasas (2) 405 (3)tag 
¥3 HOR" HO aca (2) 2. G6 (3) tox 


V3HiO%° eal (1) Wass (2) Parag (3)t™4 


—2/3 HOP 7°" b(1) Paras (2) Waser (3)t™ 
FOP OM OF Nasa" (1) G(2) Wagar (3) 
6 | 507i" O3° (1) O(2) Posas (3) 





Table 2: All possible @Wayp,Wa28. and db Wa,g, vertices. Again one should permute 


appropriate indices when considering each vertex. 
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[daa HE™ (x) HO” («)/16Him|nl* 
— f dex Hy (x) Ho (x) /16Hr |)? 
= J diva Hy" (0) Ho" (#)/16H in|)? 
—V3 f dex* Hy” (x) Hy (x) /32Hin|n|4 
V3 f dextHy (x) Ho” (x) /32Hin|n|° 
V3 f dxxtHy™(x)Hy (x) /32Him|n° 
(Doi, Voi) —3 f dex? Hi (x) Ho” (x) /64Hix|n\4 
| (Ortho, joi) | —3 f deat Hy (x) Ho (a) /64Himln? _| 
| (Oithoy, Oxthoy) | —3 [daa Hox) Ho (a) /64Himln? _| 
(a) 








761 ( 
ial 
3 f dex? HY" (x) Hy? (x) /8Hir|n|4 
(ibe, Opin) [Ot 
(Oibjx, Oye) | 3 f deat Hy” (x) Hy” (x) /8Him|n)? 
— f dxx* Hy)” (x) Ho” (x) /16Hir|n|? 
—3 f dxa* Hy (x) Ho” (x) /8Hin|n| 





Table 3: All possible coincident loop propagators appearing for the off-diagonal gauge. 
The prime in Hy” refers to 0/Ox, otherwise to 0/On. 


Another important feature of the off-diagonal gauge is the absence of the Faddeev— 
Popov ghosts. This can be readily seen from the gauge transformations of the gauge- 


fixing functions V and E. Their gauge transformations have been given in [18]: 
VU U+ HE(x), E> E-—€(z), (5.1) 


where € and € are the two gauge parameters associated with the coordinate trans- 
formations: n — n — € and x’ > x — 0,€. Clearly, the Faddeev-Popov determinant 
is field-independent and hence the ghosts are decoupled, unlike what happens in the 
covariant gauge of [I]. 

As an example, we present a sample calculation, say the three-point vertex #5 
of table 2. For illustrative purposes, it is easier to make use of the constraints at 
the beginning (in contrast, in the computer code its more convenient to impose the 
constraints later). As we have argued, this does not make a difference, which is at 
the same time an important consistency check for our method. Making use of the 


constraints in the off-diagonal gauge presented in the previous section, the tr(w,), 
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present in the vertex #5, can be replaced by the scalar fluctuation @. As we said, in 
this case there is only one type of amputated loop deg, that can be read off from the 
vertex #5: 

V3 


Se = [2 (G'9') + SHAG) + 0 (60)" + P(I:b0:9)) . (5.2) 


Now, one should look at table 3, where various propagators have been listed in this 
gauge and pick up the leading-order terms from (6.2)) as we approach the limit, 7 — 
0-. Recall that Q? ~ |7|, and hence all the terms in (6.9) are of the same order, 1/7’. 


5.2 Gauge-boson loops 


Let us now study the back-reaction produced by gauge fields to the background (2.4). 
There are two distinct types of gauge fields appearing in the low-energy string effective 
action — the NS-type and the R-type. The NS-type couple to all the fundamental 
moduli while the R-type couple only to the metric. Let us first concentrate on the 


NS-type gauge bosons. In the canonical frame the action is: 


1 
oo = z | tne * = 99"? 9" Fv Foo : (5.3) 


which supplements the graviton—dilaton action (2.1) in the presence of the NS-type 
fields. Since the gauge-boson action (5.3) is already quadratic in the gauge fields, 
these decouple, to linear order, from other fluctuations. Also, interactions stemming 
from a possible non-Abelian gauge structure can be ignored. We shall work in the 
Coulomb gauge where the temporal component of the gauge field is zero and the 
spatial components satisfy 0;A; = 0. Going over to a canonical gauge-field variable, 


the action can be written in the form 
1 —— _ 
S$" = 5 / @xRG, B= + V? - €9/?(e-vol2y (5.4) 


where the canonical field is given by ¢; = e~°/2.A;. Fourier expanding as before, the 


mode functions satisfy the homogeneous equation 


d®k ; _ 
G= | Gadel, BG=0, kG =0, (5.5) 
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the solution of which can be written down in terms of the Hankel functions of 
the second kind. Following the same normalization arguments as presented before, 
the Coulomb-gauge Feynman propagator for the canonical fields can be expressed in 


the form 


(cede) = f AE (8s — SE) [vr ee] [VE y?)] #66) 


where the index \ = (/3 — 1)/2. The cubic vertices have been listed in table 4 and 
the coincident loops are presented in table 5. 

For the R-type gauge bosons, the coupling to the dilaton being absent in the effec- 
tive action (6.3), the mode functions satisfy the free wave equations: C/, + k?Gg = 0. 
Clearly, these modes are not parametrically amplified; and hence their contributions 
to the back-reaction are negligible. 

The relevant diagrams for gauge bosons are the same as in Fig. 5] except that here 
the solid line represents the gauge loop. Notice, from table 4, that all the three-point 
vertices are quadratic in the gauge fields and at the linear order there is no coupling 
between the gauge fields and the gravitational perturbations. Among the loops, see 
again Fig. ff, the ones that have h;; and wo; as external legs are zero for the same 
reason as presented before. The rest of the diagrams are of the y or 6 type. As an 
example, let us take the vertex #6 of table 4. It contributes to deg as 

dur = 5 exp(—o)[—(ALA) + (Ar AiDeAi)]. (5.7) 
The exponential factor is common to all the vertices and is ~ In|¥3, which cancels the 
inverse factor in the second coincident-limit propagator, as can be seen from table 
5. It requires some more effort to see that this is also happening for the first entry 
of table 5, but again, even for gauge bosons, the leading effect in the amputated 


one-point functions is ~ 1/7". 
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= exP(=0) 03° 95" Nassar AP 28 As (2) Aug (3) Vasba (1) 
zexp(=P0) 05°05" Ags (2) Aas (3) baa (1) 
T exp(—(o) 08° Oh? 1° Ag, (2) Age (3) ass (1) 


£ exp(—P0) 05° OF? Nas 51°44 A xg (2) Age (3) Po464(1) 
— exp(~o) 03° 9514" Ag, (2) Aas (3) Vausa (1) 

6 | £ exp(—$0) 9° 93° Nas H61°°° G(1) Ag, (2) Aag (3) 

—$ exp(—0) 03° 05° 6(1) Ap, (2)A 





Table 4: All possible @A,, Ag, and Wa,8,Aa,A4g, vertices. Again one should permute 


indices when considering each vertex. 


(Aj, Ai) f dxx?[/—a(n/n) V9? HY” (kn) - 


[V—aln/ni) 72 HS” (|kn|) 1/80 nl? 
(OA, Ones) f dxx*(n/m) V2 HY *(2) Hy’ (x)/87|n*| 





Table 5: All coincident photon loops. All primes refer to 0/On. 


5.3 Adding external propagators 


Following (B.5)) we have first computed the amputated one-point functions in the 
off-diagonal gauge. As it turned out, after summing over all the vertices in tables 
1 and 2, the leading-order terms, as 7 — 0, have the time dependence 1/7*. We 
now attach the external line, i.e. the inverse of the zero-momentum kinetic operator, 
Ao. From (4.8) we note that our amputated quantities have to go through a double 
n-integral and multiplication by Q~?. Thus the leading-order time dependence of 
the one-point functions is simply 1/n?. Going through the procedure more carefully, 
we see that, apart for some numerical factors (which are different for different one- 
point functions), the leading-order contribution to all one-point functions is of order 
1/H;n?. This result suggests that, in the context of PBB cosmology, the dominant 
modes are those near the upper momentum cut-off k ~ n~'. As we have already 
argued, contributions from modes beyond this cut-off, |kn| ~ 1, have to be combined 
with those from other fields, e.g. from fermions. The resulting combined effect will be 
typical of a short-distance renormalization of the bare parameters of the Lagrangian, 


which should be mild in a supersymmetric theory. Apart from this, the physical 
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effect from short distances should be parametrically smaller than the effect we have 
computed. Considering (2.4), (2.5), and the formula H; = 1/2n;, the contribution we 
have found can be simply expressed, in our units, as: 


1 He. aod 





What about the ratio between the three one-point functions in the off-diagonal 


gauge? Our answer turns out to be simply: 
A=0, C=4D, De=Ai ix: (5.9) 


We should point out that, while (6.9) appears to parametrize only certain forms of 
metric fluctuations, other contributions, such as (wWo;) or (w;;), i # Jj, have been 
shown to be exactly zero. Also, the vanishing of a easily follows from the property 
hy = 0 and from the coincident-point limit of the loop (4.193). 

To reach (6.9) one could follow another path, which parallels more closely and 
[[4]. One can take into account all types of loops —corresponding to all the variables 
appearing in the fluctuations (2.6)— and use the constraints at the end. As a matter 
of fact, this also provides a good consistency check of the method. Here again, from 
very general considerations (cf. the three-point vertices in tables 1, 2 and 4), loops 
with wo; and h;; as external legs vanish, and only d-type and the y-type amputated 
functions survive. Thus the results (6.9) follow in a different way: 


A=0, C=V38D, D=-Aj'(6+v3y) , (5.10) 


where (6.10) is identical to (6.9) since the constraints provide the relation do¢ = 
6+ V3. 
We are now ready to discuss the physical implications of our results for the PBB 


scenario. 


6 Discussion 


The physical effects due to back-reaction are best analysed, in a PBB context, by 


going over to the string frame. In order to prepare for that, let us write down the 
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final outcome of our calculation in the off-diagonal gauge as 
(ds*) 
(¢) 


where C' and D are as given explicitly in (6.10). Since we limit ourselves to times for 


Q?[-(1 — C)dn? + dz - d#] = —dt? + a?(t)d# - dz 
got D, (6.1) 


which C' < 1, the new comoving time t is related to the background comoving time 
by 


1 
dt ~O (1 = 5) dn = (1 7 5¢) ity . (6.2) 


Expressing the dilaton and the Hubble parameter H associated with the scale factor 
a in the new comoving time, and after using the relation (6.9) between C and D we 
find 


r 


2 
io) © [n(—t) — V3D] 


um a) ~ = [1+ V3D| . (6.3) 


In order to go over to the string frame, we introduce the corresponding comoving time 
dt, = exp((y)/2)dt and the scale factor a, = exp((y)/2)a. After a straightforward 


calculation the resulting string-frame Hubble parameter and dilaton can be written 


as 





HH. = qt ae 5 


dt, 
(y) 


—(V3 +1) [In(-#,) — (2V3 - 3)D] . (6.4) 
It turns out that, in the Einstein frame, D(t) is a positive number times the square 


1 = 
1+ R85) 


I2 


of the Hubble parameter. For the minimal gravi-dilaton system, we find: 
D(t) = 0.0047H3(t) . (6.5) 


Although the coefficient of H? looks small, we have to recall that, in our units (167G = 
h = c = 1), Planck’s time is given by t% = 1/167. In other words, the (relative, 


dimensionless) correction to the tree-level background is: 
D=02475H, , (6.6) 
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i.e. does not contain any particularly small number. 

When one goes to the string frame, in which the string length @, is a constant, the 
same result as (6.4) for D follows, provided one interprets tp as the effective, time- 
dependent, Planck time tp = ¢,e%/? and Hp is expressed in terms of the string-frame 
Hubble parameter and of ¢ (now the dot refers to derivative w.r.t. cosmic string 
time) by the standard relation Hy = H, — ¢/2. 

When the NS-gauge-boson loops are included the numbers in (6.5) change but the 


conclusions do not. The contribution of a single gauge boson to D turns out to be 
D = 0.00016H> = 0.008 ¢7,.HG , (6.7) 


i.e. of the same sign but about 30 times smaller than that of the gravi-dilaton system 
(6.5). The result (6.7) should be multiplied by the number of NS gauge bosons, which, 
in typical superstring theories, could be in the range of hundreds. 

In both cases the one-loop correction adds to the rate of inflation and to the rate 
of growth of the dilaton. At first sight, this seems to go against an eventual exit from 
inflation. However, what is crucial for the exit is not so much the absolute rates of 
growth but rather the relative rate of dilaton and scale-factor growth. 

To be more precise, let us compute directly the effect of back-reaction on the 
string-frame quantity @, where G = y —3 Ina, is the duality-invariant shifted dilaton 


and, as before, the dot refers to the time derivative in the string frame. From Eq. 
(6.4) we easily compute: 


: p-2=*p] | (6.8) 


= “t, 5) 
The positive sign of D is forcing G to decrease (relative to the tree-level value) as the 
result of a competition between a growing dilaton and a growing Hubble parameter in 
the string frame. It is thus obvious that the ratio @/H, will change from its tree-level 
value of /3 towards smaller values. As shown in Fig. 6, this is precisely as required 
by a graceful exit [Bh], i.e. the phase-space trajectory in the GH plane should turn 
anticlockwise. Incidentally, this is also what the Hubble entropy bound of |] requires 
[LO]. 

Another way the effect (6.8)) can be understood is by computing the effective 


energy and pressure densities produced by the quantum fluctuations and by check- 
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Figure 6: The phase diagram of PBB cosmology. The curve shows the direction in 
which the back-reaction we computed is modifying the lowest order solution (straight 
line) helping an eventual flow from DDI to a FRW-phase. 


ing whether the condition dp; + dp, < 0 is obeyed, where dp, and dp, are the en- 
ergy and pressure densities in the quantum fluctuations. Let us study this first 
in the Einstein frame. For an additional ideal fluid of energy-momentum tensor 
T! = diag(—dp, op, dp, dp) added to the dilaton the energy density and pressure den- 


sity appear in the Einstein—Friedmann equations as 
1 . 1 
6p = 6H? — ae , —dp=4H +6H? + 5P ; (6.9) 


When both 6p and dp vanish, we recover, of course, the tree-level solutions. Inserting 
instead the corrected metric and dilaton backgrounds, we easily obtain: 
4 D 
5p = aS. 
V3 
Since D is positive, see (6.5) and (6.6), the energy density is negative in the Einstein 
frame. The value dp = 0 is special to the background (2.4)). We have checked that, for 


other power-law backgrounds (e.g. for radiation-like solutions) dp does not vanish. 


dp =0. (6.10) 
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To translate these results to the string frame, we note that the corresponding 


energy and pressure densities are given by 


e’6p, = e *60=—3H?+ ol 
e’6p, = e 6p = 2H, —3H?-2H,p-P +2, (6.11) 


so that, again, dp, < 0 and dp, = 0. Hence, the condition dp, + dp, < 0 is clearly 
met, see Fig. ff} 

We conclude that, from all points of view, the computed back-reaction goes in the 
right direction to favour a change to the FRW branch and to avoid violation of the 


entropy bounds. 
Appendix 


Here we compare our results with similar calculations done in other gauges, such as 
the Iliopoulos et al. gauge, which has been extensively used in the recent literature to 
compute back-reaction to chaotic and power-law inflation [14]. Specifically, in the 
latter case, the authors found no strong effect (i.e. growing with time) at one loop. 
It might not be so clear to the reader why the one-loop effect is so dominant in PBB 
inflation, which is also essentially power law. To clarify the situation it is important 
to recall the basic distinction between PBB and standard power-law inflation. In 
the PBB case the Hubble parameter grows with time, as t — O0-, and as a result 
higher frequency modes leave the horizon at higher values of the Hubble parameter, 
see Fig. [7 The loop integrals are thus dominated by the latest value of the Hubble 
parameter, in contrast with the case of standard power law, where they are dominated 
by its initial value. It is also important to keep in mind the two different time limits: 
in the case of standard power law, the limit is t — oo, whereas, in PBB it is, t — 0-. 
This makes a crucial difference when deciding which are the dominant or subdominant 
effects. 

As a check of gauge invariance, we feel it is worthwhile to redo the standard 
power-law calculation in the off-diagonal gauge. It will provide a direct check of the 
results obtained in the gauge used in [14], as well as help to better understand the 


differences between the two cases in the same gauge. Let us recall some of the basic 
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Figure 7: Horizon crossings of various scales in PBB cosmology. 


formulas for standard power-law inflation. The scale factor, Hubble radius, etc., are 
given by (s > 1): 
Ss “Aig Ss s 1 
] Ay = H; =—, H;=- — 6.12 
inn, Ho = Hiay'!* = 2 az oe) 
and the dilaton is given by yp = 2\/sIntg. For an arbitrary value of s, (6.12) describes 


a background solution only in the presence of a potential 


V(p) = 2H? (3-=) exp [-y/v4. (6.13) 


Note that for the special value s = 1/3, corresponding to the PBB case, the potential 


Indg = slntp = — 








vanishes. To proceed as before, in the off-diagonal gauge, we have to first find the 
quadratic constraints through which the metric perturbations become related to the 
canonical variable @. One finds 
1 1 
f= —-—— 4%, Vy BS 6.14 
sR? me (6.14) 
The rest of the analysis is almost the same as before, except one should take into 


account the extra three-point vertices coming from the potential (6.13}). Using the 
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constraints and the gauge choice, the one-point functions turn out to have the follow- 


ing forms 


A=0, C=-5D, D=-—Aj;j' (5) (6.15) 
where 6 and ¥ represent the same amputated diagrams as before. After summing over 
the vertices, it turns out that the leading effect in the one-point functions is of the 
form] D ~ Into. If we proceed, as in the case of PBB, to study the contribution of C 
and D to y and Aone—ioop, we find that the leading logarithms disappear, irrespective 
of the numerical factor in front of Into. The reason for the cancellation is twofold: 
firstly, the relation (6.15) between C and D insures that the changes in y and H 
are proportional. Secondly, it is easy to show that for C ~ Into the change in H is 
subleading since Ct/C ~ (1/Int) > 0. 

Finally let us briefly point out another technical difference between the PBB and 
the standard power-law cases. In the PBB case the constraints relating ® and B to @ 
have signs opposite to those in (6.14) implying that C and D have the same sign, see 
(6.9). This is why their effects on y and AHone—loop add up, in contrast to the case of 
standard power law, where they compete with each other. Furthermore, the leading 
behaviour is no longer logarithmic, explaining why a large effect survives only in the 
PBB case. 
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1. INTRODUCTION 
Narain O(d,d) 


particular set of (possibly non-compact) string coordinates X“(a = 1, 2,...d). 

A o-model argument for the validity of such a symmetry at all orders in a’ (and 
possibly at higher genus as well) runs as follows [BJ]: Consider a conformal background 
(a string vacuum) of the kind specified above: the associated nilpotent BRST operator 
Q will depend trivially (i.e. quadratically at most) on the 2d phase-space variables Z = 


(P,, X'*). Perform now [J a global, canonical O(d,d) transformation on the Zs. Since 


this transformation preserves commutation relations and Wick contractions, the new BRST 


operator will also be nilpotent. However, as it turns out, the change in Z can be traded. 


for a change in the backgrounds, implying that also the transformed backgrounds define 


a (generally inequivalent) Conformal theory. O(dsd) is thus a symmetry of this particular 


class of string vacua. 





Depending on the theory at hand, a subgroup of O(d,d), which we shall call the 
—gauge group— G, leaves the theory unchanged. Inequivalent vacua are thus points in the 
coset O(d, d)/G. While for the static, fully compact case one has [fl], [2] the d?-dimensional 
space given by G = O(d) ® O(d), for the completely non-compact (but time-dependent) 
case the coset has dimensionality d(d — 1)/2 BJ. It has been argued by Sen [ff] that, in 
this latter case, our coset is equivalent to O(d) ® O(d)/O(d) and that the O(d) & O(d) 
symmetry persists to all orders in a’. For the sake of generality we shall base our discussion 
here on the full original O(d, d) symmetry. 

Discrete subgroups of O(d,d) (somewhat improperly called —duality transforma- 
tions—) had been previously discussed both in the context of cosmological solutions [fj], 
[4] and in that of 2D black-holes [7], RJ, [BJ. Finally, the complete O(d, d) group has been 
employed to generate, from some known solutions, radically new candidate conformal back- 
grounds both in the black-hole and in the cosmological case. An interesting aspect 
of O(d, d), made apparent by these constructions, is that it can transform gauge-equivalent 
‘backgrounds into gauge-inequivalent ones, as evidentiated by the presence of a non trivial 

‘torsion field B in the transformed solutions. 


In this paper we shall continue our work |B] by rewriting, for d = D—1, the field equa- 
tions in a manifestly O(d, d)-invariant form.This allows us to give the general solution of the 
(lowest order) equations in terms of quadratures. Actually, equations (and solutions) take 
the form of renormalization-group equations (and solutions) in real cosmic time both for the 
coupling constant of string theory and for the matrix descibing the metric and torsion back- 
grounds. This analogy is used in order to obtain a general classification of the solutions. 
Finally, we shall recover several known backgrounds as particular cases of our general solu- 


tion. 


2. O(d,d) SYMMETRIC EQUATIONS OF MOTION AND THEIR 
GENERAL SOLUTION 


In this Section we shall derive manifestly O(d, d)-invariant equations of motion for the 


low energy effective action of string gravity coupled to the dilaton and the antisymmetric 


S= pee -—Ge? [A — R—-G*"’0,,60,¢ <5 Hav" (1) 


Here A is the cosmological constant (proportional to D-10), @ is the (Fradkin-Tseytlin) 


tensor: 


dilaton [12] G,,, is the o-model metric and H,,,, is expressed, as usual, in terms of By, 
via: 


A op = On Pvp + Cyclic (2) 


If G and B are only functions of time, invariance under general coordinate transformations 


and under Byy > Buy + +0{, Av] allows always to bring them to the form: 





Hereafter we shall use the symbols G and B to denote the d x d matrices appearing in (8). 
As shown in [B], by introducing a 2d x 2d matrix M and a field © defined as 


Gi __q-1B 
ve = oe a) (4) 


& = $—Invdet G. (5) 


action 


EOMs 


conds 


the action ({i]) takes the form: 


s= fae* {a+ (+5 0 [ay an] } (6) 





where 7) defines an O(d, d) metric in off-diagonal form i.e. 


Oo 1 
The action (@) is manifestly invariant under the a global O(d,d) group acting as : 


6-6, M-0TMO (8) 


2772 = 7 (9) 


For d < D-—1 and backgrounds G and B which are not block-diagonal, the o-model 
argument given in Sect.1 still suggests an O(d,d) symmetry with the off-diagonal blocks 
of M transforming s by the obvious left or right multiplication with . 

We will now obtain manifestly O(d, d)-invariant equations of motion from the action 
(6). The first equation follows from reintroducing Goo in the action and from setting to 


zero the corresponding variation. This gives directly the ” Zero Energy” condition 
ee | 2 
(6) += Tr [Mn My] —V =0 (10) 


where we allow now for a more general potential V(®) rather than just a constant. If we 
assume that the potential does not break the symmetry explicitly then it can depend on 
M only through a function of the invariants Tr(M7)?,p = 1,2,..... However, for p odd 
these traces vanish and for p even they are equal to 2d; hence the potential can depend 
only on ®. 
The variation of the action with respect to ® yields: 
: G 1 : F OV 
b)? — 26 — = Tr | Mtn| —-V=0 if 
(®) 5 7 Mn| + as (11) 
The variation of the action with respect to M has to be done carefully, since M is 


subject to several constraints. The simplest way to proceed is to write 


6M =27MQ—M (12) 


EOM 1 


where 2. = 1 + € belongs to O(d,d). Expanding the variation of the action to terms linear 


in € and using the fact that e7 is antisymmetric we get the equation: 
A:(MnM) = &(MnM) (13) 
which can be immediately integrated once to give: 
e~®(MnM) = const = A. (14) 
From its definition the constant matrix A satisfies 
AT? = -A, MnA = —AnM. (15) 


It is obvious that eqs. ({[0), (fH) and ([[3) are invariant under the full O(d, d) group defined 
by @) and (@). 
Substituting (14) into (10) we obtain the first order equation for ®: 


(6)? = PCP) nym)? + via) (16) 


which can be solved by quadratures: 





® 
t= fay RY tant + VQ)" (a7) 


It can be easily shown that the solution of ([[6)) automatically satisfies ([T]) , provided that 
& £0. The solution (7) can be used next to define a ”dilaton time” rT: 


t 
pe | eat (18) 
to 


In terms of 7 the general solution of ({[4) simply reads : 
M(t) = exp(—Anr)M (to). (ig) EQM2 


Hence the whole solution can be explicitly given in terms of quadratures, which is a welcome 
surprise for a complicated system such as the one described by (I). 

To end this Section we would like to point out an amusing similarity between equa- 
tions ({I6), ({[&) and (([9) and the renormalization group (RG) equations. Introducing the 
”reduced” coupling constant @ by: 


what is that devil's a=e® (20) 


cooking with so strange results ?? 


we can rewrite (([6)) as a RG-equation for the running of a: 
m= (a) (2) 
"RG" eqs ae 


where the (3-function is given by: 


Bla) = #04/V (a) + St An)? (22) 


Once eq. (22) is solved, eq. ({[8) is the usual definition of the ”RG-time” in terms of which 
moments of structure functions evolve to leading order exponentially (generally with a 
matrix-valued exponent because of operator mixing), i.e. precisely as in eq. (19). The 
standard RG analysis of UV or IR fixed points can be applied to our system choosing, for 
definiteness, the plus sign in eq. (29) (this corresponds, physically, to choosing solutions 
which evolve from weak coupling in the far past). This analysis leads to the following 
classification scheme for the general solution: 


a) If G(q@) has no other zero but the trivial one then we have two possibilities: 





ay) 
eid 
<0 (23) 
ag B(x) 
There is a singularity in ® at a finite t = t.. There can also be a (coordinate or 
curvature) singularity if 
SS GEG 
—- So (24) 
ag A(z) 
In this case the typical cosmology near t, is superinflationary (Cf. [J). 
a2) 
dae 
= 00 (25) 
ag A(x) 


In this case no singularity can develop at any finite t. 


b) If G(@) has a zero at some a* > 0 then one has again two possibilities: 


bj) ; 
~ ee < 00 (26) 
ag A(z) 
No singularity develops at any finite t and the coupling constant, after growing to a*, 
goes back to zero after an infinite time. 
bg) 


a oe (27) 


ao A(z) 


In this case the theory has a genuine late-time fixed point a = a*. At late times a 


regime of exponential inflation (W(t) ~ exp(a*Ant)) sets in. 


3. COSMOLOGICAL SOLUTIONS AND 2D BLACK HOLES AS PAR- 
TICULAR CASES 


In this Section we will solve the equations (IG) and (IJ) for some special potentials. 
The solutions we find include time dependent cosmological solutions of [h] and 2D black 
holes [f7], [8], as well as some recently studied ” boosted” versions of both [1], [10], but the 
family of solutions of (1G) and (19) is much larger. 

We start with the case of vanishing potential V = 0 (critical dimensions). In this case 


({(L6}) can be immediately solved to give 


oageaC (rao: C = \/8/Tr(An)? (28) 








From ([§) we get 
T-t 
=Cl 2 
7=Cln Toh (29) 
so that the solution for M reads: 
T-t 
M(t) = exp (can In ) (30) 
T — to 


where we assumed that M(t ) = 1. 


To be more explicit let us assume some specific form for A: 
if Dy SAG 
a= (2 A) on 
where Aq = diag(ay,..,aq). In this case (BQ) reads: 
: Tt —2a1 
diag (FE) | 0 
pa \™ 

0 diag (FE) o 


where a; = a;/ J daz. These solutions are exactly the ones discussed in Bi. [A] (see also 





M(t) = (32) 





[i3]). For a; = adj, we recover the special case of the completely flat ” Milne” metric 


(1, while, by inverting and boosting the corresponding A, we arrive at the one-parameter 
family of non-trivial backgrounds discussed in [II]. 

We now want to discuss the solutions in presence of the potential V = A =const. The 
solution of (1@) can be immediately given: 


e? =a =CVA/sinh(VA(T — t)); C = \/8/Tr(An)? (33) 


From ({[8) we get 
tanh(VA(T — t)/2) 


7 = Ch 34 
tanh(VA(T — to) /2) 2) 
so that the solution for M reads: 


(35) 


Nise (com n 0 | 


tanh(VA(T — to) /2) 


where we again assumed that M(t) = 1. 
For d = 1 we take 


and assume that M(—oo) = 1. Then 


tanh ?(V/A(T — t)/2) 0 
ee ( 0 tanh?(VA(T —t) 1) oD) 
D_ 2v/A 
© Gsinh(VA(T — 8) 8) 
After the identification [B]: 
io i, T=0, A=—4 (39) 


we recover the k = 9/4 black hole solution of ff], [8]. Acting on the solution with 7 we 
recover the ”dual” 2D black hole of ref. {P]. 

For d > 1 we can use the same A (with zeroes in the additional entries) and reproduce 
the k 4 9/4 black holes of [7], while, by boosting any of these solutions one recovers the 
“twisted” black holes of (IQ. 

We wish to conclude by mentioning one amusing solution that exists for d = 9 (usual 


uncompactified superstring). As A we take 


0 diag(—a, .., —g) 
ere .-, @g) 0 (40) 


Then M is equal to 


diag (tanh-?(VA(T — t)/2), 2) 0 
0 diag (tanh? (VA(T — t)/2), 


where OCG The scalar curvature and dilaton are given by: 


OA Ge? 
(ney | a | ke 


(41) 


$ (tanh(/A(T — t)/2))#%-1 
e? = 
a cosh?(./A(T — t)/2 


Hence we have a singularity for t — T unless 


> a=. (44) 


‘Assuming that all |a;| are equal, the only solution for a; is (-1/3,-1/3,-1/3,+1/3,..,+1/3) 


so that three dimensions expand and six contract! 





We are grateful to D. Amati, M. Gasperini and E. Rabinovici for discussions. 


no (4) 
[2] 
ok [8] 


[10 
(11 


[12] 








[13 
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1. INTRODUCTION 


In this short note we shall develop and extend the concept [1] of scale factor duality 
(SFD) as a symmetry group of classical string motions, of the low-energy string effective 
action and of the corresponding equations of motion. 

Let us recall a few characteristics of SFD which make it quite distinct from the more 
conventional R-duality [2] [3]: 

1. SFD does not rely on compactification of target space. 

2. Even for a compact target space, SFD relates a physically expanding to a physically 
contracting dimension. By contrast, time-dependent R-duality relates, e.g. an expanding 
circle to one which apparently contracts, but actually describes, in dual terms, the same 
physical expansion. 

3. While R-duality could presumably be a true symmetry, i.e. one relating two 
theories with the same spectrum and S-matrix, SFD is more likely [1] to connect different 
time-dependent vacua of string theory. Thus SFD appears rather as a generalization of 
Narain’s construction [4] [5] of inequivalent static compactifications to a time-dependent 
and not necessarily compact target space. 

Our results will make the connection to Narain’s work even more compelling. Indeed, 


we shall be able to show that the low-energy effective action possesses, for time-dependent 


metric, torsion, and dilaton background fields (G,,,Byv, $; u,v = 0,1,2,...d), a full 


continuous O(d,d) symmetry group whose action transforms ”cosmological” solutions of 





the equations of motion into other (generally inequivalent) solutions. 

In Sect. 2 we shall give a simple derivation of the O(d,d) symmetry of the low- 
energy effective action, for time-dependent G,,,B,, and ¢ and obtain the corresponding 
equations of motion. In Sect. 3 we elucidate the meaning of the symmetry as well as its 
relation to Narain’s work and we comment, finally, on the possible relevance of our results 


for two-dimensional black holes. 


and the field © defined as: 
®=¢-—Invdet G. (7) 


In this notation the action (1) takes its final form: 


s= fat e? {A+ @P tin [Mn sta), (8) 


1240 o) (9) 


is an O(d,d) metric in non-diagonal form and 1 stands for the d-dimensional unit matrix. 


where 


The action (8) is manifestly invariant under the global O(d, d) group acting as: 


$=6 M—-OMOT (10) 
QF nQ =n. (11) 


The occurence of O(d,d) as a way to relate different string vacua immediately suggests a 
relation with Narain’s work [4]. The discussion of this relation is deferred to Sect. 3. 

Let us recover here instead the particular cases discussed in ref. [1]. For B = 0 and 
a diagonal G, the Z# group of ref. [1] is simply given in terms of a generic d-dimensional 


projector II by the choice: 


_( 0 tn i 
o= (40 y fi ) I? =I. (12) 


Notice that, for a non-diagonal G, this subgroup of O(d,d) generates in general a 
non-vanishing torsion” B. 

We close this section by writing down the equations of motion that follow from the 
original action once the fields are restricted to the type specified in eq. (3). Generally 
speaking, by just varying the reduced action (8), one might lose some of the equations. 
In our case, one can check that the only missing” condition is the one that follows from 
reintroducing Goo in the action and from setting to zero the corresponding variation. This 


gives directly the ”zero energy” condition 
: il Me 
(oP +57: [an Mn ~Voo, (13) 


3 


and is equivalent to a change in M: 
M—> M =QTMQ. (20) 


This is precisely the change of M given in (10)( see e.g. [1] , [10] for a discussion of the need 
to transform the dilaton @ too). Indeed, any M can be obtained by the action of the group 
acting, e.g. on M = 1. M itself belongs to O(d,d), but, unlike the most general 2, M is 
symmetric. The subgroup of O(d,d) that leaves a given M invariant is an O(d) x O(d), 
exactly as in Narain’s case [4] where, for constant G and B, inequivalent theories (different 
Ms) are labelled by points in the coset O(d, d)/(O(d) x O(d)). 

For time-dependent solutions the situation is somewhat different since one also has to 
specify the first derivative of M at t = 0. A counting of parameters now shows that O(d, d) 
is not large enough to connect all possible solutions. M(0) and M(0) contain indeed 2d? 
parameters, while an O(d,d) transformation contains 2d? — d parameters. That means 
that there are still d invariants to be specified, in order to characterize a class of solutions. 


It is not hard to prove that a convenient set of invariants is provided by 
I, =Tr(nM)?,  p=1,...,d. (21) 


Ms which correspond to different invariants should obviously yield inequivalent solutions 
but one could ask whether M’s which are related by O(d,d) rotations correspond to the 
same theory as naively suggested by the fact that they are are related through the ”canon- 
ical” transformation (18). 

The same question could be asked, of course, in the constant-background case. Con- 
sider, for instance, the case of a single compactified dimension, a circle of radius R, and 


B=0. The general ’canonical” transformation would seem to be: 
X'’>=aP, P-+a'XxX' (22) 


which would lead to the (incorrect) symmetry under G — a~?G7!. The problem with such 
a transformation is that it does not preserve the spectrum of (the zero modes of) X’ and 
P (it is not unitary) for arbitrary values of a. Only if we take a = R?, is the spectrum left 
unchanged and we can really perform the necessary change of variable in the functional 


integral. We thus end up with just the usual, discrete Z; symmetry [2],[7]: 


GR *G. (23) 


[2] 
[3] 
[4] 
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The presence of dilatons —- massless, totally gauge-neutral scalars — seems to be in- 
evitable in string theories. One generally expects that dilatons interact with matter no 
stronger than gravity, ie. with couplings of order O(x = \/47Gy); the number of. dila- 
tons, as well as detailed forms of their couplings, depend on particular models under 


consideration. 


The physical existence of dilatons is very much constrained by the results of experi- 
ments designed to study deviations from Einstein’s theory of general relativity. Typically, 
such experiments provide various bounds on the dilaton couplings, depending on the‘ dila- 


ton mass.! 


The determination of the dilaton mass presents a very difficult problem, related to 
ultra-violet string physics, supersymmetry breaking etc. On the other hand, as argued in 
this letter, some general aspects of dilaton interactions, like their large-distance behaviour, 
do not depend on the ultra-violet physics and can be studied by using an effective field 
theory approximation. To be specific, we consider here only the minimal case of one 
dilaton field, within the framework of so-called four-dimensional heterotic superstring 
theories [2], however our analysis.could be readily extended to more complicated dilaton 


systems. 


In four-dimensional heterotic superstring theories, the dilaton field ¢ (more precisely, 
its exponential) belongs to the chiral supermultiplet S, whose interactions with matter 
and gauge fields are completely determined by the Kahler potential J = —log($+5)+... 
[3]. Let (A,%) and (B,€) denote two chiral matter superfields of mass m < 1/k, in the 
representations r and * of some generic gauge group, respectively.” The interaction 


Lagrangian for this dilaton - gauge - matter system is given by [3]: 
Ling = —KO[mvbE + mpbé + 2m? ATA + 2m? BB" | 
i Vagnd[ AITO YN) — BTV — KOPTO A + AMETO Bh 
ut 
—~ Kg AIT 4 — BTO BP + Sho RO RO + O(n), . (1) 


where g denotes the gauge coupling constant and T) the gauge group generators in the 


representation r. In eq.(1) we used the notation of ref.[5]. 


The dilaton interactions of eq.(1) exhibit the property that one would generally expect 


1See e.g. ref.[1]. : i: 
?Such small masses can be generated in some phenomenologically interesting superstring models by 
string analogue of the Higgs mechanism [4]. _ 


ape. 


for any massless neutral scalar: at the classical level, the zero-momentum coupling to 
a particle on its mass-shell is proportional to its rest mass. Since the dilaton under 
consideration originated from string theory, it is not surprising that its coupling constant 
is equal to the graviton coupling constant «. Such a “strongly” coupled massless dilaton 
would lead to unacceptable deviations from Einstein’s theory of general relativity; for 
instance, non-relativistic measurements of the gravitational constant would yield a result 
twice as large as the observation of light deflection from the sun. In the case of such a 
strong coupling, laboratory, geophysical and astronomical data exclude a dilaton mass 


lower than 10~* eV [6]. Could radiative corrections change this conclusion? 


Instead of using the fully-fledged string apparatus in the calculation of radiative cor- 
rections to the dilaton couplings, we shall first follow the effective field theory approach 
of ref.|7], to estimate the size of string-loop effects; to be specific, we discuss the one-loop 


effects, however our arguments apply to an arbitrary number of loops as well. 


In order to determine the one-loop dilaton couplings to the order O(«), we evaluate 
the kinetic energy corrections and the one-particle irreducible dilaton vertices. The ki- 
netic energy corrections should be absorbed into rescalings of fields and masses, so that 
the one-loop effective Lagrangian, expressed in terms of these rescaled fields, acquires 
the canonical form of the kinetic energy terms. Finally, the dilaton vertices should be 
expressed in terms of these rescaled fields and masses. 


¢-4 which 


Since dimension d operators in the Lagrangian are weighted by the factor x 
is of the order of the respective power of the ultra-violet string momentum cut-off 1/a! = 
g’/2n?, only the loops of light (i.e. of masses m < 1/«) string. excitations may give 
rise to large corrections, by yielding logarithms which become singular in the infra-red 
limit of vanishing masses or momenta. Moreover, a simple power-counting argument 
shows that the loops involving gravitational interactions are free of infra-red singularities 
to the order O(x).? The only terms that require special attention are the matter mass 
terms with “unnaturally” small m < 1/«, however in the supersymmetric theory under 
consideration their smallness is protected to all orders by chiral symmetries that are 
restored in the limit of m — 0; some logarithmic corrections are expected, though. We 
thus conclude that only the loops involving light particles and gauge interactions may 
give rise to non-trivial radiative corrections, provided that some infra-red singularities are 
present. This justifies the use of quantum field theory, instead of a fully-fledged string 


apparatus, in the calculation of these large contributions. 


*Soft graviton singularities [8] are absent to this order. 


—3- 


As far as the technical aspect of this calculation is concerned, the simplest way to 
extract the leading logarithms from the Feynman diagrams is to use dimensional regu- 
larisation of ultra-violet divergences, by continuing momentum integrals to D = 4 — 2e 
dimensions.* We subtract the ultra-violet ¢~! poles, and take the limit « + 0. At this 
point, the scale y of the leading logarithmic terms, of order g’log(™)’/161? ~ O(1), 
should be identified with the string ultra-violet cut-off: yp ~ 1/K. One important com- 
ment is in order here. Radiative corrections induce some interactions which are absent 
at the tree-level, for instance $0, A'O“A etc. These terms, as well as corrections to the 
terms already present in eq.(1), are individually gauge-dependent, however as expected, 
this gauge-dependence cancels out in on-mass-shell amplitudes, i.e. after using equations 


of motion. 


As already mentioned in the introduction, we are mainly interested in the large dis- 
tance behaviour of the dilaton couplings, therefore we restrict our attention to dilaton 
couplings at zero momentum transfer. We obtain the following form of the effective 


on-mass-shell scattering Lagrangian, quadratic in the matter fields: 


Co 4, = —Kredlmabe + mabé + 2m2A'A + 2m2BB'] + Ole*), (2) 


quadr —_ 


where now all matter fields correspond to rescaled canonical fields, with canonical kinetic 


terms and inertial mass: 


Te og(n?m’). (3) 





1~—leop __ 
mp = ml — 


In eq.(3), C(r) denotes the quadratic Casimir operator for the representation r. The 
factor K of eq.(2), which parametrises deviations of the dilaton coupling from the graviton 


coupling constant, is given by: 
2 
~lo0 g'C(r) 
K} Foon. =j]- aga log(*m’) . (4) 


In order to extend our result, eqs.(2)-(4), beyond the one-loop level, and to perform 
summation of the leading logarithmic terms, it is convenient to make use of the sigma- 
model approach to string theory. Let G,, and ¢ denote the background metric and the 
background dilaton field, respectively, of the non-linear string sigma-model. A generic 


string h-loop contribution to the effective Lagrangian is of the form [9]: 


alAL® = /—-G4 Gerlh-1)b g2h—2 7(h) (5) 


4No divergences other than logarithmic are encountered in the two- and three-point Green’s functions 





under consideration; these are exactly the infra-red singular logarithms we want to extract. 


_4- 


where O is an operator without the constant ¢ mode. In four dimensions, the sigma- 
model metric and dilaton are related to the physical metric G,, and dilaton ¢ (of the 
S-matrix approach) [9] by the following equations: 


Gus _ Give"? ; ¢ Fe Kp . (6) 


For an operator O of conformal weight w, we obtain the following coupling of the zero- 


momentum physical dilaton: 
al AL = eee: ett teled 2h-2 7) hae ; (7) 


Note that the h-loop dilaton coupling to the operator O is completely determined by the 
h-loop contribution ZW) to the operator O. 


Since the four-dimensional string theory under consideration is supersymmetric, the 
higher-loop corrections to the factor K, eq.(2), can be determined by studying the dilaton 


coupling to the scalar field A. The effective Lagrangian for this dilaton - scalar system 


is given by: 
a’ L(A, ¢) bos —8, A'O* ALD gh? gi etd] =f m? Al Ae*?[S~ ghee) 
h=0 h=0 


~ 0, Ab" A[S> g?-? 249] — m2 At AL g??-?7 2) 
h=0 


h=0 
~ 2eb{ 0, A'H AD hg’? Zi) + mA ALS “(h + 1)g?* ?Z)] } 
k=0 h=0 


+ O(«?). (8) 


We now perform the rescaling of the scalar field A, to bring its kinetic energy to the 


canonical form. In terms of this rescaled field, the Lagrangian of eq.(8) is given by: 
L%(A,d) = —0,4'H@A—mATA 
6] e) 
t 2" 2 at 7 ae 
— 2n¢{ 0, A'OW“A(g Dg? log Z,) + m3 A'A(L +9 ag? log Zm)}, (9) 


where the inertial mass is given by: 


By 
mr = ir , (10) 
Lee Oe. og, Le = a (11) 


h=0 h=0 


—5- 


After using the equations of motion for the scalar field A, we obtain the following result 
for the factor A, defined in eq.(2): 


0 Z. 6) 
” 2 0 omy _ ee 2 
K=1+ 9 ag? 8g, ) = 1l+g agi 08 Ma (12) 

The leading logarithmic terms in the mass rescaling factor Z,Z,', eq.(10), can be 
summed up to all orders in the gauge coupling constant by using the standard renormal- 


isation group techniques. From the one-loop result of eq.(3), we obtain: 


ae g(m?) 4C(r)/Bo 
aoe] a 


where the running coupling constant is defined by the usual leading logarithmic relation: 


1 1, fe 
g(m?) — g? 167? 








log(x?m’). (14) 


By substituting eq.(13) into eq.(12), we obtain the following result for the factor K in 
the leading logarithmic approximation: 


g'(m)C(r) 


Kiucs es 
41? 


log(K?m2). (15) 


Thus in the leading logarithmic approximation, the inclusion of higher-loop effects amounts 
to the replacement of the coupling constant g’ in the one-loop result of eq.(4) by the run- 
ning coupling constant corresponding to the energy scale set by the rest mass of particles 
interacting with the dilaton. Note that the dilaton coupling is always larger than the 


graviton coupling constant, for any gauge group or representation r. 


There is another way of deriving eq.(12), which sheds some light on the dilaton in- 
teractions in confining theories, for instance on the dilaton - nucleon interactions. Eq.(5) 
shows that to all orders in the string loop expansion parameter g (gauge coupling con- 


stant): 





L*(¢, Gy) = Led + log g, Gv) = L* (Kd, Gye") ’ (16) 
so that: 9 3 
— pt = 9 2_"_ peft . 17 
The coupling of the zero-momentum physical dilaton ¢ is given by: 
O net 0 6] 
re = = 2n(—GH 2 eff =: . 
Spl b= 0) = 2n(—CM EE to? GCM = 0) (18) 


= 


For a canonically normalised field A, the most general quadratic form consistent with 


general covariance, is given by: 
Leuear(? = 0,Gy,4) = —V—G(G0,A'd, A +m? ATA). (19) 


After applying eq.(18) and using the equations of motion, we obtain: 


Om? a 
Cafead(A) = ~2n(m, +g S™A)OAIA = —2n(I + g* 5 Glogma)m2gA'A, (20) 
in agreement with the result of eq.(12) for the factor K. The same result can be derived 
explicitly for fermions, without using supersymmetry. Of course, in a supersymmetric 


theory the factor K is equal for fermions and bosons of equal masses. 


It is clear from our derivation that eq.(20) follows from: i) general covariance and ii) 
particular dependence of the effective action on the background dilaton field: £°*(¢) = 
Ld + log g). It is generally expected that non-perturbative effects do not spoil general 
covariance. Also, it seems reasonable to assume that low-energy phenomena do not affect 
the Planck-scale relation between the coupling constant and the dilaton background. In 
other words, we expect that, even in a confining theory like QCD, the dilaton couples to 
the rest mass mz of composite particles, e.g. nucleons, with the factor K given in eq.(12). 
In a confining theory, the typical particle mass is of order of the strong interaction scale 


A ~ «* exp(-—-87?/fog”) [7], therefore we expect: 





> 1. (21) 


Similar considerations can be repeated for the graviton couplings, with the conclusions 
that: i) the graviton coupling « remains unaffected by radiative corrections, ii) the inertial 
mass mM, is equal to the gravitational mass, i.e. the mass that couples to spin-two 
gravitons. The equivalence principle is not violated in the graviton sector, as expected 


from general covariance. 


We conclude that the universality of dilaton and graviton couplings does not hold 
beyond the tree-level; as seen from eqs.(15) and (21), at low energies the dilatons couple 
stronger than the gravitons. The effective non-relativistic coupling, induced by the super- 
position of one-dilaton and one-graviton exchanges is equal to (1+ K)«. In the presence 
of dilaton interactions, the equivalence principle ts violated: non-relativistic matter in- 


teracts with couplings different from massless gauge bosons that couple to gravitons only, 


—7- 


with coupling equal to x. Moreover, since the dilaton coupling contains the factor K, 


eq.(12), which depends on the rest mass, even the weak equivalence principle is violated. 


In summary, we studied radiative effects in dilaton interactions with the conclusions 
that at large distances dilatons couple stronger than gravitons, and violate the equivalence 
principle. We confirm that without addressing the dilaton mass generation problem, it is 
not possible to avoid serious phenomenological problems in string theories with massless 


dilatons. 


We acknowledge useful discussions with A. De Rujula, J. Ellis and S. Ferrara. 
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Abstract 


We consider a thought experiment in which an energetic massless string probes a “stringhole” 
(a heavy string lying on the correspondence curve between strings and black holes) at large 
enough impact parameter for the regime to be under theoretical control. The corresponding, 
explicitly unitary, S-matrix turns out to be perturbatively sensitive to the microstate of 
the stringhole: in particular, at leading order in /,/b, it depends on a projection of the 
stringhole’s Lorentz-contracted quadrupole moment. The string-black hole correspondence 
is therefore violated if one assumes quantum hair to be exponentially suppressed as a function 
of black-hole entropy. Implications for the information paradox are briefly discussed. 
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1 Introduction 


The issue of a possible loss of quantum coherence in processes in which a black hole is 
produced and then evaporates has been the subject of much debate since Hawking’s claim 
[I] that black holes should emit an exactly thermal spectrum of light quanta (see e.g. [2] 
for a recent review). Progress from string theory on the microscopic understanding of black- 
hole entropy and on the AdS-CFT correspondence [4], has lent strong support to the 
belief that no loss of information/quantum-coherence should occur. However, even in the 
AdS/CFT case, understanding how unitarity on the CFT side teaches about information 
recovery on the gravity side remains unclear (see [5], [6]). 

Another “ab initio” approach to the same problematics consists of the study of trans- 
planckian-energy collisions of massless strings as a function of center of mass energy (or of 
the associated gravitational radius R), of impact parameter 6, and of the string-length scale 
l,, with the relative ratios of these scales defining different regimes for the process [7]. 

In this framework it has been possible to recover, within a unitarity-preserving S-matrix, 
both General Relativity expectations and string-size related modifications of it [8], albeit 
in regimes in which no-black hole formation is expected according to closed-trapped surface 
criteria[9]. Dealing with the complementary regime (corresponding to R > b,l,) has met 
with more limited success, although some progress has been made in understanding how the 
threshold of black-hole production can be approached from below [10]. An approximation 
to deal with the full-collapse regime, proposed a few years ago in |11|, appears to predict 
correctly the existence and rough values of some critical ratios for the onset of collapse, but, 
unfortunately, has failed so far to provide a unitary description of the process beyond such 
critical points [12]. 

Given the above difficulties, the attention has been shifted to a supposedly easier problem 
[13], that of the scattering of a closed light string off a stack of N D — p-branes at small 
string coupling and large N. Here the equivalent of the black-hole formation regime is the 
one in which the closed string is absorbed by the brane system and its energy is dissipated in 
open string excitations of the stack itself. In spite of some progress [13] [14], understanding 
how information about the initial state gets encoded in the final one is still far from settled. 

One problem is that information, if it’s to be eventually recovered, has to start coming 
out, at the latest, by the so-called Page time , corresponding roughly to the time by which 
the evaporating black hole has lost half of its entropy S. In order for this to be possible, the 
rate of information retrieval cannot be too small, e.g. cannot be of order exp(—S), at least 
not after the Page time. Information retrieval should instead be easy if “quantum hair” is 
inversely proportional to S, as recently proposed in a toy model identifying black holes with 
a self-sustained critical Bose-Einstein condensate of N ~ S gravitons [16]. Similar claims 
have been made in [17] on the basis of general uncertainty-principle considerations applied 
to the geometry itself. Indeed, once an effective classical geometry with an information-free 
horizon is assumed (even an effective one that corrects the classical horizon), continuous 


information loss looks inevitable[2]. 

In this paper we will address this kind of questions using the correspondence between 
strings and black holes that occurs when the mass of the former is tuned to the 
value Msy = M,g;7, giving a Schwarzschild radius R = O(1,). By going to small enough 
string coupling we can make the entropy of such “string-holes” (SH) arbitrarily large: 


1 \ 2-2 Mp\?2 
Sie = =g*>1. 1 
SH (=) (=) I. = (1) 


It is particularly appealing that, for SHs, the question of the size of quantum hair becomes 





one about whether it is perturbative or not in the string coupling constant. In our case, the 
role of the parameter N of is played by the string coupling which, for a given string 
mass, is tuned to a critical value. Unfortunately, and unlike in the simple model of [16], we 
are presently unable to perform a reliable calculation when g, and/or M are parametrically 
larger than their critical values. 

Furthermore, in order be able to claim that strings of mass Msgy = Mg,” can also 
be seen as black holes, we have to impose that they are compact enough not to exceed in 
size their own Schwarzschild radius R = O(1,), and to check that this restriction does not 
invalidate the entropy estimate (I). This question was addressed in [20] (see also [19]), where 
it was argued that the entropy of string states of mass M < Mgy = g;*M, is shared among 
states of different size r according to: 


E(-n8)(-ogtm)(ve()"), 


where c; are positive constants of O(1). For M < Msgy the last terms is negligible and the 





S(M,r) ~ 


first two factors give a maximal entropy for r ~ I, Jit: the random-walk value. However, 
there is still an entropy O(//M,) in “compact” strings and, furthermore, as one approaches 
M = Msgz, the third term in helps favoring such strings. 

Another way of reaching a similar result consists in counting string states at level N = 
a’ M? produced by oscillators of index larger than K. A simple argument, based on evaluating 
the corresponding partition function, shows that the entropy of such states is still O(VN ) 
if K ~ VN. They will generally correspond to occupation numbers < O(1) for O(N) 
oscillators (providing the right value for their mass) and will have a size of order: 


1 
2S 2 . cae 0 i 2 
r Us 7 (anon) Us (3) 
n>VvV N 


This is the kind of states we shall focus our attention on. We recall that, not only entropy, 
but, qualitatively, many other properties of strings and black holes (decay rates, evaporation 
time etc.) match on the correspondence line [20]. 


The idea, therefore, is to consider a thought experiment in which a massless string probes 
a stringhole target, a process somewhere in between those discussed in [7] (where both pro- 
jectile and target are massless) and (where the target is infinitely heavy). Studying such 
a process at sufficiently large impact parameters for the approximations to be under control 
turns out to be sufficient to reveal whether the quantum hair of such SHs is perturbative or 
not in 1/S ~ g?. This appears to be the string-theory counterpart to checking (albeit only 
at a specific point) whether quantum hair is perturbative in 1/N in the approach of [16]. 


2 <A thought experiment revealing quantum hair 


We work in flat 10-dimensional spacetime with (10 — D) dimensions compactified at the 
string-length scale so that the effective large-distance physics lives in D spacetime dimen- 
sions. We are also assuming to be working at very small string coupling g, so that, as already 
indicated in (I), there is a large hierarchy between the string and Planck mass scales. 

Consider now a process in which a massless “probe” string collides with a well-defined 
heavy (and for the moment generic) “target” string of mass M >> Mp > M,. Let us also 
take a high-energy limit in which the energy F of the probe string in the rest frame of the 
heavy one is much larger than M, and yet much smaller than M, 


M.M <s—M*=-2p-P=2EM <M’, (4) 


so that the light string does indeed act (almost) as a probe and yet we can apply a high- 
energy limit in which graviton exchange dominates. 

Following the logic of [7] (see also [21], [13]) we can argue that, at large-enough impact 
parameter b, the elastic scattering amplitude is given by the semiclassical eikonal formula: 


4—D \ _ ,2i5(E,M,b) 4 ee 
cpb Sees en = Op. 4 = z+ (D) 


SS 


S(E, M,b) ~ exp(i2) = exp 
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As a consistency check, we note that, when one goes back from b to q-space (or deflection 


angle @), one recovers, at the saddle point of the b-integral, the classical Einstein relation 
(generalized to arbitrary D) between deflection angle, mass, and impact parameter: 


6 


81GM (+ 
b 


D-3 
~ O,_5bD-3 ~ x) <1 ; (GM)P3 ~R<b, (6) 
D—2 


where R is the Schwarzschild radius of the heavy string. Obviously, the above formula 
satisfies the “no-hair” theorem, in the sense that it is sensitive to the mass of the heavy 
string state but not to its microscopic quantum numbers. 

Diagrammatically, the result comes from exponentiating the exchange of a single 
graviton between the light and the heavy string. Both (and (6) are indeed only valid 
at sufficiently large impact parameter (small deflection angle) and suffer from corrections of 


4 


higher order in R/b (@). These will reconstruct, for instance, the deflection formula in the 
full Schwarzschild (or Kerr if we consider a target with spin) metric. As shown long ago 
by Duff [22], they correspond, diagrammatically, to exponentiating connected graviton-tree 
(fan) diagrams in which a single vertex (the trunk of the tree) is attached to the probe string 
while all the branches terminate on the heavy one, giving the appropriate powers of R and 
b. These classical correction still satisfy the no-hair condition as well as elastic unitarity. On 
the other hand if instead“hairy” corrections to 6(£,M,b) are exponentially suppressed for 
large black holes, we would expect them to show up in the form: 


6(E, M,b) > 6(E, M,b)(1 + classical corrections + e~Q) , (7) 


where c is some constant and Q represents, schematically, a quantum-hair operator taking 
different expectation values depending on the black hole microstate. We will check below 
whether an ansatz like (7) is satisfied for the particular stringhole states introduced in the 
previous Section. 

To address this question recall that, as discussed in [7] and [13] in two different contexts, 
there are also “string corrections” to the leading eikonal form. These are related to the 
fact that strings are co objects and therefore suffer tidal forces when moving in a 
non trivial geometry 23] . Fortunately, at least at small scattering angle, such corrections 
are fully under control aa lead to a unitary S-matrix. Unitarity is now satisfied in a less 
trivial way: different channels couple, elastic unitarity is violated, but one still obtains a 
fully unitary S-matrix in the Hilbert space of two arbitrary string states. The question is 
whether this non-trivial S-matrix contains information about the actual state of the heavy 
string, and at which level. 

Building on the work of [7] and [13] we can be confident that the tidal excitation of both 
the light and the heavy string are captured, at leading order in 0, by the replacement: 


6(E, M,b) > 6(E, M,b) = (6(b + Xy — X,)) = 2GEMh ep ((b+ Xy—X1)*”). (8) 


Here Xj and X;, represent the heavy and light string position operators, stripped of their 
zero modes (which give b), evaluated at 7 = 0, and averaged over a. These operations, 
together with a normal-ordering prescription, are indicated in by the brackets, i.e. 


4—D 
(6+ Xy — Xz)*) = =), “aor dow: (b+ Xu(ow,0)—Xx(or,0)) +. (9) 
In words, the classical phase shift is replaced by the average of a quantum phase shift in 
which the impact parameter is affected by a quantum uncertainty encoded in the string 
position operators. 

For what concerns the excitation of the light string, further justification of the above 
formula comes from the study of string-brane collision discussed in [13], specialized to the 


‘Although all calculations are performed in flat spacetime the effects of an effective non-trivial geometry 
emerge from the calculation. 


case of a stack of 0-branes. For the excitation of the heavy string we can instead appeal to 
the quantization of the heavy string in the shock-wave metric produced by the light one [24]. 

Following [7], we now expand to quadratic order in the x (the linear order clearly 
averages out to zero) to get the leading correction in an expansion in (1,/b)?: 


“ 2nGEM(D — 2), 3; ae 
2(6 — 6) = Ap ppPae (Ci + Or) bibs (10) 
Here Q') is the (D —2)-dimensional (i.e. Lorentz-contracted in the direction of the incoming 
momentum) quadrupole operator for the heavy string?. 


ij vi yi Oi — vi yi 
= XyXh— py Xn Xh (11) 
i=1 





and is projected along the unit vector b in the direction of the impact parameter. This 
projection can also be written in the form: 





As indicated in (10), we get a similar term for the probe string. At this order in /,/b the 
S-matrix thus factorizes in the form: 


S(E, M,b) = exp(2i5) ZS, Sw; Utw = exp (i(D HA OF a iib;) (13) 


where we have defined the dimensionless quantitied4: 


_ 2nGEMI? 


= - 6% —/-Qt 


the latter being the quadrupole measured in string-length units. Since the quadrupole oper- 
ators are hermitian (see also below), each factor appearing in corresponds to a unitary 
operator. The first two factors are independent of the particular state chosen for the heavy 
string. Let us therefore concentrate our attention on “iy (dropping for simplicity the H 
suffix). The operator appearing at the exponent in ¥ can be easily written down: 


(oe) 
eee \ ee are 
QY bib; =Thy >> A (altal + ala + ofa), + ala) - (15) 
n=1 
Its diagonal matrix elements are sensitive to the (projected, transverse) quadrupole of the 
heavy string, while the transitions to other states, induced by terms with two creation or 
?T am grateful to T. Damour for this interesting remark. 


3The value of A, when compared to unity, determines [7] whether the probe string gets excited or not by 
tidal forces. However, once more, these effects will not depend on the particular state of the target string. 


two annihilation operators, correspond to a quadrupole-like excitation of the original string 
itself. This is hardly surprising in view of the intimate relation between tidal forces and 
quadrupole moments (see e.g. [25]), and simply appears as a generalization of known facts 
to an ultra-relativistic situation involving strings (our quadrupole, in particular, is a purely 
geometrical object). 

In order to have an estimate of quantum hair we need to normal order the whole expo- 
nential operator occurring in 4. Following again [7], we find: 


Me = yy (univ) yy (hair) yy (univ) = rd ats 7 ae rd _ i(D _ 3)A) 


plhair) — : exp (dott + a) )\(a3, + al) Cn(A) (6 — bib;) + eucayha ; 
C,(A) = -—. CHA SC (pa), (16) 


At this point the explicit calculation of the S-matrix is simple, in particular between coher- 


(univ) being a cnumber, does not depend on the internal quantum numbers of 


ent states. UJ 
the heavy string and, together with similar factors coming from the light string, provides 
absorption and further contributions to the phase shifts, but no hair. Instead, the oper- 
ator D("#") generates matrix elements that feel the nature of the microstate in which the 
heavy string actually is. Note that normal ordering has slightly upset the exact quadrupole 
structure appearing in (IJ), (£2) (which is however recovered for n >> A). 

Let us now specify further the process described in the previous section in order to make 
contact with black-hole physics. To this purpose we shall identify the heavy string with a 
“stringhole” state described in Sec. 1. The reason for choosing that precise (within factors 
O(1)) value of M is twofold. Choosing M in the range Mp < M « Moz leads to reliable 
results, but the string, in this case, is below the correspondence curve, its size is larger than 
its Schwarzschild radius and therefore is not a collapsed object [18]. On the other hand, 
various approximations that can be justified for strings of mass up to Msy cease to be 
valid for strings with M >> Moy, i.e. strings that would simulate “large” black holes in 
string-length units. 

Let us first evaluate the quantity A in (14) for the SH case. Up to numerical factors: 


b 





GEM? Ft, f1\°° B22 


Given our bounds (4) on E we find: 
973 <A KG, 20PS. (18) 


Obviously, even keeping 0 < 1, but finite and g,-independent, we can make A > 1 (yet 
< g,”) for sufficiently small g, and with EF in a parametrically large region. 

In order to estimate the size of quantum hair we note that the coefficients C,,(A) ap- 
pearing in become O(1) at n < A or of order A/n at n > A. As already discussed, 


t 


typical SHs will have most of the non vanishing occupation numbers of O(1) in oscillators 
with n~ VN ~ gz. In that case C, ~ A/n and eq. simplifies further: 


piety = : exp (-«-2 


i 


1 . 
—(alé + a )(a?, vam) , (19) 
vat 


The basic observation is that the operator appearing in the exponent of (19) is completely 
unrelated to the one giving the mass of the SH and therefore will distinguish degenerate 
microstates. It contains positive definite diagonal terms that correspond to the transverse, 
projected quadrupole of the SH. The non-positive definite terms, corresponding to inelastic 
transitions, are also microstate-dependent through a similar quadrupole operator. There is 
also a state-dependent absorption from the real part of C),. This is suppressed by an extra 
factor A/n ~ g?A and is not controlled by the quadrupole. 

The dominant terms sum up to something O(1) but can still take different values of that 
same order within the whole SH ensemble. Hence, an experiment measuring the phase of 
the S-matrix should be able to reduce our ignorance on the state of the SH by a factor 
O(2 EI Interpreting this as a reduction on the total number of states e°, it will correspond 
to a decrease of O(1) in entropy, meaning that the whole information can be recovered after 
O(S) experiments. The minimal duration of each experiment being O(/,), namely the light- 
crossing time for a SH, the total time needed to recover the information will be of order of 
the Page/evaporation time SR ~ g77l.. 

In our approximation quantum hair also appears to be suppressed with respect to the no- 
hair terms by a power of the scattering angle. While this is still sufficient for our qualitative 
discussion, we think that our results should qualitatively extend to scattering angles of 
O(1). Checking this is not easy since, precisely for a SH target, string-size and classical 
corrections kick in simultaneously as we increase the scattering angle (although the different 
6-dependence should help separate the two kinds of corrections). If so, the quantum hair 
revealed by our scattering process (with higher multipoles appearing besides Q,;) will indeed 
approach O(1) for a probe-energy of order of the Hawking/Hagedorn temperature of the SH. 
Such impact parameters and energies are precisely those typical of Hawking’s radiation. 
Actually, as well known in particle physics (see e.g. [26]), a decay amplitude is usually to 
be corrected by a “final-state interaction” which basically amounts to multiplying the naive 
decay amplitude by a factor S'/*(E,b) ~ exp(id(E, b)), where the typical values of E and b 
will be M, and I, respectively. In other words, such a quantum hair may directly leave its 
imprint in the decay of a SH. Admittedly, all these are hand-waving arguments that should 
be analyzed more carefully. 

In any case, it appears that the quantum-hair amplitude is not suppressed, relative to 
no-hair terms, by exp(—Sszz) ~ exp(—g;”) but rather, at most, by a small inverse power of 
~ 4Tt is also clearly non-degenerate with the spin of the SH. 


>If instead we wish to distinguish SH states with differences O(1) in the occupation numbers the sensitivity 
of (19) will have a suppression factor of O(A/n) ~ g?A. 


2 i.e. is a perturbative effect in the string coupling. Note, however, that a generic 


So rg? 
individual element of the S-matrix is always suppressed by an exp (—A) “non-perturbative” 
factor, which gets compensated by the exponentially large number of final states contributing 
to inclusive-enough cross sections. Indeed, given that Uy is unitary, it is easy to lose its 
sensitivity to quantum hair if traces over the heavy initial and/or final SH states are taken. 
Summing individual transition probabilities over final SH states corresponds to considering 
an inclusive cross section, while tracing/averaging over the initial SH state corresponds to 
an initial mixed state. In both cases it is quite clear that unitarity of iy washes out all 
the leading-order SH hair discussed so fai’. Only subleading terms and/or appropriate 
interference experiments will be able to leave information about the state of the SH on the 
probe-string. Whether this is in principle sufficient to retrieve enough information on the 
SH is not completely obvious. 

In conclusion, the results we have presented point in the direction of some perturbative 
quantum hair being revealed in our thought experiment, very likely something of order 
1/S ~ g? for a probe of EF ~ M, during a collision (horizon-crossing) time O(1,). At least 
naively, this would allow to retrieve the full information about the microstate of the string 
hole within its evaporation time of order g;7/,. This result can be related to the fact that, 
for a stringhole, the concept of an infomation-free horizon does not make sense (the horizon 
being as large as the string itself) and, in this sense, it is similar to what is believed to 
occur for the so-called fuzzballs states of string theory (see [28] and references therein). It 
would be interesting to see whether thought experiments of the kind discussed here using 
fuzzballs could reveal a similar amount of quantum hair. Of course the issue of whether or 
not spacetime around the horizon can be considered to be empty is also very relevant in the 
recent firewalls debate [29]. 

Can we reconcile our finding with an exponentially small amount of quantum hair for 
large black holes (i.e. for black holes much heavier that Mg7;, for which our simple analysis 
fails to provide a reliable answer)? Clearly an expression like that of (7) is in contradiction 
with our findings but one could instead imagine an ansatz like: 


6 + 0(E, M,b)(1 + classical corrections + e 8s Q) ' (20) 


which would only give an exponential suppression for black holes that are much heavier that 
those on the correspondence line. Indeed, a single string may fail to represent black holes 
above the correspondence curve (seen in that case as a critical line separating two phases), 


hair) could change quite abruptly above the phase transition. 


in which case D‘ 
Another possible objection to drawing strong conclusions from our results lies in the 
possibility] that SHs do not represent typical black holes but only a tiny fraction of them. 
In that case, their long hair will make them atypical “hippie-like” black holes within a vast 
majority of “bald” ones. 
® At order /4b~* the eikonal operator will give terms proportional to X?.X?, that destroy factorization. 
’This possible loophole was suggested by M. Porrati. 
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ABSTRACT 


Classical and quantum gravitational instabilities, can, respectively, inflate and warm up a 
primordial Universe satisfying a superstring-motivated principle of “Asymptotic Past Trivial- 
ity”. A physically viable big bang is thus generated without invoking either large fine-tunings or 
a long period of post-big bang inflation. Properties of the pre-bangian Universe can be probed 
through its observable relics, which include: i) a (possibly observable) stochastic gravitational- 
wave background; ii) a (possible) new mechanism for seeding the galactic magnetic fields; iii) 
a (possible) new source of large-scale structure and CMB anisotropy. 
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1 INTRODUCTION 


I would like to begin this talk by asking a very simple question: Did the Universe start “small”? 
The naive answer is: Yes, of course! However, a serious answer can only be given after defining 
the two keywords in the question: What do we mean by “start”? and What is “small” relative 
to? In order to be on the safe side, let us take the “initial” time to be a bit larger than Planck’s 
time, tp ~ 10~*3 s. Then, in standard Friedmann—Robertson—Walker (FRW) cosmology, the 
initial size of the (presently observable) Universe was about 10~* cm. This is of course tiny 
w.r.t. its present size (~ 1078 cm), yet huge w.r.t. the horizon at that time, ie. w.r.t. 
lp = ctp ~ 10-*° cm. In other words, a few Planck times after the big bang, our observable 
Universe consisted of (10°°)? = 10°? Planckian-size, causally disconnected regions. 


More precisely, soon after t = tp, the Universe was characterized by a huge hierarchy be- 
tween its Hubble radius and inverse temperature on one side, and its spatial-curvature radius 
and homogeneity scale on the other. The relative factor of (at least) 10°° appears as an in- 
credible amount of fine-tuning on the initial state of the Universe, corresponding to a huge 
asymmetry between time and space derivatives. Was this asymmetry really there? And if so, 
can it be explained in any more natural way? 


It is well known that a generic way to wash out inhomogeneities and spatial curvature 
consists in introducing, in the history of the Universe, a long period of accelerated expansion, 
called inflation ffl]. This still leaves two alternative solutions: either the Universe was generic at 
the big bang and became flat and smooth because of a long postbangian inflationary phase; or 
it was already flat and smooth at the big bang as the result of a long pre-bangian inflationary 
phase. 


Assuming, dogmatically, that the Universe (and time itself) started at the big bang, leaves 
only the first alternative. However, that solution has its own problems, in particular those of 
fine-tuned initial conditions and inflaton potentials. Besides, it is quite difficult to base standard 
inflation in the only known candidate theory of quantum gravity, superstring theory. Rather, 
as we shall argue, superstring theory gives strong hints in favour of the second (pre-big bang) 
possibility through two of its very basic properties, the first in relation to its short-distance 
behaviour, the second from its modifications of General Relativity even at large distance. Let 
us briefly comment on both. 


2 (Super)String inspiration 


2.1 Short Distance 


Since the classical (Nambu—Goto) action of a string is proportional to the area A of the surface 
it sweeps, its quantization must introduce a quantum of length A, through: 


S/h=A/d. (1) 


This fundamental length, replacing Planck’s constant in quantum string theory [J], plays the 
role of a minimal observable length, of an ultraviolet cut-off. Thus, in string theory, physical 
quantities are expected to be bound by appropriate powers of A,, e.g. 


H?~R~Gp<d;," 
kpT/h < c\,' 
Raima > Aw (2) 


In other words, in quantum string theory (QST), relativistic quantum mechanics should solve 
the singularity problems in much the same way as non-relativistic quantum mechanics solved 
the singularity problem of the hydrogen atom by putting the electron and the proton a finite 
distance apart. By the same token, QST gives us a rationale for asking daring questions such 
as: What was there before the big bang? Certainly, in no other present theory, can such a 
question be meaningfully asked. 


2.2 Large Distance 


Even at large distance (low-energy, small curvatures), superstring theory does not automatically 
give Einstein’s General Relativity. Rather, it leads to a scalar-tensor theory of the JBD variety. 
The new scalar particle/field ¢, the so-called dilaton, is unavoidable in string theory, and 
gets reinterpreted as the radius of a new dimension of space in so-called M-theory BJ]. By 
supersymmetry, the dilaton is massless to all orders in perturbation theory, i.e. as long as 
supersymmetry remains unbroken. This raises the question: Is the dilaton a problem or an 
opportunity? My answer is that it is possibly both; and while we can try to avoid its potential 
dangers, we may try to use some of its properties to our advantage ..._ Let me discuss how. 


In string theory ¢ controls the strength of all forces, gravitational and gauge alike. One 
finds, typically: 
Ip/Az ~~ Agauge ~ € , (3) 


showing the basic unification of all forces in string theory and the fact that, in our conventions, 
the weak-coupling region coincides with ¢ < —1. In order not to contradict precision tests of 
the Equivalence Principle and of the constancy of the gauge and gravitational couplings in the 
recent past (possibly meaning several million years!) we require [fl] the dilaton to have a mass 
and to be frozen at the bottom of its own potential today. This does not exclude, however, the 
possibility of the dilaton having evolved cosmologically (after all the metric did!) within the 
weak coupling region where it was practically massless. The amazing (yet simple) observation 
5] is that, by so doing, the dilaton may have inflated the Universe! 


A simplified argument, which, although not completely accurate, captures the essential 
physical point, consists in writing the (k = 0) Friedmann equation: 


3H? = 8nGp, (4) 


and in noticing that a growing dilaton (meaning through (B) a growing G) can drive the growth 
of H even if the energy density of standard matter decreases in an expanding Universe. This 
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Figure 1: 


new kind of inflation (characterized by growing H and @) has been termed dilaton-driven 
inflation (DDI). The basic idea of pre-big bang cosmology [h, 6} fj] is thus illustrated in Fig. 
1: the dilaton started at very large negative values (where it is massless), ran over a potential 
hill, and finally reached, sometime in our recent past, its final destination at the bottom of its 
potential (6 = ¢o). Incidentally, as shown in Fig. 1, the dilaton of string theory can easily 
roll-up —rather than down— potential hills, as a consequence of its non-standard coupling to 
gravity. 


DDI is not just possible. It exists as a class of (lowest-order) cosmological solutions thanks 
to the duality symmetries of string cosmology. Under a prototype example of these symmetries, 
the so-called scale-factor duality [h], a FRW cosmology evolving (at lowest order in derivatives) 
from a singularity in the past is mapped into a DDI cosmology going towards a singularity in 
the future. Of course, the lowest order approximation breaks down before either singularity 
is reached. A (stringy) moment away from their respective singularities, these two branches 
can easily be joined smoothly to give a single non-singular cosmology, at least mathematically. 
Leaving aside this issue for the moment (see Section V for more discussion), let us go back 
to DDI. Since such a phase is characterized by growing coupling and curvature, it must itself 
have originated from a regime in which both quantities were very small. We take this as the 
main lesson/hint to be learned from low-energy string theory by raising it to the level of a new 
cosmological principle [8] of “Asymptotic Past Triviality” . 


3 Asymptotic Past Triviality 


The concept of Asymptotic Past Triviality (APT) is quite similar to that of “Asymptotic 
Flatness”, familiar from General Relativity [J]. The main differences consist in making only 
assumptions concerning the asymptotic past (rather than future or space-like infinity) and in 
the additional presence of the dilaton. It seems physically (and philosophically) satisfactory 
to identify the beginning with simplicity (see e.g. entropy-related arguments concerning the 
arrow of time). What could be simpler than a trivial, empty and flat Universe? Nothing of 
course! The problem is that such a Universe, besides being uninteresting, is also non-generic. 
By contrast, asymptotically flat /trivial Universes are initially simple, yet generic in a precise 
mathematical sense. Their definition involves exactly the right number of arbitrary “integration 
constants” (here full functions of three variables) to describe a general solution (one with some 
general, qualitative features, though). This is why, by its very construction, this cosmology 
cannot be easily dismissed as being fine-tuned. 


It is useful to represent the situation in a Carter—Penrose diagram, as in Fig. 2. Here past 
infinity consists of two pieces: time-like past infinity, which is shrunk to a point J_, and past 
null-infinity, Z_ represented by a line at 45 degrees. Note that this region of the diagram is 
“non-physical” in FRW cosmology, since it lies behind (i.e. before) the big bang singularity 
(also shown in the diagram). Instead, we shall be giving initial data infinitesimally close to [_ 
and Z_, and ask whether they will evolve in such a way as to generate a physically interesting 
big bang-like state at some later time. Generating so much from so little looks a bit like a 
miracle. However, we will argue that it is precisely what should be expected, owing to well- 
known classical and quantum gravitational instabilities. 


4 Inflation as a classical gravitational instability 


The assumption of APT entitles us to treat the early history of the Universe through the classical 
field equations of the low-energy (because of the small curvature) tree-level (because of the weak 
coupling) effective action of string theory. For simplicity, we will illustrate here the simplest 
case of the gravi-dilaton system already compactified to four space-time dimensions. Other 
fields and extra dimensions will be mentioned below, when we discuss observable consequences. 
The (string frame) effective action then reads: 


1 
Pept = 53 [ Cev=9 €* (R + A606) (5) 


In this frame, the string-length parameter A, is a constant and the same is true of the curvature 
scale at which we have to supplement eq. (6) with corrections. Similarly, string masses, when 
measured with the string metric, are fixed, while test strings sweep geodesic surfaces with 
respect to that metric. For all these reasons, even if we will allow metric redefinitions in 
order to simplify our calculations, we shall eventually turn back to the string frame for the 
physical interpretation of the results. We stress, however, that, while our intuition is not frame 
independent, physically measurable quantities are. 
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Even assuming APT, the problem of determining the properties of a generic solution to the 
field equations implied by (ff) is a formidable one. Very luckily, however, we are able to map 
our problem into one that has been much investigated, both analytically and numerically, in 
the literature. This is done by going to the so-called “Einstein frame”. For our purposes, it 
simply amounts to the field redefinition 


Iw = goer * ’ (6) 


in terms of which (f)) becomes: 


1 V 
Test = ap [ary (R® —40t%)9.68.4) (7) 
where ¢o (lp = r,€%0/ *) is the present value of the dilaton (of Planck’s length). 


Our problem is thus reduced to that of studying a massless scalar field minimally coupled 
to gravity. Such a system has been considered by many authors, in particular by Christodoulou 
[[0], precisely in the regime of interest to us. In line with the APT postulate, in the analogue 
gravitational collapse problem, one assumes very “weak” initial data with the aim of finding 
under which conditions gravitational collapse later occurs. Gravitational collapse means that 
the (Einstein) metric (and the volume of 3-space) shrinks to zero at a space-like singularity. 
However, typically, the dilaton blows up at that same singularity. Given the relation (6) between 
the Einstein and the (physical) string metric, we can easily imagine that the latter blows up 
near the singularity as implied by DDI. 


How generically does this happen? In this connection it is crucial to recall the singularity 
theorems of Hawking and Penrose [II], which state that, under some general assumptions, 
singularities are inescapable in GR. One can look at the validity of those assumptions in the 
case at hand and finds that all but one are automatically satisfied. The only condition to 
be imposed is the existence of a closed trapped surface (a closed surface from where future 
light cones lie entirely in the region inside the surface). Rigorous results show that this 
condition cannot be waived: sufficiently weak initial data do not lead to closed trapped surfaces, 
to collapse, or to singularities. Sufficiently strong initial data do. But where is the border-line? 
This is not known in general, but precise criteria do exist for particularly symmetric space- 
times, e.g. for those endowed with spherical symmetry. However, no matter what the general 
collapse/singularity criterion will eventually turn out to be, we do know that: 


e it cannot depend on an over-all additive constant in ¢; 


e it cannot depend on an over-all multiplicative factor in gy. 


This is a simple consequence of the invariance (up to an over-all factor) of the effective action 
(7) under shifts of the dilaton and rescaling of the metric (these properties depend crucially on 
the validity of the tree-level low-energy approximation and on the absence of a cosmological 
constant). 


We conclude that, generically, some regions of space will undergo gravitational collapse, will 
form horizons and singularities therein, but nothing, at the level of our approximations, will 
be able to fix either the size of the horizon or the value of @ at the onset of collapse. When 
this is translated into the string frame, one is describing, in the region of space-time within the 
horizon, a period of DDI in which both the initial value of the Hubble parameter and that of 
@ are left arbitrary. These two initial parameters are very important, since they determine the 
range of validity of our description. In fact, since both curvature and coupling increase during 
DDI, at some point the low-energy and/or tree-level description is bound to break down. The 
smaller the initial Hubble parameter (i.e. the larger the initial horizon size) and the smaller 
the initial coupling, the longer we can follow DDI through the effective action equations and 
the larger the number of reliable e-folds that we shall gain. 


This does answer, in my opinion, the objections raised recently [[2] to the PBB scenario 
according to which it is fine-tuned. The situation here actually resembles that of chaotic 
inflation [13]. Given some generic (though APT) initial data, we should ask which is the 
distribution of sizes of the collapsing regions and of couplings therein. Then, only the “tails” 
of these distributions, i.e. those corresponding to sufficiently large, and sufficiently weakly 
coupled regions, will produce Universes like ours, the rest will not. The question of how likely a 
“eood” big bang is to take place is not very well posed and can be greatly affected by anthropic 
considerations. 


In conclusion, we may summarize recent progress on the problem of initial conditions by 
saying that [8]: Dilaton-driven inflation in string cosmology is as generic as gravita- 
tional collapse in General Relativity. At the same time, having a sufficiently long period 
of DDI amounts to setting upper limits on two arbitrary moduli of the classical solutions. 
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Our scenario is illustrated in Figs. 3 and 4, both taken from Ref.§]. In Fig. 3, I show, for 
the spherically symmetric case, a Carter—Penrose diagram in which generic (but asymptotically 
trivial) dilatonic waves are given around time-like (J~) and null (Z_) past-infinity. In the 
shaded region near I~, Z~, a weak-field solution holds. However, if a collapse criterion is met, 
an apparent horizon, inside which a cosmological (generally inhomogeneous) PBB-like solution 
takes over, forms at some later time. The future singularity of the PBB solution at t = 0 is 
identified with the space-like singularity of the black hole at r = 0 (remember that r is a time- 
like coordinate inside the horizon). Figure 4 gives a (2 + 1)-dimensional sketch of a possible 
PBB Universe: an original “sea” of dilatonic and gravity waves leads to collapsing regions 
of different initial size, possibly to a scale-invariant distribution of them. Each one of these 
collapses is reinterpreted, in the string frame, as the process by which a baby Universe is born 
after a period of PBB inflationary “pregnancy”, with the size of each baby Universe determined 
by the duration of its pregnancy, i.e. by the initial size of the corresponding collapsing region. 
Regions initially larger than 10~!° cm can generate Universes like ours, smaller ones cannot. 


A basic difference between the large numbers needed in (non-inflationary) FRW cosmology 
and the large numbers needed in PBB cosmology should be stressed at this point. In the 
former, the ratio of two classical scales, e.g. of total curvature to its spatial component, which 
is expected to be O(1), has to be taken as large as 10°. In the latter, the above ratio is initially 
O(1) in the collapsing/inflating region, and ends up being very large in that region thanks 
to DDI. However, the common order of magnitude of these two classical quantities is a free 
parameter, and is taken to be much larger than a classically irrelevant quantum scale. 


We can visualize analogies and differences between standard and pre-big bang inflation 
by comparing Figs. 5a and 5b. In these, we sketch the evolution of the Hubble radius and 
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of a fixed comoving scale (here the one corresponding to the part of the Universe presently 
observable to us) as a function of time in the two scenarios. The common feature is that the 
fixed comoving scale was “inside the horizon” for some time during inflation, and possibly 
very deeply inside at its onset. Also, in both cases, the Hubble radius at the beginning of 
inflation had to be large in Planck units and the scale of homogeneity had to be at least as 
large. The difference between the two scenarios is just in the behaviour of the Hubble radius 
during inflation: increasing in standard inflation (a), decreasing in string cosmology (b). This 
is what makes PBB’s “wine glass” more elegant, and stable! Thus, while standard inflation is 
still facing the initial-singularity question and needs a non-adiabatic phenomenon to reheat the 
Universe (a kind of small bang), PBB cosmology faces the singularity problem later, combining 
it to the exit and heating problems (discussed in Sections V and VIB, respectively). 


In the end, what saves PBB cosmology from fine-tuning is (not surprisingly!) supersym- 
metry. This is what protects us from the appearance of a cosmological constant in the weak- 
coupling regime. Even a relatively small cosmological constant would invalidate our scale- 
invariance arguments and force DDI to be very short {h]. Thus, amusingly, while an effective 
cosmological constant is at the basis of standard (post-big bang) inflation, its absence in the 
weak coupling region is at the basis of PBB inflation. This may allow us to speculate that the 
absence (or extreme smallness) of the present cosmological constant may be related to a mys- 
terious degeneracy between the perturbative and the non-perturbative vacuum of superstring 
theory. 


5 The exit problem/conjecture 


We have argued that, generically, DDI, when studied at lowest order in derivatives and coupling, 
evolves towards a singularity of the big bang type. Similarly, at the same level of approximation, 
the non-inflationary solutions emerge from a singularity. Matching these two branches in a 
smooth, non-singular way has become known as the (graceful) exit problem in string cosmology 
[4]. It is, undoubtedly, the most important theoretical problem facing the whole PBB scenario. 


There has been quite some progress recently on the exit problem. However, for lack of space, 
I shall refer the reader to the literature [4] for details. Generically speaking, toy examples have 
shown that DDI can flow, thanks to higher-curvature corrections, into a de-Sitter-like phase, 
i.e. into a phase of constant H (curvature) and constant é. This phase is expected to last 
until loop corrections become important (see next section) and give rise to a transition to a 
radiation-dominated phase. If these toy models serve as an indication, the full exit problem 
can only be achieved at large coupling and curvature, a situation that should be described by 
the newly invented M-theory [}. 


It was recently pointed out that the reverse order of events is also possible. The coupling 
may become large before the curvature. In this case, at least for some time, the low-energy 
limit of M-theory should be adequate: this limit is known [B] to give D = 11 supergravity and 
is therefore amenable to reliable study. It is likely, though not yet clear, that, also in this case, 
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strong curvatures will have to be reached before the exit can be completed. In the following, 
we will assume that: 


e the big bang singularity is avoided thanks to the softness of string theory; 


e full exit to radiation occurs at strong coupling and curvature, according to a criterion 
given in Section VIB. 


6 Observable relics and heating the pre-bang Universe 


6.1 PBB relics 


Since there are already several review papers on this subject (e.g. [L6]), I will limit myself to 
mentioning the most recent developments, after recalling the basic physical mechanism under- 
lying particle production in cosmology [17]. A cosmological (i.e. time-dependent) background 
coupled to a given type of (small) inhomogeneous perturbation WV enters the effective low-energy 
action in the form: 


fe ; [an &x S(n) [w? - WHY]. (8) 


Here 7 is the conformal-time coordinate, and a prime denotes 0/07. The function S(7) (some- 
times called the “pump” field) is, for any given WV, a given function of the scale factor a(n), 
and of other scalar fields (four-dimensional dilaton $(7), moduli b;(7), etc.), which may appear 
non-trivially in the background. 


While it is clear that a constant pump field S can be reabsorbed in a rescaling of V, and 
is thus ineffective, a time-dependent S couples non-trivially to the fluctuation and leads to the 
production of pairs of quanta (with equal and opposite momenta). One can easily determine 
the pump fields for each one of the most interesting perturbations. The result is: 


Gravity waves, dilaton : S =a’e? 
Heterotic gauge bosons : S=e ® 
Kalb — Ramond, axions : S =a ’e~®. (9) 


A distinctive property of string cosmology is that the dilaton ¢ appears in some very specific 
way in the pump fields. The consequences of this are very interesting: 


e For gravitational waves and dilatons, the effect of @ is to slow down the behaviour of 
a (remember that both a and @ grow in the pre-big bang phase). This is the reason 
why those spectra are quite steep and give small contributions at large scales. Thus 
one of the most robust predictions of PBB cosmology is a small tensor component in 
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the CMB anisotropy[} The reverse is also true: at short scales, the expected yield in a 
stochastic background of gravitational waves is much larger than in standard inflationary 
cosmology. This is easily understood: in standard inflation the GW spectrum is either 
flat or slowly decreasing (as a function of frequency). Since COBE data set a limit 
on the GW contribution at large scales, this bound holds a fortiori at shorter scales, as 
those of interest for direct GW detection. Thus, in standard inflation, one expects 


OQow << 10 aes ‘ (10) 


Since the GW spectra of PBB cosmology are “blue”, the bound by COBE is automatically 
satisfied, with no implication on the GW yield at interesting frequencies. Values of Qgyw in 
the range of 10~°-10~7 are possible in some regions of parameter space, which, according 
to some estimates of sensitivities PO], could be inside detection capabilities in the near 
future. 


e For gauge bosons there is no amplification of vacuum fluctuations in standard cosmology, 
since a conformally flat metric (of the type forced upon by inflation) decouples from 
the electromagnetic (EM) field precisely in D = 3+ 1 dimensions. As a very general 
remark, apart from pathological solutions, the only background field which, through its 
cosmological variation, can amplify EM (more generally gauge-field) quantum fluctuations 
is the effective gauge coupling itself BI]. By its very nature, in the pre-big bang scenario 
the effective gauge coupling inflates together with space during the PBB phase. It is thus 
automatic that any efficient PBB inflation brings together a huge variation of the effective 
gauge coupling and thus a very large amplification of the primordial EM fluctuations 
(22), 23, 24]. This can possibly provide the long-sought origin for the primordial seeds of the 
observed galactic magnetic fields. Notice, however, that, unlike GW, EM perturbations 
interact quite considerably with the hot plasma of the early (post-big bang) Universe. 
Thus, converting the primordial seeds into those that may have existed at the proto- 
galaxy formation epoch is by no means a trivial exercise. Work is in progress to try to 
adapt existing codes to the evolution of our primordial seeds. 


e Finally, for Kalb-Ramond fields and axions, a and ¢ work in the same direction and 
spectra can be large even at large scales [26]. An interesting fact is that, unlike the 
GW spectrum, that of axions is very sensitive to the cosmological behaviour of internal 
dimensions during the DDI epoch. On one side, this makes the model less predictive. On 
the other, it tells us that axions represent a window over the multidimensional cosmology 
expected generically from string theories, which must live in more that four dimensions. 
Curiously enough, the axion spectrum becomes exactly HZ (i.e. scale-invariant) when 
all the nine spatial dimensions of superstring theory evolve in a rather symmetric way 
23]. In situations near this particularly symmetric one, axions are able to provide a new 
mechanism for generating large-scale CMB anisotropy and LSS. 

'This, however, refers just to first-order tensor perturbations; the mechanism —described below— of seeding 


CMB anisotropy through axions would also give a tensor (and a vector) contribution whose relative magnitude 
is being computed. 
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A recent calculation [27] of the effect gives, for massless axions, 


K+ 1)Cr~ 0) (FB) (nokia) (11) 


where C/ are the usual coefficients of the multipole expansion of AT/T 


(AT/T(@) AT/T(@)) = S7(21+1)C,P,(cos 6) , (12) 


and the parameters Haz, kmax,@ are defined by the primordial axion energy spectrum 


in critical units as: 
Q = | — k/k 13 
ax k Max : 


In string theory, as repeatedly mentioned, we expect Hinaz/Mp ~ M,/Mp ~ 1/10 and 
Nokmax ~ 10°°, while the exponent a depends on the explicit PBB background with the 
above-mentioned HZ case corresponding to a = 0. The standard tilt parameter n = n, 
(s for scalar) is given by n = 1+ 2a and is found, by COBE, to lie between 0.9 and 
1.5, corresponding to 0 < a < 0.25 (a negative a leads to some theoretical problems). 
With these inputs we can see that the correct normalization (Cy ~ 10~'°) is reached 
for a ~ 0.2, which is just in the middle of the allowed range. In other words, unlike 
in standard inflation, we cannot predict the tilt, but when this is given, we can predict 
(again unlike in standard inflation) the normalization. 


Our model, being of the isocurvature type, bears some resemblance to the one recently 
advocated by Peebles [24] and, like his, is expected to contain some calculable amount 
of non-Gaussianity, which is being calculated and will be checked by the future satellite 
measurements (MAP, PLANCK). 


e Many other perturbations, which arise in generic compactifications of superstrings, have 
also been studied, and lead to interesting spectra. For lack of time, I will refer to the 


existing literature 23, 24]. 


6.2 Heat and entropy as a quantum gravitational instability 


Before closing this section, I wish to recall how one sees the very origin of the hot big bang 
in this scenario. One can easily estimate the total energy stored in the quantum fluctuations, 
which were amplified by the pre-big bang backgrounds. The result is, roughly, 


Pquantum ™ Neff rs bee ’ (14) 


where Nef is the effective number of species that are amplified and Hmar is the maximal 
curvature scale reached around t = 0. We have already argued that Himazx ~ M, = Az, and 
we know that, in heterotic string theory, N.rf is in the hundreds. Yet this rather huge energy 
density is very far from critical, as long as the dilaton is still in the weak-coupling region, 
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justifying our neglect of back-reaction effects. It is very tempting to assume that, precisely 
when the dilaton reaches a value such that Pguantum 18 critical, the Universe will enter the 
radiation-dominated phase. This PBBB (PBB bootstrap) constraint gives, typically: 


everit 1/Nest (15) 
i.e. a value for the dilaton close to its present value. 


The entropy in these quantum fluctuations can also be estimated following some general 
results [29]. The result for the density of entropy S is, as expected 
S~ Nesp Hmas - (16) 
It is easy to check that, at the assumed time of exit given by (15), this entropy saturates a 
recently proposed holography bound BO]. This also turns out to be a physically acceptable 
value for the entropy of the Universe just after the big bang: a large entropy on the one hand 
(about 10°); a small entropy for the total mass and size of the observable Universe on the 
other, as often pointed out by Penrose BI]. Thus, PBB cosmology neatly explains why the 
Universe, at the big bang, looks so fine-tuned (without being so) and provides a natural arrow 
of time in the direction of higher entropy. 


7 Conclusions 


e Pre-big bang (PBB) cosmology is a “top-down” rather than a “bottom-up” approach to 
cosmology. This should not be forgotten when testing its predictions. 


e It does not need to invent an inflaton, or to fine-tune its potential; inflation is “natural” 
thanks to the duality symmetries of string cosmology. 


e It makes use of a classical gravitational instability to inflate the Universe, and of a quan- 
tum instability to warm it up. 


e The problem of initial conditions “decouples” from the singularity problem; it is classical, 
scale-free, and unambiguously defined. Issues of fine tuning can be addressed and, I 
believe, answered. 


e The spectrum of large-scale perturbations has become more promising through the invisi- 
ble axion of string theory, while the possibility of explaining the seeds of galactic magnetic 
fields remains a unique prediction of the model. 


e The main conceptual (technical?) problem remains that of providing a fully convincing 
mechanism for (and a detailed description of) the pre-to-post-big bang transition. It is 
very likely that such a mechanism will involve both high curvatures and large coupling 
and should therefore be discussed in the (yet to be fully constructed) M-theory [3]. New 
ideas borrowed from such theory and from D-branes |B, could help in this respect. 
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e Once/if this problem will be solved, predictions will become more precise and robust, but, 
even now, with some mild assumptions, several tests are (or will soon become) possible, 
e.g. 

— the tensor contribution to AT’/T should be very small (see, however, footnote Section 
VI); 
— some non-Gaussianity in AT’/T correlations is expected, and calculable. 


— the axion-seed mechanism should lead to a characteristic acoustic-peak structure, 
which is being calculated; 


— it should be possible to convert the predicted seed magnetic fields into observables 
by using some reliable code for their late evolution; 


— a characteristic spectrum of stochastic gravitational waves is expected to surround 
us and could be large enough to be measurable within a decade or so. 
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ABSTRACT 


A simple, non-technical introduction to the pre-big bang scenario is given, empha- 
sizing physical motivations, considerations, and consequences over formalism. 


1. Introduction 


It is commonly believed (see e.g.') that the Universe — and time itself — started 
some 15 billion years ago from some kind of primordial explosion, the famous Big 
Bang. Indeed, the experimental observations of the red-shift and of the Cosmic 
Microwave Background (CMB) lead us quite unequivocally to the conclusion that, 
as we trace back our history, we encounter epochs of increasingly high temperature, 
energy density, and curvature. However, as we arrive close to the singularity, our 
classical equations are known to break down. The earliest time we can think about 
classically is certainly larger than the so-called Planck time, tp = /Gnh ~ 107*%s 
(c = 1 throughout). Hence, the honest answer to the question: Did the Universe and 
time have a beginning? is: We do not know, since the answer lies in the unexplored 
domain of quantum gravity. 


Besides the initial singularity problem — and in spite of its successes — the hot 
big bang model also has considerable phenomenological problems. Amusingly, these 
too can be traced back to the nature of the very early state of the Universe. Let us 
briefly recall why. 


General Relativity, together with the cosmological principle (i.e. the assumption 
of a homogeneous, isotropic Universe over large scales), allows us to describe the 
geometry of space-time through the Friedmann-Robertson-Walker (FRW) metric (see 
e.g.”): 

ds* = —dt? + a(t)? oe + rac? , do? = dé? + sin?6dy’ , (1) 

—kr 
where, as usual, the discrete variable k = 0,1,—1 distinguishes the cases of a flat, 
closed, or open Universe, respectively. In the presence of some matter (fluid), de- 
scribed by an energy density p and pressure density p, the evolution of the Universe 


is controlled by the Einstein-Friedmann equations 


LN? 87G k 

H?= (<) Sa, gs 
a 3 p a2 

. a 4nG 

ier er = ——g lp + 8p), (2) 


which, together, imply the energy conservation equation: 


p=-3(5)(p tn). (3) 


Given a model for the sources, or, more specifically, given a relation between p and 
p (so-called equation of state), one can easily solve these equations and find the 
usual FRW cosmological solutions. For the matter- and radiation-dominated cases, 
respectively, 


p=0 = alt)~t*, pra? 


p=p/s => alt)~t?, pra (4) 
where, for simplicity, the spatial-curvature term + was neglected. 


The so-called horizon problem arises as follows. The observable part of our Uni- 
verse, our present horizon, is given by the distance that light has travelled since the 
big bang, or about 1075 cm. At earlier times, the horizon was much smaller. For a 
hypothetical observer looking at the sky a few Planck times after the Big Bang, the 
horizon was not much bigger that a few Planck lengths, say about 10~%* cm. Instead, 
as easily seen from (4), the portion of space that corresponds to our present horizon 
was, for that same hypothetical observer, some 30 orders of magnitude larger than 
the Planck length, or about 1 mm. In other words, at that time, what has nowadays 
become our observable Universe consisted of (10°°)? = 10°? Planckian-size, causally 
disconnected regions. There is no reason to expect that conditions in all those re- 
gions were initially the same, since there was never any thermal contact between 
them. Yet, today, all those 10°° regions make up our observable Universe and all 
appear to resemble one another (to within one part in 10°). 


Who prepared such a smooth and very unlikely initial state? Perhaps God, who 
picked up a very special point in the huge space of all possible initial configurations 
(see, in this connection, a nice picture in Roger Penrose’s book*). If, instead, we do 
not accept God’s fine-tuning, or, in more scientific terms, we do not want to attribute 
homogeneity to some unknown Planckian physics, two logical possibilities are left to 
our choice: 


e Time did have its beginning at the big bang, when initial conditions were rather 
random, but a period of superluminal expansion (inflation) brought all those 
10°° patches in causal contact sometimes between the big bang and the present 
time. This is the standard post-big bang inflation paradigm (see e.g.*). 


e Time did not have its beginning with the big bang and some pre-big bang physics 
cooked up a “good” big bang from a more generic (less fine-tuned) initial state. 
This is the attitude one takes in the so-called pre-big bang scenario. 


One can similarly argue that there are two ways of solving the second major prob- 
lem of standard cosmology, the so-called flatness problem. Today, space is, to a very 
good approximation, Euclidean. If it does have any spatial curvature (represented 
by the + term in the cosmological equations), this is of O(H”), i.e. extremely small. 
Given the solutions (4) it is easy to check that, in order to have such conditions to- 
day, one has to start, at the Planck time, with an extremely flat Universe, i.e. with a 
curvature radius a some 30 orders of magnitude larger that the characteristic length 
scale at the time, H~! ~ Ip. Again, two possibilities come to mind: either the Uni- 
verse was not particularly flat at the beginning — and subsequent inflation stretched 
out spatial curvature — or some pre-big bang physics prepared a nice spatially-flat big 
bang. 


Conventional inflation again chooses the first alternative. To succeed, it needs 
a weakly-coupled scalar field, the so-called inflaton, which, some time after the big 
bang, finds itself homogeneously displaced from the minimum of its potential, and 
slowly rolls towards it. While doing so, if certain conditions are met, the effective 
equation of state is p ~ —p and the Universe expands quasi-exponentially. One needs 
this period of exponential growth to last for a long enough time for all our accessible 
Universe to come in causal contact. This can be achieved at the price of fine-tuning 
certain masses or couplings. 


My main reservations towards this solution (see° for a different criticism) are 
that no one has a convincing model for what the inflaton ought to be and, even 
more seriously, that it is not easy to justify the initial conditions that can provide 
a sufficiently long inflationary phase. One is back somehow to the starting point, 
since the conditions at the onset of inflation have to come from a previous phase, 
and this inevitably leads us to giving initial conditions in the mysterious Planckian 
era. Quantum cosmology has then been invoked; however, I am also sceptical about 
present quantum cosmology arguments® “predicting” inflation since they are based 
on the so-called minisuperspace truncation of the Wheeler-DeWitt equation. Such 
an approach is only justified for a fairly homogeneous initial universe, which is just 
what we do not wish to assume. 


How come string theory prefers the second way out? In order to explain this I 
have to open a parenthesis and tell you about some striking properties of quantum 
(super )strings. 


2. Three properties of (super)strings 


I will concentrate on just three properties of strings which are crucial to the 
understanding of their possible cosmological implications: 


e 1. There is a fundamental length scale in string theory, providing a character- 
istic size for strings and thus an ultraviolet cutoff. Thanks to this property, 
superstring theory can be taken seriously as a candidate finite quantum theory 
of gravity (and of the other interactions as well). The fundamental length scale 
A; is given in terms of the string tension T by the formula 


dy = Yn/T . (5) 


Actually A,, rather than 7’, is the fundamental parameter of the theory, provid- 
ing a meaning for what short and large distances mean. When fields vary little 
over a string length A, one recovers a field-theoretic description given by a local 
Lagrangian with the smallest number of derivatives. 


e 2. Couplings are not God-given constants; they are VEVs which, hopefully, 
become dynamically determined. In particular, a scalar field, the so-called 
dilaton ¢, controls all sorts of couplings, gravitational and gauge alike. Since, 
in our normalizations, 


TT’: Gn = oe ™ Agauge ™ e® ’ (6) 


we see that the weak coupling region is ¢ < —1l. By contrast, at present, 
e® ~ 1/25, implying \, ~ 10lp ~ 107%? cm. In the weak coupling region, 
perturbative superstring theory is an adequate description of physics, implying 
that the dilaton itself behaves like a massless particle. As such, the dilaton can 
easily evolve cosmologically while it is deeply inside the perturbative region. 
Precision tests of the equivalence principle imply, however, that the dilaton has 
a mass, i.e. that near its present value ¢ = O(-—1), its potential has a minimum 
with finite curvature. 


If both the coupling and derivatives are small, physics is adequately described 
by the tree-level low-energy effective action of string theory, which reads: 


1 
Leap = 5 [ae Ge? [A(R + 0,006 + HP 


2yo) + Fi, + higher derivatives] 


+ [higher orders in e*| ‘ (7) 


where we have included the contributions of the Kalb-Ramond antisymmetric 
tensor field through its field strength H,,,,. Note the two kinds of corrections 
alluded to in (7). They intervene, respectively, whenever space-time derivatives 
(i.e. energies) or the string coupling e? become appreciable. Equation (7) will 
be our starting point to describe pre-big bang cosmology. 


e 3. Cosmological field equations exhibit new stringy symmetries whose most 
interesting representative (scale-factor duality or SFD) acts as follows: 


a(t) > a'(-t) , d(t) > o(-t) — 2d loga(-t) ,d=3. (8) 


The interest of this duality transformation lies in the fact that it maps ordinary 
FRW cosmologies with H > 0, H < 0, and ¢@ = 0 at t > O into inflationary 
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cosmologies with H > 0, H > 0, and @ > 0 at t < 0. Actually, the dual 
cosmologies are of the so-called super-inflation (or pole-inflation) type, i.e. have 
a growing — rather than a constant — Hubble parameter. Since many of the 
distinctive consequences of PBB cosmology originate from this peculiar feature, 
let me explain in simplified terms where it comes from Eqs. (2) imply that, 
for an expanding Universe, p and H?, being proportional (take for simplicity 
the case of k = 0), decrease together in time. This is true if Gy is constant. 
In string theory, where Gy is controlled by the dilaton through Eq. (6), it is 
perfectly possible to have a growing H while p decreases, provided ¢ is also 
growing. 


The suggestion from string theory now becomes almost a compelling one: Can 
one put together a standard cosmology at t > 0 and a dual cosmology at t < 0 to 
generate a single scenario containing dilaton-driven pre-big bang inflation and FRW 
post-big bang behaviour? Since, in such a construct, the Hubble parameter grows 
for t < 0 and decreases for t > 0, it should reach its maximum at ¢t = 0, instant 
therefore identified with the occurrence of the Big Bang of standard cosmology. The 
problem is that this maximum is actually infinite if one works in the context of 
the low-energy effective theory, i.e. if all corrections in (7) are neglected. The pre- 
(post-) big bang phases have singularities in the future(past), probably a consequence 
of the validity, in that approximation, of the assumption leading to the Hawking- 
Penrose singularity theorems.’ However, that approximation breaks down as soon as 
the Hubble parameter reaches values O(\;1) leading us to expect that the maximal 
value of H, reached at t = 0, should be actually of the order of the fundamental 
length of string theory. 


It is easy, actually, to write down mathematical expressions that interpolate 
smoothly between the inflationary and the FRW branches. For instance, the ansatz 


me (xe eR)" 
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is easily checked to approach a standard radiation-dominated cosmology with constant 
dilaton at t >> A, and to a dual dilaton-driven inflationary cosmology at t < —A,. The 
question is: Does anything like this come from the true (i.e. high-curvature and/or 
loop-corrected) field equations? Leaving this hard question to the final section, we 
turn instead to the formulation of the basic pre-big bang postulate. 


3. The pre-big bang postulate 


Clearly, if we want to use a dual cosmology for the prehistory of the Universe, 
given the positive signs of H and ¢, we have to start from (very?) small initial values 
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for H and e®. Although not strictly necessary, we will also impose, for the sake of 
simplicity, an almost empty initial Universe. This leads us to the following basic 
postulate of PBB cosmology: 


The Universe started its evolution from the most simple initial state conceivable 
in string theory, its perturbative vacuum. This corresponds to an (almost) 


EMPTY, COLD, FLAT, FREE 


Universe as opposed to the standard 


DENSE, HOT, HIGHLY-CURVED 
initial state of conventional cosmology. 


For this assumption to make sense I will have to argue that the new initial con- 
ditions are able to provide, at later times, a hot big bang with the desired charac- 
teristics thanks to a long pre-big bang inflationary phase. This looks a priori a very 
hard task, but I will explain below how it can possibly happen. Before discussing 
this let me illustrate, in two figures, the qualitative differences between the standard 
(non-inflationary) model, the standard inflationary scenario, and ours. 


In Fig. 1 I am plotting, against cosmic time, the behaviour of the Hubble pa- 
rameter H measured in Planck units Mp ~ 10! GeV. Note that, while in the first 
model H is a concave function of time, in the second it has a long flat plateau where 
H/Mp < 10~° (this constraint comes from COBE’s data, see e.g.*). Finally, in the 
proposed scenario, H/Mp grows all the way to a maximal value O(10~'), but quickly 
becomes very small at both large positive and large negative t. 


In Fig. 2 we can see the consequences of this behaviour of H on the kinematics 
of horizon crossing. During inflation, increasingly small scales are pushed out of the 
horizon by the accelerated expansion of the Universe. However, while in standard 
inflation (Fig. 2a) larger scales cross the horizon at slightly larger values of H, in 
the pre-big bang scenario (Fig. 2b) it is the other way around: the larger the scale, 
the smaller the value of H at horizon crossing. As we shall see in Sec. 4, the 
value of H/Mp at horizon crossing is the determining quantity for evaluating the 
present magnitude of quantum fluctuations at different length scales. Hence the 
above kinematics of horizon crossing will have an important bearing on the spectrum 
of quantum fluctuations. 


Before turning to that, we should discuss how dilaton-driven inflation sets in 
during the pre-big bang phase. 
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4. Pre-big bang inflation as a classical instability 


The key to understanding how our apparently innocent initial conditions can give 
inflation is in the last attribute we assumed for the primordial state: the Universe 
starts deeply inside the perturbative region, i.e. at very small coupling. In terms of 
the dilaton this means that @ started very large and negative. This entitles us to 
treat the early history of the Universe classically. Since we have also assumed that 
it was almost flat, we are also entitled to use the low-energy approximation to string 
theory. All this can be summarized by saying that we can describe the evolution of 
the Universe through the classical field equations of the low-energy tree-level effective 
action (7); in the simplest case used here for illustration, this reduces to: 


1 
Pere = syn | de V=G (R + 0,60") (10) 


It has been known for some time (see!” for a review) that, if homogeneity and spa- 
tial flatness are assumed, then inflationary behaviour automatically follows from the 
stated initial conditions. Indeed homogeneous, spatially flat solutions fall in four 
categories, of which only one satisfies the pre-big bang postulate. The other three 
exhibit either strong coupling or strong curvature (or both) in the far past. 


However, assuming homogeneity from the start is not very satisfactory. If we want 
to solve in a natural way the homogeneity and flatness problems, we have to start 
with generic (i.e. not particularly fine-tuned) initial conditions near the perturbative 
vacuum. During the past year this problem has been tackled by several groups, with 
somewhat controversial conclusions. Let me try to explain how I see the present 
situation. 


Assume that, at some remote time much before the Big Bang, the Universe was 
not particularly homogeneous, in the sense that spatial gradients and time derivatives 
were both of the same order. Assume also, in accordance with the PBB postulate, 
that both kinds of derivatives were tiny in string units. It can be shown! that 
these initial conditions can lead to a chaotic version of PBB inflation since, as the 
system evolves, certain patches develop where time derivatives slightly dominate over 
spatial gradients. Provided this situation is met when the kinetic energy in the 
dilaton is a non-negligible fraction of the critical density, dilaton-driven inflation sets 
in,'*!4 blowing up the patch and making it homogeneous, isotropic and spatially flat. 
The evolution can be studied by analytical methods (gradient expansion’) since 
the approximation of neglecting spatial gradients w.r.t. time derivatives becomes 
increasingly accurate within the inflating patch. 


The controversial issue is that, in order to have sufficient inflation in the patch, 
dilaton-driven inflation has to last sufficiently long. Its duration is not infinite since it 
is limited, in the past, by the conditions I just described and, in the future, by the time 
at which, inevitably, curvatures become of string-size and we can no longer trust the 
low-energy approximation. Thus, as it was actually noticed from the very beginning,? 
a successful PBB scenario does require very perturbative initial conditions, so that 
it takes a long time (during which the Universe inflates) to reach the BB singularity. 
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A particular case of this “fine-tuning” was discussed recently by M. Turner and E. 
Weinberg.!® They consider a homogeneous, but not spatially flat Universe and notice 
that the duration of PBB inflation is limited in the past by the initial value of the 
spatial curvature. This has to be taken very small in string units if sufficient inflation 
is to be achieved. 


The (almost philosophical) issue is whether this is or is not fine-tuning. String 
theory has a single length parameter, ,, but, fortunately, it has massless states and 
low-energy vacua (such as Minkowsky space-time) whose characteristic scale is much 
larger than A,. Hence I see nothing wrong in starting the evolution of the Universe 
in a state of low-energy, small curvatures, and small coupling. Actually, I find it very 
amusing that a classical instability pushes the Universe from low energy (curvature) 
and small coupling towards high energy (curvature) and large coupling. 


Another result, which has emerged very recently,'?!4 is the behaviour of pre-big 


bang cosmology in the asymptotic past. If we evolve the system from the initial con- 
ditions I described above towards the past, we seem to find two possible behaviours. 
Either we reach a singularity at some finite cosmic time in the past, or we flow 
smoothly into a trivial space-time. The first alternative, which looks generic for posi- 
tive spatial curvature (e.g. a k = +1 Universe with 9 > 1) has to be excluded since it 
contradicts our basic postulate. The second alternative, which looks generic for neg- 
ative spatial curvature (e.g. a k = —1 Universe with Q < 1), is perfectly consistent 
with our philosophy and leads to an interesting conjecture! for the whole history of 
time that I will describe below. It would be very interesting if pre-big bang cosmol- 
ogy did predict that the Universe is open, something that appears to be definitely 
favoured at present (see e.g.!") by direct measurements of the red-shift-to-distance 
relation and by models of large-scale-structure formation. 


The complete history at which we arrive can be best drawn on a diagram (Fig. 3) 
reminiscent of (but actually quite different from) a Carter-Penrose diagram,'* which 
artificially squashes space-time at infinity. By a simple change of the radial coordinate 
we can rewrite Eq. (1) as 


ds? = —dt? + a(t)? [dR? + r(R)Pd0?] , (11) 


and then define the coordinates x, y in Fig. 3 in terms of t and of the proper distance 
aR by: 

tainly sea) Sb ah (12) 
As t — —oo, the Universe approaches an exact vacuum of string theory. However, 


if equal-time hypersurfaces are taken to be those with a roughly constant energy 
density, we find that triviality is approached “a la Milne” i.e. the metric becomes 


ds? = -d? +? [dr?/(1 +1?) +r°d| , (13) 
while the dilaton approaches an arbitrary constant. For negative time this is just a 
negative curvature FRW Universe, which contracts linearly in time, a(t) = —t. For 


positive ¢ it is the linearly expanding Universe towards which we are evolving today if 
Q < 1 (for a discussion of this late-time behaviour see, for instance, '?). In the Milne 
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Universe the evolution of the scale factor is driven by the negative spatial curvature 
(-k a? +t~?). Also shown in Fig. 3 are some time-like geodesics corresponding to 
a fixed comoving distance R from the origin. 











Figure 3 


The generic regular solution thus approaches Milne as t + —oo but, at any finite 
large (—t), also contains small dilatonic (and gravitational-wave) perturbations giving 
0<2«K1. Ast > -w, 2 — 0. As time goes forward, instead, 2 tends to grow 
until, at some critical time —To, 2 becomes O(1), in some region of space. From that 
moment on, in that “lucky” patch, the metric starts to deviate from Milne (this is 
shown, in particular, for the R = 0.5 geodesic) and dilaton-driven inflation sets in, 
pushing Q extremely close to 1 in that patch. 


The rest of the story goes as follows: thanks to the string UV cutoff, when the 
curvature becomes O(A;7), and/or the coupling becomes O(1), a stringy mechanism 
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prevents reaching the singularity, and a smooth transition to standard hot big bang 
FRW cosmology follows. An interesting quantum mechanism, described in Sec. 5, is 
able to provide radiation, temperature and entropy. However, by then, the inflated 
patch is both homogeneous and spatially flat: we have been able to produce a “good” 
big bang! Post-big bang evolution is from now on standard, with one qualification. 
Although we have achieved 2 = 1 through inflation, we had to start from an open 
Universe and thus Q = 1—e, ¢€ < 1. Inevitably, FRW evolution will make 2 
deviate more and more from 1 until, once more, the Universe will go back to a 
linearly expanding Milne-like Universe. It would be wrong to think, however, that 
the Universe will just follow the time-reverse of its original life, firstly because the 
final coupling is much larger than the initial one, and, secondly, because entropy has 
kept increasing all the time: presumably, in this scenario, the very final stage of the 
Universe will consist of an ever increasingly dilute gas of slowly evaporating black 
holes... 


5. Quantum Mechanical Heating of the Universe and Observable PBB 
relics 


Since there are already several review lectures on this subject (e.g.'*?°), I will 
limit myself to mention the most recent developments simply after recalling the basic 
physical mechanism underlying particle production in cosmology.” A cosmological 
(i.e. time-dependent) background coupled to a given type of (small) inhomogeneous 
perturbation WV enters the effective low-energy action in the form: 


i= 5 [an d®x S(n) [w” — (Vw)? (14) 


Here 7 is the conformal time coordinate, and a prime denotes 0/On. The function 
S(7) (sometimes called the “pump” field) is, for any given V, a given function of the 
scale factor, a(7), and of other scalar fields (four-dimensional dilaton (7), moduli 
b;(7), etc.) which may appear non-trivially in the background. 


While it is clear that a constant pump field S can be reabsorbed in a rescaling of 
W, and is thus ineffective, a time-dependent S couples non-trivially to the fluctuation 
and leads to the production of pairs of quanta (with opposite momenta). Looking 
back at Eq. (7), one can easily determine the pump fields for each one of the most 
interesting perturbations. The result is: 


Gravity waves, dilaton : S =a’e°® 
Heterotic gauge bosons : S =e? 
Kalb — Ramond, axions : S =a ’e~? (15) 


A distinctive property of string cosmology is that the dilaton @ appears in some 
very specific way in the pump fields. The consequences of this are very interesting: 


e For gravitational waves and dilatons the effect of ¢ is to slow down the behaviour 
of a (remember that both a and ¢ grow in the pre-big bang phase). This is the 
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reason why those spectra are quite steep”? and give small contributions at large 
scales. 


e For (heterotic) gauge bosons there is no amplification of vacuum fluctuations 
in standard cosmology, while, in string cosmology, all the “work” is done by 
the dilaton. In the pre-big bang scenario, the coupling must grow by as large a 
factor as the one by which the Universe has inflated. This implies a very large 
amplification of the primordial quantum fluctuation,?? possibly explaining the 
long-sought origin of seeds for the galactic magnetic fields. 


e Finally, for Kalb-Ramond fields and axions, a and @ work in the same direction 
and spectra can be large even at large scales.*+ Note, incidentally, that the power 
of a in S is determined by the rank of the corresponding tensor. It is well known, 
however, that the Kalb-Ramond field can be reduced to a (pseudo)scalar field, 
the axion, through a duality transformation. This turns out to change S' into 
S-!, i.e. the pump field for the axion is actually a?e®. An interesting duality 
of cosmological perturbations, reminiscent of electric-magnetic (or strong-weak) 
duality, can be argued?° to guarantee the equivalence of the Kalb-Ramond and 
axion spectra. 


e Many other fluctuations, which arise in generic compactifications of super- 
strings, have also been studied and lead to interesting spectra. For lack of 
time, I will refer to the existing literature.?°?" 


The possible flatness of axionic spectra in pre-big bang cosmology leads to hopes 
that, in such a scenario, there is a natural way to generate an interesting spectrum 
of large-scale fluctuations, one of the much advertised properties of the standard 
inflationary scenario. Work is still in progress to establish whether this hope is indeed 
realized. 


Before closing this section, I wish to recall how one sees the very origin of the 
hot big bang in this scenario. One can easily estimate the total energy stored in the 
quantum fluctuations which were amplified by the pre-big bang backgrounds. The 
result is, roughly, 

Pquantum ™ Neff A as ) (16) 


where Nerf is the effective number of species that are amplified and Hmaz is the 
maximal curvature scale reached around t = 0 (this formula has to be modified in 
case some spectra show negative slopes). We have already argued that Hmax ~ Az! 
and we know that, in heterotic string theory, Nerf is in the hundreds. Yet this rather 
huge energy density is very far from critical as long as the dilaton is still in the weak- 
coupling region, justifying our neglect of back-reaction effects. It is very tempting to 
assume that, precisely when the dilaton reaches a value such that Pguantum 1S critical, 
the Universe will enter the radiation-dominated phase. This too is, at present, the 
object of active investigation. 
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6. Conclusion 


Pre-big bang cosmology appears to have survived its first 6-7 years of life. Interest 
in (criticism of) it is clearly growing. It is perhaps time to make a balance sheet. 


Conceptual (technical?) and phenomenological problems include: 


e Graceful exit from dilaton-driven inflation to FRW cosmology is not fully under- 
stood, in spite of recent progress.”° Possibly, new ideas borrowed from M-theory 
and D-branes could help in this respect.?° 


e A scale-invariant spectrum of large-scale perturbations does not look automatic, 
although, for the first time, thanks to the flat axion spectra, it does not look 
impossible either. 


Attractive features include: 


e No need to “invent” an inflaton, or to fine-tune potentials. 
e Inflation is “natural” thanks to the duality symmetries of string cosmology. 


e The initial conditions problem is decoupled from the singularity problem: a 
solution to the former is already shaping up and looks exciting. 


e A classical gravitational instability finds a welcome use in providing inflation; a 
quantum instability (pair creation) is able to heat up an initially cold Universe 
and generate a standard hot big bang with the additional features of homogene- 
ity, flatness and isotropy. 


e Last but not least: one is dealing with a highly constrained, predictive scheme 

which can be tested/falsified by low-energy experiments thanks to the fact that 

a huge red-shift has brought the scale of Planckian physics down to that of 
human beings: 

(Ip/Ho)'/? ~ 1 mm (17) 
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Note Added 


Since I gave this lecture, two relevant papers have appeared: 


1) 


2) 


N. Kaloper, A. Linde and R. Bousso (hep-th/9801073) have added further points 
to the criticism of the PBB scenario expressed in Ref. 16. 


A numerical study of the spherically symmetric case by J. Maharana, E. Onofri 
and G. Veneziano (gr-qc/9802001) appears to support the idea discussed in 
Section 4 that PBB behaviour emerges generically from initial conditions suffi- 
ciently close to Milne’s trivial vacuum. 


These two papers confirm that much more work is still needed to clarify all the 
relevant issues raised by the new cosmological setup I discussed here. 
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1. INTRODUCTION 


{ shall start this talk by summarizing the progress 
made over the last couple of years on the structure of 
superstring collisions at or above Planckian energies. 


| have reported elsewhere [1] on how these calculable 
gedanken collisions elucidate the way in which string theory 
recovers classical general relativity (CGR) and predicts finite, 
calculable quantum corrections to it. In this optics, Planckian 
energies are very useful since, after all, energy is the source of 
gravitational interactions and Planckian energies imply large 
deviations from flat space-time. 


On the whole, these results reinforce the belief that 
superstring theory represents a serious candidate for a_ finite, 
theoretically consistent quantum theory of gravity. We shall call 
it QSG, for Quantum String Gravity. 


The focus of our attention here will be a different one: 
we shall exploit "gedanken" collisions more in the traditional 
way in which gedanken experiments have been used in the early 
days of Quantum Mechanics. We would like to find out, in 
particular, whether or not, in QSG, we have to give up other 
concepts - besides those of absolute time and simultaneous 
measurability of position and momentum- simply because there 
is no (even gedanken) experiment, that can define those concepts 
in an operative way. 


The reason why we might expect some strengthening 
(enlargement) of the uncertainty principle (UP) in string theory 
is that it contains a scale parameter, a fundamental length Aj . 


We have argued sometime ago [2] that \, is the only fundamental 


constant appearing in string theory besides the speed of light c 
(to be set equal to 1 in the following). 


Ag plays, at one time, the role of Planck's constant 4f and 
that of the UV cutoff. The reason for this "dual" role of \g is 


that strings acquire, upon quantization, a characteristic size 
O(Ag). The string size induces a UV cut off which is thus related 


to dg. 


The lack of any need for introducing other constants 
besides c and Xg in string theory is made almost obvious if 
energies are measured in units of length (through E--> a’E): after 


all, because of the string tension, length is energy and energy is 
length in classical string theory! 


However, since geometric string units are not of general 
use, | shall stick to conventional units of energy. | shall also 
leave factors of a and h explicit in all formulae in order to 
distinguish easily classical from quantum effects. Thus, in the 
following: 


c=1 , 1/27 a = T = AE /Ax =classical tension, 4 #1 


with the string length parameter \g and UV momentum cutoff Ap 
given and related to each other by: 


Ax=Ap/T = (Majl@=ry 


The fact that both Ax and Ap scale like 412 is a 
well-known feature of the harmonic oscillator, the basic 
structure underlying strings. 


Our aim here is to attempt the exploration of scales 
smaller than Ag. In order to have a chance to succeed we 


certainly need enormous energies and momentum transfers. The 
question is whether or not this is also sufficient. 


| shall immediately argue that, irrespectively of strings, 
in a theory containing CGR in the large distance limit, fixed 
angle scattering at ever increasing (and over-Planckian) 
energies tests ever increasing scales, against UP-based 
intuition. 


The reason behind this statement is simple: let us fix 
the c.m. scattering angle 9 (6 << 1 but fixed as E goes to infinity) 
and consider, for instance, the case of c.m. energy E= Mp/ 0 i.e. 
Ap = © E= Mp. The UP would say that such an experiment is 
testing a scale: 


Ax =H/Ap =4/ Mp = Ip = (GA)'? 


where we have introduced Newton's constant G and Planck's 
length Ip. 


The point, however, is that the range of gravitational 
interactions at this energy is 


The two gravitons deflect each other by an angle © if 
they impinge on one another with a transverse distance (impact 
parameter) given by a simple generalization of Einstein's 1916 
formula: 


AX = R,/8 = Ip 102 >> Ip. 


Hence, while we naively expect to test (Ax)yp = lp. in 
reality. we test the (much) larger scale (Ax)¢ = Ip/e2. The 
general situation is shown in figi, where, besides the 
UP-forbidden region (vertical shading), we have drawn the short 
distance region (oblique shading) screened by CGR. This kind of 
GCR effects will play the role of a "backgroud noise" for our 
gedanken experiments aimed at exploring very tiny scales. 
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Fig. 1. The uncertainty principle Ax, a'Ap plane. The 
vertically shaded region corresponds to the usual UP while the 
obliquely shaded region is the one screened by CGR effects. 


2. CHECKING THE "CORRESPONDENCE PRINCIPLE" 


Before going beyond conventional physics we ought to 
ask ourselves: is string theory capable of reproducing the CGR 
effects mentioned above? 


The answer would seem to be an obvious yes, since we 
believe string theory to contain CGR, but, actually, things are 
not so trivial. Indeed, it is possible to show that at no fixed 
order of the string loop expansion (i.e. at no fixed genus) string 
theory is able to reproduce the CGR expectation. This statement 
uses the well-known fact that dual tree amplitudes decrease at 
fixed angle and high energy as: 


A = exp(/ta'sf(@)) , s = E? 


thus predicting zero cross section in the kinematical region 
which we expect dominated by a large (semi) classical process. 


The above result was recently generalized by Gross and 
Mende [3] to arbitrary fixed genus with the simple result that 
the exponential cutoff at genus g is milder by a factor (1+g). 
Gross and Mende also “explain” this result by the fact that, at 
very large energies, the functional integral over the string 
coordinate X#(z) is dominated by a "classical" path which turns 
out to be imaginary: 


XH (Z)olass.= 1a’ 2; pj4 log(z-z;)/(1+9). 


When inserted back in the action this gives the quoted 
result. 


Our interpretation of this result is that, because of its 
softness, string theory is unable to provide a large Ap in one 
single exchange (the opposite of QCD so to say). Thus, at any 
fixed genus, fixed-angle, asymptotic-energy scattering . occurs 
only as a typical quantum tunnelling phenomenon and, as such, is 


depressed by an exp(-S_e/M) factor. 


The hint on how to get out of this impasse is already 
contained in the fixed genus calculation which clearly shows 
that the higher the genus the less the damping. Is it then 
possible that an all genus resummation can give back CGR? 


This is indeed what happens [4-5] as it is best seen by 
working in impact parameter b (the variable related to q = Ap by 
a Fourier transform). It turns out that it is in a region of s and b, 
rather than in a region of s and q, that we can justify our 
approximate resummation of all genus contributions. When we 
transform back to q, we need to integrate over b but, in many 
interesting cases, we shall find a contribution from a saddle 
point in the region of b which is under control. It is almost 
unconceivable that such contribution will be cancelled by 
regions of b on which we have less control. 


In practice, the calculation is done by using (old 
fashioned) Regge-Gribov techniques. The results have been 
double checked at the one [6] and more recently at the two-loop 
[7] level by explicit calculation on the appropriate Riemann 
surfaces. 


The specific process considered is graviton-graviton 


collisions in type 2 superstring theory with D uncompactified 
dimensions (out of 10). One finds, for b>> (2K a’)#2 =r. 


b>>(GE)'/03 = R, : 
S(b,s) = exp (21471 8(b,s)) 

where 
§(b,s) = Gs b 4 (4-D)-1 --->Gs In b (in D=4). 
Inserting the above expressions into the Fourier 


transform we find that, at a given q, the integral over b is 
dominated by a saddle occurring at: 


q= -2 d8(b,s)/db ==> b03=R,23/6 (8GE/O in D=4), 


rather than at b=fi/q. The moral to be drawn is that the 
infinite-genus resummation has created a real saddle point 
which was absent at any fixed genus. This is possible because, 
at a genus which grows with E, the enormous momentum 
transfer q can be shared among so many exchanged gravitons 
that each one of them carries a small Ap. We shall come back to 
this important point in Sect. 4. 


For the time being we simply stress that our deflection 
formula is the same as the classical expression for the 
deflection of a graviton moving in the metric produced by the 
other. Such metrics had been originally constructed by 
Aichelbourg and Sexl (AS) [8] and have been recently generalized 


[9]. 


Actually, 't Hooft and, more recently, Jackson have 
obtained [10] the same result for the S-matrix starting from the 
assumption that, in first approximation, the scattering process 
can be assimilated to propagation in a fixed external metric. 


This is not only a non-trivial confirmation of the 
validity of our approximate resummation method; it also shows 
how string theory is able to reproduce CGR results without any a 
priori assumpion: an effective metric is generated in the 
collision process which, in itself, takes place in_ flat 
space-time. 


incidentally, resummation over genus is also crucial for 
reestablishing unitarity bounds which are badly violated at tree 
(or fixed genus) level [11]. For impact parameters larger than Re, 


unitarity can be explicitly verified. As it turns out [4], the above 
elastic eikonal formula gets replaced, below some intermediate 
scale bg, by an operator eikonal formula describing elastic as 
well as_ diffractively excited channels in a way consistent with 
unitarity. Problems with unitarity only reappear as one 
approaches b= Rg , as we shall discuss below. 


3. GETTING Ri KGR ISE 


At this point we may claim to have established a sort of 
"correspondence principle" at large scales. This fact gives us 
some confidence in trying to move to shorter distances. How far 
down can we test the theory? We would like string theory to 
provide the answer, but first he have to overcome the 
background noise due to CGR. 


As is well known to experimentalists, in order to 
eliminate a background we must first compute it! Unfortunately, 
the background becomes large and complicated as we approach 
short distances, meaning here b-->Re. The situation however is 


not completely hopeless since, as we move down in b, we find 
two very different situations according to whether Rg is larger 


or smaller than Ag. Let us discuss both cases in succession: 
1) Ry > Xs. 


This is the limit of very large energies at fixed G/a’ and 
is, at present, the difficult case from the computational point of 
view. One can easily identify corrections O(R,/b) which we 


expect to be essential to save unitarity again. 


Resumming all corrections of the type (Rg/b)" looks like 


a formidable task a priori. One simplification could be, however, 
that these classical corrections (not involving 4) correspond to 
string loops which have been pinched in such a way as to leave a 
tree diagram if the fast external lines are removed. It is not 
impossible that such trees can be resummed through the 
classical solution of a kind of Reggeon field theory, as done in 
the old days [12] for the problem of hadron-nucleus' or 
nucleus-nucleus collisions. This possibility is now being 
investigated. 
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Its outcome, though not particularly relevant for the 
questions we focus on here, could be extremely rewarding: at b < 
Rg the whole two graviton system has center of mass energy M 


and angular momentum J satisfying : 


J <GM?2 


which is the condition [13] for having a collapsed object, a sort 
of Kerr black hole. Thus, one expects the initial state to be 
completely absorbed, as b--> Rg, and the final state to consist 


of soft radiation (rather than of energetic particles) with a 
thermal spectrum characterized by Hawking's temperature 
(modulo small string corrections). 


It is obvious, however, that from the point of view of our 
goal here, short distances remain screened behind the horizon in 
this unfavourable case! 


2) Rg < Ag. 
This case, corresponding to large strings in Planck units, 


allows for a "window", a finite energy interval (see fig.2), in 
which we may be able to explore scales smaller than \g. 
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Fig 2. Same plane as in fig.1, where the region screened 
by quantum- string-size effects is shaded horizontally. Also 
shown as a dashed line is the energy "window" discussed in 
sect.3. 


Actually, such simplifications occur in this regime that 
we are able to go even below Rg. Indeed: 
1. Higher order classical effects become small in this 


fa = 


case since they are actually O(R, /(b+ \,5)) which is always less 


than one. 

2. S(b,s) can be estimated (including string corrections) 
since § takes a simple form at small b (it is regular, unlike 
what happens in field theory). 


The net result is that no sign of a singularity is found as 
one approaches b=R,. This means, presumably, that there is no 


meaning attached to a black hole whose horizon is smaller than 
the string scale itself. We conclude that, by a judicious choice 
of the kinematical regime, we have been able to get rid of the 
background noise due to CGR effects! 


4. A MINIMAL EXPLORABLE LENGTH? 


Let us now discuss in more detail the favourable case Rg 
< Ag. The deflection angle can be computed [4] and is found to be 


that of a test particle moving in the generalized AS metric [9] 
which corresponds to a massless beam of energy profile [1]: 


E(reb) = E YF -1( D/2-1) F( D/2-1, b2/r5? Y) 
where ['(a,b) is the incomplete I’-function. 


This represents a beam which is_ practically 
homogeneous below rg=\5Y'/? and exponentially falling above it. 


As_ intuitively obvious, the deflection angle reaches a maximum 
precisely at b= rg with Omay = (Re/tg)?°8 


This gives us hope [14] to be able to explore short 
distances by fixed angle experiments and we can try two 
situations: 


2a) O < Omax- There are two real saddles in this case, 
one at b=b, >rp and one at b | < ff. Unfortunately, it is the former 


sei De 


saddle that gives the dominant contribution and thus, at these 
angles, we only explore distances larger than Xg- 


2b) © > Omax. There is no classically allowed process in 


this case and scattering proceeds via quantum tunnelling, as in 
the fixed genus case. The saddle is now imaginary and is located 
at: 


Thus, again, bg > Ag. Actually, the results of ref. [14] 


can be rewritten in terms of the average genus <g> contributing 
to the process in the form: 


bs = ia'q Y (1+ <g>)? , 
where 


(14 <g>) = a'q Y12/ 4, 


is the average genus contributing to the process. 


The result bs=ia'q (1+<g>)"' bears a close resemblance to 


the Gross-Mende fixed genus result [3]. Notice, however, that, 
unlike them, we are able to resum over g, to estimate <g>, and to 
get a definite prediction for bg. 


We can finally conclude that, unfortunately, we have 
been unable to test distances smaller than Ag by fixed angle, 


high energy collisions! The picture which has finally emerged is 
summarized in fig.(2) again. Obviously the string-size effects 
can shield the dangerous, Planck length region in Ax. 


Let us now interpret and discuss our findings. For this 
Purpose it is useful to rewrite our main results in a somewhat 
different form which, although slightly approximate, is able to 
describe all the various regimes at once and is quite suggestive. 


wa 


This is: | 

Ax >#/ Apg + a’ Aps 
where 

APs = Ap/ <1+g> 


is the momentum transfer per loop. These equations, besides 
giving immediately a lower bound on Ax of order \., show an 


amusing “transmutation” of quantum effects into classical ones 
and viceversa. Indeed, for small Apg, the first term dominates 


and appears to be quantum in nature. However, one finds easily 
from the results of Sect. 2 that in this case: 


14+ <g>=Gsh 
so that 


which is the classical impact parameter yielding Ap. 


Conversely, for large Apg,, the second term dominates 


and would appear to be classical (no apparent A there). After 
insertion of 


<g> =a'q Y'?/Xg <g>, 


however, this contribution to Ax becomes controlled by Ag, the 
Planck constant of string theory. 


The guess made by Gross [15] (and independently by the 
author [16]) that Ax > a’ Ap thus turns out not to be confirmed 
by the detailed analysis of ref[14]. Obviously, unless one has a 
way to estimate <g>, any dependence of Ax from Ap is possible 
depending on the way <g> grows with energy! 


= 14 = 


Having failed to test distances shorter than Ag by fixed 


angle collisions, we may ask if there could be other ways to 
approach these scales. One obvious way would be to work 
directly at fixed small b (for Rg<\, ). We have seen that this is 
possible and that we found nothing special occurring at these 
scales. 


One possible attitude would be to say that short 
distances are not just unreachable, they are simply irrelevant. 
This is quite possible: in string theory large virtual momenta 
are so Cut off that observable do not seem to depend on the short 
distance degrees of freedom. 


As | have explained elsewhere [1], it is possible that an 
enlarged equivalence principle makes physics depend only upon 
background fields which are averaged over volumes of order of 
the string size \g¢ itself. 


This would be in agreement with independent arguments 
[17] based on the high temperature behaviour of free energy in 
String theory. Finally, the existence of a minimal length in 
String theory is also suggested by the so-called duality of 
closed strings [18], a symmetry with respect to which a 
distance of order \, corresponds to the fixed point. 
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5. CONCLUSIONS 


We have presented some evidence that, in string theory, 
fixed angle, high energy collisions fail to test distances smaller 
than the fundamental scale parameter of string theory: Ag. 


Increasing simply the energy does not pay off beyond a certain 
limit, because of a sort of classical gravitational instability not 
dissimilar from the Jeans instability discussed in ref [17]. The 
best compromise seems to be reached by considering large, but 
not asymptotic energies, a “window" which exists for 
sufficiently small Newton constant (in a’ units). Even then, 
Planckian scales remain unaccessible. 


Can all this be of any relevance for physics? Well, our 
gedanken collisions may have not always been ... gedanken. in the 
very early universe, very close to the initial singularity, large 
curvatures, large densities and large temperatures are very 
likely to have existed. In that regime, the universe was very 
quantum... and perhaps very stringy, its own size having possibly 
been as large as a few times Ag. 


It is precisely in that era that CGR predicts a 
singularity and that ordinary quantum gravity is unable to make 
reliable predictions, since semiclassical methods are bound to 
be inadequate. It is there that QSG may emerge as the only tool 
available today for providing definite answers. Obviously, what 
| have described today is only a little taste of the wonderful 
things that may be waiting for us at the Planck scale! 
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Foreword and introduction 


My collaboration with Gabriele Veneziano has continued, almost uninterrupt- 
edly, for more than fifteen years (even now we are preparing a joint contribu- 
tion to the book “Beyond the Big Bang”, which will be published by Springer, 
as this book). Our first meeting dates back to 1989, when Gabriele came to 
the University of Turin to give a series of talks and seminars. At that time 
I was working there as a young researcher at the Department of Theoretical 
Physics, and I remember that Sergio Fubini (professor at the same Depart- 
ment) introduced me to Gabriele before a seminar. After the seminar we went 
to my office, and we started talking about cosmology, big bang, inflation, and 
strings. Gabriele was able to make me feel at ease, in spite of the fact that I 
was a bit embarrassed, being face to face with such a world-renown scientist 
like him: before that meeting, indeed, I knew him only for having seen his 
name quoted in many books and articles as one of the founders of string the- 
ory. I could not imagine that I was about to embark on the most stimulating 
and important adventure of my scientific life. 

After that meeting we started collaborating on string cosmology, and I 
visited very often the Theory Division (now “TH Unit”) at CERN, living in 
Geneva also for long periods. This has given me the opportunity to appreciate 
Gabriele not only as a scientist — whose inventiveness, originality, profundity 
of thought will not be stressed here, because they are well-known to the physi- 
cist community — but also for his human qualities. His tireless enthusiasm for 
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physics, his generosity in sharing knowledge, his intellectual honesty, always 
make working with him a rewarding and enjoyable experience. I have count- 
less memories of days spent discussing and working out calculations on the 
blackboard of his office (see Fig. 1), with short “coffee breaks” every now and 
them, talking about physics even during lunch and dinner. Countless are the 
things I have learned from him, not only from a scientific but also from a 
human point of view. I will be grateful to him forever. 





Fig. 1. Gabriele Veneziano (left) and the author (right), talking about dilatons at 
CERN (January 1994). 


Choosing among the lines of research developed in collaboration with 
Gabriele, I will concentrate the contribution to this book on the possible 
role played by the dilaton in a cosmological context, with particular atten- 
tion to the phenomenological aspects of dilaton cosmology. The dilaton is a 
fundamental scalar field appearing in all models of superstrings, dilaton cos- 
mology is probably the most natural and typical form of “string cosmology”, 
and a direct/indirect confirmation (or disproof) of its predictions could give 
us important experimental information on string theory in general. 

The present contribution contains three lectures. The first lecture (Sect. 1) 
is devoted to the presentation of a primordial cosmological scenario in which 
the background evolution is dominated by the dilaton, and the Universe is 
driven through an accelerated phase representing the “dual” counterpart of 
the standard, decelerated evolution. The second lecture (Sect. 2) will discuss 
the possibility that a cosmic background of relic dilaton radiation could have 
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survived until present, and could be detectable by the gravitational antennas 
that are presently operating (or planned for a near-future operation). Finally, 
the third lecture (Sect. 3) will suggest a possible “dilatonic” origin of the dark- 
energy fluid dominating the cosmic acceleration recently observed on large 
scales, stressing the main differences from other, more conventional models of 
scalar “quintessence” . 


Notations and conventions 


Unless otherwise stated, the following conventions are used throughout this 
paper: Greek indices run from 0 to d, Latin indices from 1 to d, where d = D-1 
is the number of spatial dimensions of the D-dimensional space-time manifold. 
The metric signature is: 
Guv = diag(+, eae ‘). 
The Riemann tensor and its contractions are defined by: 
Pivgee - Oe Soler aes (Uo v), 


1 
Rua = Ruva ae R=k, a Guy = Rw — 59 R. 


The conventions for the covariant derivative are: 
ViVa = Va — Dua Va, VuV® = O,V% + Tug V8. 
Finally, we often use the convenient notation: 


(V¢)? = Vi oV"¢, V7¢=ViVES. 


1 Dilaton-dominated inflation: the pre-big bang scenario 


If we apply to the “specialized” literature for a description of the birth and 
of the first moments of our Universe, we may read, in the (probably) most 
ancient and authoritative book, that 


“In the beginning God created the Heaven and the Earth, 
and the Earth was without form, and void; 

and the darkness was upon the face of the deep. 

And the Breath of God 

moved upon the face of the water.” 


(Genesis, The Holy Bible). 
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The most impressive aspect of these verses, for a modern cosmologist, is prob- 
ably the total absence of any reference to the extremely hot, kinetic, explosive 
state that one could expect at (or immediately after) the “big bang” deflagra- 
tion. The described state, instead, is somewhat quiet, dark, empty — we can 
read, indeed, about “void”, “darkness”, and “the deep” gives us the idea of 
something enormously desert and empty. In this static configuration there is 
at most some small fluctuation (the “Breath” ), a ripple on the surface of this 
vacuum. 

It is amusing to note that a state of this type (flat, cold and vacuum, 
only ruffled by quantum fluctuations), can be obtained as the initial state of 
our Universe, in a string-cosmology context, under the hypothesis that the 
Universe evolves in a “self-dual” way with respect to the symmetries of the 
low-energy string effective action [1, 2]. 

To introduce this result we start considering the gravi-dilaton sector of the 
low-energy effective action. To lowest order in the a’ (higher-derivative) and 
g? (higher-loop) expansion the action is the same for all models of superstrings 
[3, 4], and is given by 


1 
ae 


Here ¢ is the dilaton, and As = (27a’)!/? is the fundamenta 
of string theory. We have written the action using the so-called 
(S-frame) metric, i.e. the metric to which a “test” string is minimally coupled 
and in which its evolution is geodesics. We have also included, for completeness 
and for further applications, a (possibly non-perturbative) dilaton potential, 
V =V(9). 

This action should be completed by the source term S;,,(9,¢), describing 
the matter-fields contributions, and by the Gibbons-Hawking boundary term 


Sy, which is required (as in general relativity) to cancel the variational con- 
tributions of the second derivatives of the metric following from the Einstein- 
Hilbert Lagrangian \/—g R. For the S-frame action (1) the boundary term 
takes the form [5] 


S=- 





[atravyee Abd" FV). (1) 
Q 








th parameter 


ee! 
~ ae? 
where K® = Kn. Here K is the trace of the extrinsic curvature of the d 


dimensional hypersurface 02 bounding the hypervolume 2 over which we are 
varying the action, and n® is the unit vector normal to this hypersurface. 


The variation of the total action $+ Sm + Sx with respect to g!” leads 


then to the equations 


S» | V—ge ?K"dSa, (2) 
OQ 


1 1 
Gav Si Vivid 1 a Inv (Vd)" jaVe = 7 Iu V (0) = df 1e? Tw (3) 


where G,,, is the Einstein tensor and T),, the gravitational stress tensor of the 
matter sources, defined as usual by the functional differentiation of S,, as: 


dilaton 









Einstein-Hilbert 
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2 OSm 


tS —— —, 4 
e Vg O9uy ( ) 
© The Variation of the total action with respect to leads to the dilaton equation 
of motion, 
OV : 
R+2V°*o- (Voy? +V—- a N-leba, (5) dilaton eom 


where o is the (S-frame) density of dilaton charge of the sources, defined by 

the functional differentiation of S,, with respect to ¢: 
2 dS'm 

Vv=9 50° 

Using the dilaton equation to eliminate the scalar curvature, present in the 


Einstein tensor, we can eventually rewrite Eq. (3) in the convenient (simpli- 
fied) form 


(6) 


"dilatonic" 
OV 


Ruy + VpVie— : Einstein Eq 


25" BG 





1.1 Scale factor duality 


We will now consider the particular case in which the space-time manifold 
described by the $-frame metric is spatially fat homogeneous (biit not neces 





‘Walker geometry. We can thus set, in the synchronous gauge, 
Juv = diag(1, —a?6;;), a; = a,(t), $= ¢(t), 
T,,” = diag(p, —pid; ), p = p(t), pi = pilt), o =a(t). (8) 


Separating the time and space components of the gravitational equations we 
then obtain, from the (00) component of Eq. (3), 


2 
e — 26S" Hi+ (x) — 0 HP -V =2d 1 e%p (9) 


(where H, = a;/a;). From the (ii) component of Eq. (7) we have: 


. . 10V i a 
iim (6-Yom) 4 BM ag te (pi, ). (10) 


From the dilaton equation (5) we are lead, finally, to 


2 
ag a8 Yr > (2H; + H?)- (= i) wit = 4-1 6%, (11) 


Scale 
factor 
duality 
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We have thus obtained a system of d+ 2 equations for the 2d +3 unknowns 
{a;,¢, p, pi, 0}: its solution requires the input of d-H1 “equations of state”, p; = 
pi(p), o = a(p), specifying the properties of the considered matter sources. 
Let us now consider the symmetries of this system of equations. There 
are two symmetries, in particular, that are relevant for the discussion of this 
section. One of them (also present in the cosmological equations of general 
relativity) is the invariance under the time-reversal transformation t — —t, 


which implies 
HH, > —H;, A, > Hi, o— 4, o— ¢. (12) 


Thanks to this invariance property, if the set of variables S = {a;(t), d(t), p(t)} 
represents an exact solution of Eqs. (9)-(11), then the time-reversed set 
S = {a;(—t), (—t), p(—t)} al86 corresponds to an exact solution of the same 
equations (with different kinematic properties, in general). 

The string-cosmology equations, in the particular case ¢ = 0 and V = 
‘const, are also invariant under other transformations which have no analogue 
in general relativity, and which include the inversion of an arbitrary number 
of scale factors of the background geometry (8): the so-called “scale-factor 
duality” transformations [1, 6]. For a simple illustration of this property we 
may conveniently rewrite the equations in terms of the “shifted variables” ¢, 
D, D;, , defined by 


é=¢-m][a=¢- So Ing, i=1,...,d, 
P= pla. Dr = pr | a, a=o][a. (13) 


Eqs. (9)-(11) then become: 





22 = 
@ —S HP -V =2d01 8 GB, (14) 
: — 10V =z fol 
H, — Hyé+ =-— =dAP 1c? (5, — = 15 
O+5 ape eg) (15) 
es, eee OV = 
96-6 = > He — =)2 10°F 1 
o-8 —DHP+V— aoa eo (16) 
Under the transformation a > @ = a~', on the other hand, we have: 
da ~ da dat 
= oa ence = qt = => —H. 1 
dé Oat dt my) 


We can then easily check that Eqs. (14)-(16), in the particular case o = 0 and 
OV /0¢ = 0, are invariant under the scale-factor duality transformations: 


a; az’, o> 4, PD, D; > —Pj- (18) 
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This type of transformation is called “dual” as it generalizes to the case of 
time-dependent backgrounds the T-duality transformation inverting the com- 
pactification radius (thus interchanging “winding” and “momentum” modes) 
in the spectrum of a closed string, quantized in the presence of compact spatial 
dimensions [7]. For the invariance under the transformations (18), however, 


there is no need of a compact geometry; what is required, instead, is a non- 
‘trivial transformation of the dilaton. Let us suppose, in fact, that we are 
inverting a number n of scale factors, say a1,...,@n, with 1 < n < d: the 
condition ¢ — ¢@ then implies 


d d n d 
¢- na =o-S Ina; =¢- So Inaz' - x Ina, (19) 
i=1 i=1 i=1 i=n+1 
from which " 
o> b=6-25 Ing. (20) 


i=1 


In the presence of sources, their energy density is also non-trivially trans- 
formed: the condition 7 — 7p implies, in fact, 


from which . 
p—p=p|faj. (22) 
i=1 


The transformation of the pressure is similar, but with an additional “re- 
flection” of the equation of state along the spatial directions affected by the 
duality transformation: 


n 
pi bi =—pi |] a, ee Tease: (23) 
k=1 


In any case, given a set of variables S = {a;(t), P(t), p(t), ps} representing an 
exact solution of Eqs. (14)-(16), a new solution can be obtained by inverting 
an arbitrary number n (between 1 and d) of scale factors, and is represented 
by 


8 Star tig oxy Madaiginsy id dQ, p; Diy-++5Pn; Dn+1;+++;Dah; (24) 


where d, Pp, pi are given by Eqs. (20), (22), (23), respectively. 
The invariance under the transformations (18) is only a particular case of a 


more general O(d, d) symmetry of the tree-level string cosmology equations [8] 
(see also the contribution of Meissner [9] to this volume), and can be extended, 
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so as to include the NS-NS two-form B,,,, in the action. Such an ex- 
tension is also possible in the presence of fluid ‘Sources: a homogeneous gas 
of strings, in particular, provides a realistic example of source which is auto- 
matically compatible with the O(d,d) symmetry of the background equations 
[10]. 

In addition, the invariance under the transformations (18) can be extended 
to the case of non-trivial potentialsy0V/96 # 0, and aion-zero dilaton cou 
‘plings to the matter sources, o # 0. In both cases, however, we need to 
generalize those parts of the action describing the self-coupling of the dilaton 
and the dilaton couplings to the matter fields present in Sj). 

In the case of the dilaton potential it is well known [8]-[10] that the in- 

phi bar variance under the transformations (18) holds for non trivial V, provided V 
depends on ¢ through the variable ¢. Such a variable, unlike ¢, is not a scalar 
under general coordinate transformations (as evident from the definition (13)): 
it is thus impossible, in a generic background, to define a potential which is 
function of ¢ and which can be directly inserted as a scalar into the covariant 
action (1). However, as first pointed out in [11], the action and the corre- 
sponding equations of motion can be written in a generalized form which is 
invariant under general coordinate transformations in any metric background, 
using for the potential a non-local variable which exactly reduces to ¢ in the 
limit of a homogeneous geometry. 

Here it will be shown that the invariance under the duality transformations 
(18) can be restored also in the presence of the dilaton charge o, provided the 
dilaton coupling to the matter sources is parametrized by a non-local variable, 
as in the case of the potential. This result is new, and will be explicitly derived 
in the following subsection. 


1.2 Non-local dilaton interactions 


The formalism introduced in [11] is based on the non-local variable €(x), 
defined by 


qa+1 
vg 





é(2) = €{6(@)] =—In f S74 (voge* VAWOP) (62 — oy), (25) 


where we have explicitly inserted the parameter 


casien((VOPT={ 7 ppc 8) 


so as to include in the formalism both time-like and space-like dilaton gradi- 
ents. Note that we are using the convenient notation in which an index ap- 
pended to round brackets, (...),, means that all quantities inside the brackets 
are functions of the appended variable. Similarly, ¢, = (x). We can immedi- 
ately check that, for a homogeneous background of the type (8) with spatial 
theorem: sections of finite comoving volume (f d¢y = Va = const < 00), the variable € 
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exactly reduces to the variable @ of Eq. (13). In that case, in fact, an explicit 
integration gives 
Va 
¢= 0-1] Ja -m(%), (27) 


and the constant volume factor can be simply absorbed by rescaling @¢, so that 
f=¢. 

Let us now suppose that the matter couplings and the self-coupling of the 
dilaton are both parametrized by €, according to the effective action 


1 
— 9\¢-1 pate =ge* [R + (V¢)? + Oe 
" / de JG LmleQ4 Sn, 0g) 


which is a (generally-covariant) scalar functional of the non-local variable €. 
Note that, without loss of generality, we have written both the potential and 
the matter Lagrangian £,, as a function of exp(—€). In higher-dimensional 
manifolds with compact spatial sections, in fact, the exponential of the shifted 


dilaton plays the role of a “dimensionally-reduced” coupling parameter, and 
we may thus expect (at least in a perturbative regime) that dilaton inter- 





exponential [11]. 

The generalized equations of motion can now be obtained by computing 
the functional derivative of the action (28) with respect to g“” and ¢. The 
derivative with respect to the metric, using the standard definition of grav- 
itational stress tensor, Eq. (4), and the properties of the delta distribution, 
leads to the (integro-differential) equations of motion 


1 
Guu + VuVud+ 59 (Ve? — 2V?¢—-V) 
1 - = 7 
= SY VATE? (0 Fy — 24m) = Ae” Tae, 


which generalize Eq. (3) (see Appendix A for the details of the derivation). 
Here 


_ _ VudVue 
Yuv = Juv (Voy ; (30) 
Iya) =d;4 f aly (V=9V"), (by — 0) (31) 
I(t) = 254 f dy (V=GL,), (by — 62) (32) 


where the prime denotes the derivative with respect to the argument exp(—6é), 
namely: 
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Vi = —— = -e —_ SS SS 


d(e*) og” ™ le) Og 


The functional derivative with respect to ¢@ leads to the dilaton equation of 
motion, 


(33) 


pVEVYb 7, : 
RIV 6 Way eV a 
¢—(V¢) ep (e°ly ) 
+ (e~§ —e FJ) (V! — 242 -te*L),) = 0, (34) 


generalizing Eq. (5). Here 


(a) = 54 [ aly (V=GVETEP) 82-04), (85) 


where 6’ denotes the derivative of the delta function with respect to its argu- 
ment (see Appendix A). The combination of Eqs. (29) and (34) finally leads 
to the equation 





Rav + VuVod 
ae a YagV~VEd 
¢ d-1 B 2 
+= (e7? ly — 20 Tn) € Oyp ———— — I VV 
= V S ) ( Gu (Vee Vu ( ?) 
1 
+59uv (e-§ —e-#J) (V’ — 22 1e® £7) = Abe? Tyr, (36) 


generalizing Eq. (7). 
We can easily check that these new equations, written for a homogeneous 


background, are invariant under seale-factor duality transformations even in 


the presence of non-trivial potentials and dilaton couplings, i.e. for OV/0E 4 0, 

OL» /O€ # 0. Consider, for instance, the background configuration of Eq. (8) 

with time-like dilaton gradients, for which € = 1. From Eq. (30) we obtain: 
70 = 0, % = 6. (37) 


The (0,0) component of Eq. (29) thus coincides with the (0,0) component of 
Eq. (3), and is given by Eq. (9), as before. 
For the spatial components we first note that, performing the homogeneous 
limit in which € > ¢, we are lead to the identities 
(VG)? (e *Iy — 249 In) = e § (V! —2\4 te LY.) 
OV OL 
or) Oo 
aye 
meee NE (e?ly — 2 tI) = e PI (V! — 291 L', ) 
€(V¢)? 
Bath (yyy ssh) 
Q Oo Oo 





(39) 


"Einstein" eqs 


theorem: 
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Using such identities we find that the dependence on V’ and L/,, completely 
(disappears from the spatial components of Eq. (36) with € = 1, and we obtain 
the condition 


RI + ViVid =r\o +e? T;. (40) 
Written explicitly, the new spatial equation is given by 
oe (¢ =p us) =e p, (41) 
k 


and is thus crucially simplified with respect to the corresponding (local) spatial 
equation (10). 
The dilaton equation (34) also simplifies in the homogeneous limit, thanks 
to the identities (38) and (39) from which we obtain 
OV OL 


R+2V76-(Vd"+V—- a oii ter aa (42) 


The explicit form is: 


2 
26 — 6? +26) Hi — > (2H + H?) - (x) + 


a 


+V@)-¥ =a oo), (43) 
dg 
where we have defined, by analogy with Eq. (6), 
= OL mn 
= —2—_. dd. 
o(8) = 2 (44) 


The new set of equations (9), (41), (43) is compatible with scale-factor 


as can be shown by rewriting the equations in terms 
of the shifted variables of Eq. (13). With such variables, Eqs. (9), (41), (43) 
become, respectively, 


6 -SlHP-V =a 5 a 
Hy — Hid = \i-1 6% 5, s 
g—$ - oH? +V(¢) - OU es At! 6? 3). a 

i ‘ oe 


They are manifestly invariant under the generalized transformations 
ara, $>46 PP BB, TT, (48) 


preserving the shifted version of the dilaton-charge density 7. 
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1.3 The pre-big bang scenario 


Let us come back to the cosmological applications of scale-factor duality. Even 
without using its non-local extensions, the duality symmetry of the equations 
allows introducing a “dual complement” of the standard cosmological solu- 
tions, and suggests new possible scenarios for the primordial evolution of our 
Universe. 

For a simple illustration of this possibility it will be enough to consider 
a homogeneous, isotropic and spatially flat metric background, sourced by a 
barotropic perfect fluid with equation of state p/p = y = const, with negligible 
dilaton charge. By imposing o = 0, V = 0, and assuming y 4 0, one easily 
finds that Eqs. (45)-(47) are satisfied by the following particular exact solution 


27 
t \ ta? d = 2 t 
—_ nt D= ot = —_———_ ] oa! t 4 
a (=) : P= poa “", @ i+ ap n(=) +const, (49) 


where t > 0, and to, po are positive integration constants. In terms of the 
non-shifted variables: 


27 
t T+dy2 _ 
-— (=) p= poa 804, P=b; 
dy—1 t 
7) = ae (+) + const, t>0. (50) 


This solution, defined over the real positive semi-axis t > 0, describes a Uni- 
verse evolving from a past curvature singularity at to an asymptoti- 
cally flat configuration at t — ++oo. For y > 0 we eR: of decelerated 
expansion and decreasing curvature, 


a>0, a<0, H <0, (51) 


typical of the standard cosmological scenario. Also, for a “realistic” equation 
of state with yd < 1, the dilaton turns out to be non-increasing (¢ < 0); 
in particular, for a radiation fluid with y = 1/d, one recovers the radiation- 
dominated solution at constant dilaton, 
¢\TH 
p=, a=|(— p= pa OT"), @=const, (52) 
d to 
which is also an exact solution of the standard Einstein equations. 
Thanks to the symmetries of the string cosmology equations we can now 
obtain new, different solutions (which have no analogue in the context of the 
Einstein equations) by performing a time reflection t + —t and, simultane- 


ously, a dual transformation defined by Eq. (18). Starting in particular from 
Eq. (50) we are lead to the background 
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27 
t\~ Trae? as 
a= (-+) p= poo 40%, Pp=~-0; 
to 
1+dy t 
o= 225 tay In (-=) + const, t<0, (53) 


which is still a particular exact solution of Eqs. (45)-(47). It is defined on the 


negative real semi-axis t < 0, and for 7 > 0 it describes a phase of accelerated 
(Le. inflationary) expansion and growing curvature: 
a>0, a> 0, H> 0. (54) 


In this case the Universe evolves from an asimptotically flat initial configu- 
ration at t — —oo towards a curvature singularity at t — O_. The dilaton 
is always growing (¢ > 0) for t > 0_, even if we consider the dual of the 
radiation-dominated solution (52): 


2 
p t\"™ ee Ad t 
=-— = — = — ———__] -_— - 
Pp d’ a ( +) ’ p Poa ’ ? d+1 n to 


(55) 


This interesting property of the low-energy string-cosmology equations 
— i.e. the presence of an inflationary “partner” associated to any standard 
decelerated solution — is also valid in the absence of sources. Consider, for 
instance, Eqs. (45)-(47) with p = 0 = p, and V = 0. In the isotropic limit we 
find the particular exact solution 


es (E)"", ‘= (va-1) in (+). t>0, (56) 


0 


describing decelerated expansion and decreasing curvature. By applying the 
transformations (18) we are lead to the dual solution 


o=(-2) 6=-(vi+1)m(-2), t<0, (57) 


to 


describing accelerated expansion, growing curvature and growing dilaton. Ac- 
tually, both the vacuum and the fluid-dominated solutions can be obtained as 
asymptotic limits of the general exact solution of the system of equations (45)- 
(47) (for barotropic sources, with V = 0 and o = 0), in the large-curvature 
and small-curvature limits, respectively [12, 13]. 

It is well known that the decelerated configurations, typical of the standard 
cosmological scenario, cannot be extended back in time without limits: the 
range of the time coordinate is bounded from below by the presence of the 
initial singularity (indeed, going back in time, the growth of H is unbounded, 
and the curvature blows up to infinity in a finite proper-time interval). 






self duality 
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The standard scenario, however, is certainly incomplete because it ex- 
cludes inflation. The inclusion of inflation, on the other hand, modifies the 
behavior of the curvature scale: during a phase of “slow-roll” inflation [14], 
for instance, the background geometry can be approximately described by a 
de Sitter-like metric where H ~ 0, and in which the curvature tends to set- 
tle at a constant. One might think, therefore, that a complete (and realistic) 
cosmological scenario could avoid the initial singularity, replacing it with a 
primordial inflationary phase at constant curvature. 

Unfortunately, however, an epoch of accelerated expansion at constant 
curvature, described by the Einstein equations, and dominated by the poten- 
tial energy of some “inflaton” scalar field satisfying causality and weak-energy 
conditions, cannot be “past eternal” , as proved in [15]. Thus, the conventional 
inflationary scenario mitigates the rapid growth of the curvature typical of the 
standard cosmological evolution, and shifts back in time the position of the 
initial singularity, without completely removing it, however (namely, without 
extending in a geodesically complete way the model, back in time, to infinit 

If a constant-curvature phase is not appropriate to construct a fepuilat 
model (fully extended over the whole temporal axis), the alternative we are 
left is a model in which the curvature, as we go back in time, after reaching a 
maximum, at some point, starts decreasing; in other words, a model in which 
the standard evolution is completed and complemented by a primordial phase 


with a specular behavior of H with respect to the standard one. Remarkably, 


this is exactly what can be obtained assuming that the cosmological evolution 
satisfies a principle of “self-duality” — i.e. assuming that the past evolution of 
our Universe is described by the “dual complement” of the present one [2, 22]. 

More precisely, if we consider a cosmological model satisfying (at least ap- 
proximately) ierererrererrmesin _ shirt that the standard 
decelerated regime at t > 0 smoothly evolves in time, into the acceler- 
ated partner at t < 0, we can then obtain a scenario in which the singularity 


is automatically regularized, and the initial evolution is automatically of the 
inflationary type. In such a context the big bang singularity is replaced by an 


epoch of high (but finite) curvature, characterizing the transition between the 
standard cosmological phase (H <0) and its dual (H > 0): it comes natural, 
in such a context, to call “pre-big bang” the initial phase (t < 0) at growing 
curvature and growing dilaton, in contrast to the subsequent “post-big bang” 
phase (¢ > 0), describing the standard cosmological evolution. 

The dilaton, on the other hand, provides an exponential parametrization of 
the (tree-level) string coupling g, = exp(¢/2), controlling the relative strength 
of all (gravitational and gauge) interactions [3, 4]. The principle of self-duality 
thus suggests that the Universe is lead to its present state after a long evolution 
started from an extremely simple — almost trivial — configuration, character- 


ized by a nearly flat geometry and by a very small coupling parameter, 
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the so-called string perturbative vacuum (see Fig. 2). In this case, the initial 
Universe is characterized by a regime of extremely low energies in which the 
curvatures” (ier the field gradients) are small (\2H? < 1, 2? <1, ...), 
the couplings are weak (g? < 1), and the background dynamics can be appro- 
priately described by the lowest-order string effective action, at tree-level in 


the a’ and quantum loop expansion (also in agreement with the hypothesis of 
“asymptotic past triviality” [16]). We can talk of “birth of the Universe from 
the string perturbative vacuum”, as also pointed out in a quantum cosmology 
context (see e.g [17, 18]. 
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Fig. 2. Qualitative time-evolution of the curvature scale (upper panel) and of the 
string coupling (lower panel), for a typical self-dual background which smoothly 
interpolates between the pre-big bang and the post-big bang phase, starting from 
the string perturbative vacuum. 


This picture is in remarkable contrast with the standard (even inflationary) 
picture in which the Universe starts evolving from a highly-curved geomet- 
ric state: the more we go back in time, in that context, the more we enter 
a Planckian and (possibly) trans-Planckian [19] non-perturbative regime of 
ultra-high energies, requiring the full inclusion of quantum gravity effects, to 
all orders, for a correct description. 


four-loop 
potential 
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appropriately described by the classical background equations obtained from 
the action (1). Quantum effects, in the form of higher-curvature and higher- 


loop contributions, are expected to become important only towards the end of 
the pre-big bang phase, when the background approaches the string scale at 
t — O_. Actually, all studies performed so far have shown that such correc- 
tions must become dominant, eventually, in order to stop the growth of the 
curvature [20] and possibly trigger a smooth transition to the post-big bang 
regime [21]. 





1.4 A smooth “bounce” 


The lowest-order string effective action can appropriately describe the phase 
of primordial background evolution typical of the pre-big bang scenario, but 


not the transition to the standard decelerated regime occurring at high cur- 
‘vatures and strong coupling, and requiring the introduction of higher-order 


corrections. Referring the reader to the existing literature for a detailed re- 
view of the transition models studied so far (see for instance [22]), we shall 
present here only two simple phenomenological examples, by applying, to this 
purpose, the formalism introduced in subsection 1.2 (and Appendix A). In 


these examples, in fact, the bouncing transition is induced by the presence of 


the quantum loop corrections in higher-dimensional manifolds with compact 
spatial sections [11]. 

The first example is based on a potential which, in the homogeneous limit, 
takes the form 


V(G) = —Voe?*?, Vo > 0, (59) 


and which may thus perturbatively interpreted as a four-loop potential. With 
this potential, the duality-invariant equations (45)—(47), in vacuum (p = p = 
ao = 0), and in the isotropic limit, are solved by the particular exact solution 


[18]: 
t py wav 
a (eo 
to +( +3) | 
= i 
C= 5 to Vo De + const, 
0 


vd 

1/2 

[t/to £04e)R)" 

¢=+>—_—___,,, —-— + const, (60) 
(1 + #7/t9) 


a(t) = ao 
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where tp and ao are positive integration constants. This regular “bouncing” 

—as it satisfies a(t)/a9 = a9/a(—t) — and is char- 
acterized by a bounded, “bell-like” shape of the curvature and of the dila- 
ton kinetic energy (see Fig. 3). The solution smoothly interpolates between 
the pre-and post-big bang vacuum solutions (57), (56) (corresponding to the 
dashed curves of Fig. 3), which are recovered in the asymptotic limits t > —oo 
and t + +00, respectively. The bounce of the curvature, and the smooth tran- 
sition between the two branches of the low-energy solutions, is induced and 
controlled by the potential (59) which dominates the background evolution 
in the high-curvature limit |t]| + 0, and which becomes rapidly negligible as 
t — oo, as illustrated in Fig. 3. 











Fig. 3. Plot of the curvature, of the dilaton kinetic energy, and of the potential 
V(@), for the bouncing solution (60). The dashed curves represent the (singular) 
vacuum solutions (56), (57), obtained with V = 0. All curves are plotted for to = 1, 


Vo = 1, andd=3. 


It should be noted that in this solution the dilaton keeps growing, mono- 
tonically, even in the limit t > +00. Inamore realistic examples, however, 
such a growth is expected to be damped by the interaction with the mat- 
ter/radiation post-big bang sources [23], and/or by the action of a suitable 


non-perturbative potential appearing in the strong coupling regime. 

The second example of bounce is based on a general integration of the 
duality-invariant equations (45)—(47), in the presence of isotropic fluid sources 
with o = 0 and of a two-loop (non-local) potential which in the homogeneous 
limit takes the form 


V(6) = —Voe”?, Vo > 0. (61) 


In this case the equations can be integrated exactly not only for barotropic 
equations of state (p/p = y = const), but also for any ratio p/p which is an 
integrable function of an appropriately defined time-like parameter [2]. 
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An interesting example (motivated by the study of the equation of state 
of a string gas in rolling backgrounds [24]) is the case in which p/p smoothly 
evolves from the value y = —1/d at t = —co to the value y = 1/d at t = +c0, 
thus connecting the radiation equation of state to its dual partner, according 


to the law: 
p 1. x 


p dy ae + a2 
Here 21 is an arbitrary integration constant, and x is a (dimensionless) time- 
like coordinate defined by 


(62) 


dz OL 

aE 9” (63) 
where L is a constant with dimensions of length (we are using units in which 
22-1 = 1, so that [p] = L~?). Using Eqs. (61)-(63), and choosing a simpli- 
fying set of integration constants (appropriate to the pedagogical purpose of 
this paper), we can then obtain the following particular exact solution [2], 


2/(d-1) 
a= ay (2+ ye? + a8) ; 


2d/(d—1) 
2 x 
=at e? “(1 + —| 5 


ot = SA! he (2 4 gt) DIED 





p ~~ dL? ’ 
d—1 (3d+1)/2(d-1) 
pe? = PE Px (2? + 27)” ; (64) 


where ag and ¢9 are integration constants. The smooth and bouncing behavior 
of this solution is illustrated in Fig. 4. - _ 
The above solution is self-dual, in the sense that ¢(a) = ¢(—2), P(x) = 


p(—x), and a 
at se r 


aor, aor 


(with an appropriate choice of the integration constant ag it is always possible 
to set to 1 the fixed point of scale-factor inversion). The solution satisfies, 
asymptotically, 


dx 
eye 
= => ag (= 
L— —CO aw (—2)~ ae 
wi t 
x — +00 => aw g/(a-l) =~ ee (66) 
oi da’ 





Re-expressing a, ¢, p, p, in the asymptotic limits x — +oo in terms of the 
cosmic time t, we can check that this solution smoothly interpolates between 
the pre-big bang configuration (55) describing accelerated expansion, grow- 
ing dilaton, negative pressure, and the final post-big bang configuration (52), 
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Qs 








Fig. 4. Plot of the curvature, of the string coupling, of the effective energy density 
and of the effective pressure for the self-dual solution (64). The curves are plotted 
for d= 3, L=1, 41 = 1, go = 0, and ao = exp(—2/3). 








describing the radiation-dominated state with frozen dilaton and decelerated 
expansion. As in the previous case the smoothing out of the tree-level sin- 
gularity, and the appearance of bouncing transition, is a consequence of the 
effective potential (61). 


1.5 Cosmological perturbations 


The phase of pre-big bang evolution, being accelerated, can amplify the quan- 

tum fluctuations of the metric tensor (and of other background fields) just like 

any other type of inflationary evolution. However, because of the kinematic 

properties of pre-big bang inflation (associated to the shrinking of the Hubble 

29999999 horizon H~'), the spectral distribution of the metric fluctuations, after their 

er oe sk ee amplifi¢ation, tends to grow with frequency [25]. This peculiar aspect of the 

éctrum may be regarded as representing both an advantage and a difficulty 
of pre-big bang models with respect to other models of inflation. 

The advantage is of phenomenological nature, and refers to the transverse 

and traceless tensor part of the metric fluctuations. Their amplification leads 


to the formation of a stochastic background of relic gravitational waves whose 
spectral energy density, 2,, grows wih frequency: 


Cre (ZY a (2). 5>0, w<uy. (67) 






Here Mp = 817G = Ae is the Planck mass, H; ~ M, = x” the inflation- 
radiation transition scale (expected to be controlled by the string mass scale 
Ms), 2; = pr/ pe is the fraction of critical energy density in radiation, w1 is 
the ultraviolet cut-off (i.e. the maximal amplified frequency) of the spectrum, 
and 6 a model-dependent parameter depending on the background kinematics 
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[25, 26, 27] (see also the contribution of Buonanno and Ungarelli [28] to this 
volume). 


Thanks to the growth of the spectrum, the cosmic graviton background 
present today as a relic of the inflationary epoch is higher at higher frequencies 
(in particular, higher than the backgrounds predicted by conventional models 


of inflation), and thus more easily detectable by current gravitational antennas 


(see e.g. [22]). Conversely, however, the spectrum is strongly suppressed in 


the low-frequency regime: we should thus expect, in particular, a negligible 
contribution of tensor metric perturbations to the observed CMB anisotropy 


on large scales (as in the case of the ekpyrotic [29] and “new ekpyrotic [30] 
scenarios where, however, the gravitational background is expected to be low 
even in the low-frequency regime [31]). It may be stressed, in this connection, 
that the possible absence of tensor contributions at large scales emerging 
from (planned) future measurements of the CMB polarization (such as those 
of WMAP, PLANCK), in combination with a positive signal possibly detected 
at high frequency by the next generation of gravitational antennas (such as 
LIGO/VIRGO, LISA, BBO, DECIGO), could represent a strong experimental 
DIFFICULTIES!!! signal in favor of models of pre-big bang inflation (see e.g. [32]). 

The difficulties associated to a growing spectrum refer to the scalar part of 
the metric perturbations. In fact, a growing scalar spectrum cannot account 
for the observed peak structure of the temperature anisotropies of the CMB 
radiation, which requires, instead, a nearly flat (or “scale-invariant” ) primor- 
dial distribution: Q,(w) ~ w"*~1, with n, ~ 1. There are two possible ways 
out of this problem. 

1 A first possibility relies on the growth of the dilaton — and thus of the string 
coupling g? = exp ¢ — during the phase of pre-big bang inflation. Even starting 
at weak coupling, a pre-big bang background unavoidably evolves towards the 
strong coupling regime g, ~ 1. If the bounce is not immediate then the Uni- 
verse, before the transition to the standard regime, enters a strong-coupling 
phase where higher-dimensional extended objects like Dirichlet branes and 
antibranes [4] (whose tension is proportional to the inverse of the string cou- 
pling) become light, and can be copiously produced [33]. The cosmic evolution 
may become 
[34] and, in that context, a phase of conventional slow-roll inflation can be 
triggered by the 
[35] (see also the contribution of Tye [36] to this volume). This new inflation- 
ary regime may efficiently dilute all pre-existing inhomogeneities and generate 
a new spectrum of scale-invariant, adiabatic scalar perturbations, as required 
for a successful explanation of the observed anisotropy. This may resolve the 





2 There is, however, a second possibility which avoids introducing additional 
inflationary epochs besides the initial dilaton-dominated one, and which is 


CURVATON based on the so-called “curvaton mechanism” [37]. According to this mecha- 
bibl nism the (flat, adiabatic) spectrum of scalar metric perturbations, responsible 
see DIDI. 


Lyth & Wands 
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for the observed anisotropies, is not produced during the primordial evolution: 


instead, it is the @uteome of the post-inflationary decay of a massive scalar 

field (the curvaton), whose quantum fluctuations are amplified during inflation 

with a nearly flat spectrum, and are 

after its decay. In the context of the pre-big bang scenario the role of the 

curvaton is possibly played by the Kalb-Ramond axion o [38], associated — 

by space- time duality — to the four components of the NS-NS two-form By, 
h ipl 





For a brief discussion of this possibility we should explain, first if all, 


why axion finctuations can be amplified by pre-big bang inflation with a flat 
‘spectrum [39], unlike metric fluctuations. The reason is that the slope of the 
spectrum is directly related to kinematic behavior of the effective “pump field” 


responsible for the amplification, and that metric and axion fluctuations have 


(different pump fields, even in the same given background. 


In order to clarify this point let us complete the low-energy action (1) by 
considering (for sim- 
plicity) a model already dimensionally reduced to four space-time dimensions: 


1 a va 
S=-555 [ats —ge ® (Rt 0004 V — EHH F 





Hyva -_ On Brow + Oy Bap + OoByv- (68) 


the absence of sources the equations of motion for B,, are automatically 


satisfied by introducing the “dual” axion field o, such that 





(69) 
and the last term of the action (68) can be replaced by 
co aa fs =y e*(Vo)?. (70) 
4)2 
Perturbing the metric and the axion field, 
pv > Guv + huv, a—oa+t+doo, (71) 


around a homogeneous, conformally flat metric background, using the con- 
formal time coordinate 7 (such that dt = ad7), and applying the standard 
formalism of linear cosmological perturbations (see e.g. [40]), we obtain for 
tensor metric and axion fluctuations, respectively, the following quadratic ac- 
tions: 


1 
Sh = 5 | eean zi (n) (h? + hV?h), 


ae (72) 





oe TT Ne 
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1 
So = 5 [ ae dn z2(n) (60? + da Va) , 


a ee 
2 Jin. ee!" (73) 
Here h is one of the two physical polarization states of tensor perturbations, 
the primes denote differentiation with respect to 7, and V7? is the flat-space 
Laplace operator, V? = 670;0;. The variation of these actions with respect 
to h and do leads to the equations of motion, which can be written in terms 
of the canonical variables u = (hzp,) and v = (d0z,) as follows: 


(hz,)" — (v? + “s) (hzn) = 0, (74) 
(60z¢)" — (v? + <2) (6az%¢) = 0. (75) 


The canonical equations are the same for u and v, but the pump fields, zp, 


Consider, for instance, the axion equation (75), and recall that during 
inflation the accelerated evolution of the pump field can be parametrized as 
a power-law evolution in the negative range of the conformal-time parameter 


(22,40), icc. 


ca(n) = 4 (-2) wast (76) 


where 7; > 0 is some appropriate reference time-scale. Expanding in Fourier 


modes, Eq. (75) becomes a Bessel equation for the mode vz, 


(vz — 1/4) 1 
i+ e- Up = 0, Vo = 5 — Oe, (77) 
and its general solution can be conveniently written as a combination of first- 
kind and second-kind Hankel functions [41], of argument ky and index vz, as 
follows: 
ve = (<n)? [Ay (k) HE) (kn) + A_(k) ALD (kn) (78) 


We shall now canonically normalize this general solution by imposing that 
the initial state of the fluctuations corresponds to a spectrum of quantum 
vacuum fluctuations [22, 40]. More explicitly, we shall require that the mode 
Up, on the initial spatial hypersurface at 7 — —oo, may represent freely oscil- 
lating, positive frequency modes satisfying the canonical normalization 


UEUE — ULV_E = i, (79) 
from which 
e 7 tkn 


J2k’ 





Uk 1] — —0O (80) 
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(modulo an arbitrary phase). Using the large argument limit of the Hankel 
functions [41], 


2 —tkn—ie 2 i i€ 
Hy (kn) = 4] Then eas HSY (kn) = 4/ ae nee (81) 


(ep = —7/4 —v7/2), we obtain Ay = \/a/4 and A_ = 0. The normalized 
exact solution for the the axion fluctuations dc, can be finally written as 


10% 1/2 he 
Uk e 71 n 2 
60, = — = (=) — HH) (k 2 
Ok Zo Mp 2 (4) ok n), (8 ) 





where §; is an arbitrary phase determined by the choice of the initial condi- 
tions. 

In order to determine the spectrum of the fluctuations after their inflation- 
ary amplification we must then consider the limit 7 — 0_, in which |kn| < 1 
and the amplitude of the mode k is stretched “outside the horizon”. We can 
use, to this purpose, the small argument limit of the Hankel functions [41], 
which reads (for v £ 0), 


HY?) (kn) = pi (kn)” — iqu(kn)~” +... (83) 


where g, and p, are complex (v-dependent) coefficients (for v = 0 there are 
additional logarithmic corrections). We obtain, in this limit, 


UE el parm \ 1/2] _ . vy {0 ae 
bon = (TE) | ia (em )-” + Bt, (em)Y (2 - [(84) 
Zo Mp \ 2 m1. 





The cases we are interested here are limited to “conventional” inflationary 
backgrounds with ag < 1/2, ie. vs > 0 (see [32] for a detailed discussion of 
all possibilities). For such backgrounds the time-dependence of dc, tends to 
disappear as 7 — O_, the fluctuations become frozen, asymptotically, and their 
(dimensionless) spectral amplitude k?|do,|?, controlling the typical amplitude 
of the perturbations on a comoving length scale r = k~! [40], has the following 
k-dependence: 
k3 |Sax|? ~ ko 242 = Kt tee | (85) 
This result also holds in the limiting case a, = 1/2 with the only addition of 
a mild logarithmic correction [26, 27], i.e. k? |do%|? ~ k3 In?(km). 
The above calculations can be exactly repeated, in the same form, for the 


‘tensor perturbation variable, starting from Eq. (74): the resulting spectrum 


is formally the same, 
I3 |x|? ~ 3 2vn — Ratton. (86) 


with the difference that the spectral slope is now determined by the power 
Qp, controlling the evolution of the tensor pump field z;, through an equation 
analogous to Eq. (76). 
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We are now in the position of discussing the possible pre-big bang pro- 
duction of a flat spectrum of axion fluctuations, even if the associated metric. 
fluctuations are amplified (in the same background) with a growing spectrum. 
Let us consider, to this purpose, an exact anisotropic solution of the string 
cosmology equations (9)—(11), in vacuum, and without dilaton potential. The 
solution describes a phase of pre-big bang inflation characterized by the ac- 
celerated (isotropic) expansion of three spatial dimensions, with scale factor 
a(7), and by the accelerated contraction of n “internal” spatial dimensions, 
with scale factors b;(7), 7 = 1,...,n. In conformal time, such a solution can 
be parametrized for 7 — 0_ as [13, 22] 


_ Ce = (-+) Bi /(1—Bo) 
m : m 


= DS Bet 300 =1 (-2) 
Pin = Bo In “ae (87) 


where the constant coefficients 80, 3; satisfy the Kasner-like condition 


>> 67 +365 = 1, (88) 


and ¢4;n is the higher-dimensional dilaton appearing in the full (4 + n)- 
dimensional effective action. The four-dimensional dilaton ¢ is related to d@14n 
by 

e?=Vie tn =e Pain Il bi, (89) 


namely by 





389 —1 n 
$= bein — Indy = ie n(—), 


Let us compute, for this background, the kinematic powers a; and a, 
controlling the evolution of the pump fields (72), (73): 


zy ~ ae el? ww (=n), Qh =; (91) 


5B —1 
9/2 Qe — 9 

Zq ~ aetl® w (— ; Qs = ~~. 92 
(-n) wea !|OTCU 
It follows, according to Eq. (86), that the spectrum of tensor (as well as of 
scalar) metric perturbations is always characterized by a slope which is cubic 


(modulo log corrections) [13, 26, 27], and which is also “universal”, in the 
sense that it is insensitive to the background parameters (n, 30, 3;). For the 


‘axion fluctuations, on the contrary, we find from Eq. (85) that the spectral 
slope is strongly dependent on such parameters, and that a scale-invariant 


spectrum with 2+ 2a, = 0 is allowed, in particular, 
We may note, in the special case in which the background is fully isotropic 


and expanding (i.e., G9 = 8; < 0), that the Kasner condition (88) implies 
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Bo = —1/V4d, so that a scale-invariant spectrum corresponds to d = 9, i.e. 
just to the number of spatial dimensions determined by critical superstring 
theory [8, 4]. 

In the less special case in which the spatial geometry can be factorized as 
the product of a 3-dimensional and a n-dimensional isotropic subspaces we 
have, instead, 3; = 3 4 30, and 36? + n@? = 1. The spectral slope, in this 
case, can be expressed in terms of the parameter 


: ae! 
1 {Vn V: 

pace ey) eee, (93) 

controlling the relative time-evolution of the proper volumes of the internal 

and external spaces. Eliminating 3 in terms of Gp through the Kasner con- 

dition, and replacing @) with r in Eq. (92), one can then parametrize the 


deviations from a flat axion spectrum as the relative shrinking or expansion 
of the two subspaces [42]. 


Given a sufficiently flat spectrum of axion fluctuations, amplified by the 
phase of pre-big bang inflation, we are then lead to a post-big bang configura- 
‘tion which is initially characterized (at some given time scale 7;) by a primor- 
dial sea of “isocurvature” scalar perturbations, dominated on super-horizon 
scales by the axion fluctuations dco (the metric fluctuations are subdominant 
on such large scales, being strongly suppressed by the steep slope of their 
spectrum). The axion can play the role of the curvaton provided that the ini- 
tial configuration, besides containing the initial fluctuations d0;, also contains 
a non-vanishing axion background, o; 4 0, whose energy density p, — even if 
subdominant — is initially determined by an appropriate potential (possibly 
approximated by V, ~ m?o7). In that case the background evolution, after 
an initial slow-roll regime, leads to a phase where the axion background starts 
oscillating with proper frequency m, at a curvature scale H ~ m, simulating 
a dust fluid (9, ~ a~*) which may become dominant with respect to the 
radiation fluid, and eventually decay at the typical scale H ~ A3m°. 

In such a type of background the axions fluctuations da become linearly 
coupled to scalar metric perturbations, and may act as sources for the so- 
called Bardeen potential Y. New metric pertiirbations can then be generated, 
starting from Y(7n;) = 0, with the same spectral slope as the axion one, and 
with a spectral amplitude not smaller, in general, than the axion amplitude. 
Referring to the literature for a detailed computation [37, 38], we shall recall 
here that the final spectrum (after the axion decay) of the super-horizon 
Bardeen potential is related to the initial axion perturbations by 


Pe] = Ap f(a) |6ox(m)I , 


25 
f(oi) =a + co + c3 APO: (94) 
Apdo; 


(the Ap factors are due to the canonical normalization of the axion field and 
of its fluctuations). Here o; is the initial amplitude of the axion background, 
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2, ~ 1 is the axion fraction of critical density at the axion decay epoch, and 
C1, C2, C3 are dimensionless numbers of order one (2, cannot be much smaller 
than one, to avoid a too strong “non-Gaussianity” of the spectrum” [43]). 
Thanks to its structure, the “form factor” f(o;) has a minimum of order one 
around Apa; ~ 1. A (nearly) scale-invariant axion spectrum thus reproduces 
a (nearly) scale-invariant spectrum of scalar metric perturbations. 


As discussed in the literature, a curvaton-induced spectrum of scalar met- 
ric perturbations provides the right “adiabatic” initial conditions for repro- 
ducing the observed temperature anisotropies of the CMB radiation, exactly 
as in the case of the slow-roll scenario. The only difference is the “indirect” 
(i.e., post-inflationary) production of the scalar spectrum, triggered by the 
presence of a non-vanishing axion background. It must be stressed, however, 
that the direct connection (94) with the axion spectrum of primordial origin 
gives us the possibility of extracting, from present CMB observations, impor- 
tant constraints on the parameters of pre-big bang models of inflation [838]. 

In particular, using the experimental normalization of the anisotropy spec- 
trum, and the direct relation between the pre-big bang inflation scale Hy and 
the string scale M;, one can speculate about the possibility of “weighing the 
string mass with the CMB data” [44]. Another application concerns the slope 
of the scalar perturbation spectrum which, according to most recent WMAP 
results [45], is given by 


Ns = 34 2a = 0.9514 919. (95) 
Using Eq. (92), and the Kasner condition (88), one obtains 


Go ~ —0.355, > Bf = 0.62. (96) 


With d = 9 dynamical dimensions this result seems to point out the existence 


of a small anisotropy between the kinematics of the external and internal 


‘spaces during pre-big bang inflation (a fully isotropic expansion would corre- 
spond, in fact, to 89 = —1//9 ~ —0.33 and >>, 6? = 6/9 ~ 0.66). It should 


be noted, however, that other interpretations of the data are also possible. 
For instance, the result (95) is also compatible with G9 = —1/V8 ~ —0.3535, 
describing the isotropic expansion of d = 8 spatial dimensions! Incidentally, 
the number (and the kinematics) of the extra spatial dimensions play a crucial 
role also in the possible production of primordial “seeds” for the large-scale 
magnetic fields [46]. 

It should be mentioned, finally, a possible non-Gaussian “contamination” 
of the statistical properties of the anisotropy spectrum, possibly present in 
curvaton models with 2, « 1 [43] (see Eq. (94)). A possible detection of 
non-Gaussianity, in future CMB measurements, could provide support to the 
curvaton mechanism, and could be used for a direct discrimination between 
this scenario and other, more standard scenarios based on slow-roll inflation. 
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The accelerated evolution of the Universe, during the phase of pre-big bang in- 
flation, amplifies the quantum fluctuations of all fields present in the string ef- 
fective action: thus, in particular, it amplifies the dilaton fluctuations, 6¢ = x. 
The formation of a stochastic background of relic gravitational waves, asso- 
ciated to the amplification of the tensor part of metric fluctuations, is thus 
accompanied by the simultaneous formation of a cofnic background of relic 
dilatons [47], whose primordial (high-energy) spectral distribution tends to 9? 
follow that of tensor metric perturbations [13]. 

There is, however, a possible important difference in the present intensity 


of the two cosmic backgrounds, due to the fact that dilatons — unlike gravi- 
dilaton mass ‘tons — could become massive in the course of the standard (post-inflationary) 


evolution. Actually, dilatons must become massive if they are non-universally 
coupled to ordinary matter with gravitational strength (or higher) [48, 49], 
to avoid the presence of long-range scalar forces which are excluded by the 
standard gravitational phenomenology (in particular, by the high-precision 
tests of the equivalence principle). The induced mass may drastically modify 
‘the amplitude and the slope of the dilaton spectrum, in the frequency band 
associated to its non-relativistic sector. 

For a simple illustration of the effects of the mass on the spectrum we 
will consider here the model of vacuum, dilaton-dominated pre-big bang back- 
ground described by Eq. (57), smoothly joined at 7 = —7 < 0 to the standard 
radiation-dominated background with frozen dilaton, described by Eq. (52) 
(we shall work in d = 3 spatial dimensions). Perturbing the background equa- 


tions [13] one finds, in this case, that the dilaton pump field is the same field 
Zh ~ aexp(—¢/2) governing the amplification of metric fluctuations. Taking 


into account a possible mass contribution, m? = Q2V/0¢7, one then obtains 
for the Fourier modes x, the canonical equation: 


M 


(x2n)p + (w +m?a? — “t) (xa), = 0. (97) 


During the initial pre-big bang regime the potential is negligible (m? = 0), 
and the canonically normalized solution for xx, is that of Eq. (82) (with uv, 
replaced by vz). In the subsequent radiation-dominated era ¢ stabilizes to a 
constant, so that z, ~ a ~ 7 and the effective potential zj//z, is vanishing. 
Assuming that the dilaton mass is small enough in string units, and consid- 
ering the high-frequency sector of the spectrum, associated to the relativistic 
modes of proper momentum p = (k/a) >> m, we can neglect also the mass 
term of Eq. (97), to obtain the general solution 


1 , F 
cc k e ikn + os k elkn , She : 98 
Xk war ler) c_(k)e™"] n2—m (98) 


Matching x and x’ with the pre-big bang solution (82) at 71, for super-horizon 
modes with (ki) < 1, we are lead to 
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cx (k) = te(k)eT*™, Je(k)| ~ (kno? (99) 





(modulo numerical factors with modulus of order one). Thus, at large times 
7 > 1, 





c(k) 
~ sin k7. 100 
cs (100) 


The spectral energy density for the relativistic sector of the dilaton back- 
ground, in the radiation era, in then determined by 
dp ke 
dk 2a? 


= (2) 109 = YEY=BP om 


1 


k (1X; 1? + &?| Xe?) 


where kj ~ 1~~ is the high-frequency cut-off scale. In units of critical energy 
density, pe = 3M3H?, 


_ p dpx Hi \? (Hi\? (a4 (v\?* 

2Qy(p, t) = Pe dp mm (2) (4) (*) (4) 5 m<p<Ppi, (102) 
where we have defined the (model-dependent) slope parameter 6 = 3—21, > 0, 
and we have introduced the (time-dependent) proper momentum associated 
to the cut-off scale, py = ki/a = Hya,/a, determined by the background 
curvature scale H; at the end of inflation. In general, (Hi /H)?(a1/a)* = 
pr(t)/pe(t) = 2,(t), and we may thus conclude that the relativistic sector of 
the dilaton spectrum, in the radiation era, is exactly the same as the spee- 
‘trum of tensor metric perturbations (see Eq. (67)), in the same model of 
background. 

‘However, even if the mass is small, and initially negligible, the proper mo- 
mentum p = k/a(t) is continuously red-shifted with respect to m during the 
subsequent cosmological evolution, so that all modes tend to become non- 
relativistic, p < m. For non-relativistic modes the solution (98) is no longer 
valid, and the correct spectrum must refer to the exact solutions of Eq. (97) 
with m 4 0. In the radiation era such a solution can be given in terms of the 
Weber cylinder functions [50], and one finds that the non-relativistic sector 
of the spectrum splits into two branches, with different slopes: a first branch 
of modes becoming non-relativistic at a time scale t,, when they are already 
inside the horizon, with proper momentum p such that p(tn,) ~ m > H(tny); 
and a second branch of modes becoming non-relativistic when they are stzll 
outside the horizon, with p(tn,) ~ m < H(tn,). The two branches are sepa- 
rated by the momentum scale p,, of the mode becoming non-relativistic just 
at the time of horizon crossing, i.e. p(tn;) =m = H(tn,), and thus related to 
the cut-of scale p; by 


Pm MQnry — m ( Ay ae. m \i/? (103) 
pay, \ A 7 
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Without applying to the explicit form of the massive solutions of Eq. (97), 
a quick estimate of the non-relativistic spectrum can be obtained [51] by 
noting that, if pp, > H(tnr), the number of produced dilatons is the same as 
in the relativistic case, and the only effect of the non-relativistic transition is 
a rescaling of the energy density, i.e. 


rel mr __ m rel 
el nt = (=) a. (104) 


For this branch of the spectrum we then obtain, from Eq. (102), 


QX(p,t) ~ (=) (2) (2) ey ee Pm <p<m. (105) 


In the case pny < Hy,, on the contrary, the slope of the spectrum — 
determined by the background kinematics at the time of horizon exit — has to 
be the same as that of the relativistic sector, while the time-dependence has 
to be the non-relativistic one (py ~ a~*) of Eq. (105). Continuity with the 
branch (105) at p =p,» then gives 


le PRR PEA aS 6 

2, (p, t) ~ (=) () (4) (=) (4) > Peq < P< Pm- (106) 
The lower limit peg < p has been inserted here to recall that we are ne- 
glecting the effects of the transition to the matter-dominate phase, i.c. we 
are considering modes re-entering the horizon during the radiation era, with 
P > Peq = Heq ~ 10-27 eV. We should recall, also, that the spectrum has been 
computed in a radiation-dominated background, and thus is valid, strictly 
speaking, only for t > teg. 

The three branches (102), (105), (106) describe the spectrum (between 
Peq and p;) of primordial dilatons produced in the simple example of “mini- 
mal” pre-big bang model that we have considered. We refer to the literature 
for a more detailed computation, for a discussion of its transmission to the 
present epoch tg, and for the possible modifications induced by generalized 
background evolutions (see e.g. [32]). For the pedagogical purpose of this pa- 
per this example provides a sufficiently clear illustration of the effects of the 
mass on the spectrum: in particular, it clearly illustrates the enhancement 
produced at lower frequencies because of the reduced spectral slope of the 
branch (105), which may become even decreasing if 6 < 1 (see Fig. 5). 

In such a context one is naturally lead to investigate whether this enhanced 
intensity might favor the detection of a non-relativistic dilaton background, 
with respect to other, relativistic types of cosmic radiation (such as the relic 
graviton background). 


2.1 Light but non-relativistic dilatons 


For a phenomenological discussion of this possibility we must start with two 
important assumptions. The first is that the produced dilaton are light enough 


32 M. Gasperini 


to have survived until the present epoch. Supposing that massive dilatons have 
, with gravitational 


coupling strength, i.e. with a decay rate [ ~ A2m?, it follows that the primor- 
dial graviton background is still “alive” in the present Universe (characterized 
by the time-scale Hj ') provided Hy* < I}, ice. 


m S 10? MeV. (107) 


The second assumption we need is that the total energy density of the 
dilaton background, integrated over all modes, turns out to be dominated by 
its non-relativistic sector. Only in this case we can evade the stringent bound 
imposed by the nucleosynthesis, which applies to the relativistic part of any 
cosmic background of primordial origin. 

The energy density of a relativistic background, in fact, evolves in time like 
the radiation energy density, p" /praa = 2°* /Qraa = const: the present value 
of their ratio is thus the same as the value of the ratio at the nucleosynthesis 
epoch. To avoid disturbing the nuclear processes occurring at that epoch, 
on the other hand, one must require that 2° /Q,aaq S 0.1 [52]. Using the 
present value of 2,,q one is lead then to the constraint Q"@ (to) S 5 x 10°, 
which imposes a severe constraint on all relativistic primordial backgrounds. 
In particular, it imposes an upper limit on the peak value of the graviton 
background produced in models of pre-big bang inflation, thus determining 
the minimal level of sensitivity required for its detection [22]. 


As a consequence, the value of 2”" can 
be very large today, even if negligible at the nucleosynthesis epoch. The only 


constraint we must apply, in this case, is the critical density bound, 









Pl 
Q(t) = h? d(Inp) 2x (p,t) <1, (108) 


to be imposed at any time t, to avoid a Universe over-dominated by such a 
cosmic background of dust matter. Here h ~ 0.73 is the present value of the 
Hubble parameter Ho in units of 100 km s~! Mpc. 

For the dilaton spectrum of Eqs. (102)—(106) there are, in particular, two 
different cases in which the total energy density is dominated by the non- 
relativistic modes. A first (obvious) possibility is the case in which all modes 
of the spectrum are presently non-relativistic, namely pi(to) < m (in this case 
the branch (105) extends from p,,, to p;). This implies, however, that 


H . He 1/2 7 pr \ 2/3 
ne sO = py SS — 7, ( 2) ‘ .) 
ao deq G0 A Heg 


Hi 1/2 1 
~|— 107 : 1 
(=) 0-*eV (109) 
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For a typical string-inflation scale, H, ~ M,, we obtain a lower limit on 
m which is well compatible with the upper limit (107), but which requires 
mass values too high to be compatible with the sensitivity band of present 
gravitational antennas (see Subsection 2.2). 

The second (more interesting) possibility is the case in which m < pi(to), 
but the parameter 6 is smaller than one, and the slope is flat enough, so that 
the spectrum is peaked not at pi but at pm = pi(m/H1)'/? (see Fig. 5). 
In that case the momentum integral (108) is dominated by the peak value 
22, (Pm), and the critical density bound can be approximated by the condition 
2, (Pm, to) S 1. Using Eq. (105), and noting that in the matter-dominated 
era (t > teq) the value of the non-relativistic spectrum keeps frozen at the 
equality value 2,(teq), we are lead to the condition Qy(teq,Pm) S 1, which 
implies 


1/(6+1) 
) . 


mS (Heq Mp Hi~* (110) 


For H, ~ M,, and 6 — 0, this bound can be saturated by masses as small as 


M 
mn Hog (SE 


s 


4 
) ~ 107-* eV. (111) 
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Fig. 5. Example of dilaton spectrum dominated by the non-relativistic sector. The 
spectrum is peaked at p = pm, and the slope parameter satisfies the condition 6 < 1. 


It is quite possible, therefore, to have a dilaton mass small enough to 
fall within the sensitivity range of present gravitational detectors, even if the 
energy density of the dilaton background is dominated by non-relativistic 
modes (thus evading the relativistic upper bound 2" < 10~°), and even 
if the background intensity is large enough to saturate the critical density 
bound, 2, ~ 1. 


‘So small mass values, however, are necessarily associated with long-range 
dilaton forces: in particular, if the mass satisfies the condition m < pi(to) ~ 


34 M. Gasperini 


(M,/Mp)'/?10~4 eV (as in the example illustrated in Fig. 5), the correspond- 
ing force has a range exceeding the centimeter. This might imply macroscopic 
‘violations of the equivalence principle (due to the non-universality of the dila- 
ton coupling [18]), and macroscopic deviations fromthe! standard Newtonian 


form of the low-energy gravitational interactions (which seem to be excluded, 


however, by present experimental results [53, 54]). 


We should recall, in fact, that in the presence of long-range dilaton fields 





the gradients of the dilaton field, according to the generalized conservation 
equation 
VT." = SV ud, (112) 


following from the application of the contracted Bianchi identity to the gravi- 
dilaton equations (3) and (5). The integration of this conservation equation 
over a (space-like) t = const hypersurface then gives, in the point-particle (or 
monopole) approximation, the non-geodesic equation of motion [55] 


7 
cus + Tyg tutu? = qv", (113) 


dr 





where q is a dimensionless ratio representing the relative intensity of scalar to 
tensor forces (i.e., the effective dilaton charge per unit of gravitational mass 
of the test body). 

For the fundamental components of macroscopic matter, such as quark and 
lepton fields, the value of q (or of the charge density o) is to be determined 
from an effective action which includes all relevant dilaton loop corrections 
[48, 13], and which is of the form 





a a [atev= — Zr(¢)R- Z5(¢)(V 4)? — V(9) 





+ Zi(b)(Vvi)? — MPZ;,(4)¥7 | - (114) 


Here we have used, for simplicity, a scalar model of matter fields v;, and we 
have called Z the dilaton “form factors” arising from the loop corrections. 
The effective dilaton charge, therefore, turns out to be frame-dependent (the 
charge q appearing in Eq. (113), for instance, is referred to the S-frame action 
and to the S-frame equations (112)). The reason of such a frame dependence 
is that, in a generic frame, the metric and the dilaton fields are non-trivially 
mixed through the Zr and Zy coupling functions, so that the associated 
dilaton charge actually controls the matter coupling not to the pure scalar 
part, but to a mixture of scalar and tensor part of the gravi-dilaton field. 

A frame-independent and unambiguous definition of the dilaton coupling 
strengths can be given, however, in the canonically rescaled Einstein frame 
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(E-frame), where the full kinetic part of the action (114) (including the matter 
and gravi-dilaton sector) is diagonalized in terms of the canonically normal- 
ized fields Gy, @ and q; [13]. Assuming that the dilaton is stabilized by its. 
‘potential, and expanding the Lagrangian term describing the interaction be- 
tween ¢ and w; around the value ¢9 which extremizes the potential, we can 
define, in this rescaled frame, the effective masses m, and charges q; for the 
canonical fields ~;. In the weak coupling limit in which Zp ~ Zy ~ exp(—¢@) 
one then finds, in particular, that the canonical dilaton charge q deviates 
from the standard “gravitational charge” by the dimensionless factor [13] 


__G 0 al 
= lst |e SS : 115 
7 V4nG fii; E " ( Zi, o=90 


For a pure Brans-Dicke model of scalar-tensor gravity one has, for instance, 
G; = 1 (because there is no dilaton coupling to the matter fields in the Jordan 
frame, where 0Z'/0¢ = 0). For a string model, on the contrary, the coupling 
parameters g, deviate from 1 and are non-universal, in general, since the loop 
form factors Z* tend to be different for different fields 7);. In particular, in the 
conventional scenario which assumes that the loop corrections determining 
the coupling are the same determining also the effective mass of the given 
particle, one obtains large dilaton charges (¢; ~ 50) for the confinement- 
generated components of the hadronic masses [48, 49], and smaller charges 
(g; ~ 1) for the leptonic components. In that case, the total dilaton charge of 
a macroscopic body tends to be large (in gravitational units) and composition- 
dependent [55], so that a large dilaton mass (m 2 10~* eV) is required to 
avoid conflicting with known gravitational phenomenology. 

This conclusion can be avoided if the loop corrections combine to produce 
a cancellation, in such a way that the value of the coupling parameters 7; 
turns out to be highly suppressed with respect to the natural value of order 
one (a scenario of this type has been proposed, for instance, in [56]). In that 
case G; < 1, and light dilaton masses (as required, for instance, for a resonant 
interaction with gravitational antennas) may be allowed, without clashing 
with experimental observations. 

In the rest of this section we will focus our attention on this possibility, 
considering the response of the gravitational detectors to a cosmic background 
of massive, non-relativistic dilatons, assuming that the background energy 
density corresponds to large fraction of critical density, and that the dilatons 
are arbitrarily light and very weakly coupled to ordinary matter. 


2.2 Dilaton signals in gravitational antennas 


The operation mechanism of all gravitational antennnas is based on the so- 
called equation of “geodesic deviation” (see e.g. [57]), which governs the re- 
sponse of the detector to the incident radiation. Such an equation is obtained 
by computing the relative acceleration between the world-lines of two nearby 


a 
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test particles, separated by the infinitesimal space-like vector 7“, and evolv- 
ing geodesically in the given gravitational background. The interaction with 
a dilaton background can be easily included, in this context, by replacing 
the geodesic paths of the test particles with the world-lines described by Eq. 
(113): one is lead, in this way, to a generalized equation of deviation [55], 
2 

cal + Rua Hnvurue = qn’V LV" ¢, (116) 

Dr? 
which is at the ground of the response of a detector to a background of gravi- 
dilaton radiation (the symbol D denotes covariant differentiation along a curve 
parametrized by the affine time-like variable Tr). 

This equation implies that a gravitational detector can interact with the 

scalar radiation in two ways: either 


i) directly, through the non-geodesic coupling of its scalar charge to the sec- 
ond derivatives of the scalar background [55, 58]; or 

it) indirectly, through the geodesic coupling of its gravitational charge to the 
scalar part of the metric fluctuations induced by the dilaton, and contained 
inside the Riemann tensor [59]. 


For a precise discussion of the response of the detector we need to compute 
the “physical strain” h(t) induced by the scalar radiation, which is expressed 
in terms of the so-called “antenna pattern functions” F'(0,¢), describing the 
detector sensitivity along the different angular directions. To this purpose, we 
shall rewrite Eq. (116) in the approximation of small displacements €” around 
the unperturbed path of the text bodies, by setting n“& = LY + €#(r), with 
L" = const. We then obtain, in the non-relativistic limit, 


é' = —L*M,', (117) 


where 
My" = Rgoo* + q0,0"@ (118) 


is the total (scalar-tensor) stress tensor describing the “tidal” forces due to 
the incident radiation. For the pedagogical purpose of this paper we shall 
assume that the tensor (i.e., gravity-wave) part of the radiation is absent, and 
that the scalar radiation can be simply described as a linear fluctuation of the 
Minkowski metric background 7,,, and of a constant dilaton background go: 
thus, in the longitudinal gauge, 


ds? = (uv + 59uv) dada” = (1 + 2p)dt? — (1 — 2y)bijda"de’, 
’=b0+X; (119) 


so that ; 
Miz = 0,059 — 5izh — 40:0; x. (120) 


To discuss the detection of a stochastic background of massive scalar ra- 
diation it is also convenient to expand the fluctuations in Fourier modes of 
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proper momentum p = pn and frequency v = E(p) = (p? + m?)\/?, where 
the unit vector 7 specifies the propagation direction of the given mode on the 
angular two sphere (22. We obtain 





a ie . ml . 
= 2 
p ee 

+ asqningx(p,7) ermine Bt) he, (121) 


(note that we are using “unconventional” units in which h = 1, i.e. h = 1/27, 
for an easier comparison with the experimental variables). We will also assume 
that the dilaton is the only source of scalar metric perturbations, so that 
y = w [40]). Introducing the transverse and longitudinal projectors of the 
scalar stresses, defined respectively by 


Ty; = ba — GN; , Li; = M4N5, (122) 
defining M;; = —F,;, and projecting the stress tensor onto the detector tensor 
D* (specifying the geometric configuration and the orientation of the arms 
of the detector), we finally obtain the scalar strain as [58, 60, 61] 


ij LT - i a 
h(t) = DY F,; = >| ap | dn | F®°°(7)a(p, 7) 
—oo 2 





+ F"8(7)x(p, a) e2ti(pn-e-Et) 4 he, 123 
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_ ae 
pee — pis (7: + Th) ‘ (124) 
ay 
a ID" Lay, (125) 


are the antenna pattern functions corresponding, respectively, to the geodesic 
(or indirect) and non-geodesic (or direct) interaction of the detector with the 
scalar radiation background. 

It should be noted that the scalar radiation, differently from the case of 
the tensor component, contributes to the response of the detector also with 
its longitudinal polarization states. The longitudinal contribution is present 
also in the ultra-relativistic limit m — 0, p — E, thanks to the non-geodesic 
coupling (125). In the opposite, non-relativistic limit p — 0, EF — m, the 
geodesic strain tends to become isotropic, Ti; + (m/E)?L;; — 6;;, while the 
non-geodesic one becomes sub-leading. 

The results (123) is valid for any type of detector described by the re- 
sponse tensor D“, and is formally similar to the expression for the strain 
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obtained in the case of tensor gravitational radiation — modulo the presence 
of different pattern functions, due to the different polarization properties. The 
scalar strain (123) can thus be processed, following the standard procedure, 
to correlate the outputs of two detectors and to extract the so-called signal- 
to-noise ratio (SNR), representing the experimentally relevant variable for the 
detection of a stochastic background of cosmic radiation [62]. 

For our scalar massive background, with spectral energy density 2(p), we 
obtain [58, 60, 61], in particular, 





- 1/2 
onp a 3NHo ar | dp 1° (p) 2? (p) 
873 p? (p? + m?)3/? Py (\/p? + m?) Po(\/p? + m?) 
(126) 


(see also [32] for a detailed computation). Here T is the total (experimental) 
correlation time, N an (irrelevant) normalization factor, P; and P2 the noise 
power spectra of the two detectors, and 7(p) the so-called “overlap reduction 
function”, which modulates the correlated signal according to the relative 
orientation and distance of the detectors, located at the positions x; and x2 : 


1 = oe = LAN 
y(p) = N Io df Fi (fi) Fo(fi) 27?" (1-22) (127) 
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The overlap is to be calculated with the geodesic pattern function F%°° of 
Eq. (124) if we are considering the indirect signal due to a spectrum of scalar 
metric fluctuations, (2,,(p); it is to be calculated with the non-geodesic pattern 
function F/"’ of Eq. (125) if we are considering, instead, the direct signal due 
to a spectrum of dilaton fluctuations, (2, (p). 


We are now in the position of stressing another important difference from 
the case of pure tensor radiation, due to the presence of the mass in the 


noise power spectra P;. For a typical power spectrum, in fact, the minimum 
level of noise is reached around a rather narrow frequency band vp: outside 
that band the noise rapidly diverges, and the signal (126) tends to zero. As 
v= (p*+ m?)1/ ? we have, in principle, three possibilities. 


1) Ifm > vo then the noise is always outside the sensitivity band P;(vo), and 
the signal is always negligible. 

2) Ifm < vp then the sensitivity band may only overlap with the relativistic 
sector of the spectrum, for p~v~ vp. 

3) If m ~ 1, finally, the whole non-relativistic part of the spectrum p S$ m 
satisfies the condition P;(v) ~ P;(m) ~ P;(vo). 


It is thus possible to obtain a resonant response to a massive, non-relativistic 
background of scalar particles, provided the mass lies in the band of maximal 
sensitivity of the two detectors [58, 60]. Considering the present, Earth-based 


gravitational antennas, operating between the Hz and the kHz range, it follows 
that the maximal sensitivity is presently in the mass range 
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10°’ eV Sms 107-MevV. (128) 


Amusingly enough, it turns out that such small values are not so unrealistic 
if the dilaton mass is perturbatively generated by the mechanism of radiative 
corrections. For a scalar particle, gravitationally coupled to fermions of mass 
My with dimensionless strength q, there are, in fact, quantum loop corrections 
to the mass of order gM¥(A/Mp), where A is the cut-off, which we shall assume 
typically localized at the TeV scale (see for instance [63]). Considering the 
dilaton coupling to ordinary baryonic matter (Md; ~ 1 GeV) the induced 


mass is then: J re 
f —6 
~ . 12 
m (=) (24) x 10-° eV (129) 


Thus, a value of g smaller than (but not very far from) the present upper 
limits [53] (imposing q < 10~* in the relevant mass range (128)) is perfectly 
compatible with the possibility of resonant response of the present detectors. 

Quite independently from the possible origin of the dilaton mass, if we 
assume that the mass is in the resonant range (128), and that the bounds on 


q are satisfied, we find that a eosmie background of non-relativistic dilatons 
is possibly detectable by the interferometric antennas of second generation 


— provided the background energy 
density is sufficiently close to the saturation of the critical density bound 
[58, 60]. This interesting possibility can be illustrated by considering, for an 
approximate estimate, the simplified situation of two identical detectors with 
P, = P, = P, responding non-geodesically with maximal allowed overlap 
Ny"9 ~ q?(4r/15) (the numerical factor is referred to the particular case of 
interferometric antennas). Let us suppose, also, that the SNR integral (126) is 
dominated by the peak value 22,, of the non-relativistic dilaton spectrum, and 
that such value is reached around p = m (otherwise the response is suppressed 
by the factor (p/m)*, [60]). Eq. (126) gives, in this case, 








V2T q?H2Qm 


SNR~ 10m? m72P(m)’ (130) 
and the condition of detactable background (SNR 2 1) implies 
T 1/2 
m®/? P(m) S gh? Qm (7) x 10733 Hz9/?, (131) 


This condition is compared in Fig. 6 with the expected spectral noise of the 
three LIGO generations (see e.g. [64]), for T = 4x10" s. The region of the plane 
{m, P} corresponding to a detectable background is located above the bold 
noise curves (labelled by LIGO I, LIGO II and LIGO III), and below the dashed 
lines, representing the upper limit (131) for different constant values of the 
parameter q7h?Q,,. This limit may be interpreted either as a constraint on the 
intensity Q,,, for backgrounds geodesically coupled (q? = 1) to the detectors, 
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or as a limit on the non-geodesic coupling strength q?, for backgrounds of 
given energy density 2,,. As shown in the picture, phenomenologically allowed 
backgrounds are in principle accessible to the sensitivity of next-generation 
interferometers (see also [32] for a more detailed discussion). 
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Fig. 6. The noise power spectra of the three LIGO generations (bold curves), and 
the condition of detectable dilaton background (dashed lines), plotted at different 
values of the parameter q?h?.Qm (ranging from 10~° to 107""). 


2.3 Enhanced signals for flat non-relativistic spectra 


The result reported in Eq. (130) is generally valid for a growing spectrum 
with a steep enough slope, as typically obtained in “minimal” models of pre- 
big bang inflation. However, the cross-correlated signal may result strongly 
enhanced with respect to Eq. (130) if the dilaton spectrum is sufficiently flat, 
and if the considered pair of detectors satisfies the condition y(p) — const 
# 0 for p— 0. 

Let us consider, in fact, the SNR integral (126), which can be written as 


2 . 1? (p) 2? (p) 
ene ee 0 “P ESP, (B)P,(B)’ a 
where FE = (p? + m?)!/?, and where we can assume that 2(p) is a power-law 
function of p, with an ultraviolet cut-off at p = p,. For a massless spectrum 
(p = E) this integral is always convergent (for any slope), even in the infrared 
limit p = E — 0: in fact, when p — 0, the physical strains are produced 
outside the sensitivity band of the detectors, and the noises blow up to infinity, 
P(E) — Pi(0) — oo. For m # 0, on the contrary, in the infrared limit p — 0 
the noises keep frozen at the frequency scale determined by the mass of the 
scalar background, P;(F) — P;(m) = const. In this second case the behavior 
of the integral dependes on y(p) and {2(p). 
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Suppose now that y(p) — yo = const for p — 0, and that (p) ~ p®, for 
p<. For 6 < 1 we find that the integral is dominated by the infrared limit, 
and gives 


Tyé ™ dp 
SNR)? ~ apm | = 
(SNBY"~ TBPi(m)Pam) Jy pr? 
T%5 2(6—-1)]™ 
Tl: ‘* 1 
m3 P; P2 lp ib ( 22) 


Thus, the integral is infrared divergent [65] for all spectra (even if blue, 6 > 0) 
with d <1! 

This divergence is obviously unphysical, and can be removed by noting 
that the observation time T is finite, and is thus associated to a minimum 
resolvable frequency interval Av = AE = A(p?/2m) 2 T~1, defining the 
minimum momentum scale 


Pmin = (2m/T)'”? > 0, (134) 


acting as effective infrared cut-off for the integral (133). This implies a modi- 
fied dependence of SNR on the correlation time T in the case of flat enough 
spectra: 


SNRw~ 1/2 [p?*] 


Pe 1/2 
~{P : 6>1, (135) 


pine. Ou, 


Pmin 


For 6 < 1, in particular, there is a faster growth of SNR with T, which may 
produce an important enhancement of the sensitivity to a cosmic background 
of non-relativistic scalar particles, as discussed in [61, 65]. 

It is important to stress that the case y(p) — yo = const for p — 0 has not 
been “invented” ad hoc: it can be implemented, in practice, with detectors 
already existing and operative (or with detectors planned to be working in 
the near future, like resonant spheres). A first simple example, studied in [65], 
refers in fact to spherical, resonant-mass detectors, whose monopole mode 
is characterized by the “trivial” response tensor D = 5”. In that case the 
geodesic pattern function (124) is isotropic, 


2p? + 3m? 


geo __ 
PF _ p +m?’ 





(136) 


and the geodesic overlap function (127), for two identical spheres with spatial 
separation |a, — %2| = d, is given by 
2 (2p? +3m?2\" sin(2mpd) 
V(b) = + —- =} —. (137) 
pe+m pd 
This function clearly satisfies the requirement y(p) — yo = const for p —> 0. 


A second example, studied in [61], refers to the so-called “common mode” 
of the interferometric antennas, characterized by the response tensor 
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DY =u'v) +vu'ul, (138) 


where u’ and v’ are the unit vectors specifying the spatial orientation of 
the axes of the interferometer. Let us consider, for instance, a geometrical 
configuration where the vectors t% and ¥ are coaligned with the x, and x2 axes 
of a Cartesian frame, respectively, and the direction 7 ofthe incident radiation 
is specified (with respect to the axes 21, %2 and x3) by the polar and azimuthal 
angles y and 6. The computation of the geodesic pattern function (124) gives, 
in that case, 


rs 9 (2) sin29 139 
+ =2— (55) sin’é. (139) 


The geodesic overlap function (127), for two coplanar interferometers with 
spatial separation |Aa| = d, is [61] 





- Ar ae ake ee eee eae 
4° (p) = WV (4 = 473 + Fa jo(a) + A 43 = 2a ji(a) 
3 /p\4. 
+3 (%) it). ae 


where a = 27pd, and jo, j1, jg are spherical Bessel functions. Thus, also in 
this case, y > 167/N = const for p > 0. 


3 Late-time cosmology: dilaton dark energy 


In this third lecture we will discuss the possibility that a homogeneous, large- 

* which 
produces the cosmic acceleration first observed at the end of the last century 
[66], and confirmed by most recent supernovae data [67, 68]. 


Let us recall, to this purpose, that the ifiitial phase of pre-big bang inflation 


‘coupling g, (see Sect. 1.3): the subsequent epoch of standard evolution thus 
opens up in the strong coupling regime, and should be described by an action 
which includes all relevant loop corrections. Late enough, i.e. at sufficiently 


low curvature scales, the higher-derivative corrections can be neglected, and 


the action can be written in the form of Eq. (114). In that context the loop 


form factors Z(¢); and the dilaton potential V(6), may play a crucial role in 


determining the late-time cosmological evolution. 
There are, in principle, two possible alternative scenarios. 





i) The dilaton is stabilized by the potential at a constant value ¢ = ¢o 
which extremizes V(@). In this case the loop corrections induce a constant 
renormalization of the effective dilaton couplings (as discussed in Sect. 
2.1), and the Universe may approach a late-time configuration dominated 
by the dilaton potential, with H? ~ V(dp). 


"instantonic 


suppression” 3 0% 
10 8 
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it) The dilaton fails to be trapped in a minimum of the potential, and keeps 
running even during the post-big bang evolution. In this case the late-time 
cosmological evolution is crucially dependent on the asymptotic behavior 
of the factors Z(@). 


These two different possibilities have different impact on the so-called “coin- 
cidence problem” (i.e. on the problem of explaining why the dark-matter and 
dark-energy densities are of the same order just at the present epoch), as we 
shall discuss in the following subsections. 


3.1 Frozen dilaton in the moderate coupling regime 


The first type of scenario can be easily implemented [69] using a generic non- 


perturbative potential which is GaimantonicallsmeapresestiY (=n) 
in the weak coupling limit g? — 0, and which develops a non- cture 


with a (semi-perturbative) minimum g? ~ agur ~ (M,/Mp)? ~ 0.1—0.01 in 
the regime of moderate string coupling. A typical example is the “minimal” 
potential given, in the E-frame, by [70] 


V(¢) = me, Jeb o-o) + Be ko( #)) oe €exPl-V(¢ $1) (141) 





where k 1, k2, 3, €, y are dimensionless parameters of order one (see Fig. 7). 
The presence of a local minimum at ¢9 ~ ¢; allows solutions with @ = const 
during the radiation-dominated phase, and (for appropriate values of my) 
may also lead to a late phase of accelerated expansion driven by the potential 
energy V(¢9), provided the dilaton is not permanently shifted away from the 
minimum ¢o by the transition to the matter-dominated epoch [69]. 














V 
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Fig. 7. Plot of the potential (141) for ki = ko = B=y=1,€ = 0.1, d1 = —3, 
my = 0.1, and a local minimum (independent of my) at ¢9 = —3.112, corresponding 
to g? = exp(#o) ~ 0.045. 
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Let us consider, in fact, the equation of motion of a homogeneous dila- 
ton field ¢(¢) in the conformally rescaled E-frame (with metric g) where the 
graviton kinetic energy is canonically normalized, and let us assume that the 
rescaled matter sources can be described as a perfect fluid of energy density 
Pp, pressure p, and dilaton charge c. Starting from an action of the type (114) 
we find that the generalized dilaton equation, for a cosmological background, 
takes the form 


Ale) (5-+ 374) + Be? + + BIC G3) +a =0, (142) 
where A, B and C are functions describing the rescaled (E-frame) loop correc- 
tions. For a minimally coupled field, for instance, A= 1, B = C =o = 0; for 
the dilaton, at tree-level in the string coupling, A = C = L, B=0.In the most 
general case we find that a stable dilaton configuration ath g= =0= bi is pos- 
sible, in the radiation era (p = 3p), if the scalar charge of the fluid is negligible, 
o = 0, and the dilaton extremizes the E-frame potential, av / Od = 0. 

When the Universe become 












which tends to remove 
the dilaton away from its equilibrium position. Such an acceleration is in 
‘competition with the restoring force ¢ = —A- 1(@V /@) (see Eq. (142)). The 
possibility that the dilaton may bounce back to the stable minimum ¢ = ¢o, 
driving the Universe towards a final phase of accelerated, potential-dominated 
expansion, thus crucially depends on the values of two parameters: the (loop- 
corrected) strength ) of the dilaton coupling to dark matter, and the 
‘slope of the dilaton potential (141), determined by the mass scale my which 
also controls the amplitude of the minimum, V(¢9) ~ mj,. Such an amplitude, 
on the other hand, should correspond to the present Hubble scale (V(¢o) ~ 
H@), in a realistic model able to describe the present phase of accelerated 
expansion. 

It can be shown, with a simple numerical analysis, that the values of 
the coupling strength allowed by present gravitational phenomenology are 
compatible with a late-time phase dominated by the potential only for a finite 
range of values of V(¢o), depending on the value of the dilaton coupling at 
the equality epoch [69]. Using the phenomenological upper limit |C.g| ~ 0.1 
one finds that the dilaton, after a smal shift at t = teg, bounces back to the 
minimum provided 10-7 Heq S my S Heq (which includes the realistic case 
my ~ Ho ~ 10~°Heq) [69]. Smaller values of |C.q| correspond to a larger 
mass interval. We can say, therefore, that the coincidence problem (i.e., why 
V(¢0) ~ H@), in this context remains, but is somewhat alleviated because 
— thanks to the dynamical correlation between the amplitude V(¢9) and the 
matter-dilaton coupling — only a restricted range of values is allowed for V (do). 
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3.2, Running dilaton: saturation of the loop corrections and 
asymptotic “freezing” 


The second possibility, which will be discussed here in more detail, in the case 
in which the dilaton is not stopped by the structures formed by the potential 


around g? = 1, tren rence, reumermrrc mr arrmrnasernt 
‘potential. A possible example of non-per ive potential of this type is 


given, in the E-frame, by [71] 


e? 
by + cet 





2 
V= cim?, ( ) [e Bi exp(—¢) _ 9—82 exp( ] : (143) 


where bj, ci, 91, G2 are dimensionless parameters, with 0 < 6, < (>. This 
potential is instantonically suppressed in the weak coupling limit ¢ — —ov, 
and is exponentially’ decaying as 


V = mi, (62 — frye"? + O (e-?#) (144) 


in the limit ¢ — +00 (see Fig. 8). In this case, as we shall see, we can obtain a 
scenario of “coupled quintessence” [72] in which the late Universe approaches 
a (possibly accelerated) state dominated by a mixture of kinetic and potential 
energy density, and the coincidence problem may find a satisfactory solution 
thanks to the dilaton-dark matter interactions. 


V 
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Fig. 8. Plot of the potential (143) for b1 = 1, c1 = 10, G1 = 0.1, G2 = 0.2 and 
my =1. The dilaton is monotonically growing from the string perturbative vacuum 
along a “bell-like” non-perturbative potential. 


In this case, however, a realistic scenario requires some mechanism of sat- 
uration of the loop corrections, so as to keep the present effective values of 
gravitational and gauge couplings approximately constant and sufficiently 
“small”, even in the large “bare coupling” limit @¢ — +-oo. As discussed in 
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[73], such a saturation can be obtained thanks to the large number of fields 
(e.g. gauge bosons) entering the loop corrections, assuming (as in models of 
“induced gravity”) that the loop form factors of Eq. (114) have a finite limit 
for @ — +o0, and that can be approximated by a Taylor expansion in powers 
of the inverse bare coupling g? = exp @¢. Applying these assumptions to the 
gravi-dilaton form factors, to the potential, and to the dimensionless param- 
eters qi(@) controlling the dilaton charge-density of the various matter fields, 
we can set, for @ — +00, 


N 


R(¢) = e+ bie? + O(e7 79), 


Zo(¢) = —ch + boe* + O(e77%), 
V(¢) = Vor? + O(e~7#), 
aid) = Goi + O(e-*®). (145) 


The dimensionless coefficients c? and c3 of this expansion are typically 


of order N ~ 1072, because of their quantum-loop origin and of the large 
number N of gauge bosons in GUT groups like Eg. This is in agreement with 
the fact that c? controls (according to the action (114)) the asymptotic value 
of the ratio between the string and the Planck length scale, c? = (\s/Ap)?, 
which is indeed expected to be a number of the above order. The coefficients 
b,,b2..., on the contrary, are numbers of order one. Note that the expansion 
of V(@) agrees with the asymptotic form of the potential (144). 

We should note, finally, that the asymptotic values of the dilaton charges, 


qoi, have to be strongly suppressed for the ordinary components of matter 
(such as baryons) and for electromagnetic radiation: if we want a dilaton field 


active on a cosmological scale of distances, in fact, we need long-range inter- 
‘actions, and we must avoid unacceptable deviations from the standard gravi- 
tational phenomenology by suppressing the dilaton couplings, as discussed in 
Sect. 2.1. For the (possibly exotic) components of dark matter, however, there 
is no strict phenomenological bound imposing such suppression: in that case, 
the asymptotic charge gg could be nonvanishing, and of order one, leading to 
interesting late-time deviations from the standard cosmological scenario. 

For a simpler illustration of this possibility it is convenient to work in the 
diagonalized E-frame, obtained from the metric g of Eq. (114) through the 
rescaling 

Inv = ct Zn Guv- (146) 


The action (114) becomes, in this new frame 


1 ae] a ae 
S= a5 / dtav=g |-# + 5h°(6) (Vo) — Ho)| + 5mn(J, ¢, matter), 
(147) 
where 
49 
ZR’ 





V(¢) = ZR? V. (148) 
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Assuming that the matter action S,, describes a perfect fluid with a dark- 
matter component p,,, a baryon component pz, and a radiation component 
Pr = 3p,, the cosmological Einstein equations for the action (147) can then 
be written (omitting the tilde, and in units 2\2, = 1) as: 


6H? = pp + py + Pmt Pa: 


4H + 6H? = a ~ pb, (149) 


where 


k2 : k? ‘ 
po = Ko) 52 +, Po = KUO) j2 =. (150) 


The associated dilaton equation, assuming a negligible density of dilaton 
charge for baryons and radiation (0, = 0 = a»), can be written as [71] 


k?(b + 3H@) + kk'd? + V' + ; [2b’ (pb + Pm) + om] = 0, (151) 


where we have defined yj = —In Zp, and the prime denotes differentiation 
with respect to ¢. The combination of Eqs. (149)—(151) leads, finally, to the 
equations of energy-momentum conservation for the various fluid components: 


pr + 4H p, = 0, 
f 


Py + 3H pp — Som = 0, 


: y . Om ; 

m 3H i. m— DT7P=YV; 

Pm + 3Hp 5 oP gnu 

: 1, 

po + 3H (pe + Ps) + 5 [b" (pb + Pm) + Om] = 0 (152) 


(the last equation is simply the dilaton equation (151), rewritten in fluido- 
dynamical form). 


Let us now concentrate on the @oupled darkematter/ dilaton system, and 
note that there are two types of interactions between these two cosmic sources: 


a first one, specific to the particular type of dark matter field, generated 
by the “intrinsic” dilaton charge o,,; and a second one, more “universal”, 
generated by the standard dilaton coupling to the trace of the stress tensor, 
and associated to the w’ terms of the above equations. Both types of coupling 
are renormalized by the loop corrections, but with opposite effect according 
to the asymptotic limits of Eq. (145). In fact, the dilaton charge tends to 
grow, and to reach a constant asymptotic value as ¢ — +00. The coupling 
parameter y’, on the contrary, tends to be exponentially suppressed as 
bie? 


Wf =—(nZp) > 5, b— +00. (153) 
1 





As a consequence, after the transition to the matter-dominated phase, the 
Universe may enter two different types of dynamical regimes [71]. 


48 M. Gasperini 


1) If the dark-matter charge o,, is still negligible at the beginning of the 
matter-dominated phase (as well as the dilaton potential, expected to become 
important only near the present epoch), then the Universe enters the so-called 

’, in which pm is coupled to ¢ through the 7’ terms of Eqs. 
(153), and the evolution of the (still subdominant) dilaton kinetic energy pg 
is “dragged” by pm. 

The cosmic evolution, during this regime, can be analytically described (in 
an approximate way) by noting that the loop factor k(#) goes to a constant 
at late enough time scales, 

C2 


k() + ko = V2—, ¢— +00, (154) 
Cy 


according to Eqs. (148) and (145). Introducing the canonical variable ob = ko 
(see the action (147)), and neglecting the subdominant contributions of p, and 
po, we can then rewrite the coupled equations (151), (152), for the dragging 
regime, as follows: 


+ 3H6 + Spm =0, (155) 
Pm + 3H Pm — SPmo = 0, (156) 


where € = w'/ko ~ e~?/(V2cic2) < 1 is the effective coupling parameter. 


Neglecting the time dependence of € with respect to that of H and ob (for 
small enough time intervals), we find that the system of equations (149), 
(155), is satisfied by 


o~ —2cH. (157) 
Thus, from Eq. (156), 


< 
peta ys 
aw £2/(B+e") (158) 


During this phase the dark-matter and the (kinetic) dilaton dark-energy densi- 
ties are characterized by the same time-evolution, which slightly deviates from 
the standard behavior of a dust-dominated Universe (p ~ a~3, a ~ t?/3). The 
kinematics, however, remains decelerated (as « < 1). 

2) A second, possibly accelerated, “freezing regime” is eventually reached 
in the limit in which the dilaton potential comes into play, and the coupling 
induced by the intrinsic charge density o,, becomes dominant with respect to 
the exponentially suppressed coupling due to y’. 

Using again the canonical variable ¢, assuming that om = q(¢)pm (for 
a homogeneous fluid), and considering the asymptotic limits q(¢) — qo, 
V = Voexp(—4¢) of Eq. (145), we can rewrite the coupled dilaton-dark matter 
equations (152), for the freezing regime, as follows: 
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fm + 3H Pm — ~Pmo = 0, 
2ko 
po + 6H px + pmo = 0. (159) 
2ko 


We have defined the kinetic and potential energy densities, p;, and py, respec- 
tively as 


pe=>, — pv =V(4) =Voe *, Po = pk + pv- (160) 


The system of equations (159), (149) (with p, = pp = 0) can be solved by a 
late-time configuration in which pm, pg, V and H? scale in time in the same 
way, so that the critical fractions of dark-matter density, Qn = Pm/6H?, 
dilaton kinetic energy, Q; = p,/6H7?, and potential energy, Qy = V/6H?, are 
separately frozen at constant values determined by kg and qo only (i.e. by the 
parameters C1, C2, go of the asymptotic expansion (145)). A simple analysis 
gives [71] 


O.= 3k Op 3k§ + go(qo + 2) 
(qo + 2)?’ (got 2)?’ 
24g = QM + Qy, Qm = 1-94, (161) 


where ko is given by Eq. (154) (see also [32] for a detailed computation). 

In this asymptotic state the Universe is thus dominated by a fixed mixture 
of dark-matter and dilaton (kinetic plus potential) energy density. The dilaton 
fluid has equation of state 


_ Pe _ M%-~2y ____ a(G0 +2) 
6k§ + go(go + 2)’ 


= — 162 
Po 2 + Qy ne) 
and can play the role of the dark energy fluid responsible for the observed 
cosmic acceleration, provided go > 1. 

In fact, by rewriting the Einstein equations (149) for H in the form 





2H 
1+——=-2 1 
+ 3p Vv ky (163) 
we obtain . 
a H 3 1. gg 
a ee 5 qo +2 ee) 


The expansion is accelerated (@ > 0) for go > 1 or go < —2. The second case 
(corresponding to an acceleration of superinflationary type, with H > 0) is to 
be excluded, however, in our context, as it would imply 2, < 0 according to 
Eqs. (161). Thus, acceleration is only possible for gg > 1. The explicit form 
of this asymptotic solution can be finally obtained through the integration of 
Eq. (164), which gives 
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aw t(got2)/3 H ~ a7 3/(90+2) | (165) 


from which - 


n~ 


Din» H2 ws Bw Ven $/F0 wy g8/(a042), (166) 


: | 


For our illustrative 
purpose we will assume that Zp and Z, are given by the expansion (145) 
truncated to first order in exp(—d), with b; = be = 1, c? = 100 and c3 = 30. 
We will adopt the model of dilaton coupling already used in [71], parametrized 
by the time-dependent charge 


er? 


ae (167) 


qo) = qo 
with c? = 150 and qo = 2.5. We will also use the E-frame potential (144), 
with 3; = 0.1, G2 = 0.2, and c?my = 1073H¢q. The last choice, which implies 
my ~ Hp, is crucial to obtain a realistic scenario in which the asymptotic 
accelerated regime starts at a phenomenologically acceptable epoch (see [71, 
32] for a discussion of the mass scale of the non-perturbative dilaton potential, 
and of the degree of fine-tuning possibly required for realistic cosmological 
applications). Finally, we will integrate our equations imposing the initial 
conditions po(ti) = pr(ti), Pm (ti) = 10°" p,(t,); po(ti) = 7x 1077" p,-(ti), 
o(t;) = —2, at the initial scale H(t;) = 107° Heq. 

The obtained scaling evolution p = p(a) is illustrated in Fig. 9 for the 
various cosmic components. We can note that, at large enough times, baryons 
(full line) and radiation (dotted line) are fully decoupled from the dilaton, and 
obey the standard scaling behavior (p, ~ a~*, py ~ a~*). The late-time dark- 
matter evolution, on the contrary, is closely tied to the dilaton evolution, 
and the ratio of their energy densities becomes asymptotically frozen at a 
constant. With the particular numerical values used in this example we obtain 
an asymptotic configuration characterized by 2g ~ 0.73 and Qm, ~ 0.27, with 
a dark-energy equation of state w ~ —0.76. 


3.3 Non-local coupling and pressure backreaction 


Another interesting asymptotic configuration can be obtained in the case in 
which the dilaton is non-locally coupled to the dark matter components, as 
discussed in subsection 1.2. In that case, the fractions 2,, and Q4, may also 
become frozen at constant asymptotic values, but the background evolution 
turns out to be decelerated for any values of go, as the dark matter develops 
an effective pressure which tends to compensate the accelerating action of the 
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Fig. 9. Late-time evolution (on a logarithmic scale) of the various components of 
the cosmic energy density. The plots are the result of a numerical integration of Eqs. 
(149)—(152). 


dilaton potential. This effect is new, and will be illustrated in some details in 
this subsection. 

We start assuming that, in the matter part of the action (114), the dilaton 
is non-locally coupled to the sources through the variable €(¢), as in the action 
(28). However, differently from the action (28), we will assume (for simplicity) 
that the dilaton potential is local, V = V(@): the gravi-dilaton part of the 
action is thus identical to that of Eq. (114), and our model is described by 


1 
ne 


5 ‘i SaaS, (168) 


g= / dn/=G [Za(d)R + Zo(4)(V9)? + V(a)] 


Let us vary this action with respect to g and @¢, and evaluate the resulting 
(general covariant) field equations in the limit of a homogeneous, isotropic, 
spatially flat background, using the results of Subsection 1.2. We obtain a set 
of equations similar to Eqs. (45)—(47) for what concerns the dilaton charge 
density o(@), but different for the potential (which now is local), and for the 
presence of the loop corrections Zp, Z¢. 

Let us finally transform the equations in the E-frame (using the rescaling 
(146)), and consider the asymptotic limit in which p,;, pp are negligible, and 
the dark matter is coupled to the dilaton only through its intrinsic dilaton 
charge (namely, the limit in which w’ ~ 0). The resulting equations (omitting 
the tilde, in units 2\ = 1) can be written as 


6H? = pin + pos (169) 
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AH + 6H? = —pg- =. (170) 
Pm +3H (pm + =) — 6 =0, (171) 
‘ Om ; 

po + 3H (p6 + Ps) + =o = 0, (172) 


with pg and pg defined by Eq. (150), as before. A comparison with the asymp- 
totic limit of Eqs. (149), (152), shows that the genuinely new effect of the 
non-local interactions is the appearance of an effective pressure term om /2 
for the dark matter component. Indeed, the new terms present in Eqs. (170), 
(171), can also be obtained from the standard Einstein equations through the 
shift Dm 4 Pm + Om/2. 

We are now in the position of asking whether or not this modification 
(of non-local origin) may change the results of the previous subsection, in 
particular those concerning the asymptotic freezing configuration. We shall 
consider, to this purpose, the limit in which om, > goPm and V = Vo exp(—¢), 
using the canonical variable ob as in the previous computations. 

Let us look for solutions of Eqs. (169)—(172) by requiring for pm, px and 
pv the same scaling behavior, and thus imposing, as a first condition, that 


Lie Ay (173) 
Pm Po 
Using Eqs. (171), (172) for pm and pg, and the Einstein equation (169), we 
obtain : 
@ _ 6k in q\ Zz qo 
geese 171 (1 2) -2 (a-#)]. 1 
Hae 2 ‘ 2 ey 


We are denoting with a bar the fractions of critical energies for the new 
configuration associated to the non-local equations, to distinguish it from the 
“local” freezing solution of Eq. (161). We also impose, as a second condition, 
that 





eg ae (175) 
Pm PV 
The definition (160) of py, together with Eq. (171), gives then 
b 
— =3k 1 
H 0 ( 76) 
which, combined with eq. (174), leads to 
= a ee 
=O. (177) 


"24q0 qot2' 


From the definition of 2, and Eq. (176), on the other hand, we have 


Pe Se 
Q. = = = ke. 
k DF 1 ko (178) 
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The insertion of this result into Eq. (177) finally gives 


pee 3k} (2 — qo) + 4q0 


ve A+ te) ve 


The combination of Q, and Qy provides now the values of 24, Qm, and 
the equation of state W, according to the definitions (161), (162). As we are 
interested in the kinematical properties of the solution we shall compute, in 
particular, the acceleration parameter @/(aH7): dividing by 6H? the modified 
equation (170) we obtain 





H 3 = =, 
from which F 
a A 1 


quite independently of the values of ky and qo! The integration of H finally 
provides a ~ t?/3 and H? ~ p~ a7, as in the standard phase of dark-matter 
dominated evolution. 

The considered model of non-local coupling is thus associated to an asymp- 


totic freezing phase which is decelerated, and in which the dilaton energy den- 
3 


sity has the same dynamical behavior of a dust fluid, pg ~ pm ~ a~”, in spite 
of a pressure which is nonvanishing, in general: 
_ qq 3ke@—2 
= + >. 182 
= 2 3ke + do ( ) 


This result can be understood by noting Eqs. (180) and (181) together imply 





3.4 Main differences from uncoupled models 


Let us come back to the class of models in which the dilaton is locally coupled 
to the dark matter components, as discussed in subsection 3.2. If we identify 
the accelerated freezing phase with our present cosmological phase, and thus 
the energy density of the dilaton field with the “dark-energy” density respon- 
sible for the present cosmic acceleration, we are lead to a dilaton model of 
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dark energy which is substantially different from the conventional models of 
quintessence [74] based on a rolling scalar field, uncoupled to dark matter. 

A first, important (conceptual) difference concerns the mentioned prob- 
lem of the cosmic coincidence. In the considered class of dilaton models this 
problem, if not solved, is at least relaxed: in fact, the dark-energy and dark- 
matter densities are of the same order not only today but also in the future 
(forever), and also in the past for a significantly amount of time, depending 
on the beginning of the freezing epoch (see below). 

A second, more phenomenological difference concerns the scaling behavior 
of the baryonic and dark-matter components of the dust fluid during the 
freezing epoch. Because of the coupling to the dilaton, the dilution in time 
of the dark-matter density pm is slower than the standard baryon dilution, 
py ~ a: in particular, the ratio pp/pm decreases in time as 


Po, 4-340/(2+40) (184) 
Pm 
(see Eq. (166)). This could explain why the present fraction of baryons is 
small (~ 10~?) in critical units — provided the accelerated epoch has an early 
enough beginning. Direct /indirect measurements of the past value of the ratio 
po/Pm, compared with its present value, could provide unambiguous tests of 
this class of models. 

Finally, concerning the beginning of the accelerated epoch, it is important 
to stress that in dilaton models the acceleration can start much earlier than 
in models of uncoupled quintessence [75, 76]. 

For a simple illustration of this point we may consider a model in which, 
during the accelerated regime, there are two types of sources with different 
dynamical behavior: 7) an uncoupled component p,, with pressure p, = 0 and 
scaling behavior p, ~ a~? (represented by baryons and, possibly, by a fraction 
of non-baryonic dark matter uncoupled to the dilaton); i) a coupled compo- 
nent p., with pressure p. = wpe, and a slower scaling behavior p, ~ a~3C+~) 
(represented by the dilaton and by the fraction of dark matter coupled to the 
dilaton). Thus, even if today p. dominates, and drives an accelerated evolu- 
tion, at ealy enough times the Universe was dominated by py, and decelerated. 
From the Einstein equations 


6H? = pu + pe: 
4H + 6H? = —p, = —wpe, (185) 


we obtain that the acceleration switches off at the scale dacc such that 


acc (186) 


where Q, = pu/6H?, Q. = 1— Q,. In terms of the present values 2°, 2° of 
these fractions the above condition becomes 
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Fi —3 a —3(1+w) 

(om ( “= = (1+ 3w) (2-1) ( “= (187) 
ao ao 
and fixes the beginning of the acceleration at the redshift scale zgc¢ such that 
—1/3w 
ao 29 -—1 

i —-1=/(+3 = —1. 188 
° Oise [ = w) ( my )| aaa 


Consider now a model of uncoupled quintessence, in which the uncoupled 
component corresponds to the totality of the dark-matter fluid (plus subdom- 
inant contributions), i.e. 2° = 2°. Using the recent analysis of the SNLS 
Collaboration [68], based on present observations of supernovae Ia and large- 
scale structure, one finds 0.2 < 2°, < 0.4, and —1.2 < w < 0.8. One then 
obtains, from Eq. (188), 0.4 S zace S 1 (see Fig. 10, left panel). 

If we consider instead a model of dilaton dark energy, then the uncoupled 
component may range from the baryon component 2, to some fraction of 
the dark matter component 92,,. In the “maximally coupled” version of the 
model, in which 2° = 2?, we can re-apply the supernovae results of SNLS 
with 2? ~ 0.04 — 0.05, to obtain w ~ —0.65 + 0.15. Eq. (188) then implies 
[76] Zace ~ 3 — 4 (see Fig. 10, right panel). 
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Fig. 10. Beginning of the accelerated epoch for dark-nergy models with uncoupled 
(left) and fully coupled (right) dark matter, according to the observations of type Ia 
supernovae in the SNLS dataset. The plotted curves are obtained from Eq. (188), 
for constant values of the present fraction of the uncoupled dust matter 2°. 


Thus, dilaton models of dark energy are compatible with a beginning of 
the cosmic accelerations at epochs much earlier than those suggested by other 
models, according to the most recent supernovae data. The extension back in 
time of the accelerated regime might have a significant impact on the dilution 
of baryons, according to Eq. (184). Finally, strongly coupled models tend to be 
compatible with a “less negative” parameter w (see Fig. 10), thus alleviating 
the need for “phantom” dark energy [77] with “supernegative” (w < —1) 
equation of state. 
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Appendix A 


In this Appendix we present a detailed derivation of the equations of mo- 
tion (29), (34), starting from the action (28) which includes non-local dilaton 
interactions. 

The functional derivation of the action with respect to the metric g’” (x) 
contains, besides the standard contributions leading to Eq. (3), the new non- 
local contributions V,,,(a) and L,,,(x), and can be written as follows, 











aan =— Was Gu +VpVio+ Iu (Vd? — 2V?2¢-V) ; 
+ 5V=BTuw(2) + Vuv(2) + Lyr(@), (A) 
where 
Vinay = oe fary (V=ge °V’) aC. (A.2) 
Ly (2) = ’ dt tx! (\V/=gLin) 1 mo (A.3) 


(V’ and £/,, are defined by Eq. (33)). We need now to compute the functional 
derivation of exp(—&). Using the definition (25) we obtain 





“) ' 1 
Ee Jess 5 d+1,, cd+1l,, __ jose! by 
a gf ays (@— ildx ~ by) 


1 =e 5 00.0 
[5 (VF ane VATS) + VBR OEE | 


= = (sw V=G VV OPC *) 5(d0" — de), (A.4) 





where 7, is defined in Eq. (30). Thus: 
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1 opal 
Vie pea 9° 8 ww VV) Iv, (A.5) 
1 
Ly =-¥V <9 8° wy (Vo)? Im, (A.6) 


where Jy and I, are defined in Eqs. (31), (32). Inserting these results in Eq. 
(A.1), multiplying by (—2A2~!) exp(—#)//—g, and imposing the condition of 
zero functional derivative, one is finally lead to Eq. (29). 

Let us now consider the functional derivative with respect to ¢(a). Sepa- 
rating the local and non-local terms, as before, we obtain 














—e-# 
ae = ee [R+2V76- (V4)? +V], 
+ A(z) + B(x), (A.7) 
where 
(ee La! (./—ge-*v! 6 -e(x") 
A(z) = aa | at (V=ge-*V’) Tala) ae (A.8) 
a= d+1,/ — pr! 8 ee’) 
B( )= fa (V=9L£in) or 55a) (A.9) 


The functional derivative of the variable (25) leads to 


5 
LO Gee 


(@) 
= fas] -_ (V=ge°* AVG) (be a dby)O"t (x —y) 
+ (V—Ger*VAVOP) 8 (dar ~ by) [1 (@ — 2!) — 54x —y)] 


oe apron 


aver er oa) 


6211 (g — o}. (A.10) 


y 


where 0, = 0/Oy", and 6’ denotes the derivative of the delta function with 
respect to its argument. 

The first term of this integral exactly cancels the term containing 0,,e~% 
in the last part of the integral; also, the third term exactly cancels the term 
containing 0,,[6(¢2" — ¢,)] in the last part of the integral. Thus, we are left 
with: 


6 
59(x) 





, jdtl — a! / 
oslo”) = a i ally (Y=ae* VAVOP) (a ~ oy) 


a? V=g"'o 
— € 7 8(Ga" — Gx )Op (ee * (A.11) 


Ss 
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The second term on the right-hand side of the above equation can be conve- 
niently rewritten as 


e? OK'd 
er be! — br)V-9 Vp (sae) = 


-¢ 
= 57 6(e = Ee uv VES. (A.12) 


For the first term containing 6’ we can exploit the properties of the delta 
function, and the identities 


1 d 1d 
dyo = —ddy,, —_ = ~——, A.13 
: dy doy Py dyo ( ) 


to obtain 
—d d d¢ = 7 
ro [atu S* (VGe* VATE), oe — oy 


=r¢4 f aty Ste 2 (Gee) Sbe - +) 
by : 


dyo @ 
= —e-$() 4 de 9(2) fet ~ (V=9 Ve(Voy) 5' (be — by) 
'Yy y 
= —e 8) 4 6-H) F(z), (A.14) 


where J is the integral defined in Eq. (35). Inserting the results (A.12), (A.14) 
in Eq. (A.11), using the definitions of A and B, and integrating over x’, we 
finally obtain 


A(2) + Be) = oe Ve ~_ (ef e-4), 
JB icy © 
+e Javan V’od a oy = Im) .  (A.15) 


Summing this contribution to the other terms of Eq. (7), multiplying by 
(2\¢-! exp @/,\/—g), and imposing the vanishing of the functional derivative, 
we are lead to the equation of motion (34) for the dilaton. 
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Abstract 


I motivate a proposal for modeling, at weak string coupling, the “Big Bounce” 
transition from a growing-curvature phase to standard (FRW) cosmology in terms of a 
pressure-less dense gas of “string-holes” (SH), string states lying on the correspondence 
‘curve between strings and black holes. During this phase SH evolve in such a way that 
temperature and (string-frame) curvature remain O(M,) and (a cosmological version 
of) the holographic entropy bound remains saturated. This reasoning also appears to 
imply a new interpretation of the Hagedorn phase transition in string theory. 


SH phase a bridge between pre and post BB 
String-black hole transformation 


‘arXiv 


The fate of the big bang singularity of General Relativity (GR) is one of the most 
important unsolved problems in string theory. Unlike time-like singularities, space-like 
curvature singularities —such as those related to the big bang or to the interior of black 
holes— confront string theory with high-curvature, strongly time-dependent backgrounds, a 
terra incognita, to a large extent. 


Understanding black hole thermodynamics in string theory from a statistical mechan- 
ics viewpoint has been comparatively easier (for a review see e.g. [1] ). For extremal 
and near-extremal black holes analytic treatments are possible and reproduce amazingly 
well GR expectations. For more usual (e.g. Schwarzschild-like) black holes an analytic 
treatment is not available but some understanding has been gathered on how string states 
‘progressively turn into black holes as the string coupling is increased. In particular, along 


a correspondence curve (see Fig. 1) given by [2]: 
M = Mog,” , (1) 


where , M, = l;! and g, are the string mass and string coupling, respectively, properties 
of strings and black holes match impressively well [3]. This correspondence also supports 
an earlier conjecture [4] about the late stage of the evaporation process of black holes in 
string theory. Such a process inevitably takes a black hole to the correspondence curve 
(1) where it turns into a string and typically decays into (almost) massless quanta, thus 
avoiding any singularity at the end of its life. In this note I will argue that the above 
understanding of black holes can be ieee to make PEOETES on the issue of the cosmological 





these two seemingly unrelated issues is based on the use of of holography and of related 


cosmological entropy bounds . 


Following pioneering work by Bekenstein [5], several cosmological entropy bounds have 
been proposed and (theoretically) tested during the past few years. At the level at which we 
shall be working here, they can be simply stated [6], [7] as bounding the entropy of a large 
region of space by that of a closely packed gas of black holes whose (Schwarzschild) radius 


coincides with the|Hubble radius H~!.| Neglecting throughout numerical factors, this leads 


to an entropy density bound omaz given by ! 





S 
Omax = a = HMp~ (2) 


Mp denotes the D-dimensional Planck mass, the inverse of the D-dimensional Planck length, 
lp. 
In a Universe dominated by a perfect fluid of equation of state p = wp this bound can 
be compared to the actual entropy of the fluid: 
pt+p H? M2? (14+w)H 


Or= FF =(l+w Ww) = a Omar (3) 


lWe shall work troughout in a generic number D of space-time dimensions and set h = c = 1. 


evolution from 





Figure 1: Black-hole/string phase diagram in a log-log g, vs. M/M, plot. 


"parametric 
amplification" see 





In standard (post-big bang) cosmology one has typically H/T < 1 and, further 
bound is better and better fulfilled as the Universe expands since H/T decreases with time 
for w < 1 (and remains constant for w = 1). In pre-big bang cosmology [8], as well as in 
other scenarios [9] where a growing-curvature phase precedes the big bang, the situation is 
completely reversed. A stiff fluid, w = 1, is the only safe case, while for w < 1 the bound is 
increasingly threatened as the big bang is approached. Clearly we have to understand what 


happens as we approach Qs aie 
In this limit another phenomenon becomes relevant: particle production from the time- 
‘dependent geometry or, if we prefer, the amplification of quantum fluctuations in a time- 


dependent background geometry. This process is far from being adiabatic and produces an 
entropy density given by [10]: 


5 H D-2 
0Q= gx —1 = gx (=) Omax (4) 
where g, is the effective number of species that are produced. Note that the above entropy 
density is, parametrically speaking, that of a 


Let us now consider the three entropy densities (2), (3), (4) in a string theory context 


assuming T to be bounded by the Hagedorn temperature, T < Ty ~ M, and curvature to 





be bounded by I;?. Let us also consider (very) weakly coupled string theory, g? = e? < 1 
and recall the (weak-coupling, closed string) relation: 





where ¢ is the dilaton. In a string cosmology context the dilaton evolves in time and so 
does, through (5), the ratio of the Planck to the string mass. Furthermore, in the pre-big 
bang scenario the string coupling starts extremely small and grows towards the bounce 


while the opposite is true in the ekpyrotic/cyclic Universe. Hereafter we shall concentrate 


on the former case. 





Can we saturate the entropy bound for T < M,?. The answer is apparently negative. 
This looks quite obvious for (4) since (H/Mp)?-? < (M,/Mp)?~? = g? « 1 If we keep 
gx fixed as we decrease the coupling there is no way to saturate the bound from og. We 
can argue similarly for of since H/T must go to zero as we turn off Newton’s constant (i.e. 
the string coupling). This naive failure to saturate the bound, however, suggests by itself a 
way to achieve saturation even at very small string coupling: we need the effective number 
of species g, to grow as the string coupling is decreased. But how? Actually, we do know 
already of states that have the desired property: they are precisely the (marginal) black 
holes that lie on the above-mentioned correspondence curve of Eq. (1) (and Fig. 1) that 
we now complete as: 

D-3 


M = Mg,” = M, e* = Mp exp (-5) (6) 


"SH" 


The Schwarschild radius and Hawking temperature of these black holes are given by the 
string scale and mass, respectively: we will refer to them in the following as string-holes 
(SH). The entropy of a SH is given equivalently by the Bekenstein-Hawking or by the 
weak-coupling string formulae [2]: 





The possibility of forming small primordial black holes in the pre-bang phase of string cos- 
mology, as a result of the blue spectra of tensor and scalar perturbations characteristic of 
these scenarios [8], was already emphasized in [11], where a possible connection between pri- 
mordial black hole formation and observation of a stochastic gravitational-wave background 
at (advanced versions of present) interferometers was also pointed out. 


Let us check now that the identification of the final stage of collapse with such a gas 
of SH satisfies other consistency checks and let us also argue for an evolution of such a gas 
once it is formed. The following quantities (referring to the string frame) can be readily 
computed: 


ye = Mog, i, He? MP; 
Gjley *Pse" 





OSH 


(8) 


and since H ~ T ~ My, we immediately check that o = p/T and that the entropy bound 
is saturated. 

In order to derive an evolution equation for the gas we impose the 2nd law and demand 
that entropy in a fixed comoving volume (always in the string frame) does not decrease. 
Since - 

S=ospV~e?V ~e?, (9) 
we see that, necessarily, o < 0 with the equality sign holding true for an adiabatic evolution. 
In (9) we have introduced the standard “shifted dilaton” field @ = ¢—1/2log(g)+const. that 
plays an important role in string cosmology since it is invariant under scale-factor duality 
transformations and their continuous generalizations. This result was already obtained 
some years ago [12] in a less specific framework and is very encouraging since it means that 


the strong-curvature evolution takes us towards a FRW Universe. 


In the present case we expect the evolution of the gas to be almost adiabatic, al least 
for a while, in which case ¢ = 0 and the picture becomes particularly appealing: each SH 
loses mass while the coupling grows in order to stay on the correspondence curve. The mass 
that is lost turns out to be precisely what is needed to form more SH’s so that they keep 
filling the growing number of Hubble volumes while remaining closely packed. In the string 
frame the equation of state is that of dust (p = 0) since p ~ exp(—¢) ~ V~!. This looks 
natural since SH are non-relativistic at small g?. Furthermore, ¢ = 0 and p = 0 are both 





We can also ask whether such a phase can be the solution of the equations of motion 


of a string theoretic effective action. We claim that this is indeed the case. Following [13], 
consider the tree-level effective action of (say heterotic) string theory including all-order 
a’ corrections (recall that we are interested in a high-curvature small-coupling regime) but 
add to it a “matter” piece providing the contribution of the dense gas of SH’s to the stress- 
energy tensor. Generalizing slightly the arguments given in [13] we can easily show that a 
solution with o = 0, p= 0, and p~ exp(—¢) ~ V7! exists whenever a certain 6-function, 
G(H7) with 6(0) = 0, has (at least) one non-trivial zero. This is the case, for instance, in 
the explicit model discussed in [13]. The location of the smallest non-trivial zero and the 
derivative of 3 at that point determine the Hubble parameter and pexp(¢) during the SH 
phase, respectively. The latter quantity turns out to be automatically of the right order to 
correspond to our dense SH gas. 

A SH condensate would then be the physical description of the so-called “string phase” 
of (weak-coupling) PBB cosmology, the horizontal evolution in Fig. 2, during which the 
string-frame Hubble parameter is fixed (giving de Sitter like evolution) while the dilaton 
keeps growing at a rate determined by the Hubble parameter via ¢ = (D —1)H. In the 
absence of matter sources such a solution does not exist, generically, but, as argued above, 
the opposite is true if we allow for SH production as the Hubble parameter approaches the 
string scale. In the case of “strongly-coupled” PBB cosmology, instead, the entropy bound 
is already saturated at weak curvature when the dilaton reaches a critical value (see again 
Fig. 2) owing to production of light quanta including D — 0 branes. This complementary 
situation was described several years ago by Maggiore and Riotto [14]. Let us now compare 
our model with the “Black Crunch” picture recently considered in [15]. Also there one 
wishes to keep the bound on entropy saturated and time-independent (for a fixed comoving 
region of space). This imposes: 


Sriae = VHM2” = const. (10) 


In [15] it was argued that saturation can be achieved even at sub-string curvature scales. 
This implies V M . ~2 ~ H-! ~ ¢ and selects p = p as the relevant equation of state in 
the Einstein frame. It is straightforward to convert our solution from the string to the 
Einstein frame using standard relations. One finds that the Einstein-frame metric and 
Hubble parameter are related to each other and to the E-frame cosmic time by 


Hp~1//ge~ ty ; (11) 


hinting again at a stiff equation of state. Using the appropriate E-frame conservation 
equation (see, e.g. Eq. (2.117) of [8]), and after inserting our solution for ¢, one finds 
indeed the conservation equation for a p = p fluid. 
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Figure 2: Pre-big bang phase diagram in a log-log gs vs. H/Ms plot. 


Although we have argued that it is unlikely for the entropy bound to be saturated 
before the string scale is reached this is far from being obvious under all circumstances (e.g. 
for particularly entropic initial states or as a consequence of some highly non-adiabatic 
classical process). What happens then if the bound becomes saturated at H < M,? Since 
the Hubble radius is shrinking, it is obvious that the evolution of the system will follow 
trajectories in the M — g? plane that cross the constant g?M (i.e. constant Schwarzschild 
radius) lines downward (see Figure 1). Thus, eventually, the evolution will take us to the 


correspondence line and will follow it thereafter (as long as the string coupling is weak). 


The effective E-frame equation of state will not change. We conclude that the occurrence 
of the SH phase is a generic outcome of pre-bang evolution in string theory. Indeed, it is 


likely to be also the final outcome of the chaotic BKL evolution that was argued [16] to 
occur generically in low-curvature small-coupling string or M-theory cosmology. 





What is the ultimate fate of the SH phase we have advocated? The answer is not 
obvious: as soon as the string coupling reaches values O(1), gx too becomes O(1) and there 
is no longer a way to keep the bound saturated while the curvature stays constant. If the 
dilaton keeps growing one could imagine connecting smoothly to the regime described in [14] 
staying on the rightmost boundary line in Fig. 2. If instead the dilaton (or rather the ratio 
Mp/Ms,) freezes various possibilities emerge: the SH gas could disintegrate immediately into 
radiation; it could keep expanding adiabatically, following the w = 1 evolution advocated 
in [17]; or it could expand with considerable entropy release and w < 1, since in this case 
the bound itself grows in time. In any case, ultimately, decay into radiation should take 
place and the equation of state will become p = p/(D—1). This does not mean, however, 
that there is no memory of what the actual phase preceding the bounce was. Properties of 
that phase would leave an imprint on large-scale perturbations that should still survive in 
the SH gas and in the radiation that follows it. Hopefully, these perturbations will have the 
right properties to produce the observed large-scale structure of our Universe. 


Quite apart from cosmology, our considerations also appear to 


‘puzzle within string theory. Supposedly, both temperature and (string frame) curvature 


are bounded by one and the same scale, M,. However, temperature is related to energy 


density p while going from p to curvature involves Newton’s constant which can be made 


arbitrarily small by going to the weak-coupling limit. Hence the two bounds appear to 


be parametrically different. Our point is that they can be simultaneously saturated if the 


number of effective degrees of freedom near the Hagedorn temperature grows as Gye mga” 





. precisely like the entropy of SH’s. 


This also suggests a novel interpretation of the limiting temperature of string theory. 


As one increases T at small non zero string coupling, competition between Boltzmann 
suppression and entropy should lead, already at T = Ty (1 — O(g?)), to a phase transition 
whereby a dense gas of SH’s of mass M,/g? replaces the more conventional low-temperature 


gas of light strings/particles. At this point, however, gravitational back-reaction will become 


important and will cause the proper volume of the gas to become time-dependent. Thus 


only a cosmological interpretation of the Hagedorn phase transition will be possible. 


This work was carried out mostly during the Superstring Cosmology Workshop held 
at the Kavli Institute for Theoretical Physics, University of California at Santa Barbara 
(August — December 2003). I wish to thank many of the participants in the workshop, 
and in particular T.Banks, R. Brandenberger, R. Brustein and M. Gasperini for useful 


discussions and encouragement. 
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ABSTRACT 


A simple, non-technical introduction to the pre-big bang scenario is given, empha- 
sizing physical motivations, considerations, and consequences over formalism. 


1. Introduction 


It is commonly believed (see e.g.') that the Universe — and time itself — started 
some 15 billion years ago from some kind of primordial explosion, the famous Big 
Bang. Indeed, the experimental observations of the red-shift and of the Cosmic 
Microwave Background (CMB) lead us quite unequivocally to the conclusion that, 
as we trace back our history, we encounter epochs of increasingly high temperature, 
energy density, and curvature. However, as we arrive close to the singularity, our 
classical equations are known to break down. The earliest time we can think about 
classically is certainly larger than the so-called Planck time, tp = /Gnh ~ 107*%s 
(c = 1 throughout). Hence, the honest answer to the question: Did the Universe and 
time have a beginning? is: We do not know, since the answer lies in the unexplored 
domain of quantum gravity. 


Besides the initial singularity problem — and in spite of its successes — the hot 
big bang model also has considerable phenomenological problems. Amusingly, these 
too can be traced back to the nature of the very early state of the Universe. Let us 
briefly recall why. 


General Relativity, together with the cosmological principle (i.e. the assumption 
of a homogeneous, isotropic Universe over large scales), allows us to describe the 
geometry of space-time through the Friedmann-Robertson-Walker (FRW) metric (see 

2 
e.g.*): 


1 — kr? 


ds” = —dt” + a(t)” + rac? , do? = dé? + sin?6dy’ , (1) 
where, as usual, the discrete variable k = 0,1,—1 distinguishes the cases of a flat, 
closed, or open Universe, respectively. In the presence of some matter (fluid), de- 
scribed by an energy density p and pressure density p, the evolution of the Universe 


FRW 


is controlled by the Einstein-Friedmann equations 


+. 2 
2_(a\ _ 8G ik 
= 3° @ 
: a 4nG 
H+H=- = -“(o+3p), (2) 
a 3 


which, together, imply the energy conservation equation: 


p=-3(*) (pt). (3) 


Given a model for the sources, or, more specifically, given a relation between p and 
p (so-called equation of state), one can easily solve these equations and find the 
usual FRW cosmological solutions. For the matter- and radiation-dominated cases, 
respectively, 


p=0 = alt)~t*, pra? 


p=p/s > aa??, pra (4) 


where, for simplicity, the spatial-curvature term + was neglected. 


The so-called horizon problem arises as follows. The observable part of our Uni- 
verse, our present horizon, is given by the distance that light has travelled since the 
big bang, or about 1075 cm. At earlier times, the horizon was much smaller. For a 
hypothetical observer looking at the sky a few Planck times after the Big Bang, the 
horizon was not much bigger that a few Planck lengths, say about 10~°% cm. Instead, 
as easily seen from (4), the portion of space that corresponds to our present horizon 
was, for that same hypothetical observer, some 30 orders of magnitude larger than 
the Planck length, or about 1 mm. In other words, at that time, what has nowadays 
become our observable Universe consisted of (10°)? = 10% Planckian-size, causally 
disconnected regions. There is no reason to expect that conditions in all those re- 
gions were initially the same, since there was never any thermal contact between 
them. Yet, today, all those 10°? regions make up our observable Universe and all 
appear to resemble one another (to within one part in 10°). 


Who prepared such a smooth and very unlikely initial state? Perhaps God, who 
picked up a very special point in the huge space of all possible initial configurations 
(see, in this connection, a nice picture in Roger Penrose’s book*). If, instead, we do 
not accept God’s fine-tuning, or, in more scientific terms, we do not want to attribute 


homogeneity to some unknown Planckian physics, two logical possibilities are left to 
our choice: 


e Time did have its beginning at the big bang, when initial conditions were rather 
random, but a period of superluminal expansion (inflation) brought all those 
10°° patches in causal contact sometimes between the big bang and the present 
time. This is the standard post-big bang inflation paradigm (see e.g.*). 


2 Flat 


inflaton 


fine tuning 


e Time did not have its beginning with the big bang and some pre-big bang physics 
cooked up a “good” big bang from a more generic (less fine-tuned) initial state. 
This is the attitude one takes in the so-called pre-big bang scenario. 


One can similarly argue that there are two ways of solving the second major prob- 
lem of standard cosmology, the so-called flatness problem. Today, space is, to a very 
good approximation, Euclidean. If it does have any spatial curvature (represented 
by the + term in the cosmological equations), this is of O(H”), i.e. extremely small. 
Given the solutions (4) it is easy to check that, in order to have such conditions to- 
day, one has to start, at the Planck time, with an extremely flat Universe, i.e. with a 
curvature radius a some 30 orders of magnitude larger that the characteristic length 
scale at the time, H~! ~ Ip. Again, two possibilities come to mind: either the Uni- 
verse was not particularly flat at the beginning — and subsequent inflation stretched 
out spatial curvature — or some pre-big bang physics prepared a nice spatially-flat big 
bang. 


Conventional inflation again chooses the first alternative. To succeed, it needs. 
, which, some time after the big 
bang, finds itself homogeneously displaced from the minimum of its potential, and 
slowly rolls towards it. While doing so, if certain conditions are met, the effective 
equation of state is p ~ —p and the Universe expands quasi-exponentially. One needs 
this period of exponential growth to last for a long enough time for all our accessible 


Universe to come in causal contact. This can be achieved at the price of fine-tuning 


certain masses or couplings. 





My main reservations towards this solution (see° for a different criticism) are 
that no one has a convincing model for what the inflaton ought to be and, even 
more seriously, that it is not easy to justify the initial conditions that can provide 
a sufficiently long inflationary phase. One is back somehow to the starting point, 
since the conditions at the onset of inflation have to come from a previous phase, 
and this inevitably leads us to giving initial conditions in the mysterious Planckian 
era. Quantum cosmology has then been invoked; however, I am also sceptical about 
present quantum cosmology arguments® “predicting” inflation since they are based 
on the so-called minisuperspace truncation of the Wheeler-DeWitt equation. Such 
an approach is only justified for a fairly homogeneous initial universe, which is just 
what we do not wish to assume. 


How come string theory prefers the second way out? In order to explain this I 
have to open a parenthesis and tell you about some striking properties of quantum 
(super )strings. 


2. Three properties of (super)strings 


I will concentrate on just three properties of strings which are crucial to the 
understanding of their possible cosmological implications: 


e 1. There is a fundamental length scale in string theory, providing a character- 
istic size for strings and thus an ultraviolet cutoff. Thanks to this property, 
superstring theory can be taken seriously as a candidate finite quantum theory 
of gravity (and of the other interactions as well). The fundamental length scale 
A; is given in terms of the string tension T by the formula 


Meat. (5) 


Actually A,, rather than 7’, is the fundamental parameter of the theory, provid- 
ing a meaning for what short and large distances mean. When fields vary little 
over a string length A, one recovers a field-theoretic description given by a local 
Lagrangian with the smallest number of derivatives. 


e 2. Couplings are not God-given constants; they are VEVs which, hopefully, 

; become dynamically determined. In particular, a scalar field, the so-called 

dilaton dilaton ¢, controls all sorts of couplings, gravitational and gauge alike. Since, 
in our normalizations, 


T - Gy = [3/2 ~ gauge © CF > (6) 


we see that the weak coupling region is 6 < —1. By contrast, at present, 


lambda s e? ~ 1/25, implying A, ~ 10lp ~ 10~* cm.| In the weak coupling region, 
perturbative superstring theory is an adequate description of physics, implying 
that the dilaton itself behaves like a massless particle. As such, the dilaton can 
easily evolve cosmologically while it is deeply inside the perturbative region. 
Precision tests of the equivalence principle imply, however, that the dilaton has 
amass, i.e. that near its present value ¢ = O(—1), its potential has a minimum 
with finite curvature. 









If both the coupling and derivatives are small, physics is adequately described 
by the tree-level low-energy effective action of string theory, which reads: 


Depp = ; [ae —g hr + On.~O"'d + Ha + FR + higher derivatives] 


+ [higher orders in e*| ; (7) 





where we have included the contributions of the Kalb-Ramond antisymmetric 
tensor field through its field strength H,,,,. Note the two kinds of corrections 
alluded to in (7). They intervene, respectively, whenever space-time derivatives 
(i.e. energies) or the string coupling e? become appreciable. Equation (7) will 
be our starting point to describe pre-big bang cosmology. 


e 3. Cosmological field equations exhibit new stringy symmetries whose most 
interesting representative (scale-factor duality or SFD) acts as follows: 


SFD a(t) > a(t) , 6(t) > ¢(—-t) — 2d loga(—t) ,d=3. (8) 


The interest of this duality transformation lies in the fact that it maps ordinary 
FRW cosmologies with H > 0, H < 0, and ¢@ = 0 at t > O into inflationary 


1st V's paper on that ' 


cosmologies with H > 0, H > 0, and ¢ > 0 at t < 0. Actually, the dual 
cosmologies are of the so-called super-inflation (or pole-inflation) type, i.e. have 
a growing — rather than a constant — Hubble parameter. Since many of the 
distinctive consequences of PBB cosmology originate from this peculiar feature, 
let me explain in simplified terms where it comes from Eqs. (2) imply that, 
for an expanding Universe, p and H?, being proportional (take for simplicity 


the case of k = 0), decrease together in time. This is true if Gy is constant. 


The suggestion from string theory now becomes almost a compelling one: Can 
one put together a standard cosmology at t > 0 and a dual cosmology at t < 0 to 
generate a single scenario containing and FRW 
post-big bang behaviour? Since, in such a construct, the Hubble parameter grows 
for t < 0 and decreases for t > 0, it should reach its instant 
therefore identified with the occurrence of the Big Bang of standard cosmology. The 
problem is that this maximum is actually infinite if one works in the context of 
the low-energy effective theory, i.e. if all corrections in (7) are neglected. The pre- 
(post-) big bang phases have singularities in the future(past), probably a consequence 
of the validity, in that approximation, of the assumption leading to the Hawking- 
Penrose singularity theorems. 














It is easy, actually, to write down mathematical expressions that interpolate 
smoothly between the inflationary and the FRW branches. For instance, the ansatz 


uo = (R)” 


Xs 


(9) 
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is easily checked to approach a standard radiation-dominated cosmology with constant 
dilaton at t > A, and to a dual dilaton-driven inflationary cosmology at t < —A,. The 
question is: 











Leaving this hard question to the final section, we 
turn instead to the formulation of the basic pre-big bang postulate. 


3. The pre-big bang postulate DUAL COSMOLOGY 


Clearly, if we want to use a dual cosmology for the prehistory of the Universe, 
given the positive signs of H and @¢, we have to start from (very?) small initial values 


5 


"ohase 1" 


for H and e®. Although not strictly necessary, we will also impose, for the sake of 
simplicity, an almost empty initial Universe. This leads us to the following basic 
postulate of PBB cosmology: 


The Universe started its evolution from the most simple initial state conceivable 
in string theory, its perturbative vacuum. This corresponds to an (almost) 


EMPTY, COLD, FLAT, FREE 





Universe as opposed to the standard 


DENSE, HOT, HIGHLY-CURVED 
initial state of conventional cosmology. 


For this assumption to make sense I will have to argue that the new initial con- 
ditions are able to a hot big bang with the desired charac- 
teristics thanks to a long pre-big bang inflationary phase. This looks a priori a very 
hard task, but I will explain below how it can possibly happen. Before discussing 
this let me illustrate, in two figures, the qualitative differences between the standard 
(non-inflationary) model, the standard inflationary scenario, and ours. 





In Fig. 1 I am plotting, against cosmic time, the behaviour of the Hubble pa- 
rameter H measured in Planck units Mp ~ 10! GeV. Note that, while in the first 
model H is a concave function of time, in the second it has a long flat plateau where 
H/Mp < 10~° (this constraint comes from COBE’s data, see e.g.*). Finally, in the 
proposed scenario, H/Mp grows all the way to a maximal value O(10~'), but quickly 
becomes very small at both large positive and large negative t. 


In Fig. 2 we can see the consequences of this behaviour of H on the kinematics 
of horizon crossing. During inflation, increasingly small scales are pushed out of the 
horizon by the accelerated expansion of the Universe. However, while in standard 
inflation (Fig. 2a) larger scales cross the horizon at slightly larger values of H, in 
the pre-big bang scenario (Fig. 2b) it is the other way around: the larger the scale, 
the smaller the value of H at horizon crossing. As we shall see in Sec. 4, the 
value of H/Mp at horizon crossing is the determining quantity for evaluating the 
present magnitude of quantum fluctuations at different length scales. Hence the 
above kinematics of horizon crossing will have an important bearing on the spectrum 
of quantum fluctuations. 


Before turning to that, we should discuss how dilaton-driven inflation sets in 
during the pre-big bang phase. 
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4. Pre-big bang inflation as a classical instability 


The key to understanding how our apparently innocent initial conditions can give 
inflation is in the last attribute we assumed for the primordial state: the Universe 
starts deeply inside the perturbative region, i.e. at very small coupling. In terms of 
the dilaton this means that This entitles us to 
treat the early history of the Universe classically. Since we have also assumed that 
it was almost flat, we are also entitled to use the to string 
theory. All this can be summarized by saying that we can describe the evolution of 
the Universe through the classical field equations of the low-energy tree-level effective 
action (7); in the simplest case used here for illustration, this reduces to: 






ne - 1 : 
V- string initial conditions: Tes = 555 | dev=9 eR + 0,60"6) (10) 


Ansaiz: 


oD) 


It has been known for some time (see!” for a review) that, if homogeneity and spa- 
tial flatness are assumed, then inflationary behaviour automatically follows from the 
stated initial conditions. Indeed homogeneous, spatially flat solutions fall in four 
categories, of which only one satisfies the pre-big bang postulate. The other three 
exhibit either strong coupling or strong curvature (or both) in the far past. 


However, assuming homogeneity from the start is not very satisfactory. If we want 
to solve in a natural way the homogeneity and flatness problems, we have to start 
with generic (i.e. not particularly fine-tuned) initial conditions near the perturbative 
vacuum. During the past year this problem has been tackled by several groups, with 
somewhat controversial conclusions. Let me try to explain how I see the present 
situation. 


Assume that, at some remote time much before the Big Bang, the Universe was 
not particularly homogeneous, in the sense that spatial gradients and time derivatives 
were both of the same order. Assume also, in accordance with the PBB postulate, 
that It can be shown! that 
these initial conditions can lead to a chaotic version of PBB inflation since, as the 
system evolves, certain patches develop where time derivatives slightly dominate over 


spatial gradients. Provided this situation is met when the kinetic energy in the 
a blowing up the patch and making it homogeneous, isotropic and spatially flat. 
The evolution can be studied by analytical methods (gradient expansion’) since 
the approximation of neglecting spatial gradients w.r.t. time derivatives becomes 
increasingly accurate within the inflating patch. 








The controversial issue is that, in order to have sufficient inflation in the patch, 
Its duration is not infinite since it 
is limited, in the past, by the conditions I just described and, in the future, by the time 
at which, inevitably, curvatures become of string-size and we can no longer trust the 
low-energy approximation. Thus, as it was actually noticed from the very beginning,® 
a successful PBB scenario does require so that 
it takes a long time (during which the Universe inflates) to reach the BB singularity. 
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A particular case of this “fine-tuning” was discussed recently by M. Turner and E. 
Weinberg.!® They consider a homogeneous, but not spatially flat Universe and notice 
that the duration of PBB inflation is limited in the past by the initial value of the 
spatial curvature. This has to be taken very small in string units if sufficient inflation 
is to be achieved. 


The (almost philosophical) issue is whether this is or is not fine-tuning. String 
theory has a single length parameter, ,, but, fortunately, it has massless states and 
low-energy vacua (such as Minkowsky space-time) whose characteristic scale is much 
larger than A,. Hence I see nothing wrong in starting the evolution of the Universe 
in a state of low-energy, small curvatures, and small coupling. Actually, I find it very 


Another result, which has emerged very recently,'?!4 is the behaviour of pre-big 


bang cosmology in the asymptotic past. If we evolve the system from the initial con- 
ditions I described above towards the past, we seem to find two possible behaviours. 
Either we reach a singularity at some finite cosmic time in the past, or we flow 
smoothly into a trivial space-time. The first alternative, which looks generic for posi- 
tive spatial curvature (e.g. a k = +1 Universe with 2 > 1) has to be excluded since it 
contradicts our basic postulate. The second alternative, which looks generic for neg- 
ative spatial curvature (e.g. a k = —1 Universe with Q < 1), is perfectly consistent 
with our philosophy and leads to an interesting conjecture! for the whole history of 
time that I will describe below. It would be very interesting if pre-big bang cosmol- 
ogy did predict that the Universe is open, something that appears to be definitely 
favoured at present (see e.g.!") by direct measurements of the red-shift-to-distance 
relation and by models of large-scale-structure formation. 


The complete history at which we arrive can be best drawn on a diagram (Fig. 3) 
reminiscent of (but actually quite different from) a Carter-Penrose diagram,'* which 
artificially squashes space-time at infinity. By a simple change of the radial coordinate 
we can rewrite Eq. (1) as 


ds? = —dt? + a(t)? [dR? +r(R)?d0?] , (11) 


and then define the coordinates x, y in Fig. 3 in terms of t and of the proper distance 
aR by: 
tan(y- = 2) Stak. (12) 


As t + —oo, the Universe approaches an exact vacuum of string theory. However, 
if equal-time hypersurfaces are taken to be those with a roughly constant energy 
density, we find that triviality is approached “a la Milne” i.e. the metric becomes 


ds? = -d? +? [dr?/(L +1?) +r°d| , (13) 


while the dilaton approaches an arbitrary constant. For negative time this is just a 
9999999 negative curvature FRW Universe, which contracts linearly in time, a(t) = —t. For 
a is positive ¢ it is the linearly expanding Universe towards which we are evolving today if 
Q < 1 (for a discussion of this late-time behaviour see, for instance, '?). In the Milne 
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Universe the evolution of the scale factor is driven by the negative spatial curvature 
(—k a? +t~?). Also shown in Fig. 3 are some time-like geodesics corresponding to 
a fixed comoving distance R from the origin. 











Figure 3 


The generic regular solution thus approaches Milne as t + —oo but, at any finite 
large (—t), also contains small dilatonic (and gravitational-wave) perturbations giving 
0<Q<«1. Ast > —w, 2 — 0. As time goes forward, instead, 2 tends to grow 
until, at some critical time —Tp, 2 becomes O(1), in some region of space. From that 
moment on, in that “lucky” patch, the metric starts to deviate from Milne (this is 
shown, in particular, for the R = 0.5 geodesic) and dilaton-driven inflation sets in, 
pushing Q extremely close to 1 in that patch. 





The rest of the story goes as follows: when the 
curvature becomes O(A;7), and/or the coupling becomes O(1), a stringy mechanism 
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WHICH stringy mech??? 






‘prevents reaching the singularity. 
An interesting quantum mechanism, described in Sec. 5, is 
able to provide radiation, temperature and entropy. However, by then, the inflated 
patch is both homogeneous and spatially flat: we have been able to produce a “good” 
! Post-big bang evolution is from now on standard, with one qualification. 
Although we have achieved 2 = 1 through inflation, we had to start from an open 
Universe and thus Q = 1—e, ¢€ < 1. Inevitably, FRW evolution will make 2 
deviate more and more from 1 until, once more, the Universe will go back to a 
linearly expanding Milne-like Universe. It would be wrong to think, however, that 
the Universe will just follow the time-reverse of its original life, firstly because the 
final coupling is much larger than the initial one, and, secondly, because entropy has 
kept increasing all the time: presumably, in this scenario, the very final stage of the 
Universe will consist of an ever increasingly dilute gas of slowly evaporating black 
holes... 












5. Quantum Mechanical Heating of the Universe and Observable PBB 
relics 


Since there are already several review lectures on this subject (e.g.'*?°), I will 
limit myself to mention the most recent developments simply after recalling the basic 
physical mechanism underlying particle production in cosmology.?! A cosmological 
(ie. time-dependent) background coupled to a given type of (small) inhomogeneous 
perturbation W enters the effective low-energy action in the form: 


l= 5 [an d°x S(n) [w” — (Vw)? : (14) 


Here 7 is the conformal time coordinate, and a prime denotes 0/On. The function 
S(7) (sometimes called the “pump” field) is, for any given V, a given function of the 
scale factor, a(7), and of other scalar fields (four-dimensional dilaton (7), moduli 
b;(7), etc.) which may appear non-trivially in the background. 


While it is clear that a constant pump field S can be reabsorbed in a rescaling of 


Theorem: W, and is thus ineffective, a time-dependent S' couples non-trivially to the fluctuation: 


{itl Tesids to) the production Ot pais oF quanta: (with opposite momenta) Looking 
q generate ack at Eq. (7), one can easily determine the pump fields for each one of the most 













by S interesting perturbations. The result is: 
Gravity waves, dilaton : S =a’e°® 
KR- Heterotic gauge bosons : S =e? 
axion Kalb — Ramond, @xi6ns) : S =a *e~? (15) 


A distinctive property of string cosmology is that the dilaton @ appears in some 
very specific way in the pump fields. The consequences of this are very interesting: 


e For gravitational waves and dilatons the effect of ¢ is to slow down the behaviour 
of a (remember that both a and ¢ grow in the pre-big bang phase). This is the 


aa 


reason why those spectra are quite steep?” and give small contributions at large 
scales. 


For (heterotic) gauge bosons there is no amplification of vacuum fluctuations 
in standard cosmology, while, in string cosmology, all the “work” is done by 
the dilaton. In the pre-big bang scenario, the coupling must grow by as large a 
factor as the one by which the Universe has inflated. This implies a very large 
‘amplification of the primordial quantum fluctuation,” possibly explaining the 
long-sought origin of seeds for the galactic magnetic fields. 


Finally, for Kalb-Ramond fields and axions, a and @ work in the same direction 
and spectra can be large even at large scales.74 Note, incidentally, that the power 
of a in S is determined by the rank of the corresponding tensor. It is well known, 
however, that the Kalb-Ramond field can be reduced to a (pseudo)scalar field, 
the axion, through a duality transformation. This turns out to change S into 
S-!, i.e. the pump field for the axion is actually a?e%. An interesting duality 
of cosmological perturbations, reminiscent of electric-magnetic (or strong-weak) 
duality, can be argued?° to guarantee the 






Many other fluctuations, which arise in generic compactifications of super- 
strings, have also been studied and lead to interesting spectra. For lack of 
time, I will refer to the existing literature.?°?" 


The possible flatness of axionic spectra in pre-big bang cosmology leads to hopes 
that, in such a scenario, there is a natural way to generate an interesting spectrum 
of large-scale fluctuations, one of the much advertised properties of the standard 
inflationary scenario. Work is still in progress to establish whether this hope is indeed 
realized. 


Before closing this section, I wish to recall how one sees the very origin of the 
hot big bang in this scenario. One can easily estimate the total energy stored in the 
quantum fluctuations which were amplified by the pre-big bang backgrounds. The 
result is, roughly, 

Pquantum ™ Neff se ) (16) 


where Nerf is the effective number of species that are amplified and Hmaz is the 
maximal curvature scale reached around t = 0 (this formula has to be modified in 
case some spectra show negative slopes). We have already argued that Himaz ~ Az! 
and we know that, in heterotic string theory, N- ff is in the hundreds. Yet this rather 
huge energy density is very far from critical as long as the dilaton is still in the weak- 
coupling region, justifying our neglect of back-reaction effects. It is very tempting to 
assume that, precisely 
the Universe will enter the radiation-dominated phase. This too is, at present, the 
object of active investigation. 
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6. Conclusion 


Pre-big bang cosmology appears to have survived its first 6-7 years of life. Interest 
in (criticism of) it is clearly growing. It is perhaps time to make a balance sheet. 


Conceptual (technical?) and phenomenological problems include: 
e Graceful exit from dilaton-driven inflation to FRW cosmology is not fully under- 


stood, in spite of recent progress.*° Possibly, new ideas borrowed from M-theory 
and D-branes could help in this respect.?° 


e A scale-invariant spectrum of large-scale perturbations does not look automatic, 
although, for the first time, thanks to the flat axion spectra, it does not look 
impossible either. 


Attractive features include: 


e No need to “invent” an inflaton, or to fine-tune potentials. 
e Inflation is “natural” thanks to the duality symmetries of string cosmology. 


e The initial conditions problem is decoupled from the singularity problem: a 
solution to the former is already shaping up and looks exciting. 


A classical gravitational instability finds a welcome use in providing inflation; a 
quantum instability (pair creation) is able to heat up an initially cold Universe 
and generate a standard hot big bang with the additional features of homogene- 
ity, flatness and isotropy. 


Last but not least: one is dealing with a highly constrained, predictive scheme 
which can be tested/falsified by low-energy experiments thanks to the fact that 


(lp/Ho)/? ~1 mm (17) 
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Note Added 


Since I gave this lecture, two relevant papers have appeared: 


1) 


2) 


N. Kaloper, A. Linde and R. Bousso (hep-th/9801073) have added further points 
to the criticism of the PBB scenario expressed in Ref. 16. 


A numerical study of the spherically symmetric case by J. Maharana, E. Onofri 
and G. Veneziano (gr-qc/9802001) appears to support the idea discussed in 
Section 4 that PBB behaviour emerges generically from initial conditions suffi- 
ciently close to Milne’s trivial vacuum. 


These two papers confirm that much more work is still needed to clarify all the 
relevant issues raised by the new cosmological setup I discussed here. 
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The origin of the present entropy of our Universe, Sp, is one of the deepest cosmological 
mysteries. The 2.7 K cosmic microwave background (CMB), if it indeed fills our observable 
Universe uniformly, contributes a gigantic 10°° to Sp. However, as repeatedly emphasized 
by many people, most notably by Roger Penrose |], such an amount falls very short of 
what entropy could have been expected to be, even if we go back to the Planckian era, i.e. 
tot =tp ~ 10°* s after the big bang. Since entropy can only grow, the entropy of our 
Universe at t = tp, Sp, must be smaller than Sp; yet, on the basis of the energy content and 
of the size of the Universe Rp at t ~ tp =Ip/c, we might have expected fl 


Sp ~ EpRp/ch ~ ppR> ~ (Rp/lp)* ~ io” : (1) 


The fact that the entropy of our Universe must have been at least 30 orders of magnitude 
smaller than the value in (fl) would nicely “explain” our arrow of time, by identifying the 
beginning of the Universe with this state of incredibly small entropy near the Planck time [I]. 
In order to solve the problem, Penrose [fl] invokes, without much justification, a new “Weyl- 
curvature hypothesis”. The expected value given in Eq. (fl]) coincides with the so-called 
Bekenstein entropy bound (BEB) J, which states that, for any physical system of energy 
E and physical size R, entropy cannot exceed Sgg = ER/ch. This bound is saturated by a 
black hole of mass F’ and size equal to its Schwarzschild radius R = GE. If the newly born 
Universe were a single black hole its Schwarzschild radius would have been much larger than 
Rp, and an even higher entropy, O(10'%°), would have resulted. What could have made the 
initial entropy much smaller than Sz is instead the possibility that the Universe, right after 
the big bang, was already in a very ordered, homogeneous state. But this is just restating the 
puzzle in terms of the usual homogeneity problem of standard (non-inflationary) cosmology 
BI. 

The way the two problems are related can be made explicit by introducing a stronger 
bound on entropy, which, unlike Bekenstein’s general bound, should apply to the special 
case of (fairly) homogeneous cosmological situations. We shall call it the “Hubble entropy 
bound” and formulate it as follows: Consider a sufficiently homogeneous Universe in which 
a (local) Hubble expansion (or contraction) rate can be defined, in the sinchronous gauge, 
as: 

en 1/6 O; (log g) > G= det (Gig) ’ (2) 


with H varying little (percentage-wise) over distances O(H~'). In this case H~', the so- 
called Hubble radius, is known to correspond to the scale of causal connection, i.e. to the 
scale within which microphysics can act. In such a context it is hard to imagine that a black 
hole larger than H~! can form, since, otherwise, different parts of its horizon would be unable 
to hold together. Thus, the largest entropy we may conceive is the one corresponding to 
having just one black hole per Hubble volume H~?. Using the Bekenstein-Hawking formula 


‘Throughout this paper we will stress functional dependences while ignoring numerical factors. 


for the entropy of a black hole leads to our proposal of a “Hubble entropy bound” (HEB): 


S< Sup =lp SS) 7? ~nuSn ‘ (3) 


where the sum runs over each Hubble-size region. The last estimate in (B]) assumes a fairly 
constant H throughout space, and defines nz as the number of Hubble-size regions, each 
one carrying maximal entropy Sy = I[p*H~?. This bound appears to be related, at least in 
some cases, to the one recently proposed by Fischler and Susskind ff] on the basis of the 
so-called holography principle. We may thus take Syp to stand for Hubble or Holography 
entropy bound according to taste. If one applies the HEB to the initial Universe, one finds 
[4] that, unlike the BEB, it is practically saturated. It is widely fulfilled thereafter J. 

This letter aims at explaining why saturation of the HEB naturally takes place at the big 
bang in the context of pre-big bang (PBB) cosmology [hJ. Before proceeding, we note that, 
in ordinary inflation, the entropy problem is solved ] by invoking a non-adiabatic reheating 
process occurring after inflation. Since inflation has already made the Universe homogeneous, 
after thermal equilibrium is reached entropy is given by its standard thermodynamic relation 
to temperature (here the reheating temperature) as 


Sra ~ TryRry ~ So - (4) 


One thus naturally obtains the correct value. However, unlike what will be shown to be the 
case in the PBB scenario, Sry fails to saturate the HEB since: 


Supt = trn) = lp"HraRey = HeaTra Ren = (Tra/Hen) Sr > See - (5) 


In order to discuss various forms of entropy in the PBB scenario, let us recall some basic 
ideas, which have emerged from recent studies of the latter (see [6] for a review). It now 
looks quite certain that generic -though sufficiently weak— initial conditions lead to a form 
of stochastic PBB, which, in the Einstein-frame metric, can be seen as a sort of chaotic 
gravitational collapse [7, BJ. Black holes of different sizes form but, for an observer inside 
each horizon measuring distances with a stringy meter fI, this is experienced as a pre-big bang 
inflationary cosmology in which the t = 0 (hopefully fake) big bang singularity is identified 
with the (hopefully equally fake) black hole singularity at r = 0. 

We are thus led to identifying our observable Universe as what became of a portion of 
space that was originally inside a large enough black hole. In general, if we want to achieve 
a very flat and homogeneous Universe, we should better identify our present Universe with 
just a tiny piece of the collapsing/inflating region. For the purpose of this note, however, 
this would only complicate the equations without adding new physical information. This 
is why, hereafter, we shall identify our present Universe with the whole interior of a single 
initial black hole. 


?Note that, while we shall work in the string frame throughout, the same results would also follow in the 
Einstein frame. 








t 
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Figure 1: At the beginning of the DDI era (t = t;) the entropy of the just-formed black hole, 
Sco, coincides with both the BEB, Sgz, and the HEB, S77z, while the entropy in quantum 
fluctuations, 5,7, is completely negligible. At the beginning of the string phase, t = t,, both 
Seow and Sy still have their common initial value. Sgg and Sgr have grown considerably, 
but the latter is still negligible if the string coupling is still small at t = t,. During the 
string phase, Sj, catches up with S,y first, and with Syz, later, i.e. when the energy in the 
quantum fluctuations becomes critical and exit to radiation is expected (t = t,). Finally, 
during the radiation and matter-dominated phases, Sy, grows towards Szpz, while our own 
entropy So: lags far behind and increases only slowly as the result of dissipative phenomena 
and growth of inhomogeneities. 


It is helpful to follow the evolution of various entropies with the help of Fig.1. At time 
t = t;, corresponding to the first appearance of a horizon, we can use the Bekenstein—Hawking 
formula to argue that 


Scou ~ (Rin/lpin)? ~ (Hinlpin) * = Spe = Sue , (6) 


where we have used the fact that the initial size of the black-hole horizon determines 
also the initial value of the Hubble parameter. Thus, at the onset of collapse/inflation, 
there is no hierarchy between the two bounds and entropy is as large as allowed by them. 
Furthermore, since the collapsing region is large in string (and a fortiori in Planck) units, 
eq. (@) corresponds to a large number. Incidentally, this number is also close to the number 
of quanta needed for the collapse to occur |B]. We have also assumed the initial quantum 
state to be the ground state. Because of the small initial coupling and curvature, quantum 
fluctuations around it are very small [9], initially, and contribute a negligible amount S,/ to 
the total entropy. 


After a short transient phase, dilaton-driven inflation (DDI) should follow and last until 
t;, the time at which a string-scale curvature O(M,) is reached. We expect the process not 
to generate further entropy (unless more energy flows into the black hole, but this would 
only increase its total comoving volume), but what happens to the two bounds? This is 
the crucial observation: while the HEB also stays constant, the BEB grows, causing a large 
discrepancy between the two at the end of the DDI phase. In order to show this, let us recall 
one of the equations of string cosmology [J], the conservation law: 


O: (e*° VGH) =a (GH) (€*H™)) =O, (nuSx) =0. (7) 


Comparing with (8), we recognize that ({j) simply expresses the time independence of the 
HEB during the DDI phase. While at the beginning of the DDI phase ny = 1, and the whole 
entropy is in a single Hubble volume, as DDI proceeds the same total amount of entropy 
becomes equally shared among very many Hubble volumes until, eventually, each one of 
them contributes a relatively small number. By contrast, it is easy to see that the BEB is 
increasing fast during the DDI phase since, using (A), 


Spe ~ MR ~ pR* ~ H’e-*,/gR = const. x (HR) , (8) 


and both R and H grow during DDI. Also, having assumed that the string coupling is still 
small at the end of DDI, we can easily argue that the entropy in quantum fluctuations 
remains at a negligible level during that phase. 

Something interesting happens if we now consider the string phase ff, characterized by a 
constant H and d. It is easy to find that, if db > 3H, the HEB starts to decrease while for 
& < 3H it increases. Clearly, the first alternative leads to a contradiction with the HEB, 
since Sj; cannot decrease. We are thus led to the amusing result that the HEB demands 
¢ = $—3H <0 during the string phase as opposed to the ¢ > 0 condition that characterizes 
the DDI phase. Thus, the HEB implies a “branch change” occurring between the DDI and 
the string phase, a well known necessary condition for achieving a graceful exit [I]. The 
condition @ < 0 for the string phase also follows from (apparently independent) arguments 
based on the study of late-time attractors {12}, [13]. 

When will the final exit to the FRW phase occur? It has been assumed [4] that it does 
when the energy in the quantum fluctuations becomes critical, i.e. when 


4 —Pexi 2 2 
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where Nez is the effective number of particle species produced. Taking Hmaz ~ Ms, fixes 
the value of the dilaton at exit, e%* ~ 1/N.77. Using known results on entropy production 
due to the cosmological squeezing of vacuum fluctuations [15], we find: 
Sap(ex) ~ Neg HpagV ~ e** M3 V ~ (B/IB) VIZ ~ Sip (ex) , (10) 
3We concentrate here on the standard PBB scenario la and not on its variant in which the DDI 
phase flows directly into a low-energy M-theory phase. 
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i.e. saturation of the HEB by 5,7. Unless exit occurs at this point, the HEB will be violated 
at later times. 

We thus arrive, generically, at the situation shown in Fig.1. At t = t., =t,, the entropy 
in the quantum fluctuations has catched up with (and possibly overcome) that of the classical 
collapse and has become equal to the HEB, Szp ~ (HR)? ~ 10”. By then, Sgz is a factor 
HR larger, which is precisely the factor 10°° that we are running after. From there on, 


0°, while 


the story is simple: our entropy remains, to date, roughly constant and around 1 
Syp keeps increasing —with somewhat different rates— during the radiation and the matter- 
dominated epochs. Sgpg always remains a factor HR above Syp, but this factor, originally 
huge, shrinks to unity today, by definition. 

In conclusion, the entropy and arrow-of-time problems are neatly solved, in PBB cosmol- 
ogy, by the identification of our observable Universe with (part of) the interior of an original 
black hole. As such, its initial entropy saturates both the HEB and the BEB and is large 
because of the assumed large size (in string or Planck units) of the initial black hole. From 
there on, there is a natural mechanism to provide saturation of the HEB at the beginning 
of the radiation-dominated phase, i.e. when the BEB lies some thirty orders of magnitude 
higher. This is precisely what is needed to account for the initial entropy of our Universe, 
and to unambiguously identify its time arrow. 

We do not wish to conceal the fact that our choice of the initial size of the collaps- 
ing/inflating region can be objected to, along the lines of Refs. |I6], as representing a huge 
amount of fine-tuning. Our answer to this objection has been expressed elsewhere [ff]: the 
classical collapse/inflation process is a scale-free problem in General Relativity; as such, it 
should lead to a flattish distribution of horizon sizes, extending from the string length to 
very large scales, including those appropriate for giving birth to our Universe. No other 
dimensionless ratio is tuned to a particularly large or small value as evidentiated in Fig.1 
by the three upper curves all originating from the same point at t = t;. Finally, we wish 
to stress again that the entropy considerations discussed in this note appear to provide new 
general arguments supporting previous conjectures on the way pre-big bang inflation should 
make a graceful exit into standard, post-big bang FRW cosmology. 


Useful discussions with M. Bowick, R. Brustein, M. Gasperini, A. Ghosh, F. Larsen, R. 
Madden and E. Martinec are gratefully acknowledged. 


Note added: After completion of this work I became aware of a very recent paper [17] 
which reaches similar conclusions on the role of H~' in cosmological entropy bounds. 
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Abstract 


We consider a thought experiment in which an energetic massless string probes a “stringhole” 
(a heavy string lying on the correspondence curve between strings and black holes) at large 
enough impact parameter for the regime to be under theoretical control. The corresponding, 
explicitly unitary, S-matrix turns out to be perturbatively sensitive to the microstate of 
the stringhole: in particular, at leading order in /,/b, it depends on a projection of the 
stringhole’s Lorentz-contracted quadrupole moment. The string-black hole correspondence 
is therefore violated if one assumes quantum hair to be exponentially suppressed as a function 
of black-hole entropy. Implications for the information paradox are briefly discussed. 
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1 Introduction 


The issue of a possible loss of quantum coherence in processes in which a black hole is 
produced and then evaporates has been the subject of much debate since Hawking’s claim 
[I] that black holes should emit an exactly thermal spectrum of light quanta (see e.g. [2] 
for a recent review). Progress from string theory on the microscopic understanding of black- 
hole entropy and on the AdS-CFT correspondence [4], has lent strong support to the 
belief that no loss of information/quantum-coherence should occur. However, even in the 
AdS/CFT case, understanding how unitarity on the CFT side teaches about information 
recovery on the gravity side remains unclear (see [5], [6]). 

Another “ab initio” approach to the same problematics consists of the study of trans- 
planckian-energy collisions of massless strings as a function of center of mass energy (or of 
the associated gravitational radius R), of impact parameter 6, and of the string-length scale 
l,, with the relative ratios of these scales defining different regimes for the process [7]. 

In this framework it has been possible to recover, within a unitarity-preserving S-matrix, 
both General Relativity expectations and string-size related modifications of it [8], albeit 
in regimes in which no-black hole formation is expected according to closed-trapped surface 
criteria[9]. Dealing with the complementary regime (corresponding to R > b,l,) has met 
with more limited success, although some progress has been made in understanding how the 
threshold of black-hole production can be approached from below [10]. An approximation 
to deal with the full-collapse regime, proposed a few years ago in |11|, appears to predict 
correctly the existence and rough values of some critical ratios for the onset of collapse, but, 
unfortunately, has failed so far to provide a unitary description of the process beyond such 
critical points [12]. 

Given the above difficulties, the attention has been shifted to a supposedly easier problem 
[13], that of the scattering of a closed light string off a stack of N D — p-branes at small 
string coupling and large N. Here the equivalent of the black-hole formation regime is the 
one in which the closed string is absorbed by the brane system and its energy is dissipated in 
open string excitations of the stack itself. In spite of some progress [13] [14], understanding 
how information about the initial state gets encoded in the final one is still far from settled. 

One problem is that information, if it’s to be eventually recovered, has to start coming 
out, at the latest, by the so-called Page time , corresponding roughly to the time by which 
the evaporating black hole has lost half of its entropy S. In order for this to be possible, the 
rate of information retrieval cannot be too small, e.g. cannot be of order exp(—S), at least 
not after the Page time. Information retrieval should instead be easy if “quantum hair” is 
inversely proportional to S, as recently proposed in a toy model identifying black holes with 
a self-sustained critical Bose-Einstein condensate of N ~ S gravitons [16]. Similar claims 
have been made in [17] on the basis of general uncertainty-principle considerations applied 
to the geometry itself. Indeed, once an effective classical geometry with an information-free 
horizon is assumed (even an effective one that corrects the classical horizon), continuous 


information loss looks inevitable[2]. 

In this paper we will address this kind of questions using the correspondence between 
strings and black holes that occurs when the mass of the former is tuned to the 
value Msy = M,g;7, giving a Schwarzschild radius R = O(1,). By going to small enough 
string coupling we can make the entropy of such “string-holes” (SH) arbitrarily large: 


1 \ 2-2 Mp\?2 
Sie = =g*>1. 1 
SH (=) (=) I. = (1) 


It is particularly appealing that, for SHs, the question of the size of quantum hair becomes 





one about whether it is perturbative or not in the string coupling constant. In our case, the 
role of the parameter N of is played by the string coupling which, for a given string 
mass, is tuned to a critical value. Unfortunately, and unlike in the simple model of [16], we 
are presently unable to perform a reliable calculation when g, and/or M are parametrically 
larger than their critical values. 

Furthermore, in order be able to claim that strings of mass Msgy = Mg,” can also 
be seen as black holes, we have to impose that they are compact enough not to exceed in 
size their own Schwarzschild radius R = O(1,), and to check that this restriction does not 
invalidate the entropy estimate (I). This question was addressed in [20] (see also [19]), where 
it was argued that the entropy of string states of mass M < Mgy = g;*M, is shared among 
states of different size r according to: 


E(-n8)(-ogtm)(ve()"), 


where c; are positive constants of O(1). For M < Msgy the last terms is negligible and the 





S(M,r) ~ 


first two factors give a maximal entropy for r ~ I, Jit: the random-walk value. However, 
there is still an entropy O(//M,) in “compact” strings and, furthermore, as one approaches 
M = Msgz, the third term in helps favoring such strings. 

Another way of reaching a similar result consists in counting string states at level N = 
a’ M? produced by oscillators of index larger than K. A simple argument, based on evaluating 
the corresponding partition function, shows that the entropy of such states is still O(VN ) 
if K ~ VN. They will generally correspond to occupation numbers < O(1) for O(N) 
oscillators (providing the right value for their mass) and will have a size of order: 


1 
2S 2 . cae 0 i 2 
r Us 7 (anon) Us (3) 
n>VvV N 


This is the kind of states we shall focus our attention on. We recall that, not only entropy, 
but, qualitatively, many other properties of strings and black holes (decay rates, evaporation 
time etc.) match on the correspondence line [20]. 


The idea, therefore, is to consider a thought experiment in which a massless string probes 
a stringhole target, a process somewhere in between those discussed in [7] (where both pro- 
jectile and target are massless) and (where the target is infinitely heavy). Studying such 
a process at sufficiently large impact parameters for the approximations to be under control 
turns out to be sufficient to reveal whether the quantum hair of such SHs is perturbative or 
not in 1/S ~ g?. This appears to be the string-theory counterpart to checking (albeit only 
at a specific point) whether quantum hair is perturbative in 1/N in the approach of [16]. 


2 <A thought experiment revealing quantum hair 


We work in flat 10-dimensional spacetime with (10 — D) dimensions compactified at the 
string-length scale so that the effective large-distance physics lives in D spacetime dimen- 
sions. We are also assuming to be working at very small string coupling g, so that, as already 
indicated in (I), there is a large hierarchy between the string and Planck mass scales. 

Consider now a process in which a massless “probe” string collides with a well-defined 
heavy (and for the moment generic) “target” string of mass M >> Mp > M,. Let us also 
take a high-energy limit in which the energy F of the probe string in the rest frame of the 
heavy one is much larger than M, and yet much smaller than M, 


M.M <s—M*=-2p-P=2EM <M’, (4) 


so that the light string does indeed act (almost) as a probe and yet we can apply a high- 
energy limit in which graviton exchange dominates. 

Following the logic of [7] (see also [21], [13]) we can argue that, at large-enough impact 
parameter b, the elastic scattering amplitude is given by the semiclassical eikonal formula: 


4—D \ _ ,2i5(E,M,b) 4 ee 
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S(E, M,b) ~ exp(i2) = exp 
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As a consistency check, we note that, when one goes back from b to q-space (or deflection 


angle @), one recovers, at the saddle point of the b-integral, the classical Einstein relation 
(generalized to arbitrary D) between deflection angle, mass, and impact parameter: 
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81GM (+ 
b 


D-3 
~ O,_5bD-3 ~ x) <1 ; (GM)P3 ~R<b, (6) 
D—2 


where R is the Schwarzschild radius of the heavy string. Obviously, the above formula 
satisfies the “no-hair” theorem, in the sense that it is sensitive to the mass of the heavy 
string state but not to its microscopic quantum numbers. 

Diagrammatically, the result comes from exponentiating the exchange of a single 
graviton between the light and the heavy string. Both (and (6) are indeed only valid 
at sufficiently large impact parameter (small deflection angle) and suffer from corrections of 


4 


higher order in R/b (@). These will reconstruct, for instance, the deflection formula in the 
full Schwarzschild (or Kerr if we consider a target with spin) metric. As shown long ago 
by Duff [22], they correspond, diagrammatically, to exponentiating connected graviton-tree 
(fan) diagrams in which a single vertex (the trunk of the tree) is attached to the probe string 
while all the branches terminate on the heavy one, giving the appropriate powers of R and 
b. These classical correction still satisfy the no-hair condition as well as elastic unitarity. On 
the other hand if instead“hairy” corrections to 6(£,M,b) are exponentially suppressed for 
large black holes, we would expect them to show up in the form: 


6(E, M,b) > 6(E, M,b)(1 + classical corrections + e~Q) , (7) 


where c is some constant and Q represents, schematically, a quantum-hair operator taking 
different expectation values depending on the black hole microstate. We will check below 
whether an ansatz like (7) is satisfied for the particular stringhole states introduced in the 
previous Section. 

To address this question recall that, as discussed in [7] and [13] in two different contexts, 
there are also “string corrections” to the leading eikonal form. These are related to the 
fact that strings are co objects and therefore suffer tidal forces when moving in a 
non trivial geometry 23] . Fortunately, at least at small scattering angle, such corrections 
are fully under control aa lead to a unitary S-matrix. Unitarity is now satisfied in a less 
trivial way: different channels couple, elastic unitarity is violated, but one still obtains a 
fully unitary S-matrix in the Hilbert space of two arbitrary string states. The question is 
whether this non-trivial S-matrix contains information about the actual state of the heavy 
string, and at which level. 

Building on the work of [7] and [13] we can be confident that the tidal excitation of both 
the light and the heavy string are captured, at leading order in 0, by the replacement: 


6(E, M,b) > 6(E, M,b) = (6(b + Xy — X,)) = 2GEMh ep ((b+ Xy—X1)*”). (8) 


Here Xj and X;, represent the heavy and light string position operators, stripped of their 
zero modes (which give b), evaluated at 7 = 0, and averaged over a. These operations, 
together with a normal-ordering prescription, are indicated in by the brackets, i.e. 


4—D 
(6+ Xy — Xz)*) = =), “aor dow: (b+ Xu(ow,0)—Xx(or,0)) +. (9) 
In words, the classical phase shift is replaced by the average of a quantum phase shift in 
which the impact parameter is affected by a quantum uncertainty encoded in the string 
position operators. 

For what concerns the excitation of the light string, further justification of the above 
formula comes from the study of string-brane collision discussed in [13], specialized to the 


‘Although all calculations are performed in flat spacetime the effects of an effective non-trivial geometry 
emerge from the calculation. 


case of a stack of 0-branes. For the excitation of the heavy string we can instead appeal to 
the quantization of the heavy string in the shock-wave metric produced by the light one [24]. 

Following [7], we now expand to quadratic order in the x (the linear order clearly 
averages out to zero) to get the leading correction in an expansion in (1,/b)?: 


“ 2nGEM(D — 2), 3; ae 
2(6 — 6) = Ap ppPae (Ci + Or) bibs (10) 
Here Q') is the (D —2)-dimensional (i.e. Lorentz-contracted in the direction of the incoming 
momentum) quadrupole operator for the heavy string?. 


ij vi yi Oi — vi yi 
= XyXh— py Xn Xh (11) 
i=1 





and is projected along the unit vector b in the direction of the impact parameter. This 
projection can also be written in the form: 





As indicated in (10), we get a similar term for the probe string. At this order in /,/b the 
S-matrix thus factorizes in the form: 


S(E, M,b) = exp(2i5) ZS, Sw; Utw = exp (i(D HA OF a iib;) (13) 


where we have defined the dimensionless quantitied4: 


_ 2nGEMI? 


= - 6% —/-Qt 


the latter being the quadrupole measured in string-length units. Since the quadrupole oper- 
ators are hermitian (see also below), each factor appearing in corresponds to a unitary 
operator. The first two factors are independent of the particular state chosen for the heavy 
string. Let us therefore concentrate our attention on “iy (dropping for simplicity the H 
suffix). The operator appearing at the exponent in ¥ can be easily written down: 


(oe) 
eee \ ee are 
QY bib; =Thy >> A (altal + ala + ofa), + ala) - (15) 
n=1 
Its diagonal matrix elements are sensitive to the (projected, transverse) quadrupole of the 
heavy string, while the transitions to other states, induced by terms with two creation or 
?T am grateful to T. Damour for this interesting remark. 


3The value of A, when compared to unity, determines [7] whether the probe string gets excited or not by 
tidal forces. However, once more, these effects will not depend on the particular state of the target string. 


two annihilation operators, correspond to a quadrupole-like excitation of the original string 
itself. This is hardly surprising in view of the intimate relation between tidal forces and 
quadrupole moments (see e.g. [25]), and simply appears as a generalization of known facts 
to an ultra-relativistic situation involving strings (our quadrupole, in particular, is a purely 
geometrical object). 

In order to have an estimate of quantum hair we need to normal order the whole expo- 
nential operator occurring in 4. Following again [7], we find: 


Me = yy (univ) yy (hair) yy (univ) = rd ats 7 ae rd _ i(D _ 3)A) 


plhair) — : exp (dott + a) )\(a3, + al) Cn(A) (6 — bib;) + eucayha ; 
C,(A) = -—. CHA SC (pa), (16) 


At this point the explicit calculation of the S-matrix is simple, in particular between coher- 


(univ) being a cnumber, does not depend on the internal quantum numbers of 


ent states. UJ 
the heavy string and, together with similar factors coming from the light string, provides 
absorption and further contributions to the phase shifts, but no hair. Instead, the oper- 
ator D("#") generates matrix elements that feel the nature of the microstate in which the 
heavy string actually is. Note that normal ordering has slightly upset the exact quadrupole 
structure appearing in (IJ), (£2) (which is however recovered for n >> A). 

Let us now specify further the process described in the previous section in order to make 
contact with black-hole physics. To this purpose we shall identify the heavy string with a 
“stringhole” state described in Sec. 1. The reason for choosing that precise (within factors 
O(1)) value of M is twofold. Choosing M in the range Mp < M « Moz leads to reliable 
results, but the string, in this case, is below the correspondence curve, its size is larger than 
its Schwarzschild radius and therefore is not a collapsed object [18]. On the other hand, 
various approximations that can be justified for strings of mass up to Msy cease to be 
valid for strings with M >> Moy, i.e. strings that would simulate “large” black holes in 
string-length units. 

Let us first evaluate the quantity A in (14) for the SH case. Up to numerical factors: 


b 
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Given our bounds (4) on E we find: 
973 <A KG, 20PS. (18) 


Obviously, even keeping 0 < 1, but finite and g,-independent, we can make A > 1 (yet 
< g,”) for sufficiently small g, and with EF in a parametrically large region. 

In order to estimate the size of quantum hair we note that the coefficients C,,(A) ap- 
pearing in become O(1) at n < A or of order A/n at n > A. As already discussed, 


t 


typical SHs will have most of the non vanishing occupation numbers of O(1) in oscillators 
with n~ VN ~ gz. In that case C, ~ A/n and eq. simplifies further: 


piety = : exp (-«-2 
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1 . 
—(alé + a )(a?, vam) , (19) 
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The basic observation is that the operator appearing in the exponent of (19) is completely 
unrelated to the one giving the mass of the SH and therefore will distinguish degenerate 
microstates. It contains positive definite diagonal terms that correspond to the transverse, 
projected quadrupole of the SH. The non-positive definite terms, corresponding to inelastic 
transitions, are also microstate-dependent through a similar quadrupole operator. There is 
also a state-dependent absorption from the real part of C),. This is suppressed by an extra 
factor A/n ~ g?A and is not controlled by the quadrupole. 

The dominant terms sum up to something O(1) but can still take different values of that 
same order within the whole SH ensemble. Hence, an experiment measuring the phase of 
the S-matrix should be able to reduce our ignorance on the state of the SH by a factor 
O(2 EI Interpreting this as a reduction on the total number of states e°, it will correspond 
to a decrease of O(1) in entropy, meaning that the whole information can be recovered after 
O(S) experiments. The minimal duration of each experiment being O(/,), namely the light- 
crossing time for a SH, the total time needed to recover the information will be of order of 
the Page/evaporation time SR ~ g77l.. 

In our approximation quantum hair also appears to be suppressed with respect to the no- 
hair terms by a power of the scattering angle. While this is still sufficient for our qualitative 
discussion, we think that our results should qualitatively extend to scattering angles of 
O(1). Checking this is not easy since, precisely for a SH target, string-size and classical 
corrections kick in simultaneously as we increase the scattering angle (although the different 
6-dependence should help separate the two kinds of corrections). If so, the quantum hair 
revealed by our scattering process (with higher multipoles appearing besides Q,;) will indeed 
approach O(1) for a probe-energy of order of the Hawking/Hagedorn temperature of the SH. 
Such impact parameters and energies are precisely those typical of Hawking’s radiation. 
Actually, as well known in particle physics (see e.g. [26]), a decay amplitude is usually to 
be corrected by a “final-state interaction” which basically amounts to multiplying the naive 
decay amplitude by a factor S'/*(E,b) ~ exp(id(E, b)), where the typical values of E and b 
will be M, and I, respectively. In other words, such a quantum hair may directly leave its 
imprint in the decay of a SH. Admittedly, all these are hand-waving arguments that should 
be analyzed more carefully. 

In any case, it appears that the quantum-hair amplitude is not suppressed, relative to 
no-hair terms, by exp(—Sszz) ~ exp(—g;”) but rather, at most, by a small inverse power of 
~ 4Tt is also clearly non-degenerate with the spin of the SH. 


>If instead we wish to distinguish SH states with differences O(1) in the occupation numbers the sensitivity 
of (19) will have a suppression factor of O(A/n) ~ g?A. 


2 i.e. is a perturbative effect in the string coupling. Note, however, that a generic 


So rg? 
individual element of the S-matrix is always suppressed by an exp (—A) “non-perturbative” 
factor, which gets compensated by the exponentially large number of final states contributing 
to inclusive-enough cross sections. Indeed, given that Uy is unitary, it is easy to lose its 
sensitivity to quantum hair if traces over the heavy initial and/or final SH states are taken. 
Summing individual transition probabilities over final SH states corresponds to considering 
an inclusive cross section, while tracing/averaging over the initial SH state corresponds to 
an initial mixed state. In both cases it is quite clear that unitarity of iy washes out all 
the leading-order SH hair discussed so fai’. Only subleading terms and/or appropriate 
interference experiments will be able to leave information about the state of the SH on the 
probe-string. Whether this is in principle sufficient to retrieve enough information on the 
SH is not completely obvious. 

In conclusion, the results we have presented point in the direction of some perturbative 
quantum hair being revealed in our thought experiment, very likely something of order 
1/S ~ g? for a probe of EF ~ M, during a collision (horizon-crossing) time O(1,). At least 
naively, this would allow to retrieve the full information about the microstate of the string 
hole within its evaporation time of order g;7/,. This result can be related to the fact that, 
for a stringhole, the concept of an infomation-free horizon does not make sense (the horizon 
being as large as the string itself) and, in this sense, it is similar to what is believed to 
occur for the so-called fuzzballs states of string theory (see [28] and references therein). It 
would be interesting to see whether thought experiments of the kind discussed here using 
fuzzballs could reveal a similar amount of quantum hair. Of course the issue of whether or 
not spacetime around the horizon can be considered to be empty is also very relevant in the 
recent firewalls debate [29]. 

Can we reconcile our finding with an exponentially small amount of quantum hair for 
large black holes (i.e. for black holes much heavier that Mg7;, for which our simple analysis 
fails to provide a reliable answer)? Clearly an expression like that of (7) is in contradiction 
with our findings but one could instead imagine an ansatz like: 


6 + 0(E, M,b)(1 + classical corrections + e 8s Q) ' (20) 


which would only give an exponential suppression for black holes that are much heavier that 
those on the correspondence line. Indeed, a single string may fail to represent black holes 
above the correspondence curve (seen in that case as a critical line separating two phases), 


hair) could change quite abruptly above the phase transition. 


in which case D‘ 
Another possible objection to drawing strong conclusions from our results lies in the 
possibility] that SHs do not represent typical black holes but only a tiny fraction of them. 
In that case, their long hair will make them atypical “hippie-like” black holes within a vast 
majority of “bald” ones. 
® At order /4b~* the eikonal operator will give terms proportional to X?.X?, that destroy factorization. 
’This possible loophole was suggested by M. Porrati. 
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Diality wider inversion (OF the cosmological Seale factor is discussed both for 
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zero, low energy effective actions. The string-modified, Einstein-Friedmann 
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Duality = modular invariance!!! 


1 INTRODUCTION 


Undoubtedly, one of the deepest quantum symmetries of string theory is (tar- 
get space) duality. In its simplest form [1], duality says that a (closed) string 
moving on a circle of radius R is equivalent to one which moves on a circle of 
radius \?/R where \? = 2a’h is the fundamental length parameter (Planck 


constant) of string theory. Duality has been extended to more complicated 
situations |2, 3, 4] and is more generally termed modular invariance (in target 
space). It is believed to be an exact symmetry [5], at least order by order in 
the string-loop expansion. 

Duality appears to have far-reaching consequences, such as introduc- 
ing a minimal compactification scale [6], restricting the possible form of 
scalar (or super) potentials [7] and determining some characteristics of non- 
perturbative supersymmetry breaking [8]. It could also have lots to do with 
the notion of a minimal observable scale O(,,) in string collisions [9] and with 
extended forms [10] of the Uncertainty and Equivalence principles, although 
these concepts appear to retain their validity irrespectively of compactifica- 
tion. 

Under duality the roles of X' and P ~ X (winding number and momen- 
tum for zero modes) are interchanged. Indeed, a somewhat simplified (see 
below) derivation of duality [3] consists of performing a canonical transforma- 
tion on the string’s position and momentum variables which are integrated 
over in the (Hamiltonian) path integral defining the partition function Z. 
If no anomaly gets in the way, this immediately leads to a symmetry of Z 
under certain discrete changes of the metric and torsion background fields, 
which is one of the possible definitions of duality [3]. 

So far duality has been fully discussed and implemented for a variety of 
constant background fields Gi, By, ....and there has been some controversy 
as to the possibility of extending it beyond such static situations|11]. 

In this paper I wish to present some evidence, both at the classical and 
at the quantum level, that duality is a very useful concept even for time 

Being a symmetry of the effective action (including 
classical stringy sources), at least to lowest order in derivatives and in the 
string loop expansion, duality will relate, in general, physically inequivalent: 
cosmological solutions of the string-modified Einstein-Friedmann equations 
(which include a non-trivial dilaton). 

Unlike the usual R-duality, this symmetry does not rest on compactifi- 





a-factor 


R- sym/= SFD duality 





cation and connects (physically) expanding to (physically) contracting Uni- 
verses. To distinguish it praualy, I shall refer to it as scale-factor-duality 
(SFD). 

In Sect.2 I shall present some heuristic arguments for SFD starting from 
the classical motion of strings in cosmological backgrounds. In Sect.3 SDF 
will be substantiated by the analysis of the low-energy, tree-level string ef- 
fective action. The final result will be a system of modified, SFD-invariant 
Einstein equations coupled to the SFD-invariant classical sources of Sect.2. 
In Sect.4 I shall present some explicit solutions and physical considerations, 
while Sect.5 will contain some conclusions and a rather speculative outlook. 

In this paper I shall only present the general ideas and some results. A 
more detailed account, as well as extensions to more general backgrounds, 
will be given elsewhere [12, 13]. 


2 SCALE FACTOR DUALITY AT THE CLAS- 
SICAL LEVEL 


The possibility of extending R-duality to time-dependent Seale factors comes 


naturally from the study [14, 15, 16] of classical string propagation in homo- 
geneous, isotropic, cosmological backgrounds: 
Iu = diag(—1, a? (t)) » WY= 0, iF oes (D ~— 1) 


In the orthonormal gauge, the corresponding string equations of motion and 
constraints read (i = 1,2, ..., D-1; X° = t) 


i0- xa ye f(x")? — (%')"] 


i 


xi = x" = 2 da yoy _ xox) 
a dt ; 
(X°)" + (9) = 0S [(X")' + XY" 
xX? = 2? x'x". (2.1) 


2 


1 


a-->infin 





Asymptotic solutions to the system (2.1) were discussed in [16] (see also [14, 
15] ) for the case a(t) — oo in the form of a systematic large-a(t) expansion. 


Of particular interest was the superinflationary case (H = a (4) > 0) of 
which a typical representative is 
a(t) =(-t)” (7 > 0) (2.2) 


For such backgrounds, a regime of ” high instability” was found to develop 
inevitably at late times. It is characterized asymptotically by [16]: 
1. Proportionality of world-sheet time 7 and of conformal time 7 where, 
as usual, 
adn = dt (2.3) 


2. The stretching (” freezing” ) of spatial string coordinates: 
X'ss ks) G=]19..p=1) (2.4) 


3. A negative pressure which, in the ideal gas approximation, takes the 
asymptotic value: 


p= Saar ; p = energy density (2.5) 


In ref. [17] the case of a rapidly contracting Universe, e.g. 
a(t) = (-t)’ = a(t)" (y>0) (2.6) 


was also considered and solved at late” times (t — 0,a@ — 0). In this case, 
the asymptotic solution was instead characterized by: 


1. Proportionality between 7 and ¢ where: 





dé = adt (2.7) 
2. Very fast shrinkage of the string: 
Xi << Xi (2.8) 
3. An equation of state typical of an ultrarelativistic gas: 
. p 
= 2.9 


3 


dual 
metric 










Comparison of properties 1,2,3 and 1, 2,3 suggests [17] some relation be- 
Since @ = a~', the 
tween 


result 7 = ¢ =T implies, up to a constant, 


t=t (2.10) 


A detailed study of the equations of motion and constraints shows that, 
indeed, one can transform any solution of the system of equations for the 
background metric (2.1) into a solution for the ”dual” metric by the replace- 


ments 





(2.11) 


where the latter two equations are consistent with each other thanks to the 
equations of motion. 

iFrom (2.11) and from the definition of energy and pressure density for 
an ideal, isotropic gas of strings: 


pv 


T(x)= =a ¥ [doar XEXY — XB (X — 2). (2.12) 


one finds, after use of (2.11), 


V—9p = \/-a6 5 V—gp = —- (2.13) 


in agreement with (2.5) and (2.9). 


‘broken! Indeed, the left- and right-hand sides of the equations transform 
differently under a > @ = a!. For instance, one combination of Einstein’s 
equations reads: 









—— ey = 3 (o+p). (2.14) 


string modification of Einstein's Eqs 


The Lh.s. of (2.14) is clearly odd under a — @ = at, while the r.hs., 
owing to eq. (2.13), has no definite symmetry. As we shall discuss in the 


next section, the solution of this puzzle lies in the string’s modification of 
Einstein’s equations. Since these equations reflect the absence of conformal 


anomalies in the quantum theory, we can also say that it is the consistent 


3. SCALE FACTOR DUALITY FOR THE 
EFFECTIVE ACTION 


The way duality is implemented at the quantum level is a little subtle even 
for usual time-independent R-duality. It involves a non-trivial transformation 
[18] of both the metric G,,,, and of the Fradkin-Tseytlin dilaton [19] @ which 
appear in the Euclidean 2D action as: 


S=1/2 / da =F (9/9 O,X"IgX" G wy + (R/4m) 0) (3.1) 


With this definition of the background fields (and up to a numerical factor), 
the tree-level string effective action takes, the form [20]: 


let = [axv —Ge*[R + 0,,¢0"¢ — V + higher deriv.]. (3.2) 

where V = p) and RF is the scalar curvature constructed out of Gy). 
It is clear from (3.2) that even the cosmological term (proportional to 
(D —10)) is not invariant under G + G~! unless, at the same time, ¢ is also 


changed: 
G—G?; ¢6-— ¢—-trinG. (3:3) 


A possible way to understand 
duality, in spite of the fact it does not couple to X or X' in (3.1), is to 


recall that the fields appearing in I’. ff are renormalized” fields while those 
appearing in S are ”unrenormalized”. The path-integral ” proof’ of duality 
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phi/G mixing 





[3] implies that the bare dilaton is left invariant. However, the relation 
between bare and renormalized @ involves, at one loop order, precisely a 
term proportional to trinG (see e.g. [21]) This is a generalization of an 


observation by de Alvis [22] that, at the linearized level (around a flat G), 
the dilaton mixes with the trace of G. 


Thus, if the bare dilaton is invariant under duality, the renormalized dila- 
ton will transform as in (3.3). We have actually checked that the coefficient 
in front of the trinG term is the correct one if dimensional regularization is 
used. More generally, since we expect the renormalized and bare dilaton to 
be related by a local transformation, some generalization of (3.3) should also 
work at higher orders with just a more complicated, but local, transformation 
law for @, as recently found to be the case at the next order [23]. 

Let us now proceed to the case of time-dependent scale factors. Take for 
instance 


NG jw = diag(—1,a;? (t)); Bur =0; 6=¢(t) (3.4) 


We may ask if the symmetry under (3.3) survives in this case. Surprisingly 


perhaps, the answer is in the affirmative at least up to second order in the 


space-time derivatives (slowly varying fields). Furthermore, for backgrounds 
of the type (3.4), the symmetry group appears to be extendible from a single 
Z_ to Zo defined for each i = 1,2,..d by: 


a;(t) > a; *(t); 6 bd — 2lna; (3.5) 


This symmetry can be further extended, as shown in [12]. 


If one looks at the effective, low energy string action as being a generic 
Brans-Dicke-type [24] modification of Einstein’s gravity, one concludes that 


=p Such a value is unacceptably small, phenomenologically, unless 
the dilaton picks up a mass [25], presumably through the same mechanism 


We may ask at this point whether SFD is really distinguished from R- 
duality even in the case of compact dimensions. In order to see that this is 


so, consider the case of a single circle of fixed radius R and a time-dependent 
scale factor a(t). A naive extension [26] of R-duality would connect this 
situation to the one in which 


aR/d, + (aR/r,)~ (3.6) 
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2,1 


"We are connecting through SFD a phys expanding to a phys contracting 


universe" 





However, these R-duality-related situations both describe a contracting or 
expanding circle according to whether aR/A, approaches the fixed point value 
1 or moves away from it. Instead, by fixing a(0) = a(0) = 1 and by letting the 
two evolve according to (3.5), 


It follows from previous discussion that the correct interpretation 


of SFD is not that of a true symmetry, but rather of a group acting on 


the vacuum manifold and transforming solutions of the field equations into 


other (generally inequivalent) solutions. SFD thus appears to be a gener- 
alization of Narain’s construction [27] to the case of possibly non-compact, 
time-dependent backgrounds. This analogy will be made much more com- 
plete in ref. [12]. 





The fact that SFD is asymmetry of the action can be verified immediately 
at the level of the equations of motion that follow from (3.2). In the general 
case these read: 


R — 0,¢0"¢ + 2D,D"6 — V =0 
Ry +D,D,¢ = 0. (3.7) 


where D,, denotes the usual covariant derivative of General Relativity. 
For our ansatz (3.4) eqs. (3.7) can be reduced to the following set of 
independent equations: 


SH? - (6- 5°)? +T? =0 


D105 - 
x) 


which are clearly invariant (respectively even and odd) under SFD. 
We note, incidentally, that eqs.(3.8) admit, for D > 10, the particular 
solution [28]: 





H, = 4;/a;, T = AVN? = A.( (3.8) 


o=0t4 O° =]{T "= (D—10)/2)- (3.9) 


which is well known to provide an exactly conformal invariant theory to all 
orders in A,. However, as discussed in [15] (see also [29]), these solutions 


do not seem to describe a physical expansion of the Universe. In this paper 
9999999999999 99999999 9999999090990909099 


D>10??? 


Gmunu lambda s “2 


we shall stick to the claim [15] that (the Tole 6f Einstein's metic is played im 


Before giving solutions to the above equations, let us combine the results 
obtained so far by coupling the classical string sources described in sect.2 to 
the string-modified Einstein equations of this section. This straightforward 
excercise yields the following modification of eqs.(3.8) 


SH (6-H T= ne 
Hy - Hi(o = > Aj) = 1/2Ke®p, 
Ke? = a’e?\P4 ~ 82Gn 
p+ >) Ai(e + pi) = 0. (3.10) 


where we notice that, in this case, one of the field equations, instead of being 
redundant, yields the energy conservation equation. 


It is now clear, after use of (2.13), that, unlike for the case of Einstein’s 











4 SOLUTIONS AND PHYSICAL CONSID- 
ERATIONS 


In this paper I shall consider in some detail the case in which the effect of 
classical string matter can be neglected, commenting briefly on more general 
situations. A detailed study of the general case is being made and will appear 
elsewhere [13]. The general solution of eqs. (3.7) can be written explicitly 
and reads (D > 10) 


ai(t) = a;(—oo)(tanh(+7/2))™ 
o(t) = d(t) — S- Ina,(t) = —msinh(+r) + do 
rail; > a1 (4.1) 


Two remarks are in order: 


-00< t <0 


tau = O(-1) 





ae a 


i) in general the solutions are defined on a half-line in t. Equivalently, 
there is in general a singularity at some finite value of t here taken 
conventionally to be t = 0. If, for the moment, we consider solutions 
defined for t < 0 the minus sign has to be chosen in eq. (4.1); 


ii) the known, all-order solution (3.8) can be recovered formally by taking 
the limit t — —oo. 


The solution (4.1) is general since it depends on 2D — 1 integration con- 
stants (this includes the time at which the singularity occurs) and, indeed, 
the solution is completely determined once the initial values of a;, H; and 


@ are given. It describes a cosmological evolution from t = —co to t = 0 
whereby the Universe is initially very flat (and isotropic): 
H; = —a;/T sinh~*(—r) — 0 (4.2) 


and the D-dimensional coupling 


Ap = exp(¢) — const.exp(T) — 0 (4.3) 


is very weak. Hence, the initial state is perturbative from the point of view 


of both the o-model and the string-loop expansion. 

As long ast < —1 (t < —T), things do not change much. However, from 
T = O(-1) onward, seale factors begin to vary faster and faster. Depending 
upon the signs of the a;’s, some dimensions undergo (super)inflation or very 
fast contraction, i.e. precisely the kind of behaviours found in [17] from 
solving Einstein’s equations in the presence of highly unstable strings in a 
self-consistent way. This certainly gives a hint that the addition of classical 
string sources will not modify qualitatively the solutions of the pure gravity- 
plus-dilaton system. Notice here that it is SFD that allows, for any solution 
with an expanding dimension, one with a reciprocally contracting dimension: 
anisotropic cosmologies are natural alternatives to isotropic ones in SFD- 








Ast — 0-, H; blows up like while the behaviour of Ap depends on the 
actual value of > a; via 


dy (a) "11 — a) , a = tanh(—7/2) > 0 (4.4) 


Thus Ap goes to zero, to a finite constant or to infinity for Sa; > 1, 
Ya; = land oa; < 1, respectively. However, the relevant, effective coupling 
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in the expanding dimensions after they have become much larger than all the 
contracting ones is related to Ap by 


Np =>AdD =O a (Ab) 


contr. dim's 


and is thus easily seen to be always growing as one approaches the singularity. 





Case D = 10 


duration of inflation and the corresponding ”e-folding” factor 


N = In(—aeL (4.6) 


Ainitial 


are determined by requiring that, at the end of inflation, our approximations 
are still valid, implying, at least: 


—tfnal a As ; |Hgnal| < O(A;") } Ap < OU). (4.7) 
Consequently one finds: 
N < O(A;1T) = O((D — 10)71/7) (4.8) 


We thus see that there is no hope of getting a large amount of inflation 
inthe ase of a/tree-level/ cosmological constant, Paradoxically perhaps, the 
amount of inflation increases for decreasing Ajp, the reason being that the 
smaller Ag, the longer inflation will last. 

The above considerations suggest considering the case of critical dimen- 
sions, D = 10. In this case, because of non-renormalization theorems, no 
potential is generated at any finite order in the string loop expansion. Ne- 
glecting non-perturbative effects, eqs.(4.1) still give the general solution by 
letting tT — 0. One finds: 


ai(t) = aj(—to)(—t/to)™ 


o(t) = —In(t/to) 
Saf =1 (D=10) (4.9) 
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The amount of inflation is only limited now by the initial values of the Hubble 
constants H; and of the dilaton. A simple calculation yields: 


N < min(—dinitiat, —1/2In(AZ > H?)) (4.10) 


If we imagine to start, at some initial time, with a slight perturbation of the 





On the other hand, non-perturbative, supersymmetry breaking effects are 
expected to produce a non-vanishing V of order [8] 


V ~ exp(—c exp(—¢)) K1, (ce > 0, 6« —-1) (4.11) 


Furthermore, the potential will depend, in general, on the a; through the 

combination r;(t) = a;R/A, if the ith. direction is a circle of radius R with 

a dependence of V on the rj, itself restricted by modular invariance |7, 8]. 
In this case eqs. (3.10) can be shown to become: 


SH? - (6 — OH)? + VA? = —Ketp 
H, — Hi(o — ~ Hj) + 1/2(0V/0¢@) + 1/2(0V/dlna,;) = 1/2Ke*p; 


p+ Do Hilo +p) = 0. (4.12) 

The above equations appear to break SFD. Only ordinary R duality is 

strictly preserved in the compactified dimensions thanks to the symmetry 

properties of V. Eqs. (4.12) can no longer be solved in closed form for a 

generic V and their analysis will be investigated elsewhere [13]. Nonetheless, 

we can already anticipate that the possibility of a long inflation and of a 
large e-folding factor appears to be preserved even in this case. 


5 CONCLUSIONS AND SOME ”PHILOS- 
OPHY” 


Obviously, any realistic situation will have to be much more complicated 
than the one described by the system of eqs. (3.10). Nonetheless, we may 


HB 


hope some general features of the real world to be shared by the solutions of 
the simpler system. 

Consider, for instance, eqs. (4.12) with some generic V satisfying (4.11) 
and depending on the "radii” r; in a modular-invariant way. Let us start 
evolving from a very classical” situation, i.e. 


H; <id;',¢<=-1 (5.1) 


Under these conditions, eqs. (4.12) imply, at early times, 


F d _ 
(o> DUH) yD GH) (5.2) 
and thus a two-fold ambiguity. 
We thus see that the choice of sign depends, very generally, on whether 
| gine wants to describe a late- or an early-time solution. Since, evidently, we do 
not want to describe today’s Universe in terms of a Kaluza-Klein cosmology 


with a time-dependent gravitational and gauge coupling, we are forced, by 
physics, to choose the early-time solution (upper signs in eq. (5.2)). We 





coupling, small curvature regime evolves naturally into a quantum era, with 
large curvatures and/or coupling. This is naturally identified with the ” big- 


bang”, i.e. with the beginning of our epoch. Of course the (semi)classical 
description exhibits a singularity and, as such, cannot be continued across 
t = 0. Hopefully, this just reflects the inadequacy of the semiclassical picture, 
while quantum string theory has a way to go through the singularity on to 
t>0. 

What will happen during the fully quantum era is clearly mere speculation 
since we do not know, at present, how to tackle such a complicated non- 
perturbative regime. As already pointed out, SFD is expected to be broken 
as soon as higher loops and/or compactification effects will be felt. Hopefully, 
this will select, out of all SFD-related solutions, those evolutions where six 
dimensions contract while the other three expand. During the quantum era, 

the freezing of the internal 
dimensions to scales O(A,) and the freezing of the dilaton at a value O(1) with 
generation of a dilaton mass. Only under these circumstances the way could 2 
be paved for starting a more conventional kind of cosmology at t > O(As). 
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After completion of this work I became aware of ref. [30] where the 
solution (4.1) to the @ -function equations already appears. 
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1 Basic Facts about Cosmology and Inflation 


It is well known that the Standard Cosmological Model (SCM) works well at: “late” 
times, its most striking successes being perhaps the red shift, the cosmic microwave 
background (CMB), and primordial nucleosynthesis. 


However, the SCM suffers from various problems. At the theoretical level the 
most serious of these is the initial singularity problem, which basically tells us that 
we cannot have theoretical control over the initial conditions of the SCM. At a 
phenomenological level, the SCM cannot explain naturally: 


i) the homogeneity and isotropy of our Universe as manifested, in particular, 
through the small value of AT’/T = O(10~>) observed with COBE”); 


ii) the flatness problem, i.e. the fact that, within an order of magnitude, 
Q = p/ pert ~ 1; 


iii) the origin of large-scale structure. 


Inflation, i.e. a long phase of accelerated expansion of the Universe (a,@ > 0, 
where a is the scale factor), is the only way known at present of solving the above- 
mentioned phenomenological problems. Various types of inflationary models have 
been proposed [for a review, see 3), 4)| each one supposedly mending the problems of 
the previous version. Particularly severe are the constraints coming from demanding: 


a) a graceful exit with the right amount of reheating; 
b) the right amount of large-scale inhomogeneities. 


In order to satisfy such constraints, fine-tuned initial conditions and/or inflaton 
potentials are necessary. And this without mentioning the fact that inflation is not 
addressing at all the initial singularity problem. 


Actually, Kolb and Turner, after reviewing the prescriptions for a successful 
inflation, add”: 


“Perhaps the most important — and most difficult — task in building a successful 
inflationary model is to ensure that the inflaton is an integral part of a sensible model 
of particle physics. The inflaton should spring forth from some grander theory and 
not vice versa”. 


I will argue below that superstring theory could be the sought-after grander 
theory (what could be better than a theory of everything?) naturally providing an 
inflation-driving scalar field in the general sense defined again in ref. 4): 


“It is now apparent that inflation, which was originally so closely related to 
Spontaneous Symmetry Breaking, is a much more general phenomenon.... Stated in 
its full generality, inflation involves the dynamical evolution of a very weakly-coupled 
scalar field that was originally displaced from the minimum of its potential.” 


I hope to convince you that this will be precisely the picture that we claim takes 
place in string cosmology. In order to substantiate this claim, I will have to digress 
and recall a few basic facts in Quantum String Theory. 


2 Basic facts in quantum string theory (QST) 


I am listing below a few basic properties of strings, emphasizing those that are most 
relevant for our subsequent discussion. These are: 


1. Unlike its classical counterpart, quantum string theory contains a fundamental 
length scale A, representing”) the ultraviolet, short-distance cut-off (equivalently, a 
high-momentum cut-off at E = M,c? = hc/..,). 


2. Tree-level masses are either zero or O(M,). Quantum mechanics allows 
massless strings with non-zero angular momentum® while, classically, M? > const. x 
J. The existence of such states is obviously a crucial property of QST, without which 
it could not pretend to be a candidate theory of all known interactions. 


3. The effective interaction of the massless fields at EF < M, takes the form of 
a Classical, gauge-plus-gravity field theory with specified parameters. It is described 
by an effective action”:*) of the (schematic) type: 





| 7 
Depp = 5 faz =ge® [As?(R + 9,60") + Fe, + Dy + R? 4 = 
+ [higher orders in e”] ; (2.1) 


Equation (2.1]) contains two dimensionless expansion parameters. One of them, 
g’ = e®, controls the analogue of QFT’s loop corrections, while the other, A? = \?-0?, 
controls string-size effects, which are of course absent in QFT. 


4. As indicated in (B.1]), QST has (actually needs!) a new particle/field, the 
so-called dilaton ¢, a scalar massless particle (at the perturbative level). It appears 
in Depp as a Jordan—Brans—Dicke®) scalar with a “small” negative wep parameter, 
WBD = —1. 


5. The dilaton’s VEV provides®)!) a unified value for: 


a) The gauge coupling(s) at FE = O(M,). 


b) The gravitational coupling in string units. 


c) Yukawa couplings, etc., at the string scale. 


In formulae: 


es = 8rGyh=e?d?, 
1 e 
agut (A, ) ee (2.2) 
T 


implying (from agur © 1/20) that the string-length parameter A, is about 107 cm. 
Note, however, that, in a cosmological context in which ¢@ evolves in time, the above 
formulae can only be taken to give the present values of a and ¢,/A,. In the scenario 
we will advocate, both quantities were much smaller in the very early Universe! 


6. Dilaton couplings at large distance are such!” that a massless dilaton is most 
likely ruled out!"!?) by precision tests!®) of the equivalence principle [for a possible 
way out see, however, ref. 14)], i.e. 


M,>10“eV. (2.3) 
7. Details about the dilaton potential are unknown, yet: 


a) On theoretical grounds, in critical superstring theory, the dilaton potential has 
to go to zero as a double exponential as ¢ — —oo (weak coupling): 


2 


V(@) ~ exp (—c?exp(—¢)) = exp (-— : (2.4) 


4nagur 
with c? a positive (but model-dependent) constant. 


b) On physical grounds it should have a non-trivial minimum at its present value 
((¢) = 9 ~ 0) with a vanishing cosmological constant, V(¢9) = 0. 


A typical potential satisfying a) and b) is shown in Fig. 1. The dotted lines at 
@ > O represent our ignorance about strongly coupled string theory. Fortunately, the 
details of what happens in that region will not be very relevant for our subsequent 
discussion. 


8. There is an exact (all-order) vacuum solution for (critical) superstring theory. 
Unfortunately, it corresponds to a free theory (g = 0 or @ = —oo) in flat, ten- 
dimensional, Minkowski space-time, nothing like the world we seem to be living 
in! 
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Figure 1: A possible dilaton potential with illustration of an inflation-driving rolling 
dilaton (large dots). 


Before closing this section I would like to comment briefly on a point which 
appears to be the source of much confusion even among experts: it is the debate 
between working in the (so-called) String and Einstein “frames” (not to be confused 
with different coordinate systems). Since the two frames are related by a local field 
redefinition (a conformal, dilaton-dependent rescaling of the metric to be precise) 
all physical quantities are independent of the frame one is using. The question is: 
what should we call the metric? Although, to a large extent, this is a question of 
taste, one’s intuition may work better with one definition than with another. Note 
also that, since the dilaton is time-independent today, the two frames coincide now. 


Let us compare the virtues and problems with each frame. 


A) STRING FRAME This is the metric appearing in the fundamental (Polyakov) 
action for the string. Classical, weakly coupled strings sweep geodesic surfaces 
with respect to this metric. Also, the dilaton dependence of the low energy 
effective action takes the simple form indicated in (2. l}) only in the string frame. 
The advantage of this frame is that the string cut-off is fixed and the same 
is true for the value of the curvature at which higher orders in the o-model 
coupling A become relevant. The main disadvantage is that the gravitational 
action is not so easy to work with. 


B) EINSTEIN FRAME In this frame the pure gravitational action takes the stan- 
dard Einstein-Hilbert form. Consequently, this is the most convenient frame 
for studyind the cosmological evolution of metric perturbations. The Planck 
length is fixed in this frame while the string length is dilaton (hence generally 


time) dependent. In the Einstein frame I’. takes the form: 


_ l 4 ~$ 72 Pr 2 A2 
Depp = ma, |e x/—g [R + 0,60" +e Hg Opn AAR m? A?) 
+ |Gre*R? +...], (2.5) 


showing that, in this frame, masses are dilaton dependent (even at tree level) 
and so is the value of R at which higher order stringy corrections become 
important. It is for the above reasons that I will choose to base my discussion 
(although not always the calculations) in the String frame. 


3. Main ideas/assumptions of string cosmology 


The very basic postulate of (our own version of) String Cosmology!)!® is that 
the Universe did indeed start near its trivial vacuum mentioned at the end of the 
previous section. 


Fortunately, if one looks at the space of homogeneous (and for simplicity spacially- 
flat) perturbative vacuum solutions, one finds that the trivial vacuum is a very 
special, unstable solution. This is depicted in Fig. 2a for the simplest case of a ten- 
dimensional cosmology in which three spatial dimensions evolve isotropically while 
six “internal” dimensions are static (it is easy to generalize the discussion to the case 
of dynamical internal dimensions, but then the picture becomes multidimensional). 


The straight lines in the H,@ plane (where ¢ = ¢ — 3H) represent the evolution 
of the scale factor and of the coupling constant as a function of the cosmic time 
parameter (arrows along the lines show the direction of the time evolution). As a 
consequence of a stringy symmetry, known!):! as “Scale Factor Duality (SFD)”, 
there are two branches (two straight lines). Furthermore, each branch is split by the 
origin in two time-reversal-related parts (time reversal changes the sign of both H 


and ¢@). 


The origin (the trivial vacuum) is an “unstable” fixed point: a small perturbation 
in the direction of positive @ makes the system evolve further and further from 
the origin, meaning larger and larger coupling and absolute value of the Hubble 
parameter. This means an accelerated expansion or an accelerated contraction, i.e. 
in the latter case, inflation. It is tempting to assume that those patches of the 
original Universe that had the right kind of fluctuation have grown up to become 
(by far) the largest fraction of the Universe today. 


In order to arrive at a physically interesting scenario, however, we have to connect 
somehow the top-right inflationary branch to the bottom-right branch, since the 
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Figure 2: Phase diagrams for the perturbative (a) regime and a conjectured non- 
perturbative solution (b) to the branch-change problem. 


latter is nothing but the standard FRW cosmology, which has presumably prevailed 
for the last few billion years or so. Here the so-called “exit problem” arises. At 
lowest order in \? (small curvatures in string units) the two branches do not talk to 
each other. The inflationary (also called +) branch has a singularity in the future 
(it takes a finite cosmic time to reach oo in our gragh if one starts from anywhere 
but the origin) while the FRW (—) branch has a singularity in the past (the usual 
big-bang singularity). 

It is widely believed that QST has a way to avoid the usual singularities of 
Classical General Relativity or at least a way to reinterpret them!®)!9), It thus 
looks reasonable to assume that the inflationary branch, instead of leading to a non- 
sensical singularity, will evolve into the FRW branch at values of \? of order unity. 
This is schematically shown in Fig. 2b, where we have gone back from ¢ to ¢ and we 
have implicitly taken into account the effects of a non-vanishing dilaton potential at 
small ¢ in order to freeze the dilaton at its present value. The need for the branch 
change to occur at large 2, first argued for in?°), has been recently proved in ref. 
21). 


There is a rather simple way to parametrize a class of scenarios of the kind 
defined above. They contain (roughly) three phases and two parameters. Indeed: 


In phase I the Universe evolves at g?, 2 < 1 and thus is close to the trivial 
vacuum. This phase can be studied using the tree-level low-energy effective action 
(2.1]) and is characterized by a long period of dilaton-driven inflation. The accel- 
erated expansion of the Universe, instead of originating from the potential energy 
of an inflaton field, is driven by the growth of the coupling constant (i.e. by the 
dilaton’s kinetic energy, see ref. 22) for a similar kind of inflationary scenario) with 


o = 29/9 ~ H during the whole phase. 


Phase I supposedly ends when the coupling A? reaches values of O(1), so that 
higher-derivative terms in the effective action become relevant. Assuming that this 
happens while g? is still small (and thus the potential is still negligible), the value 
gs of g at the end of phase I (the beginning of phase II) is an arbitrary parameter 
(a modulus of the solution). 


During phase II, the stringy version of the big bang, the curvature, as well as ¢, 
are assumed to remain fixed at their maximal value given by the string scale (i.e. 
we expect \ ~ 1). The coupling g will instead continue to grow from the value 
gs until it is its own turn to reach values O(1). At that point, assuming a branch 
change to have occurred at large curvatures, the dilaton will be attracted to the 
true non-perturbative minimum of its potential; the standard FRW cosmology can 
then start, provided the Universe was heated-up and filled with radiation (this is 
not a problem, see below). The second important parameter of this scenario is the 
duration of phase II or better the total red-shift, z, = dena/Qbeg, Which has occurred 
from the beginning to the end of the stringy phase. 


Our present ignorance about this most crucial phase (and in particular about 
the way the exit can be implemented) prevents us from having a better description 
of this phase which, in principle, should not introduce new arbitrary parameters (2, 
should be eventually determined in terms of g,). 


During Phase III, the Universe evolves towards smaller and smaller curvatures 
but stays at moderate-to-strong coupling. This is the regime in which usual QFT 
methods are applicable. The details of the particular gauge theory emerging from 
the string’s non-perturbative vacuum will be very important in determining the 
subsequent evolution and in particular the problem of structure formation, dark 
matter and the like. 


Our scenario contains implicitly an arrow of time, which points in the direction 
of increasing entropy, inhomogeneity and structure. As a result of the amplification 
of primordial vacuum fluctuations, the Universe is not coming back to its initial 
simple (and unique) state (the origin in Fig. 2), but to the much more structured 
(and interesting) state in which we are living today. Actually, the arrow of time 
itself should be determined by the direction in which entropy (and complexity) are 
growing. This will force us to identify (by definition) the perturbative vacuum with 
the initial state of the Universe! 


4 Observable consequences 


All the observable consequences I will discuss below have something to do with 
the well-known phenomenon”) of amplification of vacuum quantum fluctuations in 
cosmological backgrounds. Any conformally flat cosmological background is known: 


a) to amplify tensor perturbations, i.e. to produce a stochastic background of 
gravitational waves; 


b) to induce scalar-metric perturbations from the coupling of the metric either 
to a fluid or to scalar particles (in our context to the dilaton). 


By contrast, because of the scale-invariant coupling of gauge fields in four dimen- 
sions, electromagnetic (EM) perturbations are not amplified in a conformally flat 
cosmological background (even if inflationary). In string cosmology, the presence of 
a time-dependent dilaton in front of the gauge-field kinetic term yields, on top of 
the two previously mentioned effects, 


c) an amplification of EM perturbations corresponding to the creation of macro- 
scopic magnetic (and electric) fields. 


Various physically interesting questions arise in connection with the three effects 
I have just mentioned. These include the following: 


1. Does the Universe remain quasi-homogeneous during the whole string-cosmology 
history? 


2. Does one generate a phenomenologically interesting (i.e. measurable) back- 
ground of GW? 


3. Can one produce large enough seeds for generating the observed galactic (and 
extragalactic) magnetic fields? 


4. Can scalar, tensor (and possibly EM) perturbations explain the large-scale 
anisotropy of the CMB observed by COBE? 


5. Do these perturbations have anything to do with the CMB itself? 


In the rest of this talk I will first explain, on the toy example of the harmonic 
oscillator, the common mechanism by which quantum fluctuations are amplified in 
cosmological backgrounds. I will then give our present answers to the questions 
listed above. For more details, see Ref. [24]. 


Consider a one-dimensional (non-relativistic) harmonic oscillator moving in a 
cosmological background of the simplest kind, characterized by a scale factor a(t). 
In units in which the mass of the oscillator is 1, the Lagrangian reads: 


1 
LS 50 (& — wx") (4.1) 


while the canonical momentum and Hamiltonian are given by 


1 
o=an, H= ze + a?wn) , (4.2) 


Let us first discuss the solutions of the classical equations of motion: 
E+2a@/ag+u°c=0, y+ w?-a/ay=0, (4.3) 


where y = az is the proper (physical) amplitude as opposed to the comoving am- 
plitude z. 


Solutions to Eqs. (f.3)) simplify in two opposite regimes: 


a) For w? > G/a there is “adiabatic damping” of the comoving amplitude (the 
name is clearly unappropriate in the case of contraction): 








r~ a ext praw exw (4.4) 


which means that, in this regime, the proper amplitude y and the proper momentum 
p/a stay constant (and so does the Hamiltonian). 


b) For w? < G@/a one finds the so-called “freeze-out” regime in which: 


t 
r~ B+ cf dt'a~?(t’) 
0 
Poe then. (4.5) 


where the comoving amplitude and momentum are fixed. In this regime the Hamil- 
tonian (the energy) of the system tends to grow at late times whenever a increases 
or decreases by a large factor during the freeze-out regime. In the former case the 
energy is dominated asymptotically by the term proportional to x? and is due to 
the “stretching” of the oscillator caused by the fast expansion, while in the latter 
case the term proportional to p? dominates because of the large blue-shift suffered 
by the momentum in a contracting background. 


Consider now a cosmology such that 


SG. et tee 
CLG. te epee. (4.6) 


where, anticipating our subsequent discussion, we have defined the moments of exit 
and re-entry by the condition w ~ H. Such an example will be typical of our 
scenario, since a given scale will be well inside the horizon at the beginning (small 
Hubble parameter), outside during the high-curvature regime, and then inside again 
after re-entry. By joining smoothly the two asymptotic solutions, we easily find that 
the energy of the harmonic oscillator (which is constant during the initial and final 
phases) has been amplified during the intermediate phase by a factor: 


\c? = Max je aan (4.7) 


Oi > Plies) 


corresponding to the two above-mentioned cases. 








The excercise can be repeated at the quantum level starting, for instance, from 
a harmonic oscillator in its ground state. Quantum mechanics fixes the size of the 
initial amplitude, momentum and energy: 


la] ~ oft, Ew~hw. (4.8) 
w 


The quantum mechanical interpretation of eq. (4.7) is that c is the Bogoliubov 
coefficient transforming the initial ground state into the final excited quantum state 
(\c|? being the average occupation number for the latter). Note that the final state 
ends up being highly “squeezed”, i.e. having a large Ax or Ap depending on the 
sign of H. If, because of coarse-graining, the squeezed coordinate is not measured, 
the final state will look like a high-entropy, statistical ensemble of quasi-classical 
oscillators. 


Note, finally, the (Scale-Factor) duality invariance of the resulting amplification. 
Under a — a™!, position and momentum operators swap their role as the variable 
in which sqeezing or amplification occurs. Thus the final amplification remains the 
same. 


Up to technical complications, things work out pretty much in the same way for 
strings”) and for the three kinds of perturbations mentioned at the beginning of 
this section. In particular, for each one of the latter, one can define”®) a canonical 
variable 7’ (similar to the harmonic oscillator’s y) satisfying an equation of the type 


1 + [k? —Vi(n)]vn =0, (4.9) 


where the label 2 on yw has been suppressed, k is the comoving wave number, and 
derivatives with respect to conformal time 7 are denoted by a prime. 


Since, for each 7, the “potential” V; is very small at very early times, grows to a 
maximum during the stringy era and, finally, drops rapidly to zero at the beginning 


of the radiation era, a given scale (k) begins and ends inside the horizon with an 
intermediate phase outside. Larger scales exit earlier and re-enter later. Also, in 
our scenario, larger scales exit and re-enter at smaller values of H. Very short scales 
exit during the stringy era and, for those, our predictions will not be as solid as for 
the scales that leave the horizon during the perturbative dilatonic phase I. The fact 
that the amplification of perturbation depends just on some ratios of fields evaluated 
at exit and re-entry (and not on the details of the evolution in between) makes us 
believe that our detailed results are trustworthy for those larger scales. This being 
said, I present below some results on the five issues mentioned above (see, again, 
ref. 24) for derivations and/or details). 


1. Does the Universe remain quasi-homogeneous during the whole string- 
cosmology history? 


The answer to this question turns out to be yes! This is not a priori evi- 
dent since, in commonly used gauges”®) for scalar perturbations of the metric 
(e.g. the so-called longitudinal gauge in which the metric remains diagonal), 
such perturbations appear to grow very large during the inflationary phase 
and to destroy homogeneity or, at least, to prevent the use of linear perturba- 
tion theory. Similar problems had been encountered earlier in the context of 
Kaluza-Klein cosmology?” . 


In ref. 28) it was shown that, by a suitable choice of gauge (an “off-diagonal” 
gauge), the growing mode of the perturbation can be tamed. This can be 
double-checked by using the so-called gauge-invariant variables of Bruni and 
Ellis?®). The bottom line is that scalar perturbations in string cosmology be- 
have no worse than tensor perturbations, to which we now turn our attention. 


2. Does one generate a phenomenologically interesting (i.e. measur- 
able) background of GW? 


The canonical variable ~ for tensor perturbations (i.e. for GW) is defined by: 


Iu = Ow Te hie 
U=(G/0) Ke et/2h, (4.10) 


where fh stands for either of the two transverse-traceless polarizations of the 
gravitational wave. As long as the perturbation is inside the horizon, w remains 
constant while h is adiabatically damped. By contrast, outside the horizon, w 
is amplified according to 


de ~ (a/g)Cx+ De [arf g(x!) a(n) (4.11) 


ex 


where, for each Fourier mode of (comoving) wave number k, tex = kot. 


The first term in (4.1]]}) clearly corresponds to the freezing of h itself, while the 
second term represents the freezing of its associated canonical momentum. In 
standard (non-dilatonic) inflationary models, the first term dominates since a 
grows very fast. In our case, the second term dominates since the growth of a 
is over-compensated by the growth of g (i.e. of ¢). This is equivalent to saying 
that, in the Einstein frame, our background describes a contracting Universe. 


After matching the result (4-T]]) with the usual oscillatory, damped behaviour 
of the radiation-dominated epoch, one arrives at the final result?®)3°) for the 
magnitude of the stochastic background of GW today: 


H g a \ 2? 
ieee ws ales, | (=) 
ahal = RM Ihal ~ of Bacte, (2) (2 
-2 
[I (=) + (z,)° (“) | : Ww < Ww, (4.12) 
WwW gi 


where w = k/a is the proper frequency, zeq ~ 104,ws ~ z7!(g1)/? x 10"! Hz 
aoe 
= %, Wi. 


The above result can be converted into a spectrum of energy density per 
logarithmic interval of frequency. In critical density units: 


3 27? 
GG gy? (=) a(S)+ er (G Ww <u. (4.13) 
dlnw _ Ws Ww nN 


The above spectrum looks quasi-thermal al large scales (i.e. at w < w,), but is 
amplified by a large factor relative to a Planckian spectrum of temperature w,. 
In analogy with the harmonic oscillator case, there is a duality symmetry of 
the spectrum, this time under the transformation (25,9) > (2s,2,°g,'). The 
transformation corresponds to changing ¢ into —¢@ i.e. to what we may call 
S-duality. As with the harmonic oscillator, the metric perturbation and its 
canonically conjugate momentum variable swap their role under such trans- 
formation. 





In Fig. 3 we show the spectrum of stochastic gravitational waves expected from 
our two-parameter model. For a given pair g,, z,; one identifies a point in the 
w,oh,, plane as illustrated explicitely in the case of g, = 107°, z, = 10°.The 
resulting point (indicated by a large dot) represents the end-point w,, dhy, 
of the w!/? spectrum corresponding to scales crossing the horizon during the 
dilatonic era. 


Although the rest of the spectrum is more uncertain, one can argue that it 
has to join smoothly the point w,, dh, to the true end-point dh ~ 107°, w ~ 
10''Hz. The latter corresponds to a few gravitons produced at the maximal 
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Figure 3: GW spectra from string cosmology against interferometric sensitivity. 


amplified frequency w,, the last scale to go outside the horizon during the 
stringy phase. The full spectrum is also shown in the figure for the case 
gs = 10-%, z, = 10°, with the wiggly line representing the less well known high 
frequency part. 


Curves of constant Qgw are also shown. If g, < 1, as we have assumed, 
spectra will always lie below the Qgw = 10~¢ line corresponding to as many 
photons as gravitons been produced. On the other hand, by invoking S- 
duality, one can argue that the actual spectrum, by containing two duality- 
related contributions, will never lie below the self-dual spectrum ending at 
dh ~ 10°-*°,w ~ 10'4Hz (the thick line bordering the shaded region). In 
conclusion all possible spectra sweep the angular wedge inside the two above- 
mentioned lines. 


The odd-shaped region in Fig. 3 shows the expected sensitivity of the so- 
called “Advanced LIGO” project®!). While there is no hope to detect our 
spectrum at LIGO if g, = 10~°,z, = 10°, perspectives would be better for, 
say, gs = 1071, z, = 10° (the corresponding spectrum is also sketched). 


Resonant bars might also be able to reach comparable sensitivity in the kHz re- 
gion, while microwave cavities, if conveniently developed, could be used in the 
region 10°-109 Hz *3). Another interesting possibility consists of coincidence 
experiments between an interferometer and a bar. The quoted sensitivity 
to a stochastic background, as a function of the frequency f, of the individual 
sensitivities of the bar and of the interferometer dh, and of the observation 
time Typ, 1S: 


6Qew = 1.5 1075(f /10°Hz)3 (107 Shint) (107 Shar) (Tons/10" s)~/?. (4.14) 


Obviously, detecting a stochastic backgound like ours is a formidable chal- 
lenge. Also, the physical range of our parameters g,, z; could be such that no 
observable signal will be produced. What is interesting, however, is the mere 
existence of cosmological models predicting a non-negligible yield of GW in a 
range of frequencies where other sources predict just a “desert”. More com- 
plete studies of the sensitivity of various detectors to a stochastic, coloured 
spectrum of our kind are presently under way. 


. Can large enough seeds be produced for the generation of observed 
galactic (and extragalactic) magnetic fields? 


As already mentioned, seeds for generating the galactic magnetic fields through 
the so-called cosmic dynamo mechanism®*) can be generated in our scenario by 
the amplification of the quantum fluctuations of the EM field. In this case the 
canonical variable is just the (Fourier transform of the) usual A, potential. In 


analogy with (4.1]]) its amplification, while outside the horizon, is described 
by the asymptotic solution: 


Apwg! Ic. + Dx [ an'9°(n!) ; (4.15) 
which leads*®:3 to an overall amplification of the electromagnetic field by a 
factor |cx|? ~ (Gre/Gex)? +(Gex/Gre)?. This time the spectrum is invariant under 
g — g ‘i.e. under ordinary S or electric-magnetic duality. In our cosmological 
scenario we have excluded the possibility of a decreasing coupling constant and, 
therefore, the main contribution to the amplification comes from the second 
term on the r.h.s. of eq.(4.15)) which gives |cz|? ~ (Gre/Gex)?- 


One can express this result in terms of the fraction of electromagnetic energy 
stored in a unit of logarithmic interval of w normalized to the one in the CMB, 
py. One finds: 


w d wt w* 
r(w) = APE whew) PP = (e/gen)?- (4.16) 
pe ee ey Py 





The ratio r(w) stays constant during the phase of matter-dominated as well 
as radiation-dominated evolution, in which the Universe behaves like a good 
electromagnetic conductor*®). In terms of r(w) the condition for seeding the 
galactig magnetic field through ordinary mechanisms of plasma physics is®®) 


r(wg) > 10°“ (4.17) 


where wg & (1 Mpc)~! & 107“ Hz is the galactic scale. Using the known 
value of p,, we thus find, from (4.14, 4-17): 


a0 ia (4.18) 


i.e. a very tiny coupling at the time of exit of the galactic scale. 


The conclusion is that string cosmology stands a unique chance in explaining 
the origin of the galactic magnetic fields. Indeed, if the seeds of the magnetic 
fields are to be attibuted to the amplification of vacuum fluctuations, their 
present magnitude can be interpreted as prime evidence that the fine structure 
constant has evolved to its present value from a tiny one during inflation. The 
fact that the needed variation of the coupling constant (~ 10°°) is of the 
same order as the variation of the scale factor needed to solve the standard 
cosmological problems, can be seen as further evidence for scenarios in which 
coupling and scale factor grow roughly at the same rate during inflation. 


4. Can scalar, tensor (and possibly EM) perturbations explain the 
large-scale anisotropy of the CMB observed by COBE? 


The answer here is certainly negative as far as scalar and tensor perturbations 
are concerned. The reason is simple: for spectra that are normalized to O(1) 
(at most) at the maximal amplified frequency w; ~ 10!' Hz, and that grow 
like w'/?, one cannot have any substantial power at the scales O(10~'Hz) to 
which COBE is sensitive. The origin of AT’/T at large scale would have to be 
attributed to other effects (e.g. topological defects). 


Fortunately, there is a possibility °°) that the EM perturbations themselves 
might explain the anisotropies of the CMB since their spectrum turns out to 
be flatter (and also more model-dependent) than that of metric perturbations. 
Assuming this to be the case, an interesting relation is obtained®®) between 
the magnitute of large scale anysotropies and the slope of the power spectrum. 
Such a relation turns out to be fully consistent, with present bounds on the 
spectral index. 


5. Do all these perturbations have anything to do with the CMB itself? 


Stated differently, this is the question of how to arrive at the hot big bang of 
the SCM starting from our “cold” initial conditions. The reason why a hot 
universe can emerge at the end of our inflationary epochs (phases I and IJ) 
goes back to an idea of L. Parker*?), according to which amplified quantum 
flluctuations can give origin to the CMB itself if Planckian scales are reached. 


Rephrasing Parker’s idea in our context amounts to solving the following 
bootstrap-like condition: at which moment, if any, will the energy stored in 
the perturbations reach the critical density? 


The total energy density p,¢ stored in the amplified vacuum quantum fluctu- 


ations is given by: 
4 


M; 
Dag ert Ge (a;/a)* , (4.19) 


where N.+y is the number of effective (relativistic) species, which get produced 
(whose energy density decreases like a~*) and a, is the scale factor at the 
(supposed) moment of branch-change. The critical density (in the same units) 
is given by: 

Per = € °M?H? . (4.20) 


At the beginning, with e® < 1, pas < pcr but, in the (—) branch solution, 
Per decreases faster than p,y so that, at some moment, p,r will become the 
dominant sort of energy while the dilaton kinetic term will become negligible. 
It would be interesting to find out what sort of initial temperatures for the 
radiation era will come out of this assumption. 


5 Conclusions 


I want to conclude by listing which are, in my opinion, the pluses and minuses of 
the scenario I have advocated: 


The Goodies 
e Inflation comes naturally, without ad-hoc fields and fine-tuning: there is even 
an underlying symmetry yielding inflationary solutions. 


e Initial conditions are natural, yet a simple universe would evolve into a rich 
and complex one. 


e The kinematical problems of the SCM are solved. 
e Perturbations do not grow too fast to spoil homogeneity. 
e An interesting characteristic spectrum of GW is generated. 


e Larger-than-usual electromagnetic perturbations are easily generated and could 
explain the galactic magnetic fields. 


A hot big bang could be a natural outcome of our inflationary scenario. 


The Baddies 


e A scale-invariant spectrum is all but automatic (unlike what happens in normal 
vacuum-energy-driven inflation). 


e Our understanding of the high curvature (stringy) phase and of the crucially 
needed change of branch is still poor in spite of recent progress in Conformal 
Field Theory. 
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ABSTRACT 


After recalling a few basic concepts from cosmology and string theory, I will dis- 
cuss the main ideas/assumptions underlying string cosmology and show how these 
lead to a two-parameter family of “minimal” models. I will then explain how to 
compute, in terms of those parameters, the spectrum of scalar, tensor and elec- 
tromagnetic perturbations, point at their (J’ and S-type) duality symmetries, and 
mention their most relevant physical consequences. 
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1 Basic Facts about Cosmology and Inflation 


It is well known that the Standard Cosmological Model (SCM) works well at: “late” 
times, its most striking successes being perhaps the red shift, the cosmic microwave 
background (CMB), and primordial nucleosynthesis. 


However, the SCM suffers from various problems. At the theoretical level the 
most serious of these is the initial singularity problem, which basically tells us that 
we cannot have theoretical control over the initial conditions of the SCM. At a 
phenomenological level, the SCM cannot explain naturally: 


i) the homogeneity and isotropy of our Universe as manifested, in particular, 
through the small value of AT’/T = O(10~>) observed with COBE”); 


ii) the flatness problem, i.e. the fact that, within an order of magnitude, 
Q = p/ pert ~ 1; 


iii) the origin of large-scale structure. 


Inflation, i.e. a long phase of accelerated expansion of the Universe (a,@ > 0, 
where a is the scale factor), is the only way known at present of solving the above- 
mentioned phenomenological problems. Various types of inflationary models have 
been proposed [for a review, see 3), 4)| each one supposedly mending the problems of 
the previous version. Particularly severe are the constraints coming from demanding: 


a) a graceful exit with the right amount of reheating; 
b) the right amount of large-scale inhomogeneities. 


In order to satisfy such constraints, fine-tuned initial conditions and/or inflaton 
potentials are necessary. And this without mentioning the fact that inflation is not 
addressing at all the initial singularity problem. 


Actually, Kolb and Turner, after reviewing the prescriptions for a successful 
inflation, add”: 


“Perhaps the most important — and most difficult — task in building a successful 
inflationary model is to ensure that the inflaton is an integral part of a sensible model 
of particle physics. The inflaton should spring forth from some grander theory and 
not vice versa”. 


I will argue below that superstring theory could be the sought-after grander 
theory (what could be better than a theory of everything?) naturally providing an 
inflation-driving scalar field in the general sense defined again in ref. 4): 


“It is now apparent that inflation, which was originally so closely related to 
Spontaneous Symmetry Breaking, is a much more general phenomenon.... Stated in 
its full generality, inflation involves the dynamical evolution of a very weakly-coupled 
scalar field that was originally displaced from the minimum of its potential.” 


I hope to convince you that this will be precisely the picture that we claim takes 
place in string cosmology. In order to substantiate this claim, I will have to digress 
and recall a few basic facts in Quantum String Theory. 


2 Basic facts in quantum string theory (QST) 


I am listing below a few basic properties of strings, emphasizing those that are most 
relevant for our subsequent discussion. These are: 


1. Unlike its classical counterpart, quantum string theory contains a fundamental 
length scale A, representing”) the ultraviolet, short-distance cut-off (equivalently, a 
high-momentum cut-off at E = M,c? = hc/..,). 


2. Tree-level masses are either zero or O(M,). Quantum mechanics allows 
massless strings with non-zero angular momentum® while, classically, M? > const. x 
J. The existence of such states is obviously a crucial property of QST, without which 
it could not pretend to be a candidate theory of all known interactions. 


3. The effective interaction of the massless fields at EF < M, takes the form of 
a classical, gauge-plus-gravity field theory with specified parameters. It is described 
by an effective action”:*) of the (schematic) type: 


5 f a —pe’ [AS2(R + 0,00"9) + F2, + ~Dyp+ R?+.. | 


lambda s 


See BBS 





+ [higher orders in e”] (2.1) 


Equation (P.1]) contains two dimensionless expansion parameters. One of them, 
fF ef, controls the analogue of QFT’s loop corrections, while the other, F im 
controls string-size effects, which are of course absent in QFT. . . 


4. As indicated in (B.1]), QST has (actually needs!) a new particle/field, the 
so-called dilaton ¢, a scalar massless particle (at the perturbative level). It appears 
in Depp as a Jordan—Brans—Dicke®) scalar with a “small” negative wep parameter, 
WBD = —1. 


5. The dilaton’s VEV provides®)!) a unified value for: 


a) The gauge coupling(s) at FE = O(M,). 


lambda’2 





Gasperini clear on 
that. Book. 


b) The gravitational coupling in string units. 


c) Yukawa couplings, etc., at the string scale. 


In formulae: 


"Veneziano assumptions" 
on string size 





implying (from agur ¥ 1/20) that the 

Note, however, that, in a cosmological context in which ¢ evolves in time, the above 
formulae can only be taken to give the present values of a and ¢,/A,. In the scenario 
we will advocate, both quantities were much smaller in the very early Universe! 


6. Dilaton couplings at large distance are such") that a massless dilaton is most 
likely ruled out!"!?) by precision tests!®) of the equivalence principle [for a possible 
way out see, however, ref. 14)], i.e. 


M,>10“*eV. (23) 
7. Details about the dilaton potential are unknown, yet: 


a) On theoretical grounds, in critical superstring theory, the dilaton potential has 
to go to zero as a double exponential as ¢ — —oo (weak coupling): 


2 


V(@) ~ exp (—c*exp(—¢)) = exp (-— ; (2.4) 


4nagur 
with c? a positive (but model-dependent) constant. 


b) On physical grounds it should have a non-trivial minimum at its present value 
((¢) = 9 ~ 0) with a vanishing cosmological constant, V(¢9) = 0. 


A typical potential satisfying a) and b) is shown in Fig. 1. The dotted lines at 
@ > O represent our ignorance about strongly coupled string theory. Fortunately, the 
details of what happens in that region will not be very relevant for our subsequent 
discussion. 


8. There is an exact (all-order) vacuum solution for (critical) superstring theory. 
Unfortunately, it corresponds to a free theory (g = 0 or @ = —oo) in flat, ten- 
dimensional, Minkowski space-time, nothing like the world we seem to be living 
in! 







? 
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Figure 1: A possible dilaton potential with illustration of an inflation-driving rolling 
dilaton (large dots). 


Before closing this section I would like to comment briefly on a point which 
appears to be the source of much confusion even among experts: it is the debate 
between working in the (so-called) String and Einstein “frames” (not to be confused 
with different coordinate systems). Since the two frames are related by a local field 
redefinition (a conformal, dilaton-dependent rescaling of the metric to be precise) 
all physical quantities are independent of the frame one is using. The question is: 
what should we call the metric? Although, to a large extent, this is a question of 
taste, one’s intuition may work better with one definition than with another. Note 
also that, since the dilaton is time-independent today, the two frames coincide now. 


Let us compare the virtues and problems with each frame. 


A) STRING FRAME This is the metric appearing in the fundamental (Polyakov) 
action for the string. Classical, weakly coupled strings sweep geodesic surfaces 
with respect to this metric. Also, the dilaton dependence of the low energy 
effective action takes the simple form indicated in (2. l}) only in the string frame. 
The advantage of this frame is that the string cut-off is fixed and the same 
is true for the value of the curvature at which higher orders in the o-model 
coupling A become relevant. The main disadvantage is that the gravitational 
action is not so easy to work with. 


B) EINSTEIN FRAME In this frame the pure gravitational action takes the stan- 
dard Einstein-Hilbert form. Consequently, this is the most convenient frame 
for studyind the cosmological evolution of metric perturbations. The Planck 
length is fixed in this frame while the string length is dilaton (hence generally 


time) dependent. In the Einstein frame [’.;; takes the form: 





— 4 / —o Fp2 Py 2 A2 
Dept — maz te x g [R + 0,60" +e Fp f OjAO Ae m A?) 


+ |Gye*R? +...], (2.5) 
showing that, in this frame, masses are dilaton dependent (even at tree level) 
and so is the value of R at which higher order stringy corrections become 


important. It is for the above reasons that I will choose to base my discussion 
(although not always the calculations) in the String frame. 


3 Main ideas/assumptions of string cosmology 


The very basic postulate of (our own version of) String Cosmology!)!% is that 
the Universe did indeed start near its trivial vacuum mentioned at the end of the 
previous section. 


flat’) Serachale vacuum eile, one finds that (a is a very 


special, unstable solution. This is depicted in Fig. 2a for the simplest case of a ten- trivial vac 
dimensional cosmology in which three spatial dimensions evolve isotropically while 
six “internal” dimensions are static (it is easy to generalize the discussion to the case 
of dynamical internal dimensions, but then the picture becomes multidimensional). 





The straight lines in the H,¢ plane (where ¢ = ¢—3H ) represent the evolution 
of the scale factor and of the coupling constant as a function of the cosmic time 
parameter (arrows along the lines show the direction of the time evolution). As a 
consequence of a stiingyisymmetty, Known!) as/'Seale-Factor/Duality(SFD)". Sep 
there are two branches (two straight lines). Furthermore, each branch is split by the 
origin in two time-reversal-related parts (time reversal changes the sign of both H 1991 


and d). 
The origin (the trivial vacuum) is an “unstable” fixed point: a small perturbation 


in the direction of positive @ makes the system evolve further and further from 
the origin, meaning larger and larger coupling and absolute value of the Hubble 
parameter. This means an accelerated expansion or an accelerated contraction, i.e. 
in the latter case, inflation. It is tempting to assume that those patches of the 
original Universe that had the right kind of fluctuation have grown up to become 
(by far) the largest fraction of the Universe today. 


In order to arrive at a physically interesting scenario, however, we have to connect. 
somehow the top-right inflationary branch to the bottom-right branch, since the 


String cosmo is NOT based on "quantum fluctuations"!!! 


NON periurbative=> brane 


Inflationary : 
branch Dilaton-driven 











trivial vacuum 
unstable 











Figure 2: Phase diagrams for the perturbative (a) regime and a conjectured non- 
perturbative solution (b) to the branch-change problem. 


latter is nothing but the standard FRW cosmology, which has presumably prevailed 

for the last few billion years or so. Here the so-called “exit problem” arises. At @xXit 
lowest order in \? (small curvatures in string units) the two branches do not talk to 

each other. The inflationary (also called +) branch has a singularity in the future problem 
(it takes a finite cosmic time to reach oo in our gragh if one starts from anywhere 

but the origin) while the FRW (—) branch has a singularity in the past (the usual 

big-bang singularity). 


It is widely believed that QST has a way to avoid the usual singularities of 
Classical General Relativity or at least a way to reinterpret them!®)!9), It thus 


looks reasonable to assume that the inflationary branch, instead of leading to a non- 





No sing 


This is schematically shown in Fig. 2b, where we have gone back from @ to db and we issue 
have implicitly taken into account the effects of a non-vanishing dilaton potential at 

small ¢ in order to freeze the dilaton at its present value. The need for the branch 

change to occur at large \?, first argued for in?°), has been recently proved in ref. 

21). 


There is a rather simple way to parametrize a class of scenarios of the kind 
defined above. They contain (roughly) three phases and two parameters. Indeed: 


In phase I the Universe evolves at g?, 2 < 1 and thus is close to the trivial 
vacuum. This phase can be studied using the tree-level low-energy effective action 
(2.1]) and is characterized by a long period of dilaton-driven inflation. The accel- 
erated expansion of the Universe, instead of originating from the potential energy beware: NO 
of an inflaton field, is driven by the growth of the coupling constant (i.e. by the jnflaton!! 


dilaton’s kinetic energy, see ref. 22) for a similar kind of inflationary scenario) with 


1: A vacuum universe 


g*2, lambda*2<<1 





o = 29/9 ~ H during the whole phase. 


Phase I supposedly ends when the coupling A? reaches values of O(1), so that 


higher-derivative terms in the effective action become relevant. Assuming that this 
happens while g? is still small (and thus the potential is still negligible), the value 
‘gs of g at the end of phase I (the beginning of phase IJ) is an arbitrary parameter 
(a modulus of the solution). 







During phase Il, the stringy version of the big bang, the curvature, as well as 4, 


are assumed to remain fixed at their maximal value given by the string scale (i.e. 
we expect A ~ 1). The coupling g will instead continue to grow from the value 
gs until it is its own turn to reach values O(1). At that point, assuming a branch 


change to have occurred at large curvatures, the dilaton will be attracted to the 
{nie non-perturbative minimum Of its/potential; the standard FRW cosmology can 


then start, provided the Universe was heated-up and filled with radiation (this is 
not a problem, see below). The second important parameter of this scenario is the 
duration of phase II or better the total red-shift, z, = dena/Qbeg, Which has occurred 


from the beginning to the end of the stringy phase. 


Our present ignorance about this most crucial phase (and in particular about 
the way the exit can be implemented) prevents us from having a better description 
of this phase which, in principle, should not introduce new arbitrary parameters (2, 
should be eventually determined in terms of g,). 


During Phase III, the Universe evolves towards smaller and smaller curvatures 
but stays at moderate-to-strong coupling. This is the regime in which usual QFT 
methods are applicable. The details of the particular gauge theory emerging from 
the string’s non-perturbative vacuum will be very important in determining the 
subsequent evolution and in particular the problem of structure formation, dark 
matter and the like. 


Our scenario contains implicitly an arrow of time, which points in the direction 
of increasing entropy, inhomogeneity and structure. As a result of the amplification 
of primordial vacuum fluctuations, the Universe is not coming back to its initial 
simple (and unique) state (the origin in Fig. 2), but to the much more structured 
(and interesting) state in which we are living today. Actually, the arrow of time 
itself should be determined by the direction in which entropy (and complexity) are 


growing. This will force us to identify (by definition) the perturbative vacuum with 
the initial state of the Universe! 


lambda= 1 


212222220999 





"Today" 


4 Observable consequences 


All the observable consequences I will discuss below have something to do with 


the well-known phenomenon”) of amplification of vacuum quantum fluctuations in 


cosmological backgrounds. Any conformally flat cosmological background is known: 


a) to amplify tensor perturbations, i.e. to produce a stochastic background of 
gravitational waves; 


b) to induce scalar-metric perturbations from the coupling of the metric either 
to a fluid or to scalar particles (in our context to the dilaton). 


By contrast, because of the scale-invariant coupling of gauge fields in four dimen- 


‘cosinological background (even if inflationary). In string cosmology, the presence of 


a time-dependent dilaton in front of the gauge-field kinetic term yields, on top of 
the two previously mentioned effects, 


c) an amplification of EM perturbations corresponding to the creation of macro- 
scopic magnetic (and electric) fields. 


Various physically interesting questions arise in connection with the three effects 
I have just mentioned. These include the following: 


. Does the Universe remain quasi-homogeneous during the whole string-cosmology 
history? 


. Does one generate a phenomenologically interesting (i.e. measurable) back- 
ground of GW? 


. Can one produce large enough seeds for generating the observed galactic (and 
extragalactic) magnetic fields? 


. Can scalar, tensor (and possibly EM) perturbations explain the large-scale 
anisotropy of the CMB observed by COBE? 


. Do these perturbations have anything to do with the CMB itself? 





In the rest of this talk I will first explain, on the toy example of the harmonic 
oscillator, the common mechanism by which quantum fluctuations are amplified in 
cosmological backgrounds. I will then give our present answers to the questions 
listed above. For more details, see Ref. [24]. 


Gasperini 


Consider a one-dimensional (non-relativistic) harmonic oscillator moving in a 
cosmological background of the simplest kind, characterized by a scale factor a(t). 
In units in which the mass of the oscillator is 1, the Lagrangian reads: 


1 
LS 50 (& — wx") (4.1) 


while the canonical momentum and Hamiltonian are given by 


1 
o=an, H= ze + a?wn) , (4.2) 


Let us first discuss the solutions of the classical equations of motion: 
E+2a@/ag+u°c=0, y+ w?-a/ay=0, (4.3) 


where y = az is the proper (physical) amplitude as opposed to the comoving am- 
plitude z. 


Solutions to Eqs. (f.3)) simplify in two opposite regimes: 


a) For w? > G/a there is “adiabatic damping” of the comoving amplitude (the 
name is clearly unappropriate in the case of contraction): 








r~ a ext praw exw (4.4) 


which means that, in this regime, the proper amplitude y and the proper momentum 
p/a stay constant (and so does the Hamiltonian). 


b) For w? < G@/a one finds the so-called “freeze-out” regime in which: 


t 
r~ B+ cf dt'a~?(t’) 
0 
Poe then. (4.5) 


where the comoving amplitude and momentum are fixed. In this regime the Hamil- 
tonian (the energy) of the system tends to grow at late times whenever a increases 
or decreases by a large factor during the freeze-out regime. In the former case the 
energy is dominated asymptotically by the term proportional to x? and is due to 
the “stretching” of the oscillator caused by the fast expansion, while in the latter 
case the term proportional to p? dominates because of the large blue-shift suffered 
by the momentum in a contracting background. 


Consider now a cosmology such that 


SG. et tee 
CLG. te epee. (4.6) 


where, anticipating our subsequent discussion, we have defined the moments of exit 
and re-entry by the condition w ~ H. Such an example will be typical of our 
scenario, since a given scale will be well inside the horizon at the beginning (small 
Hubble parameter), outside during the high-curvature regime, and then inside again 
after re-entry. By joining smoothly the two asymptotic solutions, we easily find that 
the energy of the harmonic oscillator (which is constant during the initial and final 
phases) has been amplified during the intermediate phase by a factor: 


\c? = Max je aan (4.7) 


Oi > Plies) 


corresponding to the two above-mentioned cases. 








The excercise can be repeated at the quantum level starting, for instance, from 
a harmonic oscillator in its ground state. Quantum mechanics fixes the size of the 
initial amplitude, momentum and energy: 


la] ~ oft, Ew~hw. (4.8) 
w 


The quantum mechanical interpretation of eq. (4.7) is that c is the Bogoliubov 
coefficient transforming the initial ground state into the final excited quantum state 
(\c|? being the average occupation number for the latter). Note that the final state 
ends up being highly “squeezed”, i.e. having a large Ax or Ap depending on the 
sign of H. If, because of coarse-graining, the squeezed coordinate is not measured, 
the final state will look like a high-entropy, statistical ensemble of quasi-classical 
oscillators. 


Note, finally, the (Scale-Factor) duality invariance of the resulting amplification. 
Under a — a™!, position and momentum operators swap their role as the variable 
in which sqeezing or amplification occurs. Thus the final amplification remains the 
same. 


Up to technical complications, things work out pretty much in the same way for 
strings”) and for the three kinds of perturbations mentioned at the beginning of 
this section. In particular, for each one of the latter, one can define”®) a canonical 
variable 7’ (similar to the harmonic oscillator’s y) satisfying an equation of the type 


1 + [k? —Vi(n)]vn =0, (4.9) 


where the label 2 on yw has been suppressed, k is the comoving wave number, and 
derivatives with respect to conformal time 7 are denoted by a prime. 


Since, for each 7, the “potential” V; is very small at very early times, grows to a 
maximum during the stringy era and, finally, drops rapidly to zero at the beginning 


of the radiation era, a given scale (k) begins and ends inside the horizon with an 
intermediate phase outside. Larger scales exit earlier and re-enter later. Also, in 
our scenario, larger scales exit and re-enter at smaller values of H. Very short scales 
exit during the stringy era and, for those, our predictions will not be as solid as for 
the scales that leave the horizon during the perturbative dilatonic phase I. The fact 
that the amplification of perturbation depends just on some ratios of fields evaluated 
at exit and re-entry (and not on the details of the evolution in between) makes us 
believe that our detailed results are trustworthy for those larger scales. This being 
said, I present below some results on the five issues mentioned above (see, again, 
ref. 24) for derivations and/or details). 


1. Does the Universe remain quasi-homogeneous during the whole string- 
cosmology history? 


The answer to this question turns out to be yes! This is not a priori evi- 
dent since, in commonly used gauges”®) for scalar perturbations of the metric 
(e.g. the so-called longitudinal gauge in which the metric remains diagonal), 
such perturbations appear to grow very large during the inflationary phase 
and to destroy homogeneity or, at least, to prevent the use of linear perturba- 
tion theory. Similar problems had been encountered earlier in the context of 
Kaluza-Klein cosmology?” . 


In ref. 28) it was shown that, by a suitable choice of gauge (an “off-diagonal” 
gauge), the growing mode of the perturbation can be tamed. This can be 
double-checked by using the so-called gauge-invariant variables of Bruni and 
Ellis?®). The bottom line is that scalar perturbations in string cosmology be- 
have no worse than tensor perturbations, to which we now turn our attention. 


2. Does one generate a phenomenologically interesting (i.e. measur- 
able) background of GW? 


The canonical variable ~ for tensor perturbations (i.e. for GW) is defined by: 


Iu = Ow Te hie 
U=(G/0) Ke et/2h, (4.10) 


where fh stands for either of the two transverse-traceless polarizations of the 
gravitational wave. As long as the perturbation is inside the horizon, w remains 
constant while h is adiabatically damped. By contrast, outside the horizon, w 
is amplified according to 


de ~ (a/g)Cx+ De [arf g(x!) a(n) (4.11) 


ex 


where, for each Fourier mode of (comoving) wave number k, tex = kot. 


The first term in (4.1]]}) clearly corresponds to the freezing of h itself, while the 
second term represents the freezing of its associated canonical momentum. In 
standard (non-dilatonic) inflationary models, the first term dominates since a 
grows very fast. In our case, the second term dominates since the growth of a 
is over-compensated by the growth of g (i.e. of ¢). This is equivalent to saying 
that, in the Einstein frame, our background describes a contracting Universe. 


After matching the result (4-T]]) with the usual oscillatory, damped behaviour 
of the radiation-dominated epoch, one arrives at the final result?®)3°) for the 
magnitude of the stochastic background of GW today: 


H g a \ 2? 
ieee ws ales, | (=) 
ahal = RM Ihal ~ of Bacte, (2) (2 
-2 
[I (=) + (z,)° (“) | : Ww < Ww, (4.12) 
WwW gi 


where w = k/a is the proper frequency, zeq ~ 104,ws ~ z7!(g1)/? x 10"! Hz 
aoe 
= %, Wi. 


The above result can be converted into a spectrum of energy density per 
logarithmic interval of frequency. In critical density units: 


3 27? 
GG gy? (=) a(S)+ er (G Ww <u. (4.13) 
dlnw _ Ws Ww nN 


The above spectrum looks quasi-thermal al large scales (i.e. at w < w,), but is 
amplified by a large factor relative to a Planckian spectrum of temperature w,. 
In analogy with the harmonic oscillator case, there is a duality symmetry of 
the spectrum, this time under the transformation (25,9) > (2s,2,°g,'). The 
transformation corresponds to changing ¢ into —¢@ i.e. to what we may call 
S-duality. As with the harmonic oscillator, the metric perturbation and its 
canonically conjugate momentum variable swap their role under such trans- 
formation. 





In Fig. 3 we show the spectrum of stochastic gravitational waves expected from 
our two-parameter model. For a given pair g,, z,; one identifies a point in the 
w,oh,, plane as illustrated explicitely in the case of g, = 107°, z, = 10°.The 
resulting point (indicated by a large dot) represents the end-point w,, dhy, 
of the w!/? spectrum corresponding to scales crossing the horizon during the 
dilatonic era. 


Although the rest of the spectrum is more uncertain, one can argue that it 
has to join smoothly the point w,, dh, to the true end-point dh ~ 107°, w ~ 
10''Hz. The latter corresponds to a few gravitons produced at the maximal 
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Figure 3: GW spectra from string cosmology against interferometric sensitivity. 


amplified frequency w,, the last scale to go outside the horizon during the 
stringy phase. The full spectrum is also shown in the figure for the case 
gs = 10-%, z, = 10°, with the wiggly line representing the less well known high 
frequency part. 


Curves of constant Qgw are also shown. If g, < 1, as we have assumed, 
spectra will always lie below the Qgw = 10~¢ line corresponding to as many 
photons as gravitons been produced. On the other hand, by invoking S- 
duality, one can argue that the actual spectrum, by containing two duality- 
related contributions, will never lie below the self-dual spectrum ending at 
dh ~ 10°-*°,w ~ 10'4Hz (the thick line bordering the shaded region). In 
conclusion all possible spectra sweep the angular wedge inside the two above- 
mentioned lines. 


The odd-shaped region in Fig. 3 shows the expected sensitivity of the so- 
called “Advanced LIGO” project®!). While there is no hope to detect our 
spectrum at LIGO if g, = 10~°,z, = 10°, perspectives would be better for, 
say, gs = 1071, z, = 10° (the corresponding spectrum is also sketched). 


Resonant bars might also be able to reach comparable sensitivity in the kHz re- 
gion, while microwave cavities, if conveniently developed, could be used in the 
region 10°-109 Hz *3). Another interesting possibility consists of coincidence 
experiments between an interferometer and a bar. The quoted sensitivity 
to a stochastic background, as a function of the frequency f, of the individual 
sensitivities of the bar and of the interferometer dh, and of the observation 
time Typ, 1S: 


6Qew = 1.5 1075(f /10°Hz)3 (107 Shint) (107 Shar) (Tons/10" s)~/?. (4.14) 


Obviously, detecting a stochastic backgound like ours is a formidable chal- 
lenge. Also, the physical range of our parameters g,, z; could be such that no 
observable signal will be produced. What is interesting, however, is the mere 
existence of cosmological models predicting a non-negligible yield of GW in a 
range of frequencies where other sources predict just a “desert”. More com- 
plete studies of the sensitivity of various detectors to a stochastic, coloured 
spectrum of our kind are presently under way. 


. Can large enough seeds be produced for the generation of observed 
galactic (and extragalactic) magnetic fields? 


As already mentioned, seeds for generating the galactic magnetic fields through 
the so-called cosmic dynamo mechanism®*) can be generated in our scenario by 
the amplification of the quantum fluctuations of the EM field. In this case the 
canonical variable is just the (Fourier transform of the) usual A, potential. In 


analogy with (4.1]]) its amplification, while outside the horizon, is described 
by the asymptotic solution: 


Apwg! Ic. + Dx [ an'9°(n!) ; (4.15) 
which leads*®:3 to an overall amplification of the electromagnetic field by a 
factor |cx|? ~ (Gre/Gex)? +(Gex/Gre)?. This time the spectrum is invariant under 
g — g ‘i.e. under ordinary S or electric-magnetic duality. In our cosmological 
scenario we have excluded the possibility of a decreasing coupling constant and, 
therefore, the main contribution to the amplification comes from the second 
term on the r.h.s. of eq.(4.15)) which gives |cz|? ~ (Gre/Gex)?- 


One can express this result in terms of the fraction of electromagnetic energy 
stored in a unit of logarithmic interval of w normalized to the one in the CMB, 
py. One finds: 


w d wt w* 
r(w) = APE whew) PP = (e/gen)?- (4.16) 
pe ee ey Py 





The ratio r(w) stays constant during the phase of matter-dominated as well 
as radiation-dominated evolution, in which the Universe behaves like a good 
electromagnetic conductor*®). In terms of r(w) the condition for seeding the 
galactig magnetic field through ordinary mechanisms of plasma physics is®®) 


r(wg) > 10°“ (4.17) 


where wg & (1 Mpc)~! & 107“ Hz is the galactic scale. Using the known 
value of p,, we thus find, from (4.14, 4-17): 


a0 ia (4.18) 


i.e. a very tiny coupling at the time of exit of the galactic scale. 


The conclusion is that string cosmology stands a unique chance in explaining 
the origin of the galactic magnetic fields. Indeed, if the seeds of the magnetic 
fields are to be attibuted to the amplification of vacuum fluctuations, their 
present magnitude can be interpreted as prime evidence that the fine structure 
constant has evolved to its present value from a tiny one during inflation. The 
fact that the needed variation of the coupling constant (~ 10°°) is of the 
same order as the variation of the scale factor needed to solve the standard 
cosmological problems, can be seen as further evidence for scenarios in which 
coupling and scale factor grow roughly at the same rate during inflation. 





4. Can scalar, tensor (and possibly EM) perturbations explain the 
large-scale anisotropy of the CMB observed by COBE? 


The answer here is certainly negative as far as scalar and tensor perturbations 
are concerned. The reason is simple: for spectra that are normalized to O(1) 
(at most) at the maximal amplified frequency w, ~ 10!' Hz, and that grow 
like w'/?, one cannot have any substantial power at the scales O(10~'Hz) to 
which COBE is sensitive. The origin of AT’/T at large scale would have to be 
attributed to other effects (e.g. topological defects). 


Fortunately, there is a possibility 9) that the EM perturbations themselves 
might explain the anisotropies of the CMB since their spectrum turns out to 
be flatter (and also more model-dependent) than that of metric perturbations. 
Assuming this to be the case, an interesting relation is obtained®®) between 
the magnitute of large scale anysotropies and the slope of the power spectrum. 
Such a relation turns out to be fully consistent, with present bounds on the 
spectral index. 


5. Do all these perturbations have anything to do with the CMB itself? 


Stated differently, this is the question of how to arrive at the hot big bang of 
the SCM starting from our “cold” initial conditions. The reason why a hot 
universe can emerge at the end of our inflationary epochs (phases I and IJ) 


goes back to an idea of L. Parker), according fo Which’ amplified quanti 
filuctuations can give origin to the CMB itself if Planckian scales are reached. 


Rephrasing Parker’s idea in our context amounts to solving the following 
bootstrap-like condition: at which moment, if any, will the energy stored in 


the perturbations reach the critical density? 


The total energy density p,¢ stored in the amplified vacuum quantum fluctu- 


ations is given by: 
4 


M; 4 
Paf ~ Neff An (ai/a) , (4.19) 
where N.+¢ is the number of effective (relativistic) species, which get produced 


(whose energy density decreases like a~*) and a, is the scale factor at the 
(supposed) moment of branch-change. The critical density (in the same units) 


is given by: 
Per = e-*M;H? : (4.20) 


At the beginning, with e? < 1, pay < Per but, in the (—) branch solution, 
Per decreases faster than pyr so that, at some moment, p,r will become the 
dominant sort of energy while the dilaton kinetic term will become negligible. 


It would be interesting to find out what sort of initial temperatures for the 


radiation era will come out of this assumption. 


5 Conclusions 


I want to conclude by listing which are, in my opinion, the pluses and minuses of 
the scenario I have advocated: 


The Goodies 
e Inflation comes naturally, without ad-hoc fields and fine-tuning: there is even 
an underlying symmetry yielding inflationary solutions. 


e Initial conditions are natural, yet a simple universe would evolve into a rich 
and complex one. 


e The kinematical problems of the SCM are solved. 
e Perturbations do not grow too fast to spoil homogeneity. 


e An interesting characteristic spectrum of GW is generated. 


e Larger-than-usual electromagnetic perturbations are easily generated and could 
explain the galactic magnetic fields. 


A hot big bang could be a natural outcome of our inflationary scenario. 


The Baddies 


e A scale-invariant spectrum is all but automatic (unlike what happens in normal 
vacuum-energy-driven inflation). 


e Our understanding of the high curvature (stringy) phase and of the crucially 
needed change of branch is still poor in spite of recent progress in Conformal 
Field Theory. 
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1 Introduction 


These four lectures aim at providing a summary of —and some guidance through-— the existing 
literature dealing with the so-called pre-big bang (PBB) scenario, a new cosmological model 
largely based on the new symmetries underlying superstring cosmology. The lectures will 
be pedagogical in nature and will not presuppose an advanced knowledge either of modern 
inflationary cosmology or of superstring/M-theory. Elements of both will be included in the 
lectures in order to make them reasonably self-contained. More exhaustive treatments of pre- 
big bang cosmology are [fl] (or will soon be [2]) available elsewhere, while a homepage on the 
PBB scenario is being kept updated on the Web [}. 


The four lectures roughly correspond to the four forthcoming sections and deal, respectively, 
with: 


e BASIC MOTIVATIONS AND IDEAS 
e HOW COULD IT HAVE STARTED? 
e PHENOMENOLOGICAL CONSEQUENCES 
e HOW COULD IT HAVE STOPPED? 


In particular, lecture II (Section 3) contains a discussion of the initial conditions, lecture III 
(Section 4) discusses the phenomenological virtues and shortcomings of the model, while lecture 
IV (Section 5) deals with the most important open theoretical issues. 


2 Basic Motivations and Ideas 


2.1 Why string cosmology? 


The first question that comes to one’s mind when thinking about cosmology and string theory 
is: Why bother? Indeed, even if string/M-theory is the correct theory of nature, only its 
effective (low-energy) quantum field theory description appears to be relevant to most of the 
history of our Universe, i.e. since a very short time after the big bang. This is certainly the 
case for the standard (hot-big-bang) cosmological model, but it is also true for the standard 
models of inflation, provided we confine our attention to what happened during the last 70 
e-fold of inflation and later (i.e. to what happened after our present horizon reached the size of 
the inflationary Hubble radius). In both instances, one is only confronting situations in which 
curvatures are very small with respect to the fundamental scale of string theory. 


On the other hand, both the hot-big bang model and its inflationary variant suffer from 
initial condition problems. In the former case, these are just the well-known homogeneity and 
flatness problems that motivated inflation. In the latter case, although the problems look less 
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severe, it is still a matter of heated discussion whether or not one should naturally expect a 
quasi-homogeneous inflaton field highly displaced from the minimum of its potential to emerge 
from the Planck era. In either case, the question of how to get physically appealing initial 
conditions lies in the realm of Planck-scale quantum gravity. 


At present, the only candidate for a consistent synthesis of general relativity (GR) and 
quantum mechanics (QM) is superstring theory (see [fl] for a recent review, as well as [pb] for a 
non-specialized introduction), or, if we prefer, the mysterious M-theory that reduces to various 
superstring theories in appropriate limits. It thus seems mandatory to ask whether the above 
questions on initial conditions do —or do not-— find an answer within string theory. Although 
most string theorists would certainly agree with the above statements —this being after all one of 
the most selling ads for string theory— many of them would still object to tackling these problems 
now. The “excuse” is that our understanding of string theory, especially at large curvatures, 
is still largely incomplete. Furthermore, most of the recent progress in non-perturbative string 
theory has been achieved in the context of “vacua” (i.e. classical solutions to the field equations) 
that respect a large number of supersymmetries. By definition, a cosmological background (a 
fortiori one that evolves rapidly in time) breaks (albeit spontaneously) supersymmetry. This is 
why the Planckian regime of cosmology appears to be intractable for the time being. 


There is however a pleasant surprise. About ten years of work on string cosmology have 
led naturally to considering a scenario -the so-called pre-big bang (PBB) scenario— in which 
the Universe enjoyed a long perturbative “life” before the big bang. Starting from an almost 
trivial state (asymptotic past triviality, see Section 3), the Universe would have evolved to- 
wards stronger and stronger curvature and coupling, thereby inflating, until it entered the 
non-perturbative phase that replaces the big bang singularity of more standard cosmological 
models. 


The situation is very much reminiscent of QCD and strong interactions. Perturbative 
QCD has been very successful in predicting a huge number of observables for short-distance- 
dominated hard processes. Successes in the non-perturbative, large-distance regime have been 
meagre, by comparison: we still lack a definitive proof of confinement, of spontaneous chiral 
symmetry breaking, of explicit U(1), breaking, etc. Yet, we do believe that QCD is the correct 
description of hadronic physics down to scales of 10~!° cm or so. This is largely based on the 
belief that large- and short-distance physics “decouple”, e.g. on the assumption that the soft 
hadronization process does not affect certain infrared-safe quantities computed at the quark— 
gluon level. Fortunately, we did not wait until the confinement problem was solved, to take 
QCD seriously! 


A very similar attitude will be defended here in the case of string cosmology, with one 
amusing twist: large- and short-distance physics get somehow swapped as we go from QCD to 
gravity/cosmology. Figure 1 (from Ref. [f]) illustrates this point. The easy regime for gravity 
is at large distance/small curvatures; the tough one turns out to be the high-curvature regime 
that replaces here the big bang singularity. Yet, we shall argue that some consequences of string 
cosmology, those related to scales that were very large with respect to the string scale in the 
high-curvature regime, should not be affected, other than by a trivial kinematical red-shift, by 


the details of the pre- to post-big bang transition ... provided, of course, that such a transition 
does indeed take place (the counterpart to assuming that confinement does occur in QCD). 


The above reasoning does not imply, of course, that one should not address the hard ques- 
tions now. On the contrary, the easy part of the game will give precious information on what 
the relevant hard questions are (for cosmology) and on how to formulate them. I have already 
mentioned an example of what I mean: insisting too much on (extended) SUSY vacua appears 
to be an unacceptable limitation for the problems at hand. Another example is that of demand- 
ing stability of an acceptable string vacuum: we shall see (in Section 4) that inflationary string 
vacua lead to tachyonic, i.e. to growing rather than to oscillating, modes. Such modes appear 
to horrify most string theorists; however, they are just what inflationary cosmologists happily 
use all the time in order to generate large-scale structure (LSS), and what PBB cosmology uses 
to generate heat and entropy from an initially cold Universe (see Section 5). 


A completely different criticism of string cosmology comes from the cosmology end: for 
someone accustomed to a data-driven “bottom-up” approach, string cosmology is too much 
“top-down”. There is certainly a point here. I do not believe that a good model of cosmology 
is likely to emerge from theoretical considerations alone. Input from the data will be essential 
in the selection among various theoretical alternatives. We shall see explicit examples of what 
I mean in Section 5. Yet, it appears that a combination of top-down and bottom-up would 
be highly desirable. If past history can teach us something in this respect, the construction 
of the standard model of particle physics (and of QCD in particular) is a perfect example of 
a fruitful interplay of theoretically sound ideas and beautiful experimental results. Cosmology 
today resembles the particle physics of the sixties: interesting new data keep coming in at a 
high pace, while compelling theoretical pillars on which to base our understanding of those 
data are still missing. 


As a final remark, let me turn things around and claim that cosmology could be the only 
hope that we have for testing string theory in the foreseeable future by using the cosmos itself 
as the largest conceivable accelerator. The cosmological red-shift since the big bang has kindly 
brought down Planck-scale physics to a macroscopic scale, thus opening for us a window on 
the very early Universe. As we shall see in Subsection 2.3, even in this respect, standard and 
PBB inflation are markedly different. 


2.2 Why/Which inflation? 


The reasons why the standard hot-big-bang model is unsatisfactory have been repeatedly dis- 
cussed in the literature. For details, we refer to two excellent reviews [[/]. Let me briefly 
summarize here the basic origin of those difficulties with the simplest Friedmann—Robertson— 
Walker (FRW) cosmology. 


In the FRW framework the size of the (now observable) Universe was about 10~? cm at the 
start of the classical era, say at t ~ a few times tp, where tp ~ 10~* s is the so-called Planck 
time. This is of course a very tiny Universe w.r.t. its present size (~ 1078 cm), yet it is huge 
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w.r.t. the horizon (the distance travelled by light) at that time, i.e. to lp = ctp ~ 107~*° cm. 
In other words, a few Planck times after the big bang, our observable Universe was much too 
large! It consisted of (10°°)? = 10% Planckian-size, causally disconnected regions. There had 
not been, since the beginning, enough time for the Universe to become homogeneous (e.g. to 
thermalize) over its entire size. Also, soon after t = tp, the Universe was characterized by a 
huge hierarchy between its Hubble radius on one side and its spatial-curvature radius on the 
other. The relative factor of (at least) 10°° appears as an incredible amount of fine-tuning on 
the initial state of the Universe, corresponding to a huge asymmetry between time and space 
derivatives. Was this asymmetry really there? And, if so, can it be explained in any, more 
natural way? 


It should be stressed that, while the above unexplained ratio becomes larger and larger as 
we approach the Planck time (and would go to infinity at t = 0 if we could trust the equations 
throughout), it represents the ratio of two classical length scales. It so happens that one of the 
two lengths becomes the (quantum) Planck scale at t = tp, but the ratio is still huge at much 
later times when both scales have nothing to do with (and are much larger than) tp. This 
comment will be very relevant to the discussion of fine-tuning issues given in Subsection 3.6. 


It is well known that a generic way to wash out inhomogeneities and spatial curvature 
consists in introducing, in the history of the Universe, a long period of accelerated expansion, 
called inflation [f]. This still leaves two alternatives: either the Universe was generic at the big 
bang and became flat and smooth because of a long postbangian inflationary phase; or it was 
already flat and smooth at the big bang as a result of a long pre-bangian inflationary phase. 


Assuming, dogmatically, that the Universe (and time itself) started at the big bang, leaves 
only the first alternative. However, that solution has its own problems, in particular those 
of fine-tuned initial conditions and inflaton potentials. Besides, it is quite difficult to base 
standard inflation in the only known candidate theory of quantum gravity, superstring theory. 
Rather, as we shall argue in a moment, superstring theory gives strong hints in favour of the 
second (pre-big bang) possibility through two of its very basic properties, the first in relation 
to its short-distance behaviour, the second from its modifications of GR even at large distance. 


2.3. Superstring-inspired cosmology 


As just mentioned, two classes of properties of string theory are relevant for cosmology. Let us 
discuss them in turn. 


A) Short-distance properties 


Since the classical (Nambu-Goto) action of a string is proportional to the area A of the 
surface it sweeps, its quantization must introduce a quantum of length A, through: 


S/h= A/D. (1) 


This fundamental length, replacing Planck’s constant in quantum string theory [9], plays the 


role of a minimal observable length, of an ultraviolet cut-off. Thus, in string theory, physical 
quantities are expected to be bound by appropriate powers of A,, e.g. 


H?~R~Gp<d,° 
kpT/h < cd; 
Ferg oF aa (2) 


In other words, in quantum string theory, relativistic quantum mechanics should solve the 
singularity problems in much the same way as non-relativistic quantum mechanics solved the 
singularity problem of the hydrogen atom by keeping the electron and the proton a finite 
distance apart. By the same token, string theory gives us a rationale for asking daring questions 
such as: What was there before the big bang? Certainly, in no other present theory can such 
a question be meaningfully asked. 


B) Large-distance properties 


Even at large distance (low-energy, small curvatures), superstring theory does not automati- 
cally give Einstein’s GR. Rather, it leads to a scalar—tensor theory of the JBD variety. The new 
scalar particle/field ¢, the so-called dilaton, is unavoidable in string theory, and gets reinter- 
preted as the radius of a new dimension of space in so-called M-theory [0]. By supersymmetry, 
the dilaton is massless to all orders in perturbation theory, i.e. as long as supersymmetry re- 
mains unbroken. This raises the question: Is the dilaton a problem or an opportunity? My 
answer is that it could be both; and while we can try to avoid its potential dangers, we may 
try to use some of its properties to our advantage... Let me discuss how. 


In string theory, ¢ controls the strength of all forces [II], gravitational and gauge alike. One 
finds, typically: 
In/X5 ~ Agauge ~ ae, (3) 


showing the basic unification of all forces in string theory and the fact that, in our conventions, 
the weak-coupling region coincides with ¢ < —1. In order not to contradict precision tests of 
the equivalence principle, and of the constancy of the gauge and gravitational couplings in the 
“recent” past, we require the dilaton to have a mass (see, however, [[3] for an amusing 
alternative) and to be frozen at the bottom of its own potential today. This does not exclude, 
however, the possibility of the dilaton having evolved cosmologically (after all, the metric did!) 
within the weak coupling region where it was practically massless. The amazing (yet simple) 
observation [[[4] is that, by so doing, the dilaton may have inflated the Universe! 


A simplified argument, which, although not completely accurate, captures the essential 
physical point, consists in writing the Friedmann equation (for a spatially flat Universe): 


3H? = 8aGp, (4) 


and in noticing that a growing dilaton (meaning through (B) a growing G) can drive the growth 
of H even if the energy density of standard matter decreases in an expanding Universe. This new 
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kind of inflation (characterized by growing H and ¢) has been termed dilaton-driven inflation 
(DDI). The basic idea of pre-big bang cosmology [14 [15| [L6} [7] is thus illustrated in Fig. 2: 
the dilaton started at very large negative values (where it was practically massless), ran over 
a potential hill, and finally reached, sometime in our recent past, its final destination at the 
bottom of its potential (¢ = ¢9). Incidentally, as shown in Fig. 2, the dilaton of string theory 
can easily roll-up —rather than down— potential hills, as a consequence of its non-standard 
coupling to gravity. 


DDI is not just possible. It exists as a class of (lowest-order) cosmological solutions thanks 
to the duality symmetries of string cosmology [14], [18], [19]. Under a prototype example of 
these symmetries, the so-called scale-factor duality (SFD) [[4], [8], a FRW cosmology evolving 
(at lowest order in derivatives) from a singularity in the past is mapped into a DDI cosmology 
going towards a singularity in the future. Of course, the lowest order approximation breaks 
down before either singularity is reached. A (stringy) moment away from their respective 
singularities, these two branches can easily be joined smoothly to give a single non-singular 
cosmology, at least mathematically. Leaving aside this issue for the moment (see Section 5 for 
more discussion), let us go back to DDI. Since such a phase is characterized by growing coupling 
and curvature, it must itself have originated from a regime in which both quantities were very 
small. We take this as the main lesson/hint to be learned from low-energy string theory by 
raising it to the level of a new cosmological principle, that of “Asymptotic Past Triviality”, to 
be discussed in the next Lecture. 


2.4 Explicit solutions 


Many explicit exact PBB-type solutions to the low-energy effective action equations have been 
constructed and discussed in the literature. For an excellent review, see |[l]. Exact solutions can 
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only be obtained in the presence of symmetries (isometries) and, although they are heuristically 
very important, they are too special from the point of view of an inflationary cosmology, which, 
as such, should not accept fine-tuned initial conditions. This is why we shall not go into an 
exhaustive discussion of explicit solutions here. Instead, in Section 3, we will adress the general 
problem of the evolution of asymptotically trivial initial data. 


Here we shall limit our attention to the simplest Bianchi I-type solutions and to their quasi- 
homogeneous generalizations, after recalling that many more solutions can be obtained from 
the former by using the non-compact O(d,d) symmetry of the low-energy string-cosmology 
equations [19] when the Kalb-Ramond (KR) field B,,,, is turned on, or by S-duality transfor- 
mations (see e.g. [[l]]) generating a homogeneous axion field (related to B,, by yet another 
duality transformation). 


The generic homogeneous Bianchi I solution with B,,,, = 0 reads, for t < 0, 
ds’ = —di?+ S-(-t)?*da'da" , 
Q a lies Dy a )log(—t) 
to PS a? . (5) 


ie. represents a generalization of the well-known Kasner solutions (see e.g. [20]) in which one 
of the two Kasner constraints (the one linear in the a;) is replaced by the equation giving the 
time dependence of ¢ (@ is absent, or constant, for Kasner, hence the second constraint). 


Note that, unlike Kasner’s, ()) allows for isotropic solutions (a; = +1/ Vd for alli). Also, the 
quadratic Kasner constraint automatically has 24 SFD-related branches, obtained by changing 
the sign of any subset of the a’s. Also note that the so-called shifted dilaton defined by: 


= 1 
e=o- gles (det gij) , (6) 
which is invariant under the full O(d,d) group, is always given by: 


@ = —log(—t) . (7) 


A quasi-homogenecous generalization of (f) was first discussed in [BJ (see also [22]) and 
reads: 


ds? 


—dt? + S° e?(z) e% (a) (—t)?0 dada! : 


o = —(1— }/ ai(x) log(—t) 
1 >a; (2) , 2a, (8) 


where x stands for the space coordinates. Equation (§) can be shown to be a generic asymptotic 
solution of the full PDEs near the t = 0 singularity where spatial gradients become less and 
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less important w.r.t. time derivatives, justifying the validity of the so-called gradient expansion 
[23]. Note that Eq. ((7) is not modified in the quasi-homogeneous solutions. Besides allowing 
isotropic cosmologies in the homogeneous case, the presence of the dilaton also removes the 
necessity of a chaotic (BKL-type B4]) behaviour near the singularity B5. 


2.5 Phase diagrams and Penrose-style overview 


It is useful to visualize the PBB scenario with the help of some diagrams. Since the actual 
phase space of the model is multidimensional, each of these diagrams necessarily represents just 
a cross section of the complete picture. 


A very commonly used diagram (Fig. 3) is the flow-diagram in the ¢, H plane (time being 
just a parameter along the flow lines). Since, at lowest order, ¢ > 0, the flow is always from 
left to right near the origin. The four straight lines represent the four (isotropic for simplic- 
ity) solutions connected by SFD and time-reversal. The product of the two transformations 
represents the physically interesting case, since it maps ordinary decelerating FRW cosmology 
(top left) to dilaton-driven inflation (top right). Clearly, our scenario needs a high-curvature 
phase during which the left-to-right flow is inverted (as shown by the dotted line joining the 
two perturbative branches). This can only happen as the result of higher-order corrections (see 
Section 5). 


A second useful diagram (Fig. 4) is the e®, H plot, ie. the curvature (energy) coupling 
plane. The fully perturbative domain (where evolution starts according to the APT postulate) 
lies, in a log-log plot, to the far left-bottom corner. Sticking again, for simplicity, to the isotropic 
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case, DDI evolution is represented by parallel lines distinguished by different initial values of 
the dilaton (i.e. of the coupling). It is clear that all these solutions run, eventually, into strong 
curvature or strong coupling (shown as thick solid lines), which one is hit first being determined 
by the above-mentioned initial coupling. A discussion of what might happen afterwards is given 
in Section 5. 


As a third possibility, let us use a Carter—Penrose style plot (Fig. 5) to represent, on 
a finite piece of paper, the entire evolution of the Universe. Unlike in ordinary cosmology, 
where the CP diagram is truncated by the (space-like) hypersurface of the big-bang singularity, 
here the whole CP diagram, going from past to future time-like and null infinities, is physi- 
cally meaningful because of our assumption that finite-string-size effects remove the big bang 
singularity. This diagram will be discussed and used in the following sections. 


Finally, let us represent the basic difference between the standard inflation scenario and 
that of PBB cosmology by plotting, for each cosmological model, the Hubble horizon (H~') 
and the physical scale that coincides with it today, as functions of cosmic time. This gives rise 
to two “wine glasses” (Fig. 6), which are very similar in their upper parts (corresponding to 
recent epochs) but differ markedly at very early times. The most salient difference appears 
in the early behaviour of the Hubble horizon, an increasing function of time in the standard 
inflation, a decreasing one in the PBB case. The figure allows me to stress one phenomenological 
advantage of PBB inflation: Planck- (or string)-scale physics, being no longer washed out by a 
long, subsequent inflationary phase, becomes accessible to present (or near-future) experiments 
at the millimetre (100 GHz) scale. At the same time, larger-scale experiments (such as those on 
small-angle CMB anisotropies) will test (sub-Planckian-energy) physics during the pre-bangian 
phase. By contrast, as we have already mentioned in the Introduction, in standard inflation 
large-scale data probe the Universe as it was seventy e-folds or so before the end of inflation, 
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while shorter scales tells us about more recent epochs. Since we know that, seventy e-folds before 
the end of inflation, Hinf, was less than 10~°Mp (or else excessive large scale anisotropies are 
created, see Section 4), and that such a scale slowly decreases during (slow-roll) inflation, it 
is clear that, according to standard inflation, physics at energies larger than 10~°Mp remains 
unaccessible. 


3 How could it have started? 


3.1 Generic asymptotically-trivial past 


We have already mentioned that, in standard non-inflationary cosmology, initial conditions 
have to be fine-tuned to incredible accuracy in the far past (i.e. at t ~ tp ~ 107*3 s). What 
does this fine-tuning problem look like if we accept hints from scale-factor duality and assume 
asymptotically trivial, yet generic, initial conditions? 


The concept of asymptotic past triviality (APT) is quite similar to that of “asymptotic 
flatness”, familiar from general relativity [27]. The main differences consist in making only 
assumptions concerning the asymptotic past (rather than future or space-like infinity) and in 
the additional presence of the dilaton. It seems physically (and philosophically) satisfactory 
to identify the beginning with simplicity (see e.g. the entropy-related arguments given in 
Subsection 5.7). What could be simpler than a trivial, empty and flat Universe? Nothing, of 
course! The problem is that such a Universe, besides being uninteresting, is also non-generic. 
By contrast, asymptotically flat/trivial Universes are initially simple, yet generic, in a precise 
mathematical sense that we shall now discuss. 


From the point of view of space-time (taken here, for simplicity, to be (3 + 1)-dimensional) 
the generic solution depends upon four arbitray functions of three coordinates |R8] related to the 
metric, plus two more each for the dilaton and the KR field B,,. Amusingly, there is an exact 
correspondence between this “target-space” counting and a “world-sheet” counting. In the lat- 
ter, those eight arbitrary functions correspond to eight arbitrary functions of three-momentum 
entering the most general physical (i.e. on shell) vertex operator describing gravitons, dilatons, 
and the KR field (which, in four dimensions, is equivalent to a pseudoscalar, the KR axion). 
We will see in Subsection 3.4 how these arbitrary functions appear in the asymptotic expansion 
of our fields. 


Can a very rich and complicated Universe, like our own, emerge from such extremely simple 
initial conditions? This would look much like a miracle. However, as I shall argue below, this 
is precisely what should be expected, owing to well-known classical and quantum gravitational 
instabilities. 
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3.2. The asymptotic past’s effective action and different (conformal) 
frames 


The APT postulate implies that the early-time evolution of the Universe can be described in 
terms of the low-energy tree-level action of string theory. Taking a generic closed superstring 
theory, this reads: 


Page = Af ater Jighen® (R+ g!0,000 — (BY -2A) , (9 
where dB is the (three-form) field strength associated with i 


A further simplification comes from assuming to be dealing with so-called critical superstring 
theory, the case in which the tree-level (and actually the all-order perturbative) cosmological 
constant A vanishes. This requires a total of D = 10 space-time dimensions. If D ¥ 10 
there will be an effective cosmological constant O(\;?) preventing any low-curvature solution 
of the field equations to exist. A similar conclusion is reached if we consider critical, but 
non-supersymmetric, string theories (see Subsection 3.3). 


Equation (Q)) receives corrections when curvatures become O(A;?) or when the coupling e? 
becomes O(1). If such corrections are both negligible, it sometimes becomes useful to perform 
a change of variable by going to the so-called Einstein frame (not to be confused with different 
frames in GR). This is done by defining: 


j= = g@) err (6-90) ; (10) 
It is relatively easy to rewrite the action (9) using the Einstein metric. The result is simply: 
re, = tt fate Jig] (R- 0,00") - Ge F(aBy) , (A) 


where /¢-' = e% \?~! is the present value of the Planck length. 


Although the use of the Einstein frame could simplify some calculations, and we shall see 
examples of this below, it should be kept in mind that the form of the corrections is no longer so 
simple. For instance, higher-derivative corrections become important when the Einstein-frame 
curvature is O(lp2e=1? = ;7), ie. reaches a dilaton-dependent critical value. Similarly, 
having a constant Newton “constant” in this frame is a mere illusion because (even tree-level) 
string masses do now depend upon @¢. For these reasons, although physical results are frame- 
independent, we shall always describe them with reference to the original string-frame metric 
in which the stringh length A, is constant. 


Let us finally remark that the two frames have been made to coincide today, with the 
dilaton fixed at its present value ¢@p. Similarly, the assumption of APT would also allow the 
identification of the two frames in the far past, since the dilaton approaches a constant as 
t — —oo. However, the two Einstein frames that coincide with the string frame at t = too 
differ from each other by an enormous conformal factor, i.e. by a huge blowing-up of all physical 
scales. 
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3.3. Classical asymptotic symmetries: the importance of SUSY 


The classical equations that follow from varying (9) or (LI), besides being generally covariant, 
are also invariant under a two-parameter group of (global) transformations acting as follows: 


eo o+c, 
Gay: SX Gai (12) 


Indeed (f), (ff) are simply rescaled by a constant factor under this group. These two symmetries 
depend crucially on the validity of the tree-level low-energy approximation and on the absence 
of a cosmological constant. Loop corrections clearly spoil invariance under dilaton shifts, while 
lower derivatives (a cosmological constant) or higher derivatives (a’) corrections spoil invariance 
under a rescaling of the metric. Note that, using general covariance, the latter symmetry is 
equivalent to an overall rescaling of all the coordinates. The relevance of the two classical 
symmetries on the issue of fine-tuning will become obvious in the next two subsections. 


The importance of dealing with critical superstring theory now becomes evident: if one 
would consider non-supersymmetric string theories, a cosmological constant would almost cer- 
tainly be generated at some finite order of the loop expansion: this would change completely 
the large-distance properties and spoil the symmetries of the field equations. 


3.4 Dilaton-driven inflation as gravitational collapse 


For simplicity, we will only illustrate here the simplest case of gravi-dilaton system already 
compactified to four space-time dimensions. Through the field redefinition ({[0)), our problem is 
reduced to the study of a massless scalar field minimally coupled to gravity. It is well known that 
such a form of matter cannot give inflation (since it has positive pressure). Instead, it can easily 
lead to gravitational collapse (GC). Thus, in the Einstein frame, the problem becomes that of 
finding out under which conditions gravitational collapse occurs if asymptotically-trivial initial 
data are assigned. Gravitational collapse usually means that the (Einstein) metric (hence the 
volume of 3-space) shrinks to zero at a space-like singularity. However, typically, the dilaton 
blows up at that same singularity. Given the relation (f[Q) between the Einstein and the 
(physical) string metric, we can easily imagine that the latter blows up near the singularity, as 
implied by DDI. 


How generically does GC happen? Let us recall the singularity theorems of Hawking and 
Penrose [29], which state that, under some general assumptions, singularities are inescapable in 
GR. Looking at the validity of those assumptions in the case at hand, one finds that all but one 
are automatically satisfied. The only condition to be imposed is the existence of a closed trapped 
surface (CTS) (a closed surface from which future light cones lie entirely in the region inside 
the surface). Rigorous results BO] show that this condition cannot be waived: sufficiently weak 
initial data do not lead to closed trapped surfaces, to collapse, or to singularities. Sufficiently 
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strong initial data do. But where is the border-line? This is not known in general, but precise 
criteria do exist for particularly symmetric space-times, e.g. for those endowed with spherical 
symmetry (see Subsection 3.6). 


However, no matter what the general collapse/singularity criterion will eventually turn out 
to be, we do know, from the classical symmetries described in the previous subsection, that 
such a criterion cannot depend 


e on an over-all additive constant in @, or 


e on an over-all multiplicative factor in gy. 


A characterization of APT initial data can be made [BJ] following the pioneering work 27] of 
Bondi, Sachs, Penrose, and others. Since our initial quanta are assumed to consist of massless 
gravitons and dilatons, their past infinity is null: it is the famous Z~ of the Penrose diagram 
(Fig. 5). APT means that dilaton and metric can be expanded near Z~ in inverse powers of 
r — oo, while advanced time v and two angular variables, 6 and y, are kept fixed. We shall 
thus write: 


80) = y+ HOOP) 5 9 (2) , (13) 


Syn) = Nt BARE) 5 0 (2). (14 


‘ 
The null wave data on Z are: the asymptotic dilatonic wave form f(v,0,y), and two po- 
larization components, f,(v,0,y) and f,(v,6,y), of the asymptotic gravitational wave form 
fiw (v,9,¢), whose other components can be gauged away. The three functions f, f,, fx of 
v, 6, are equivalent to six functions of r,@,y with r > 0, because the advanced time v ranges 
over the full line (—oo, +00). This is how the six arbitrary functions of the generic solution to 
the gravi-dilaton system are recovered. 


Of particular interest here are the so-called News functions, simply given by 
N(U,0,2) = 0; 5 00;0) 5 NaS, fey Dun = Ort; (15) 


and the “Bondi mass” given by: 


1 
M_(v) = | POM(v,6,¢) ’ 


~ (1 BEG) 5 0 (2) (16) 


The Bondi mass and the News are connected by the energy-momentum conservation equation, 
which tells us that the advanced-time derivative of M_(v) is positive-semidefinite and related 
to incoming energy fluxes controlled by the News: 


Juv 


AE @ae= : fen(n?+ ni + ne), (17) 
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The physical meaning of M_(v) is that it represents the energy brought into the system (by 
massless sources) by advanced time v. In the same spirit one can define the Bondi mass M, (u) 
at future null infinity Z*. It represents the energy still present in the system at retarded time 
u. If only massless sources are present, the so-called ADM mass is given by 


M_(+00) = M,(—co) = Mapm 7 (18) 


while M_(—oo) = 0, and M;(+00) = Mc represents the mass that has not been radiated away 
even after waiting an infinite time, ie. the mass that underwent gravitational collapse Bj. 
Collapse (resp. no-collapse) criteria thus aim at establishing under which initial conditions one 
expects to find Mc > 0 (resp. Mc = 0). 


Since, as we shall see in the particular case of spherical symmetry, collapse criteria i) do 
not involve any particularly large number, and ii) do not contain any intrinsic scale but just 
dimesionless ratios of various classical scales, we expect i) gravitational collapse to be quite a 
generic phenomenon and ii) that nothing, at the level of our approximations, will be able to fix 
either the size of the horizon or the value of ¢@ at the onset of collapse. Generically, and quite 
randomly and chaotically, some regions of space will undergo gravitational collapse, will form 
horizons and singularities therein. When this is translated into the string frame, the region of 
space-time within the horizon undergoes a period of DDI in which both the initial value of the 
Hubble parameter and that of ¢ are left arbitrary. In the next subsection we shall see that 
such arbitrariness provides an answer to the fine-tuning allegations that have been recently 
moved to the PBB scenario. This section will be concluded with a discussion of how more 
precisely the case of spherical symmetry can be dealt with. 


3.5 Fine-tuning issues 


The two arbitrary parameters discussed in the previous subsection are very important, since 
they determine the range of validity of our description. In fact, since both curvature and 
coupling increase during DDI, the low-energy and/or tree-level description is bound to break 
down at some point. The smaller the initial Hubble parameter (i.e. the larger the initial horizon 
size) and the smaller the initial coupling, the longer we can follow DDI through the effective 
action equations and the larger the number of reliable e-folds we shall gain. 


This does answer, in my opinion, the objections raised recently [B3] to the PBB scenario 
according to which it is fine-tuned. The situation here actually resembles that of chaotic 
inflation [B4]. Given some generic (though APT) initial data, we should ask which is the 
distribution of sizes of the collapsing regions and of couplings therein. Then, only the “tails” 
of these distributions, i.e. those corresponding to sufficiently large, and sufficiently weakly 
coupled, regions will produce Universes like ours, the rest will not. The question of how likely a 
“eood” big bang is to take place is not very well posed and can be greatly affected by anthropic 
considerations [BI]. 


In conclusion, we may summarize recent progress on the problem of initial conditions by 


saying that Bij: 
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Dilaton-Driven Inflation in String Cosmology 
is as generic as 
Gravitational Collapse in General Relativity. 


Furthermore, asking for a sufficiently long period of DDI amounts to setting upper limits 
on two arbitrary moduli of the classical solutions. 


Figure 7 (from Ref. BT]) gives a (2+ 1)-dimensional sketch of a possible PBB Universe: an 
original “sea” of dilatonic and gravity waves leads to collapsing regions of different initial size, 
possibly to a scale-invariant distribution of them. Each one of these collapses is reinterpreted, 
in the string frame, as the process by which a baby Universe is born after a period of PBB 
inflationary “pregnancy”, the size of each baby Universe being determined by the duration of 
the corresponding pregnancy, i.e. by the initial size of (and coupling in) the corresponding 
collapsing region. Regions initially larger than 10~'2 cm can generate Universes like ours, 
smaller ones cannot. 


A basic difference between the large numbers needed in (non- inflationary) FRW cosmology 
and the large numbers needed in PBB cosmology should be stressed. In the former, the ratio 
of two classical scales, e.g. of total curvature to its spatial component, which is expected to be 
O(1), has to be taken as large as 10°. In the latter, the above ratio is initially O(1) in the 
collapsing /inflating region, and ends up being very large in that same region, thanks to DDI. 
However, the (common) order of magnitude of these two classical quantities is a free parameter, 
and it is taken to be much larger than the classically irrelevant quantum scale. Indeed, the 


smallness of quantum corrections (which would introduce a scale in the problem) was explicitly 
checked in B95]. 


We can visualize analogies and differences between standard and pre-big bang inflation 
by looking again at Figs. 6a and 6b. The common feature in the two pictures is that the 
fixed comoving scale corresponding to the present horizon was “inside the horizon” for some 
time during inflation, possibly very deeply inside at its onset. The difference between the two 
scenarios is just in the behaviour of the Hubble radius during inflation: increasing in standard 
inflation (a), decreasing in string cosmology (b). Thus, while standard inflation is still facing 
the initial-singularity question and needs a non-adiabatic phenomenon to reheat the Universe 
(a kind of small bang), PBB cosmology faces the singularity problem later, combining it with 
the exit and heating problems (see Section 5). 


3.6 The spherically symmetric case 


In the spherically symmetric case many authors have studied the problem of gravitational col- 
lapse of a minimally coupled scalar field both numerically and analytically. In the former case 
I will only mention the well-known results of Choptuick [B6], pointing at mysterious universal- 
ities near critical collapse (i.e. at the border-line situation in which the collapse criteria are 
just barely met). In this case, a very small black hole forms. This is not the case we are really 
interested in for the reasons we just explained. We shall thus turn, instead, to what happens 
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when the collapse criteria are largely fulfilled. For this we make use of the rather powerful 
results due to Christodoulou over a decade of beautiful work BO], (Bj, B7], Bal. 


There are no gravitational waves in the spherically symmetric case so that null wave data 
consist of just an angle-independent asymptotic dilatonic wave form f(v), with the associated 
scalar News N(v) = f’(v). 


A convenient system of coordinates is the double null system, (u,v), such that 
d= (u,v), (19) 


ds? = —0?(u,v) dudv+ r?(u, v) dw”, (20) 


where dw? = d0? + sin? @dy?. The field equations are conveniently re-expressed in terms of the 
three functions ¢(u,v), r(u,v) and m(u,v), where the local mass function m(u,v) is defined 
by: 


2m 4 Or Or 
_ a = gi Se a ae 
1 ~ =9 (Onr (Or) © au do. (21) 
One gets the following set of evolution equations for m, r and @ 
Or Om QIm\ r2 (db\7 
ae ome (7) : (22) 
Or Om Q2m\ rv? (db\" 
ae Coes ere (=) : ee) 
Or 2m Or Or 
"Oudv r—2m Ou Ov’ (24) 
Oo Or Od Or Od 
"Qube t Bu Bvt By Bu (25) 
The quantity 
2m/(u, v 
p(u,v) = inet) (26) 


plays a crucial rédle in the problem. If ~ stays everywhere below 1, the field configuration will 
not collapse but will finally disperse at infinity as outgoing waves. By contrast, if the mass 
ratio jz can reach anywhere the value 1, this signals the formation of an apparent horizon A. 
The location of this apparent horizon is indeed defined by the equation 


Ae piace \= 1, (27) 


The above statements are substantiated by some rigorous inequalities stating that: 


Or om 

ail a 2 
A <> iu > 0; (28) 
Or om 

7, -#) > 9, B, aH) <9. (29) 
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Thus, in weak-field regions (4 < 1), Or > 0, while, as w > 1, Or < 0, meaning that the 
outgoing radial null rays (“photons”) emitted by the sphere r = const become convergent, 
instead of having their usual behaviour. This is nothing else but the signature of a CTS! 


In the case of spherical symmetry, it has been possible to prove [B7] that the presence of 
trapped surfaces implies the existence of a future singular boundary 6 of space-time where a 
curvature singularity occurs. Furthermore, the behaviour of various fields near the singularity 
is just that of a quasi-homogeneous DDI as described by Eqs. (8)! This highly non-trivial 
result strongly supports the idea that PBB inflation in the string frame is the counterpart of 
gravitational collapse in the Einstein frame. 


Reference [B7] gives the following sufficient criterion on the strength of characteristic data, 
considered at some finite retarded time u 


2Am Ty TY 6r1 
>}— 1 ——— —-] 30 
Ar ~— = 08 (sr) + T9 | : ey) 





where ry, < rg, with rz < 3r,/2, are two spheres, Ar = rg—r is the width of the “annular” region 
between the two spheres, and Am = m2 — m, = m(u,r2) — m(u,71) is the mass “contained” 
between the two spheres, i.e. more precisely the energy flux through the outgoing null cone 
u = const, between r; and rg. Note the absence of any intrinsic scale (in particular of any 
short-distance cut-off) in the above criterion. The theorem proved in B7] is not exhausted in 
the above statement. It contains various bounds as well, e.g. 


e an upper bound on the retarded time at which the CTS (i.e. a horizon) is formed, 


e a lower bound on the mass, i.e. on the radius of the collapsing region. 


The latter quantity is very important for the discussion of the previous subsection since it 
gives, in the equivalent string-frame problem, an upper limit on the Hubble parameter at the 
beginning of DDI. Such an upper limit depends only on the size of the advanced-time interval 
satisfying the CC; since the latter is determined by the scale-invariant condition (80), the initial 
scale of inflation will be classically undetermined. 


The above criterion is rigorous but probably too conservative. It also has the shortcoming 
that it cannot be used directly on Z~, since u + —oo on Z~. In Ref. [BI] a less rigorous (or 
less general) but simpler criterion directly expressible in terms of the News (i.e. on Z~) was 
proposed on the basis of a perturbative study. It has the following attractive form: 


sup Var(N(2))ze[v1,v9] >C= O(1/4) ’ (31) 
where: 
Var (N (2) eefur vl = ((N(4) = CN isa nei . (32) 


Thus Var (g)j,02} denotes the “variance” of the function g(a) over the interval [vj, v2], i.e. the 
average squared deviation from its mean value. 
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According to this criterion the largest interval satisfying (B]]) determines the size of the 
collapsing region and thus, through the collapse inflation connection, the initial value of the 
Hubble parameter. It would be interesting to confirm the validity of the above criterion and to 
determine more precisely the value of the constant appearing on its r.h.s. through more analytic 
or numerical work. Actually, numerical studies of spherically symmetric PBB cosmologies have 
already appeared [B9], while more powerful numerical codes should soon be available [fQ]. 


4 Phenomenological Consequences 


4.1 Cosmological amplification of vacuum fluctuations: general prop- 
erties 


I will start by recalling the basic physical mechanism underlying particle production in cosmol- 
ogy (for a nice review, see fl]}) and by introducing the corresponding (and by now standard) 
jargon. By the very definition of inflation (4 > 0) physical wavelengths are stretched past the 
Hubble scale (H~') during inflation. After the end of inflation each wavelength grows slower 
than H~! and thus “re-enters” the horizon. Obviously, the larger the scale the earlier it crosses 
the horizon outward and the later it crosses it back inward. Hence larger scales “spend” more 
time “outside the horizon” than smaller ones. 


The attentive reader may worry at this point about the way this description applies when 
distances are measured using the Einsten-frame metric. As we have seen in the previous section, 
PBB inflation corresponds to accelerated contraction in the Einstein frame. Nonetheless, one 
can show that physical quantities (that is, typically, dimensionless ratios of physical quantities) 
do not depend on the choice of the frame: after all, changing frame is nothing more than a local 
field-redefinition, which is known not to affect the physics. It is amusing to notice, for instance, 
that physical wavelengths go outside the horizon during the Einstein-frame equivalent of DDI. 
Indeed, although physical EF scales shrink during the collapse, the horizon H~! shrinks even 
faster! I refer to the first paper in |G] for further discussion on this point. 


Consider now a generic perturbation V on top of a homogeneous background, which includes 
a cosmological-type metric, a dilaton, and, possibly, other fields, such as another inflaton field, 
an axion, etc. Since VW = 0 is, by definition of a perturbation, a classical solution, WV intself 
enters the effective low-energy action quadratically. Soon after the beginning of inflation the 
background itself becomes homogeneous, isotropic, and spatially flat, so that the perturbed 
action takes the generic form: 


Re ; [an x S(n) [w? - WHY]. (33) 


Here 7 is conformal-time (adn = dt), and a prime denotes 0/0n. The function S(7) (sometimes 
called the “pump” field) is, for any given WV, a given function of the scale factor a(n), and 
of other scalar fields (four-dimensional dilaton $(7), moduli 6;(7), etc.), which may appear 
non-trivially in the background. 


22 


While it is clear that a constant S' may be reabsorbed by rescaling WV, and is thus ineffective, 
a time-dependent S couples non-trivially to VW and leads to the production of pairs of quanta 
(with equal and opposite momenta). In order to see this, it is useful to go over to a Hamiltonian 
description of the perturbation and of its canonically conjugate momentum II: 
ol 


SS eo 4 
T= =8u (34) 


The Hamiltonian corresponding to (B3}) is thus given by 


1 
H=5 / ie] SP ie (v9, (35) 
and the first-order Hamilton equations read 
oH oH 
W=—=6 1 Tl’ =-— =Sv’v 36 
oll 2 j ow eve eo) 
leading to the decoupled second order equations 
ro Ss 
w+ —w’- Vv? =0, Il” — —Il’ — V7Il=0. an 
S S 
In Fourier space the Hamiltonian (B5)) is given by 
1 
H= ; se (som; + SKYY a) (38) 


k 


where V_- = Ve and Il_; = IT;. The equations of motion become 


c= Sz, Il, = —SkW_;, (39) 


where k = |k|. The transformation 
I; — Hz = kV;, wv, U;=—-k I, Si3S$=s7! (40) 


leaves the Hamiltonian, Poisson brackets, and equations of motion unchanged. This symmetry 
of linear perturbation theory, and its physical consequences, was discussed in under the 
name of S-duality, since it contains the usual strong—-weak coupling (electric-magnetic) duality 
in the special case of gauge perturbations. 


In order to solve the perturbation equations, and to normalize the spectrum, it is convenient 
to introduce the normalized (but no longer canonically conjugate) variables V, II, whose Fourier 
modes are defined by . . 

U, = SV? w,, Il, = S~'/? Il, , (41) 
so that the Hamiltonian density takes the canonical form: 
1 7 12. B2lq. 12 
H= >>> (fel? + #7 |G?) . (42) 
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Under S-duality, these new variables transform as the original ones. They satisfy the Schrodinger- 
like equations 


o, a [? _ (sys? U;, =0, i” ea [A _ (So) ie _— 0. (43) 


The amplification of perturbations is typically associated with a transition from an infla- 
tionary phase in which the pump field is accelerated to a post-inflationary phase in which the 
pump field is decelerated or constant. In such a class of backgrounds, the “effective potentials” , 
Vo = (91/2)"S-1/? and Vq = (S~/?)"S"/?, grow during the phase of accelerated evolution, and 
decrease in the post-inflationary, decelerated epoch, vanishing asymptotically both for very 
early times, 7 — —oo, and for very late times, 7 — +00. 


The initial evolution of perturbations, for all modes with k? > |Vu|, |Via|, may be described 
by the WKB-like approximate solutions of Eqs. (43) 
ee 1/2 
a -1/4 —i ff dn! (k?—Vw) 
V,(n) (-VWy) “ e % , 


: f 1 ( [2 1/2 
7 if i f dn! (k -Vir) 
fix(n) = &(K®-Va) ec | (44) 


which we have normalized to a vacuum fluctuation, and where the extra factor of k in the 
solution for II, comes from consistency with the first order equations (BJ). We have ignored 
a possible relative phase in the solutions. Solutions (44) manifestly preserve the S-duality 
symmetry of the equations, since the potentials Vy, Vq get interchanged under S — S71. 


Let us now discuss two opposite regimes: 


e When the perturbation is deeply inside the horizon (k/a >> H) we find “adiabatic” 
behaviour, i.e. 


kb, ~ SV? Tw 8, (45) 


implying, through (B5), that the contribution to the Hamiltonian of modes inside the 
horizon stays constant. 


e When the perturbation is far outside the horizon (k/a < H), it enters the so-called 
freeze-out regime in which V and II stay constant (better have a constant solution, see 
[22]). Such a behaviour implies, again through (9), that the contribution of super-horizon 
modes to the Hamiltonian grows in time. If S > 0, the growth of 1 is due to WV, while, for 
S <0, it is due to H. In either case the growth is due to particle production in squeezed 
states [{3], i.e. states in which one canonical variable is very sharply defined and the 
conjugate one is largely undetermined. Although, strictly speaking, quantum coherence 
is not lost, in practice the sub-fluctuating variable cannot be measured with unlimited 
precision (coarse graining) and therefore entropy is produced (see Subsection 4.6). 


It is not too hard to join the two extreme regimes mentioned above and to find the qualitative 
and quantitative features of the solutions. For lack of space we refer the reader to the original 


literature (see, e.g. [fQ]). 
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The above considerations were very general. What is instead typical of the PBB scenario? 
There are at least two features that are quite unique to string cosmology: 


e Pump fields, and in particular their contributions to the evolution equations (#3), grow 
during PBB inflation, while they tend to decay in standard inflation. 
e The richer set of backgrounds and fluctuation present in string theory allows for the 


amplification of new kinds of perturbations. 


One can easily determine the pump fields for each one of the most interesting perturbations 
appearing in the PBB scenario. The result is: 


Gravity waves, dilaton : S =a7e~? 
Heterotic gauge bosons : S =e? 
Kalb — —Ramond, axions : S =a ’e®. (46) 


In the following subsections we shall briefly describe the characteristics of these four per- 
turbations after their original vacuum fluctuations are amplified by PBB inflation. For further 
details, see also [4]. 


4.2 Tensor perturbations: an observable cosmic gravitational radi- 
ation background (CGRB)? 


It is not surpising to find that, for tensor and dilaton perturbations, the pump field is nothing 
but the scale factor in the Einstein frame (ag = ae~®/?) since, in this frame, the action for 
gravity and for the dilaton take the canonical form. The Einstein-frame scale factor corresponds 
to a collapsing Universe (see Section 3), hence to the decreasing pump field ag(n) ~ 7”? during 
DDI. For scales that go outside the horizon during DDI, this implies [H5] a Raileigh—Jeans-like 
spectrum, dQ/dlogk ~ k?, up to logarithmic corrections {5}. 


When the curvature scale reaches the string scale we expect DDI to end, and a high (string 
scale) curvature phase to follow, before the eventual exit to the FRW phase takes place (see 
Section 5). Not much is known about the string phase, but, using some physical arguments 
as well as some quantitative estimates, it can be argued that such a phase will lead to copious 
GW production at frequencies corresponding to the string scale at the time of exit. After 
the transition to the FRW phase, all particle production switches off. This is why our GW 
spectrum has an end point that corresponds to the string/Planck scale at the beginning of the 
FRW phase. If no inflation takes place after, the end-point frequency corresponds, today, to 
WwW = w, ~ 100 GHz. 


As illustrated in Fig. 8, the GW spectrum can be rather flat below the end point, up to the 
frequency ws, the last scale that went out of the horizon during DDI. Further below w, we get 
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Figure 8 


the above-mentioned steep w* spectrum. It thus looks as if the best chances for the detection 
of our stochastic background lie precisely near w,, where a kink (or knee) is expected. 


Unfortunately, the position of the knee and the value of Qgy at that point depend on two 
background parameters that are, so far, difficult to predict. One corresponds to the duration 
of (better, the total red-shift during) the string phase, the other to the value of Ip/A, at the 
end of DDI (hence to the value of the dilaton at that time). As shown in Fig. 8, values of Qew 
in the range of 10-°-10~" are possible in some regions of parameter space, which, according to 
some estimates of sensitivities reported in the same figure for w, ~ 10?Hz, could be inside 
detection capabilities in the near future. 


The signal is predicted to consist of randomly distributed standing waves, a feature that 
has been argued |f7] to further help detection. In any case, cross-correlation experiments are 
mandatory here in order to disentangle this stochastic signal from real noise. Sensitivities to 
a CGRB of this type have been estimated for a variety of two-detector combinations [£6]. A 
comprehensive review of GW experiments and of their relevance to the early Universe can be 
found in Hj. 


4.3. Dilaton perturbations 


Since the dilaton is, after all, the inflaton of PBB cosmology, its fluctuations are the most 
natural source of adiabatic scalar perturbations. We recall that, in standard cosmology, in- 
flaton fluctuations naturally lead to a quasi scale-invariant, Harrison-Zeldovich (HZ) spectrum 
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of adiabatic perturbations, something highly desirable both to explain CMB anisotropy and 
for models of LSS formation. Can we get something similar from the dilaton? The answer, 
unfortunately, is no! Let me spend a moment explaining why. 


Unlike tensor perturbations, which do not couple to the scalar field to linear order and are 
gauge-invariant by themselves, scalar perturbations are contained, a priori, in five functions 
defined by: 


ds? = a?(n) [-(1 + 26)dn? + ((1 — 2W)6,; + 0,0;E) de'da? — 20, Bdsx' dn] 
&’ = go(n) +x(n, Z) - (47) 


The five functions ®,V,B,E, x are not separately gauge-invariant. However, the following 
“Bardeen” combinations are gauge-invariant: 





1 / 
dg = ®4+-[aA(B-E')] , 
a! 
ty a (pa), 
a 
/ 
a 
Xqr = x+ Uv. (48) 


Introducing the variable v = aygy, the scalar field enters the quadratic action “canonically” 


1.e.: 
Gye? 
/ 


a 





Serf(v) = 5 f andx lv? — (Vv)? + (z"/2z) v| , 2 : (49) 


giving the evolution equation 


vg + (k? = (2"/2)) ve =0. (50) 


In the DDI background, z ~ a and thus the canonical scalar field obeys the same equation 
as the canonical graviton field, therefore giving identical spectra (as far as the dilaton remains 
massless, of course). This strongly suggests that adiabatic perturbations in PBB cosmology 
have a Raleigh—Jeans, rather than HZ, spectrum and that they are unsuitable for generating 
CMBA or LSS. Before being sure of that, however, we have to analyse the scalar fluctuations 
of the metric itself in terms of the above-mentioned Bardeen potentials ®p, Vz. 


A popular gauge (particularly advertised in [H1]) is the so-called longitudinal gauge, defined 
by B = E = 0, where 6g = ® and Vz = W. In this gauge one of the constraints simply reads 
® = W, while a second constraint relates either one of them to v: 

6 1 


Ww ———— / ay k-3/2 
k= — ya (v«/a) kn? 





(k/a)uc , (51) 


where we have inserted the small k behaviour of vz, which is identical to that of tensor pertur- 
bations. 
Unfortunately, Eq. (6I]) leads to very large fluctuations of Y = © at small kn, so large that 


one leaves the linear-perturbation regime for the expansion (47) of the metric much before the 
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high-curvature scale is reached. Does this mean that the metric becomes very inhomogeneous? 
It would look to be the case... unless the growth of V and © is in some way a gauge artefact. 
But how can it be a gauge artefact if V and ® correspond, in this gauge, to the gauge-invariant 
Bardeen potentials? The answer to this question was provided in A9]. By going from the 
longitudinal gauge to an “off-diagonal” gauge with V = E = 0, or, even better, to one in 
which only ® and F appear, one finds that perturbations of the metric remain small at all 7 
till Planckian/string-scale curvatures are reached. 


This is easy to see, for instance, in a gauge with V = B = 0, where Wz ~ (a’/a)E". Clearly 
this gives E ~ n?Vz and, since E enters the metric with two spatial derivatives, this implies that 
hi; ~ (kn)?V x, which is sufficiently small at small ky for linear perturbation theory to be valid. 
One can then look for physical effects of these scalar perturbations (e.g. for contributions to 
CMBA) and find that they actually remain as small as the tensor contributions. In conclusion, 
once gauge artefacts are removed, it seems that adiabatic scalar perturbations, as well as their 
tensor counterparts, remain exceedingly small at large scales. 


On the other hand, the rather large yields at short scales also apply to dilatons. This allows 
for a possible source of scalar waves if the dilaton is very light. However, as recently discussed by 
Gasperini [50], it is very unlikely that such a signal will be observable, given the constraints on 
the dilaton mass due to tests of the equivalence principle (see Section 2). Other restrictions on 
the dilaton mass come from the possibility that their density may become overcritical and close 
the Universe. This and other possible interesting windows in parameter space are discussed in 
(i’7], and will not be reported in any detail here. 


4.4 (Gauge-field perturbations: seeds for Boat? 


In standard inflationary cosmology there is no amplification of the vacuum fluctuations of 
gauge fields. This is a straightforward consequence of the fact that inflation makes the metric 
conformally flat, and of the decoupling of gauge fields from a conformally flat metric precisely 
in D=3+1 dimensions. 


As a very general remark, apart from pathological solutions, the only background field that 
can amplify, through its cosmological variation, em. (more generally gauge-field) quantum 
fluctuations is the effective gauge coupling itself [bl]. By its very nature, in the pre-big bang 
scenario the effective gauge coupling inflates together with space during the PBB phase. It is 
thus automatic that any efficient PBB inflation brings together a huge variation of the effective 
gauge coupling, and thus a very large amplification of the primordial e.m. fluctuations [2]. 
This can possibly provide the long-sought for origin for the primordial seeds of the observed 
galactic magnetic fields. 


To be more quantitative, since the pump field for electromagnetic perturbations is the 
effective (four-dimensional) gauge coupling itself (see Eq. (#6), the total amplification of e.m. 
perturbations on any given scale A is given by a9/Q¢x, ie. by the ratio of the fine structure 
constant now and the fine structure constant at the time of exit of the scale A during DDI. It 
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turns out that, in order to produce sufficiently large seeds for the galactic magnetic fields, 
such a ratio has to be enormous for the galactic scale, i.e. about 10°. Taken at face value, 
this would be a very strong indication in favour of the PBB scenario, more particularly of DDI. 
Indeed, only in such a framework is it natural to expect that the effective gauge coupling grew 


during inflation by a factor whose logarithm is of the same order as the number of inflationary 
e-folds. 


Notice, however, that, unlike GW, e.m. perturbations interact quite considerably with 
the hot plasma of the early (post-big bang) Universe. Thus, converting the primordial seeds 
into those that may have existed at the protogalaxy formation epoch is by no means a trivial 
exercise (see, e.g. [b3]). The question of whether or not the primordial seeds generated in PBB 
cosmology can evolve into the observed galactic magnetic fields thus remains, to this date, an 
unsolved, yet very interesting, problem. 


4.5 Axion perturbations: seeds for CMBA and LSS? 


In four dimensions the curl of By, Hyvp, is equivalent to a pseudoscalar field, the (KR) axion 
o, through 


Hing = e? C tipo Os (52) 


It is easy to see that, while the pump field for B,, is a~? e~®, that for o is a? e®. Indeed their 
respective perturbations are related by the duality of perturbations discussed in Subsection 4.1. 
We can use either description with identical physical results. Note that, while a and ¢ worked 
in opposite directions for tensor and dilaton perturbations, generating strongly tilted (blue) 
spectra, the two work in the same direction for axions, so that spectra can be flat or even tilted 
towards large scales (red spectra) [64]. An interesting fact is that, unlike the GW spectrum, 
that of axions is very sensitive to the cosmological behaviour of internal dimensions during 
the DDI epoch. On one side, this makes the model less predictive. On the other, it tells us 
that axions represent a window over the multidimensional cosmology expected generically from 
string theories, which must live in more that four dimensions. Parametrizing the spectrum by: 





) Welieieal® (53) 


P 


and considering the case of three non-compact and six compact dimensions with separate 
isotropic evolution, one finds: 


343? — 2/346? 
Q = __,_—_ 





4 
1+ 3r? ; on 
where : 
Lv 
r=- 6 V3 (55) 
2V6 V3 


is a measure of the relative evolution of the internal and external volumes. Equations (64), 
(65) show that the axion spectrum becomes exactly HZ (i.e. scale-invariant) when r = 1, ice. 
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when all nine spatial dimensions of superstring theory evolve in a rather symmetric way 5]. 
In situations near this particularly symmetric one, axions are able to provide a new mechanism 
for generating large-scale CMBA and LSS. 


Calculation of the effect gives [b6], for massless axions: 





FeV" oa) (1 + @) 
I(1+1)C; ~ O(1) ( Mp ) (Nokmax) T(i—a)’ (56) 
where C/ are the usual coefficients of the multipole expansion of AT/T 
(AT/T(vi) AT/T(#’)) = YS °(214+1)C,P,(cos@) , #- 7 = cosé , (57) 
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and nokmax ~ 10°°. In string theory, as repeatedly mentioned, we expect Hmaz/Mp ~ M,/Mp ~ 
1/10, while the exponent a depends on the explicit PBB background with the above-mentioned 
HZ case corresponding to a = 0. The standard tilt parameter n = n, (s for scalar) is given by 
n = 1+2q and is found, by COBEf7, to lie between 0.9 and 1.5, corresponding to 0 < a < 0.25 
(a negative a leads to some theoretical problems). With these inputs we can see that the correct 
normalization (Cz ~ 107'°) is reached for a ~ 0.2, which is just in the middle of the allowed 
range. In other words, unlike in standard inflation, we cannot predict the tilt, but when this is 
given, we can predict (again unlike in standard inflation) the normalization. 


With some extra work one can compute the C/ in the acoustic-peak region adding vector 
and tensor contributions from the seeds. It turns out that the acoustic-peak structure is very 
sensitive to a, hence to the behaviour of the internal dimensions during the DDI phase. The 
above-mentioned value, a = 1, does not give peaks at all and, as such, looks ruled out by the 
data. Values of a in the range 0.3-0.4 appear to be preferred (especially in the presence of a 
cosmological constant with Q, ~ 0.7). We saw, however, that the overall normalization was 
very sensitive to the value of a. For a in the 0.3-0.4 range, the normalization is off (way too 
small) by many orders of magnitude. Therefore, if present indications are confirmed, as they 
seem to be from the recent release of the Boomerang 1997 data analysis [59], one will be forced 
to a k-dependent a, meaning different phases in the evolution of internal dimensions during 
DDI. 


4.6 Heating up the Universe 


Before closing this section, I wish to recall how one sees the very origin of the hot big bang 
in this scenario. One can easily estimate the total energy stored in the quantum fluctuations, 
which were amplified by the pre-big bang backgrounds (for a discussion of generic perturbation 
spectra, see [55, [60]. The result is, roughly, 


Pquantum ™ Neff ee ’ (58) 


where Ness is the effective number of species that are amplified and Hmar is the maximal 
curvature scale reached around t = 0. We have already argued that Hinazg ~ M, = Az, and 
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we know that, in heterotic string theory, N.rz is in the hundreds. Yet, this rather huge energy 
density is very far from critical, as long as the dilaton is still in the weak-coupling region, 
justifying our neglect of back-reaction effects. It is very tempting to assume [[5] that, precisely 
when the dilaton reaches a value such that Pguantum is critical, the Universe will enter the 
radiation-dominated phase. This PBBB (PBB bootstrap) constraint gives, typically: 


everit ~W 1/Ners (59) 
i.e. a value for the dilaton close to its present value. 


The entropy in these quantum fluctuations can also be estimated following some general 
results [61]. The result for the density of entropy S is, as expected, 
S~ Nes pH an - (60) 


Max 


It is easy to check that, at the assumed time of exit given by (69), this entropy saturates recently 
proposed holography bounds. The discussion of such bounds is postponed to Subsection 5.7 
since is has also interesting implications for the exit problem. 


5 How could it have stopped? 


We have argued that, generically, DDI, when considered at lowest order in derivatives and 
coupling, evolves towards a singularity of the big bang type. Similarly, at the same level of 
approximation, non-inflationary solutions of the FRW type emerge froma singularity. Matching 
these two branches in a smooth, non-singular way has become known as the (graceful) exit 
problem in string cosmology 62]. It is, undoubtedly, the most important theoretical problem 
the PBB scenario is facing today. 


Of course, one would not only like to know that a graceful exit does take place: one would 
also like to describe the transition between the two phases in a quantitative way. Achieving 
this goal would amount to nothing less than a full description of what replaces the big bang 
of standard cosmology in the PBB scenario. As mentioned in Section 1, this difficult problem 
is the analogue, in string cosmology, of the (still not fully solved) confinement problem of 
QCD. The exit problem is particularly hard because, by its very nature, and by the existing 
no-go theorems [62], it must occur, if at all, at large curvature and/or coupling and, because 
of fast time-dependence, must break (spontaneously) supersymmetry. The phenomenological 
predictions made in the previous section were based on the assumption that i) a graceful exit 
does take place; ii) sufficiently large scales are only affected by it kinematically, i.e. through an 
overall red-shift of all scales. 


In this section, after recalling some no-go theorems for the exit, we will review various pro- 
posals that circumvent those theorems starting from the mathematically simplest, but physi- 
cally least realistic, proposals and ending with the physically favoured, but harder to analyse, 
suggestions. The latter proposals suggest possible lines along which a quantitative description 
of the exit might eventually emerge. Needless to say, in spite of the many encouraging results, 
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much work remains to be done: perhaps new techniques, and/or a deeper understanding of 
string theory in its non-perturbative regimes through the construction of the still largely un- 
known M-theory [10], need to be developed before a full quantitative description can be hoped 
for. 


I should also mention that there have been suggestions that the BB singularity can 
be avoided if the DDI phase is highly anisotropic. While this is an interesting suggestion, 
with isotropization taking place later in the non-inflationary regime, we will stick here to the 
simplest case, in which DDI has already prepared a very homogeneous Universe before exit takes 
place. This is why our discussion on the exit problem is limited to the case of homogeneous 
cosmologies. Also, for lack of space, I shall refer the reader to the literature for most of the 
details. 


5.1 No-go theorems 


Under some restrictive conditions [62], it was shown that one cannot have a change of branch, 
i.e. that the Universe cannot make a permanent transition from the inflationary pre-big bang 
to a FRW post-big bang solution. Perhaps the best way to convey the physical meaning of 
those theorems is in terms of the necessary conditions for exit recently given by Brustein and 
Madden [64]. These authors give necessary conditions for two subsequent events to occur: 
firstly, a branch change in the string frame should take place: this imposes the violation of 
some energy conditions; secondly, a bounce should occur in the E-frame metric since, as we 
have seen in Section 3, DDI represents a collapse in the E-frame. This latter transition requires 
further violation of energy conditions. 


Before the reader gets too worried about these violations, I should point out that these 
refer to the equations of state satisfied by some “effective” sources, which include both higher- 
derivative and higher-loop corrections. It is well known that such sources generically do lead 
to violations of the standard energy conditions satisfied by normal matter or radiation-like 
classical sources. 


5.2 Exit via a non-local V 


This is perhaps the simplest example of an exit. It was first discussed in [65]. The reason 
why this is not considered an appealing mechanism for the exit is that the potential it employs 
depends on @ (instead of ¢), in order to preserve SFD. By general covariance such a potential, if 
non-trivial, must be non-local. Unfortunately, there has been no convincing proposal to explain 
how such non-local potentials might arise within a superstring theory framework. 
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5.3 Exit via B;; 


The antisymmetric KR field may lead to violation of the energy conditions and thus induce an 
exit. Some amusing examples were given in [66], where a non-trivial B;; is introduced through 
O(d,d) transformations acting on a pure metric-dilaton cosmology of the type described in 
Subsection 2.5. It was found that these so-called “boosted” cosmologies were less singular than 
the original ones. In some cases they were even completely free of singularity and provided 
examples of exit, albeit in not-so-realistic situations. 


It is tempting to speculate that this softening of singularities, due to a non-trivial B;; field, 
could be related to recent developments in the field of non-commutative geometry [67] induced 
by a B,; field. Work along these lines is in progress. 


5.4 Exit via quantum tunnelling 


Several groups have attempted to describe the transition from the pre- to the post-big 
bang without modifying the low-energy tree-level effective action, by exploiting the quantum 
cosmology approach based on the Wheeler—De Witt (WDW) equation. In Refs. an O(d, d)- 
invariant WDW equation was derived in the (d? + 1)-dimensional mini-superspace consisting 
of a homogeneous Bianchi I metric, the antisymmetric tensor, and the dilaton. The O(d, d) 
symmetry helps avoiding the ordering ambiguities which usually plague the WDW equation. 
For the time being only the mathematically simpler case of an O(d, d)-invariant potential V(¢) 
has been analysed since, in that case, d?-conserved charges can be defined and the “radial” 
part of the WDW equation reduces to a one-dimensional Schroedinger equation for a scattering 
problem. 


It is amusing that, from such a point of view, the initial state of the Universe is described by 
a right-moving plane wave, which later encounters a potential, giving rise to both a transmitted 
and a reflected (i.e. left-moving) wave. The transmission coefficient gives the probability that 
the Universe ends up in the pre-big-bang singularity, while the reflection coefficient gives the 
probability of a successful exit into the post-big-bang decelerating expansion. 


For certain forms of V(@) the wave is classically reflected and the WDW approach just 
confirms this expectation by giving a 100% probability for the exit. However, even when there 
is no classical exit, the probability of wave-reflection is non-zero because of quantum tunnelling. 
The quantum probability of a classically forbidden exit turns out to be exponentially suppressed 
in the coupling constant e®, which is just fine. Unfortunately, it is also exponentially suppressed 
in the total volume of 3-space (in string units) after the pre-big-bang. Thus, only tiny regions 
of space have a reasonable chance to tunnel. 
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5.5 Higher-derivative corrections 


While the examples of exit given in the previous subsections are theoretically interesting, they 
do look somewhat artificial and non-generic. In this and in the following subsection we shall 
describe two mechanisms for exit that involve very general properties of the lowest order so- 
lutions and of string theory. The present feeling is that, if graceful exit occurs, it should be 
maily induced by some combination of higher-derivative and higher-loop effects. Let us start 
with the former. 


Toy examples have shown that DDI can flow, thanks to higher-curvature corrections, 
towards a de-Sitter-like phase, i.e. into a phase of constant H (curvature) and constant ¢. 
This phase is expected to last until loop corrections become important and give rise to a 
transition to a radiation-dominated phase (see the next subsection). The idea is to justify the 
strong curvature transition from the dilatonic to the string phase by proving the existence of 
an exact de Sitter-like solution to the field equation, which acts as a late time attractor for 
the perturbative DDI branch. As shown in [69], the existence of such attractors depends on 
the existence of (non-trivial) solutions for a system of n algebraic equations in n unknowns. 
In general, we may expect a discrete number of solutions to exist. If at least one of them has 
some qualitative characteristics, it will act as a late-time attractor for solutions approaching 
DDI in the far past. An explicit example of this phenomenon was constructed in [69]. In 
this connection, it is worth mentioning that solutions connecting duality-related low-energy 
branches through a high-curvature CFT were already proposed in [70]. 


It was recently pointed out that the reverse order of events is also possible. The coupling 
may become large before the curvature does. In this case, at least for some time, the low-energy 
limit of M-theory should be adequate: this limit is known [10] to give D = 11 supergravity and 
is therefore amenable to reliable study. It is likely, though not yet clear, that, also in this case, 
strong curvatures will have to be reached before the exit can be completed. 


5.6 Loop corrections and back reaction 


The idea here is to invoke the back reaction from particle production as the relevant mecha- 
nism. Since the back reaction is an O(e®a’H?) correction, its effect is contained in one-loop 
O(R?) contributions to the effective action. A recent calculation [72] shows that, indeed, loop 
corrections to DDI work in the right direction and become relevant precisely when expected 
according to the exit criterion (69). 


A class of such contributions was analysed some time ago by Antoniadis et al. [73] in the 
case of a spatially flat (k = 0) cosmology and by Easther and Maeda in the case of a closed 
Universe (k = 1). Both groups find non-singular solutions to the loop-corrected field equations. 
However, neither group is actually able to obtain solutions that start in the dilaton-driven 
superinflationary regime and later evolve through a branch change. 


More recently, several examples of full exit have been constructed [75]. Although they are 
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based on a’ and loop-corrected actions, which have not been derived from reliable calculations, 
they seem to indicate, at least, that the BM conditions for exit may turn out to be not just 
necessary but also sufficient. It also appears [76] that exit occurs when the entropy bound 
becomes threatened by the entropy in the amplified/squeezed quantum fluctuations, as we 
shall now discuss. 


5.7 Entropy considerations 


Entropy-related considerations have recently led to model-independent arguments in favour of 
the occurrence of a graceful exit in string cosmology. As we shall see, those are physically 
quite close to the arguments based on back-reaction and loop corrections, which we have just 
discussed in the previous subsection. 


Almost twenty years ago Bekenstein [7] suggested that, for a limited gravity system of 
energy E’, and whose size R is larger than its gravitational radius, R > Ry = 2GyE, entropy 
is bounded by Sgrp: 

Sper = ER/h=R, R Ip’. (61) 


Holography suggests that maximal entropy is bounded by Syor, 
Syor = Alp’, (62) 


where A is the area of the space-like surface enclosing the region of space whose entropy we wish 
to bound. For systems of limited gravity, since R > R,, A = R?, (61) implies the holography 


bound (62). 


Can these entropy bounds be applied to the whole Universe, i.e. to cosmology? A cosmolog- 
ical Universe is not a system of limited gravity, since its large-distance behaviour is determined 
by the gravitational effect of its matter content through Friedmann’s equation (f). Further- 
more, the holography bound obviously fails for sufficiently large regions of space since, for 
a given temperature, entropy grows like R® while area grows like R?. The generalization of 
entropy bounds to cosmology turned out to be subtle. 


In 1989, Bekenstein himself [[79] gave a prescription for a cosmological extension by choosing 
Rin Eq. (61) to be the particle horizon. Amusingly, he arrived at the conclusion that the bound 
is violated sufficiently near the big-bang singularity, implying that the latter is fake (if the bound 
is always valid). About a year ago, Fischler and Susskind (F'S) proposed a similar extension 
of the holographic bound to cosmology, arguing that the area of the particle horizon should 
bound entropy on the backward-looking light cone according to (63). It was soon realized, 
however, that the FS proposal requires modifications, since violations of it were found to occur 
in physically reasonable situations. An improvement of the FS bound applicable to light-like 
hypersurfaces was later made by Bousso [pI]. 


Of more interest here are the attempts made at deriving cosmological entropy bounds on 
space-like hypersurfaces [B2} 83, 64, 85, 86]. These identify the maximal size of a spatial region 
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for which holography works: the Hubble radius 82, 85], the apparent horizon [B4j, or, 


finally, a so-called causal connection (Jeans) scale [RG]. 

For our purposes here, we do not need to enter into the relative merits of these various 
proposals. Rather, we will only outline the physical idea behind them. Consider, inside a 
quasi-homogeneous Universe, a sphere of radius H~'. We may consider “isolated” bodies, in 
the sense of ref. [77], fully contained in the sphere, i.e. with radius R < H~'. For such systems, 
the usual BB holds and is saturated by a black hole of size R. We may consider next several 
black holes inside our Hubble volume, each carrying an entropy proportional to the square of 
its mass. If two, or more, of these black holes merge, their masses will add up, while the total 
entropy after the merging, being quadratic in the total mass, will exceed the sum of the initial 
entropies. In other words, in order to maximize entropy, it pays to form black holes as large as 
possible. 


Is there a limit to this process of entropy increase? The suggestion made in 82, B3} B4, 85, 
[8], which finds support in old results by several groups [87], is that a critical length of order 
H~ is the upper limit on how large a classically stable black hole can be. If we accept this 
hypothesis, the upper bound on the entropy contained in a given region FR of space will be given 
by the number of Hubble volumes in R, ny = VH® times the Bekenstein—Hawking entropy of 
a BH or radius H~!, H~15?. The two factors can be combined in the suggestive formula: 


S(R) < Ip i Pe JR = Sup, (63) 
R 


where fp dx Wh is the volume of the space-like hypersurface whose entropy we wish to bound, 
and H differs from one proposal to another 84; BS; (84, 85, BO), but is, roughly, of the order of 
the Hubble parameter. Actually, since H is proportional to the trace of the second fundamental 
form on the hypersurface, Eq. (63) reminds us of the boundary term that has to be added to the 
gravitational action in order to correctly derive Einstein’s equations from the usual variational 
principle. This shows that the bound (63) is generally covariant for H = H. It can also be 


written covariantly for the identification of H made in BO. 


For the qualitative discussion that follows, let us simply take H = H and let us convert the 
bound to string-frame quantities, taking into account the relation between /p and ,, given in 


Eq. (8). We obtain B3j: 





S(R) < (VH)(H7?A7%e7%) = e FHA? , (64) 


where we have fixed an arbitrary additive constant in the definition (@) of ¢. Equation (64) 
thus connects very simply the entropy bound of a region of fixed comoving volume to the most 
important variables occurring in string cosmology (see, e.g., the phase diagram of Fig. 3). 


An immediate application of the bound (64) was pointed out in [B3]. Noting that the bound 
is initially saturated in the BDV picture |B] of collapse/inflation, the bound itself cannot 
decrease without a violation of the second law. This gives immediately: 


é< (65) 


mo] 
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It is easy to check that this inequality is obeyed, but just so, during DDI, in the sense that 
it holds with the equality sign. In other words, the HEB is saturated initially and throughout 
DDI in the BDV picture. The bound also turns out to give a physically acceptable value for 
the entropy of the Universe just after the big bang: a large entropy on the one hand (about 
10°°); a small entropy for the total mass and size of the observable Universe on the other, as 
often pointed out by Penrose [89]. Thus, PBB cosmology neatly explains why the Universe, at 
the big bang, looks so fine-tuned (without being so) and provides a natural arrow of time in 
the direction of higher entropy [83]. 


What happens in the mysterious string phase, where we are desperately short of reliable 
techniques? It is quite clear that Eq. (65) does not allow H to reach saturation (H = 0) in 
the first quadrant of Fig. 3 since o > 0 there. Instead, saturation of H in the second quadrant 
(where o < 0) is perfectly all right. But this implies having attained the sought for branch 
change! 


Let us finally look at the loop corrections. Since, physically, these correspond to taking 
into account the back-reaction from particle production, we may check when the entropy in the 
cosmologically produced particles starts to threaten the bound. As discussed in Subsection 4.6, 
the entropy density in quantum fluctuations is given by o ~ N.r;H?, which equals the bound 
Curp ~ Hp” precisely when l,H? Nesp = O(1). But, as already pointed out, this is just the 
line on which the energy density in quantum fluctuations becomes critical (see Eq. (69)) and 
where, according to [69], the back-reaction becomes O(1). Similar conclusions are reached by 
applying generalized second law arguments [B9]. 


The picture that finally emerges from all these considerations is best illustrated with refer- 
ence to the diagram of Fig. 4. Two lines are shown, representing boundaries for the possible 
evolution. The horizontal boundary is forced upon by the large-curvature corrections, while the 
tilted line in the first quadrant corresponds to the equation /7,H? N.¢r = O(1) that we have just 
discussed. Amusingly, this line was also suggested by Maggiore and Riotto [7]] as a boundary 
beyond which copious production of 0-branes would set in. Thus, depending on initial condi- 
tions, the PBB bubble corresponding to our Universe would hit first either the high-curvature 
or the large-entropy boundary and initiate an exit phase. Hopefully, a universal late-time at- 
tractor will emerge guiding the evolution into the FRW phase of standard cosmology (shown 
as a vertical line in Fig. 10). 


Needless to say, all this has to be considered, at best, as having heuristic value. If taken seri- 
ously, it would suggest that the Universe will never enter the strong-coupling, strong-curvature 
regime, where the largely unknown M-theory should be used. The low-energy limit of the 
latter (the much better understood 11-D supergravity) could suffice to deal with the funda- 
mental exit problem of string cosmology. We refer to the literature for several other attempts 


at M-cosmology [Q0j. 
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6 Outlook 


The outlook for the pre-big bang scenario, as formulated at present, is not necessarily an 
optimistic one. Iam not sure I would bet a lot of money on it being right! But this is not really 
the issue. We have to remember that the PBB scenario is a top-down approach to cosmology. 
As stressed in the introduction, it would be quite a miracle if the correct model could be guessed 
without extensive feed-back from the data. The good news here is that new data are coming 
in all the time, and will continue to do so with more and more precision in the coming years! 


Rather, we should draw some lessons from this new attempt at very early cosmology, whether 
it succeeds or it fails. As I can see, the main lessons to be drawn are the following: 


e Our Universe did not have to emerge, together with space and time, from a singularity; in 
string theory, the singularity should be fake, either because it is tamed by finite-string-size 
effects, or because it simply signals the need for new degrees of freedom in the description 
of physics at very short distances; 


e Because string theory is an extension of GR, inflation is possible in that context even in the 
absence of potential energy (i.e. of an effective cosmological constant); actually, inflation 
is very natural and easy to achieve, being a consequence of the duality symmetries of the 
string-cosmology equations; 


e Inflation in string cosmology can be related, mathematically, to the problem of gravi- 
tational collapse in GR; as such, it is a generic phenomenon, once the assumption of 
asymptotic past triviality is made; furthermore, the curvature scale and the coupling at 
the onset of PBB inflation are arbitrary classical moduli; 


e The Universe did not have to start hot! A hot Universe can emerge from a cold one 
thanks to quantum particle production in inflationary backgrounds; 


e PBB cosmology predicts a rich spectrum of perturbations with different spectra depending 
on each perturbation’s “pump” field and on its evolution in the PBB era; observable relics 
of these perturbations may serve as a window on physics in the pre-bangian Universe all 
the way down to the string/Planck scale; 


e The simplest PBB models either predict too small perturbations at large scales, or a 
spectrum of isocurvature perturbations which may be already “experimentally challenged” 
(as Rocky Kolb would kindly say); 


e The exit problem still remains the hardest theoretical challenge to the whole idea of PBB 
cosmology; 


e Hopefully, the combination of the above-mentioned experimental and theoretical chal- 
lenges will be able to tell us whether the PBB idea is just doomed, or whether parts of it 
should be kept while searching for a better scenario; it should also suggest new avenues 
for physics-driven research in string/M-theory; 
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e Last but not least, the PBB idea has taught us that we need not lock ourselves into 
preconceived ideas in cosmology (cf. “the big bang is the beginning of time”, “inflation 
needs a scalar potential” ); rather, we should contemplate as wide a range of theoretically 
sound possibilities as we can in order for Nature to choose, at best, one of them. 


ACKNOWLEDGEMENTS 


I am very grateful to Pierre Binétruy and Richard Schaeffer for having invited me to such 
a pleasant and stimulating school, to Francois David for the perfect organization, and to all 
the students for their patience in listening (after 5 weeks of courses!) and for their interesting 
questions. 


39 


References 











10 


11 
12 
13 


14 
15 
16 
ile 








18 


19 








Lidsey J. E., Wands David and Copeland E. J., to appear in Phys. Rep. 
Gasperini M. and Veneziano G., Phys. Rep., in preparation. 

http://www.to.infn.it/~ gasperin/. 

Polchinski J., “String Theory”, Cambridge University Press, 1998. 

Greene B., “The Elegant Universe”, Norton W. W. and Co., New York & London, 1999. 


Veneziano G., “A new approach to semiclassical gravitational scattering”, in Proc. 2nd 
Paris Cosmology Colloquium, Paris, June 1994, eds. de Vega H.J. and Sanchez N., WSPC, 
Singapore, 1995, p. 322. 


Kolb E. W. and Turner M. S., “The Early Universe”, Addison-Wesley, Redwood City, CA, 
1990; 
Linde A. D., “Particle Physics and Inflationary Cosmology”, Harwood, New York, 1990. 


Brustein R. and Steinhardt P. J., Phys. Lett. B302 (1993) 196. 


Veneziano G., Europhys. Lett. 2 (1986) 133; “The Challenging Questions”, in Proc. Erice, 
1989, ed. Zichichi A., Plenum Press, New York, 1990, p. 199. 


See, e.g., Witten E., Nucl. Phys. B443 (1995) 85; 
Horava P. and Witten E., Nucl. Phys. B460 (1996) 506. 


Witten E., Phys. Lett. B149 (1984) 351. 
Taylor T. R. and Veneziano G., Phys. Lett. B213 (1988) 459. 


Damour T. and Polyakov A. M., Nucl. Phys. B423 (1994) 532; Gen. Rel. Grav. 26 (1994) 
1171. 


Veneziano G., Phys. Lett. B265 (1991) 287. 

Gasperini M. and Veneziano G., Astropart. Phys. 1 (1993) 317. 
Gasperini M. and Veneziano G., Mod. Phys. Lett. A8 (1993) 3701. 
Gasperini M. and Veneziano G., Phys. Rev. D50 (1994) 2519. 


Tseytlin A. A., Mod. Phys. Lett. A6 (1991) 1721; 
Tseytlin A. A. and Vafa C., Nucl. Phys. B372 (1992) 443. 


Meissner K.A. and Veneziano G., Phys. Lett. B267 (1991) 33, Mod. Phys. Lett. A6 (1991) 
3397; 

Sen A., Phys. Lett. B271 (1991) 295; 

Hassan S. F. and Sen A., Nucl. Phys. B375 (1992) 103; 

Gasperini M. and Veneziano G., Phys. Lett. B277 (1992) 256. 


40 


20 


21 


22 








24 


25 


26 








ve 


28 


29 


30 
dl 
32 


33 


34 
39 








36 


Zeldovich Ya. B. and Novikov I. D., “Structure and Evolution of the Universe” , University 
of Chicago Press, 1982. 


Veneziano G., Phys. Lett. B406 (1997) 297. 


Buonanno A., Meissner K.A., Ungarelli C. and Veneziano G., Phys. Rev. D57 (1998) 2543: 
Feinstein A., Lazkoz R. and Vazquez-Mozo M. A., Phys. Rev. D56 (1997) 5166; 

Saygili K., Int. J. Mod. Phys. A14 (1999) 225; 

Barrow J. D. and Kunze K. E., Phys. Rev. D56 (1997) 741; ibid. D57 (1998) 2255; 
Clancy D., Feinstein A., Lidsey J.E. and Tavakol R., Phys. Lett. B451 (1999) 303; 


Kunze K. E., pr-qc/9906073. 


Belinskii V. A. and Khalatnikov I. M., Sov. Phys. (JETP) 36 (1973) 591; 
Deruelle N. and Langlois D., Phys. Rev. D52 (1995) 2007; 
Parry J., Salopek D. S. and Stewart J. M., Phys. Rev. D49 (1994) 2872. 


Belinskii V. A., Lifshitz E. M. and Khalatnikov L. M., Sov. Phys. Usp. 13 (1971) 745; 
Misner C. W., Phys. Rev. Lett. 22 (1969) 1071. 


Barrow J. D. and Dabrowski M. P., Phys. Rev. D57 (1998) 7204. 


Penrose R., “Structure of space-time”, in Battelle Rencontres, eds. Dewitt C. and Wheeler 
J.A., Benjamin, New York, 1968. 


Bondi H., van der Burg M. G. J. and Metzner A. W. K., Proc. Roy. Soc. Lond. A269 
(1962) 21; 

Sachs R. K., Proc. Roy. Soc. A 270 (1962) 103; 

Penrose R., Proc. Roy. Soc. Lond. A284 (1965) 159. 


See, e.g., Landau L. and Lifshitz E., “The Classical Theory of Fields”, Pergamon Press, 
Oxford, 1962. 


Penrose R., Phys. Rev. Lett. 14 (1965) 57; 
Hawking S. W. and Penrose R. R., Proc. Roy. Soc A314 (1970) 529. 


Christodoulou D., Commun. Math. Phys. 105 (1986) 337. 
Buonanno A., Damour T. and Veneziano G., Nucl. Phys. B543 (1999) 275. 
Christodoulou D., Comm. Math. Phys. 109 (1987) 613. 


Turner M. and Weinberg E., Phys. Rev. D56 (1997) 4604; 
Kaloper N., Linde A. and Bousso R., Phys. Rev. D59 (1999) 043508. 


Linde A., Phys. Lett. 129B (1983) 177. 
Ghosh A., Pollifrone G. and Veneziano G., Phys. Lett. B440 (1998) 20. 
Choptuik M. W., Phys. Rev. Lett. 70 (1993) 9. 


Al 


37 
38 
39 


40 
Al 


42 


43 








AT 
48 
49 
50 
51 
52 


53 
54 








59 


Christodoulou D., Commun. Pure Appl. Math. 44 (1991) 339. 
Christodoulou D., Commun. Pure Appl. Math. 46 (1993) 1131. 


Maharana J., Onofri E. and Veneziano G., JHEP 04 (1998) 004; 
Chiba T., Phys. Rev. D59 (1999) 083508. 


Ungarelli C., private communication. 


See, e.g., Mukhanov V. F., Feldman A. H. and Brandenberger R. H., Phys. Rep. 215 
(1992) 203. 


Brustein R., Gasperini M. and Veneziano G., Phys. Lett. B431 (1998) 277. 


Grishchuk L. P. and Sidorov Y. V., Class. Quant. Grav. 6 (1989) L161; 

Grishchuk L. P., in Proc. Workshop on Squeezed States and Uncertainty Relations, College 
Park, Maryland, eds. Han D., Kim Y. K. and Zachary W. W., NASA Conf. Pub. No. 3135, 
1992, p. 329. 


Veneziano G., in String Gravity and Physics at the Planck Energy Scale, Erice, 1995, eds. 
Sanchez N. and Zichichi A., Kluwer Academic Publishers, Boston, 1996, p. 285; 
Gasperini M. , ibid., p. 305. 


Brustein R., Gasperini M., Giovannini M. and Veneziano G., Phys. Lett. B361 (1995) 45; 
Brustein R. et al., Phys. Rev. D51 (1995) 6744. 


Astone P. et al., Phys. Lett. B385 (1996) 421; 
Allen B. and Brustein B., Phys. Rev. D55 (1997) 970; 
Allen B. and Romano J.D., Phys. Rev. D59 (1999) 102001; 


Ungarelli C. and Vecchio A., [gr-qc /99111041. 
Grishchuk L. P., [gr-qc/9903079. 

Maggiore M., r-qc/990900]], to appear in Phys. Rep. 
Brustein R. et al., Phys. Rev. D51 (1995) 6744. 
Gasperini M., 

Ratra B., Astrophys. J. Lett. 391 (1992) L1. 


Gasperini M., Giovannini M. and Veneziano G., Phys. Rev. Lett. 75 (1995) 3796; 
Lemoine D. and Lemoine M., Phys. Rev. D52 (1995) 1955. 


Kulsrud R. M., Cen R., Ostriker J. P. and Ryu D., Ap. J. 480 (1997) 481. 


Copeland E.J., Easther R. and Wands D., Phys. Rev. D56 (1997) 874; 
Copeland E.J., Lidsey J.E. and Wands D., Nucl. Phys. B506 (1997) 407. 


Buonanno A., Meissner K. A., Ungarelli C. and Veneziano G., JHEP 1 (1998) 4. 


42 


56 


57 


58 
59 
60 








61 


[62] 


63 
64 


65 
66 
67 








68 


69 
70 


cal 
72 
73 








74 


Durrer R., Gasperini M., Sakellariadou M. and Veneziano G., Phys. Lett. B436 (1998) 66, 
Phys. Rev. D59 (1999) 043511. 


Smoot G. F. et al., Ap. J. 396 (1992) L1; 
Bennet C. L. et al., Ap. J. 430 (1994) 423. 


Melchiorri A., Vernizzi F., Durrer R. and Veneziano G., Phys. Rev. Lett. 83 (1999) 4464. 
Mauskopf P. D., et al., astro-ph/9911444) 
Brustein R. and Hadad M., Phys. Rev. D57 (1998) 725. 


Gasperini M. and Giovannini M., Phys. Lett. B301 (1993) 334, Class. Quant. Grav. 10 
(1993) L133: 

Brandenberger R., Mukhanov V. and Prokopec T., Phys. Rev. Lett. 69 (1992) 3606, Phys. 
Rev. D48 (1993) 2443. 


Brustein R. and Veneziano G., Phys. Lett. B329 (1994) 429; 

Kaloper N., Madden R. and Olive K.A., Nucl. Phys. B452 (1995) 677, Phys. Lett. B371 
(1996) 34; 

Easther R., Maeda K. and Wands D., Phys. Rev. D53 (1996) 4247. 


Giovannini M., Phys. Rev. D57 (1998) 7223. 


Brustein R. and Madden R., Phys. Lett. B410 (1997) 110, Phys. Rev. D57 (1998) 712, 
JHEP 9907 (1999) 006. 


Meissner K.A. and Veneziano G., Mod. Phys. Lett. A6 (1991) 3397. 
Gasperini M., Maharana J. and Veneziano G. , Phys. Lett. B296 (1992) 51. 


See, e.g., Douglas M. R., hep-th/9901146, and references therein. 


Gasperini M., Maharana J. and Veneziano G., Nucl. Phys. B472 (1996) 349; 
Gasperini M. and Veneziano G., Gen. Rel. Grav. 28 (1996) 1301; 

Kehagias A.A. and Lukas A., Nucl. Phys. B477 (1996) 549; 

Buonanno A. et al., Class. Quant. Grav. 14 (1997) L97. 


Gasperini M., Maggiore M. and Veneziano G., Nucl. Phys. B494 (1997) 315. 
Kiritsis E. and Kounnas C., lgr-qc/9509017|, “String Gravity and Cosmology: Some New 


Ideas”, in Proc. of the Four Seas Conference, Trieste, 1995. 

Maggiore M. and Riotto A., Nucl. Phys. B548 (1999) 427. 

Ghosh A., Madden R. and Veneziano G., fhep-th/9908024. 

Antoniadis I., Rizos J. and Tamvakis K., Nucl. Phys. B415 (1994) 497. 
Easther R. and Maeda K., Phys. Rev. D54 (1996) 7252. 


43 


[75] 


79 
80 


81 


82 
83 
84 
85 
86 








87 


88 


89 








90 


Brustein R. and Madden R., Phys. Rev. D57 (1998) 712; 
Brandenberger R., Easther R. and Maia J., JHEP 9808 (1998) 007; 
Foffa S., Maggiore M. and Sturani R., Nucl. Phys. B552 (1999) 395; 
Cartier C., Copeland E. J. and Madden R.., 


Madden R., private communication. 
Bekenstein J. D., Phys. Rev. D23 (1981) 287 and D49 (1994) 1912, and references therein. 


’t Hooft G. , gr-qc/9321026, in Abdus Salam Festschrift: A Collection of Talks, eds. Ali 
A., Ellis J. and Randjbar-Daemi S., World Scientific, Singapore, 1993; 
Susskind L., J. Math. Phys. 36 (1995) 6377, and references therein. 


Bekenstein J. D., Int. J. Theor. Phys. 28 (1989) 967. 
Fischler W. and Susskind L., hep-th/9806039. 


Bousso R., JHEP 07 (1999) 004 and 06 (1999) 028. 
See also Flanagan E.E., Marolf D. and Wald R.M., lhep-th/9908070. 


Easther R. and Lowe D.A., Phys. Rev. Lett. 82 (1999) 4967. 


Veneziano G., Phys. Lett. B454 (1999) 22 and hhep-th/9907012. 
Bak D. and Rey S., |hep-th/9902173 
Kaloper N. and Linde A., Phys. Rev. D60 (1999) 103509. 


Brustein R. and Veneziano G., |hep-th/9912059. 


Carr B. J. and Hawking S. W., Mon. Not. Roy. Astr. Soc. 168 (1974) 399; 

Carr B. J., Astrophys. J. 201 (1975) 1; 

Novikov I. D. and Polnarev A. G., Astron. Zh. 57 (1980) 250 [ Sov. Astron. 24 (1980) 
147]. 


see, e.g., Penrose R., “The Emperor’s new mind”, Oxford University Press, New York, 
1989, Chapter 7. 


Brustein R., er-qc/9904061 
see also Brustein R., Foffa $. and Sturani R. R., lhep-th/9907032. 


Lukas A., Ovrut B.A. and Waldram D., Phys. Lett. B393 (1997) 65, Nucl. Phys. B495 
(1997) 365: 

Larsen F’. and Wilczek F., Phys. Rev. D55 (1997) 4591; 

Kaloper N., Phys. Rev. D55 (1997) 3394; 

Lu H., Mukherji S. and Pope C.N., Phys. Rev. D55 (1997) 7926; 

Poppe R. and Schwager S., Phys. Lett. B393 (1997) 51; 

Lukas A. and Ovrut B. A., Phys. Lett. B437 (1998) 291; 

Kaloper N., Kogan I. and Olive K. A., Phys. Rev. D57 (1998) 7340; 


44 


Banks T., Fischler W. and Motl L., JHEP 9901 (1999) 019; 
Feinstein A. and Vazquez-Mozo M. A., |hep-th/9906006 


45 


CERN-TH/96-139 


STRING COSMOLOGY AND RELIC GRAVITATIONAL 
RADIATION 


G. Veneziano 


Theoretical Physics Division, CERN 
CH - 1211 Geneva 23 


ABSTRACT 


String theory counterparts to Einstein’s gravity, cosmology and inflation are 
described. A very tight upper bound on the Cosmic Gravitational Radiation 
Background (CGRB) of standard inflation is shown to be evaded in string 
cosmology, while an interesting signal in the phenomenologically interesting 
frequency range is all but excluded. The generic features of such a stringy 
CGRB are presented. 





1) Talk presented at the International Conference on Gravitational Waves: 
Sources and Detectors, Cascina (Pisa), March 1996. 


CERN-TH/96-139 
June 1996 


STRING COSMOLOGY AND RELIC GRAVITATIONAL 
RADIATION 


G. VENEZIANO 


Theoretical Physics Division, CERN 
CH - 1211 Geneva 23 


String theory counterparts to Einstein’s gravity, cosmology and inflation are de- 
scribed. A very tight upper bound on the Cosmic Gravitational Radiation Back- 
ground (CGRB) of standard inflation is shown to be evaded in string cosmology, 
while an interesting signal in the phenomenologically interesting frequency range 
is all but excluded. The generic features of such a stringy CGRB are presented. 


1 Introduction 


In this talk I will first explain why string theory offers an interesting alterna- 
tive to Einstein’s gravity and cosmology. The standard post-big-bang picture 
emerges as just the late-time history of a Universe which, in a prehistoric (pre- 
big-bang) era, underwent an inflationary expansion driven by the growth of the 
universal coupling of the theory. 


I will then turn to describing one of the most interesting physical conse- 
quences of this new scenario: the production of a Cosmic Gravitational Radia- 
tion Background (CGRB), which could by far exceed, in the relevant frequency 
range, the one predicted by ordinary inflationary models. 


I will leave the detailed discussion of the near-future prospects for observ- 
ability of our CGRB to the following talk by R. Brustein and refer you, for 
more details on the scenario and the computations, to the collection of papers 
on string cosmology appearing on WWW under: 


http:/www.to.infn.it /teorici/gasperini/ 


The precious collaboration of Maurizio Gasperini throughout the develop- 
ment of the pre-big-bang scenario, and the additional one of Ramy Brustein, 
Massimo Giovannini and Slava Mukhanov in working out its consequences for 
gravitational perturbations, are gratefully acknowledged. 
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2 Einstein Gravity and Standard Cosmology 


In order to introduce string gravity and a cosmological model based on it, I will 
first recall a few known facts about Einstein gravity and standard cosmology 
(see for instance '). 


The well-known Einstein equations: 
Ruy — 1/29 R+ Agu = —80GT,v (1) 


follow from setting to zero the variation of the Einstein—Hilbert action (I will 
use c = fi = 1 throughout): 


S= T6nG d LV —@g [R eg 2A] te Smatter (2) 


Einstein cosmology follows from Einstein’s equations upon insertion of a 
homogeneous (and, for simplicity, spatially flat) ansatz for the metric: 


ds* = g,,dz"dx” = dt? — a(t)*dz'dz' (3) 


and after assuming that also matter is homogeneously distributed. The Einstein— 
Friedman equations (of which only two are independent) then follow: 


8rG A 
H?=(a/a’* = — = 
(a/a) p+ 5 
4nG A 
H+H? =(é/a) = -—*(p+3p)+5 
p = —3H(p+p) (4) 


where the matter energy density p and pressure p are defined in terms of 
Tw by Ty = diag (p, —p, —p, —p). Notice that the effect of a non-vanishing 
cosmological constant A is equivalent to that of a special kind of matter, the 
“vacuum”, with pyac = —Pvac = gia: Normal matter has (p + 3p) > 0 and 
therefore leads to a decelerated expansion of the Universe: in particular, a 
matter-dominated Universe (p/p ~ 0) expands like t?/°, while a radiation- 
dominated Universe (p/p ~ 1/3) expands like t!/?. 


A trivial but important remark for the following discussion: if we regard 
(as we should) the first of eqs. (4) as expressing the vanishing of the total 
energy of the matter-plus-gravity system, we see that the expansion of the 
Universe contributes with a negative kinetic energy to such an equation. 
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Inflation, i.e. a long phase of accelerated expansion of the Universe (4, a > 
0), is badly needed in order to solve the outstanding problems of the stan- 
dard cosmological model ?. Unlike ordinary matter, a cosmological constant 
can easily do the job. The same is true of potential energy originating from 
a scalar field (the so-called inflaton) which, during some cosmic epoch, was 
approximately frozen away from the minimum of its potential and thus pro- 
vided an effective (positive) cosmological constant Acs; = 87GV. In this case 
a (quasi) de Sitter exponential expansion of the Universe takes place: 


8 
a(t) ~ exp(Ht), H? = = av = Acp;/3. (5) 


3 The disappointing CGRB of standard inflation 


In standard potential-energy-driven inflation, while the inflaton slowly rolls 
down to the true minimum of the potential (where, by assumption, the poten- 
tial energy is very small), the Hubble parameter H stays constant or decreases 
slowly. The Hubble radius H~! thus remains constant (or increases slowly) 
during the inflationary epoch and then starts to grow like cosmic time ¢t during 
the radiation- and matter-dominated eras. 


In Fig. 1 this behaviour of the Hubble radius is plotted together with the 
behaviour of different physical scales which, by definition, grow like the scale 
factor a(t) itself. It is easily found that scales cross the “horizon” outward 
(exit) during inflation and cross it again inward (re-enter) during the matter- 
or radiation-dominated epochs. Larger scales exit earlier and re-enter later 
than shorter scales. In order to solve the homogeneity problem of standard 
cosmology, it is necessary that the scale corresponding to the present horizon, 
O(Ho i once upon a time, was inside the horizon. For this to happen a total 
red-shift of about a 

ee Sig (6) 
Qbeg 





during inflation is needed ?. 


One of the celebrated bonuses of inflation ? is a natural explanation of 


the origin of large-scale structure. Let us assume that, initially, there were 
no inhomogeneities other than the minimal ones due to quantum mechanics. 
In other words, let us ask ourselves whether the origin of a structure in the 
Universe can be found in the initial vacuum quantum fluctuations. Vacuum 
fluctuations of the metric (defined as usual by gv = Nuvthpv) with wavelength 
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Figure 1 


X have a typical magnitude 
£ 
drA)~ >, (7) 
a 
where 0p = VG is the Planck length whose magnitude controls the size of 
quantum gravity effects. We see that the shorter the wavelength the larger the 
quantum fluctuation. 


It is not hard to show that these original perturbations (inhomogeneities) 
are adiabatically damped (i.e. they follow eq. (7) with A ~ a) as long as 
their physical wavelength stays inside the horizon, while they freeze-out (stay 
constant) after going outside. Since larger wavelengths spend a longer time 
outside the horizon (Fig.1) they stay frozen for a longer time. In other words 
there is a competition between two effects: quantum mechanics favours short 
scales while classical freeze-out favours large scales. 


Combining the two effects leads to a simple and suggestive formula ? for 
the present magnitude of tensor metric perturbations i.e of gravitational waves 
(GW): 

1 dp _ Qew(w) 


= ~ (lpH)* lex , 8 
Oo aes Q, (¢pH)°| (8) 





where 2., = “ ~ 1074 and Ncw(w) = Por HX and the label ex indicates 


that lpH has to be evaluated, for each scale 4, at the time of its exit. This is the 
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crucial quantity for the GW yield at any given frequency. As we have explained, 
H is constant or slowly decreasing during inflation, hence the same is true of 
the GW spectrum as a function of w. This is the celebrated (quasi) scale- 
invariant Harrison—Zeldovich spectrum, which appears to be quite efficient for 
generating the observed large-scale structure (if combined with an appropriate 
model for dark matter). 


Unfortunately, for the purpose of this talk, the above result is bad news, i.e. 
represents a disappointing spectrum of GW in the relevant frequency region. 
Indeed, COBE’s observation 3 of a 4 of order 10~° at large angular scales 
implies H~! > 10°€p when scales of the order of the present Hubble radius 
went out of the horizon, and an even smaller value when shorter scales did (see 


again Fig.1). Inserting such a limit in eq. (8), we immediately arrive at: 
Qew(w) < 10~* to 107° (9) 


in the interesting (Hz to MHz) frequency range. This upper limit makes the 
CGRB produced by ordinary inflation an unobservable signal for some time to 
come... 


4 String Gravity 


Being a theory of extended objects, string theory contains a fundamental length 
scale \,, a built-in ultraviolet (short-distance) cut-off +. As a result, string 
gravity differs from Einstein gravity in a subtle and essential way. Instead of 
the action (1.1), string theory gives °: 


1 _ a = 
Pap = 5 f dbey=ger* [,7(R+.9,.60"6) + FE, + EDU] 
+ [higher orders in \3 - 6?] + [higher orders in e®| . (10) 
As indicated in (10), string gravity has (actually needs!) a new parti- 
cle/field, the so-called dilaton ¢, a scalar particle. It enters I.¢7 as a Jordan— 
Brans—Dicke © scalar with a “small” negative wep parameter, WBD = —1. 
Bounds on the present rate of variation of a and G imply that, today, ¢ < Ho, 


while precision tests ’ of the equivalence principle put an upper (lower) limit 
on the range of the dilaton-exchange force (on the dilaton mass) ®: 


mg >10-* eV. (11) 
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Both problems are solved by assuming that a non-perturbative dilaton 
potential has to be added to (10). Such a potential will freeze the dilaton to 
its present value ¢9 and make us recover Einstein’s theory (and its experimental 
successes) at late times. 


The value $9 provides ° today’s unified value of the gauge and gravitational 
couplings at energy scales of O(A;*). In formulae: 


2 = 81Gyn=e™, 
2 e?0 2 
aguT (As ) 7 ae aa (12) 


s 


implying (from acur * 1/20) that the string-length parameter >, is about 
10-2 cm. Note, however, that the above formulae, in a cosmological context 
in which ¢ evolves in time, can only be taken as giving the present values of 
a and £p/X;. In the scenario we will advocate, both quantities were much 
smaller in the very early Universe! 


Equation (10) contains two dimensionless expansion parameters. One of 
them, the above-mentioned g? = e®, controls the analogue of loop corrections 
in quantum field theory (QFT), while the other, \? = ? - 0?, controls string- 
size effects, which are of course absent from QFT. Obviously, the expansion in 
A? is reliable at small curvatures (derivatives), i.e. at energies smaller than the 
string scale \>1, while higher orders in g? will be negligible at weak coupling. 


The first and main assumption of our scenario is that the Universe started 
its evolution in a regime that was perturbative with respect to both expansions, 
i.e. in a region of weak coupling and small curvatures (derivatives). During 
that phase the string-gravity equations take the simple form: 


Rup + VuVud = —r2 Tur 
R—-V,dV"¢ + 2V7¢4+2A=0, (13) 


which are similar to Einstein’s equations, yet substantially different. As already 
stressed, we wish to recover general relativity at late times; nonetheless, we 
want to take advantage of the difference for the prehistory of the Universe. 


Before closing this section I would like to briefly comment on a point 
that appears to be the source of much confusion: it is the dilemma between 
working in the so-called string frame and working in the more conventional 
Einstein frame. The two frames are not to be confused with different coordinate 
systems: they are instead related by a local field redefinition, a conformal, 
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dilaton-dependent rescaling of the metric, to be precise. All physical quantities 
are independent of the frame one is using. The question is: What should we 
call the metric? Although, to a large extent, this is a question of taste, one’s 
intuition may work better with one definition than with another. Note also 
that, since the dilaton is time-independent today, the two frames now coincide. 


Let us compare the virtues and problems inherent in each frame. 


A) String Frame. This is the metric appearing in the original (o-model) 
action for the string. Classical, weakly coupled strings sweep geodesic 
surfaces with respect to this metric 1°. Also, the dilaton dependence of 
the low-energy effective action takes the simple form indicated in (10) 
only in the string frame. The advantage of this frame is that the string 
cut-off is fixed and the same is true of the value of the curvature at 
which higher orders in the o-model coupling 1 become relevant. The 
main disadvantage is that the gravitational action is not so easy to work 
with. 


B) Einstein Frame. In this frame the pure gravitational action takes the 
standard Einstein—Hilbert form. Consequently, this is the most conve- 
nient frame for studying the cosmological evolution of metric perturba- 
tions. The Planck length is fixed in this frame, while the string length is 
dilaton- (hence generally time-) dependent. In the Einstein frame, Te + 
takes the form: 


d*x./—9 _ 
Terp = / TenGn [R+ 0,.00"b +e? F2, + 0,40" A + €?m? A?] 


+[Gne°R?+...], (14) 


showing that the constancy of G in this frame is only apparent, since 
masses are dilaton-dependent (even at tree level). The same is true of the 
value of R at which higher order stringy corrections become important. 


For the above reasons I will choose to base the discussion (although not always 
the calculations) in the string frame. 


5 String cosmology 


There is an exact (all-order) vacuum solution for (critical) superstring theory. 
Unfortunately, it corresponds to a free theory (g = 0 or ¢ = —co) in flat, 
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ten-dimensional, Minkowski space-time, nothing like the world we are living in 
today! Could this instead have been the original state of the Universe? The 
very basic postulate of the pre-big-bang scenario !', !* is that this is indeed 
the case. 


Such a postulate is supported by the observation that, in the space of 
homogeneous (and, for simplicity, spatially-flat) perturbative solutions to the 
field equations, the trivial vacuum is a very special, unstable solution. This 
is depicted in Fig. 2a for the simplest case of a ten-dimensional cosmology in 
which three spatial dimensions evolve isotropically while six “internal” dimen- 
sions are static (it is easy to generalize the discussion to the case of dynamical 
internal dimensions, but then the picture becomes multidimensional). 


The straight lines in the H,¢ plane (where ¢ = é — 3H ) represent the 
evolution of the scale factor and of the coupling constant as a function of the 
cosmic time parameter (arrows along the lines show the direction of the time 
evolution). As a consequence of a stringy symmetry, known !1, !% as Scale 
Factor Duality (SFD), there are two branches (two straight lines). Further- 
more, each branch is split by the origin in two time-reversal-related parts (time 


reversal changes the sign of both H and @). 


As mentioned, the origin (the trivial vacuum) is an “unstable” fixed point: 
a small perturbation in the direction of positive ¢ makes the system evolve 
further and further from the origin, meaning larger and larger coupling and 
absolute value of the Hubble parameter. This means an accelerated expansion 
(inflation) or an accelerated contraction. It is tempting to assume that those 
patches of the original Universe that had the right kind of initial fluctuation 
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have grown up to become (by far) the largest fraction of the Universe today. 


In order to arrive at a physically interesting scenario, however, we have to 
connect somehow the top-right inflationary branch to the bottom-right branch, 
since the latter is nothing but the standard FRW cosmology, which has pre- 
sumably prevailed for the last few billion years or so. Here the so-called exit 
problem of string cosmology arises. At lowest order in \? (small curvatures in 
string units) the two branches do not talk to each other. The inflationary (also 
called +) branch has a singularity in the future (it takes a finite cosmic time 
to reach co in our gragh if one starts from anywhere but the origin) while the 
FRW (—) branch has a singularity in the past (the usual big-bang singularity). 


It is widely believed that QST has a way to avoid the usual singularities of 
classical general relativity or at least a way to reinterpret them 4, !°. It thus 
looks reasonable to assume that the inflationary branch, instead of leading to 
a non-sensical singularity, will evolve into the FRW branch at values of \? 
of order unity. This is schematically shown in Fig. 2b, where we have gone 
back from ¢ to d and we have implicitly taken into account the effects of a 
non-vanishing dilaton potential at small ¢ in order to freeze the dilaton at its 
present value. The need for the branch change to occur at large 7, first argued 
for in 1°, has recently been proved 1”. 


There is a rather simple way to parametrize a class of scenarios of the 
kind defined above. They contain (roughly) three phases and two parameters, 
which can be easily visualized in Fig. 3. 


In phase I the Universe evolves at g?, \?7 < 1 and is thus close to the trivial 
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vacuum. This phase can be studied using the tree-level low-energy effective 
action (10); it is characterized by a long period of dilaton-driven inflation. The 
accelerated expansion of the Universe, instead of originating from the potential 
energy of an inflaton field, is driven by the growth of the coupling constant 
(ie. by the dilaton’s kinetic energy) with ¢ = 2g/g ~ H during the whole 
phase. Notice that, as for ordinary inflation, the negative value of the kinetic 
energy associated with an expanding Universe is crucial. 


Phase I supposedly ends when the coupling \? reaches values of O(1), so 
that higher-derivative terms in the effective action become relevant. Assuming 
that this happens while g? is still small (and thus the potential is still negligi- 
ble), the value g, of g at the end of phase I (the beginning of phase IT) is an 
arbitrary parameter (a modulus of the solution). 


During phase II, the stringy version of the big bang, the curvature as well 
as db are assumed to remain fixed at their maximal value, given by the string 
scale (i.e. we expect A ~ 1). The coupling g will instead continue to grow 
from the value g, until, in turn, it reaches values O(1). At that point, thanks 
to a non-perturbative effect in g, the string phase will come to an end and the 
dilaton will be attracted to the true non-perturbative minimum of its potential; 
the standard FRW cosmology can then start, provided the Universe was by 
then heated-up and filled with radiation (see below). The second important 
parameter of this scenario is the duration of phase II or better the total red- 
shift, 2; = @ena/@beg, Which has occurred from the beginning to the end of the 
stringy phase. 
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6 Perturbations and CGRB in String Cosmology 


Starting from Fig. 3 let us draw the analogue of Fig. 1 for string cosmology, 
i.e. the behaviour of the horizon and the way different scales cross it. This is 
depicted in Fig. 4. Recalling eq. (8) we can easily understand why the bound 
(9) is now easily avoided. All we need in order to satisfy COBE’s constraint 
is that €pH had been small enough at the time when the present horizon’s 
scale crossed the Hubble radius during inflation (see hatched region in Fig. 4). 
Since the horizon is shrinking during superinflation, this does not prevent (pH 
from having been much smaller when scales of interest for GW detection (say 
above 1 Hz) crossed the horizon. 

The final outcome for the GW spectrum !8, !9 is shown schematically in 
Fig. 5 (leaving a more detailed description to Ramy Brustein’s talk). For a 
given pair gs, Z, one identifies a point in the w, , plane as illustrated explicitly 
in the case of g, = 10~°, z, = 10°. The resulting point (indicated by a large 
dot) represents the end-point (w,,Q.,) of the w? spectrum corresponding to 
scales having crossed the horizon during the dilatonic era. 
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Although the rest of the spectrum is more uncertain, it can be argued!® 
that it must smoothly join the point (ws,Q.,,) to the true end-point Q < 
10-5,w ~ 101! Hz. The latter corresponds to a few gravitons produced at 
the maximal amplified frequency w 1, the last scale to go outside the horizon 
during the stringy phase. The full spectrum is also shown in the figure for the 
case gs = 10~°, z, = 10°, with the wiggly line representing the less well-known 
high-frequency part. 


If gs < 1, as we have assumed, spectra will always lie below the Ngw = 
10-5, a line representing also a phenomenological bound for a successful nucle- 
osynthesis to take place 27°. On the other hand, by invoking duality properties 
of the GW spectrum ?!, it can be argued that the actual spectrum will never 
lie below the self-dual spectrum ending at Q ~ 107~°,w ~ 1011 Hz (the thick 
line bordering the shaded region). In conclusion all possible spectra sweep 
the angular wedge inside the two above-mentioned lines and a signal close to 
the NS bound is all but excluded. The large signal can be attributed to the 
fact that, in the pre-big-bang scenario, curvatures close to Planck’s scale are 
reached before the end of inflation. 


Having left to the next talk the discussion of further details on the GW 
spectrum and on the future prospects of detecting them, I will use the remain- 
ing time to mention a few more encouraging consequences of the pre-big-bang 
scenario. Like the generation of GW, they have something to do with the 
well-known phenomenon ?? of amplification of vacuum quantum fluctuations 
in cosmological backgrounds. 


The first concerns scalar perturbations: Do they remain small enough 
during the pre-big-bang not to destroy the quasi-homogeneity of the Universe? 
The answer to this question turns out to be yes! This is not a priori evident 
since, in commonly used gauges (see e.g. 73) for scalar perturbations of the 
metric (e.g. the so-called longitudinal gauge in which the metric remains di- 
agonal), such perturbations appear to grow very large during the inflationary 
phase and to destroy homogeneity or, at least, to prevent the use of linear 
perturbation theory. In ref. 2+ it was shown that, by a suitable choice of gauge 
(an “off-diagonal” gauge), the growing mode of the perturbation can be tamed. 
This can be double-checked by using the so-called gauge-invariant variables of 
Bruni and Ellis 7°. The bottom line is that scalar perturbations in string cos- 
mology behave no worse than tensor perturbations. An interesting question 
arises here, in connection with the detectability of scalar perturbations of this 
type by using spherical antennas. 
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The second point that I wish to mention concerns a rather unique pre- 
diction of our scenario: the amplification of EM perturbations. Because of 
the scale-invariant coupling of gauge fields in four dimensions, electromag- 
netic (EM) perturbations are not amplified in a conformally flat cosmological 
background (even if inflationary). In string cosmology, the presence of a time- 
dependent dilaton in front of the gauge-field kinetic term allows the amplifi- 
cation of EM perturbations. Seeds for generating the galactic magnetic fields 
through the so-called cosmic-dynamo mechanism 7° can thus be obtained. 

The final outcome can be expressed 2’, 78 in terms of the fraction of elec- 
tromagnetic energy stored in a unit of logarithmic interval of w normalized to 
the one in the CMB, p,. One finds: 
wdpp wt Be no OO 5 
rw) = STE = Sle (oP = = (Ore/den) (15) 
where gex (gre) refer to the value of the coupling at exit (re-entry) of the scale 
w under consideration. 


In terms of r(w) the condition for seeding the galactic magnetic field 
through ordinary mechanisms of plasma physics is 7° 


r(wg) > 107*4, (16) 


where wg ~ (1 Mpc)! ~ 107'4 Hz is the galactic scale. Using the known 
value of p, we thus find, from (15) and (16): 


Geers, (17) 
i.e. a very tiny coupling at the time of exit of the galactic scale. 


The conclusion is that string cosmology stands a unique chance to explain 
the origin of the galactic magnetic fields. Indeed, if the seeds of the magnetic 
fields are to be attributed to the amplification of vacuum fluctuations, their 
present magnitude can be interpreted as prime evidence that the fine structure 
constant has evolved to its present value from a tiny one during inflation. The 
fact that the needed variation of the coupling constant (~ 10°°) is of the 
same order as the variation of the scale factor needed to solve the standard 
cosmological problems, can be seen as further evidence for scenarios in which 
coupling and scale factor grow roughly at the same rate during inflation. 


Finally, I would like to mention a more theoretical bonus following from 
the pre-big-bang picture: a possible explanation of standard cosmology’s hot 
initial state. 
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The question is: Can one arrive at the hot big bang of the SCM starting 
from our “cold” initial conditions? The reason why a hot Universe can emerge 
at the end of our inflationary epochs (phases I and II) goes back to an idea 
of L. Parker 3°, according to which amplified quantum fluctuations can give 
origin to the CMB itself if Planckian scales are reached. 


Rephrasing Parker’s idea in our context amounts to solving the following 
bootstrap-like condition: At which moment, if any, will the energy stored in the 
perturbations reach the critical density? The total energy density pf stored 
in the amplified vacuum quantum fluctuations is roughly given by: 


M3 4 
Paf ~ Neff An2 (a1/a) ’ (18) 


where Nf ¢ is the number of effective (relativistic) species, which get produced 
(whose energy density decreases like a~*) and a; is the scale factor at the 
(supposed) moment of branch change. The critical density (in the same units) 
is given by: 

Per = € ?M2H? . (19) 


At the beginning, with e? < 1, pf < per; but, in the (—) branch solution, 
Pcr decreases faster than pz so that, at some moment, p,¢ will become the 
dominant source of energy while the dilaton kinetic term will become negligible. 
It would be interesting to find out what sort of initial temperatures for the 
radiation era will come out of this assumption. 


7 Conclusions 


e All cosmological inflationary models lead to the prediction of a stochastic 
CGRB that should surround us today very much like its electromagnetic 
analogue. 


e Standard inflationary models must unfortunately satisfy the constraint 
Qcew < 10~'°Q,, in the interesting frequency range. 


e Inflationary models, such as those suggested by string theory, in which 
the Hubble parameter grows during inflation and eventually reaches val- 
ues O(A;!, 0p"), evade the above constraint and (may) naturally lead to 
Qew < 0.10, in the interesting frequency range. 
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e Observation of such a CGRB would open a unique window on the very 


early Universe and thus on fundamental physics at the Planck (string) 
scale. 


e Last but not least, as emphasized to me by Emilio Picasso, trying to 


detect a stochastic CGRB is not just relying on getting a gift from the 
sky! 
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Abstract 


Within two specific string cosmology scenarios —differing in the way the pre- 
and post-big bang phases are joined— we compute the size and spectral slope 
of various types of cosmologically amplified quantum fluctuations that arise in 
generic compactifications of heterotic string theory. By further imposing that 
these perturbations become the dominant source of energy at the onset of the 
radiation era, we obtain physical bounds on the background’s moduli, and 
discuss the conditions under which both a (quasi-) scale-invariant spectrum 
of axionic perturbations and sufficiently large seeds for the galactic magnetic 
fields are generated. We also point out a potential problem with achieving the 


exit to the radiation era when the string coupling is near its present value. 
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I. INTRODUCTION 


Perhaps the most appealing feature of standard inflationary cosmology [fl] is its ability 
to stretch out generic/arbitrary initial classical inhomogeneities and to replace them by a 
calculable spectrum of cosmologically amplified quantum fluctuations. The latter behave, 
for all physical purposes, as a set of properly normalized stochastic classical perturbations. 
A much advertised outcome of slow-roll inflation is a (quasi-) scale-invariant (Harrison- 
Zeldovich (HZ)) spectrum of density fluctuations, a highly desirable feature for explaining 
both the CMB temperature fluctuations on large angular scales and the large-scale structure 
of the visible part of our Universe. 

The so-called pre-big bang (PBB) scenario [PB] offers, within the context of string the- 
ory, an alternative to the usual inflationary paradigm. Provided a graceful exit can be 
achieved (see [Mh] for recent progress on this issue), the PBB scenario exhibits several 


appealing advantages, e.g. 


e it naturally provides inflationary solutions through the duality symmetries [6] 


of string theory; 


e it assumes a natural, simple, initial state for the Universe, which is fully under 


control: the perturbative vacuum of superstring theory; 


e it needs no fine-tuning of couplings and/or potentials: the inflaton is identified 
with the dilaton, which is ubiquitous in string theory, is effectively massless 


at weak coupling, and provides inflation through its kinetic energy; 


e it can provide a hot big bang initial state as a late-time outcome of the pre- 
big bang phase, through the amplification of vacuum quantum fluctuations 


generated in this latter phase. 


In recent work [7,8] we have discussed the conditions under which classical inhomo- 
geneities get efficiently erased in string cosmology. In general, this does occur provided two 
moduli of the classical solutions at weak coupling and curvature (basically an initial coupling 
and an initial curvature scale) are bounded from above. Whether such conditions correspond 


to an acceptable degree of fine-tuning of the initial conditions or not is still the matter of 


some controversy [P{I0,R}. 


An interesting outcome of these investigations has been a motivated conjecture |g] that, 
for negative spatial curvature, the pre-big bang phase itself is generically preceded by a 
contracting “Milne” phase, corresponding to a particular parametrization of the past light 
cone of trivial Minkowski space-time with a constant dilaton. Such a background, the trivial 
all-order classical vacuum of superstring theory, turns out to be an unstable early-time fixed 
point of the evolution. Thanks to dilaton/metric fluctuations, it appears to lead, inevitably, 
to pre-big bang-type inflation at later times. 

In this paper we shall assume that the above classical picture effectively wipes out, during 
its long pre-big bang phase, spatial curvature and classical inhomogeneities, and we move on 
to analyse the second alleged virtue of inflationary cosmology, the generation of an interesting 
spectrum of amplified quantum fluctuations. As several previous investigations have shown 
[LTH13], achieving this is not at all automatic in string cosmology. It was soon realized that, 
in the simplest PBB scenario, tensor and scalar-dilaton perturbations tend to have 
steep spectra (typically a spectral index n = 4, as compared to HZ’s n = 1). Perturbations 
of gauge fields coming from compactification of the extra 16 bosonic dimensions of heterotic 
string theory can have somewhat smaller spectral indices [[3], but still in the range 3 <n < 4. 

The situation can be improved by assuming that a long string phase (during which 
the dilaton grew linearly in cosmic time while the Universe expanded exponentially) took 
place between the dilaton and the usual FRW phase. In such a case, it is possible to get either 
an interesting spectrum of gravitational waves in the range of interest for detection, or 
enough EM perturbations to explain the magnetic fields [[3], but not both, apparently. A flat 
spectrum of EM perturbations, which can possibly provide a new mechanism for generating 
large scale structure is not excluded either. 

Recently, however, Copeland et al. [15] made the interesting observation that axionic 
perturbations, even in the absence of a string phase, can have a flat spectrum, depending on 
how the internal dimensions evolve during the dilatonic phase. Unfortunately, Copeland et 
al. stopped short of computing the axionic spectrum after re-entry. Nonetheless, their result 
hints at a possible dominance of axionic perturbations over all others and calls for a revision 
of the whole scenario and of the phenomenological constraints that must be imposed on it. 

In this paper we analyse quantum fluctuations of various kinds in two distinct scenarios 
for the background, with or without an intermediate string phase. We may expect either 


possibility to occur, depending on the precise mechanism providing the transition (exit) from 


the PBB phase into the FRW phase. 

An intermediate string phase is natural if we assume [f]] that a’ corrections provide a 
non-perturbative fixed point with a high constant curvature and a linearly growing dilaton. 
In this case we expect the transition to the FRW phase to occur during the string phase 
as soon as the energy stored in the quantum fluctuations reaches criticality (recall that the 
condition of criticality depends on the coupling). This is like saying that the final transition 
to the radiation-dominated era will be induced by string-loop, back-reaction effects (see, e.g. 
fl). 

We can imagine, instead, that a’ corrections are sufficient to provide by themselves a 
sudden branch-change from the perturbative PBB phase to another duality-related vacuum 
phase, with the Hubble parameter making a bounce around its maximal value. In the 
language of |] this would correspond to a square-root-type vanishing of a 3-function. Again, 
the dual (— branch) phase will gently yield to a FRW Universe as soon as the energy stored 
in the quantum fluctuations becomes critical. 

As already mentioned, an important ingredient of our approach is the (self-consistency) 
requirement of criticality at the beginning of the radiation era. This provides a new relation 
between the moduli of the PBB background and the coupling and energy density (or tem- 
perature) at the beginning of the radiation era. As we will see, the dilaton at the beginning 
of this era is generically displaced from its eventual/present value; hence this primordial 
radiation era is not yet quite the one of standard cosmology. It may take a while before 
the non-perturbative dilaton potential makes its presence felt and forces the dilaton to its 
minimum. The detailed study of such post-big bang phase is left to further work. 

One of the main conclusions of this paper is that, provided U(1)em has a component in 
the Kaluza-Klein gauge group produced in the compactification from D = 10 to D = 4, 
sufficiently large seeds for galactic magnetic fields can be generated, even in the absence 
of a string phase. Furthermore, this happens in the same range of moduli for which a 
nearly scale-invariant spectrum of axionic perturbations is generated. Such a range includes 
a particularly symmetric point in moduli space, the one corresponding to isotropy (up to 
T-duality transformations) in all nine spatial dimensions. 

The outline of the paper is as follows: In Sec. [Il] we give, for the sake of completeness, 
the four-dimensional low-energy string-level heterotic effective action that we will work with. 


In Sec. we fix our parametrization of the backgrounds for the two previously discussed 
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scenarios. In Sec. [Vj we derive general formulae for the spectra of various perturbations, 
which get amplified by a generic background of the kind discussed in Sec. [[]], We will verify 
that our spectra satisfy a “duality” symmetry that can be shown to follow from general 
arguments [16]. In Sec. we give the explicit form of the spectra for the two backgrounds 
discussed in Sec. [I], and present them in various tables and plots. We will also impose 
the criticality condition and discuss its immediate consequences. Finally, Sec. VI contains a 
discussion of the results and some conclusions. 

This paper is somewhat technical in nature and contains explicit general formulae that 
can be useful to the practitioner but do not carry easy messages: these can be better found 
in the tables and figures. At any rate, in order to help the reader, we have relegated the 


most complicated formulae to an appendix. 


Il. STRING EFFECTIVE ACTION FROM DIMENSIONAL REDUCTION 


Following the notations of we consider superstring theory in a space-time M x K, 
where M, with Minkowskian signature, has four non-compact dimensions, and K consists 
of six compact dimensions upon which all fields are assumed to be independent. Local 
coordinates of M are labelled by u,v, p = 0,...,3, those of K by a,b,c = 4,...,9. Moreover, 
all ten-dimensional fields and indices are distinguished by a hat. 

We will limit ourselves to the case of a diagonal metric for the internal six-dimensional 
compact space, of a non-vanishing internal antisymmetric-tensor and of one Abelian heterotic 


U(1) gauge field A,,: 
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where A, = /87/M, is the string-length parameter, 
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and » stands for the effective four-dimensional dilaton field: 
p=o- > Oa: 


The components of the antisymmetric tensor H’”? with y,v,p = 0,1, 2,3 can be rewritten 


in terms of the pseudoscalar axion A as 
HYP = BbYPe eo? OLA, (2.7) 


where E#”?? is the covariant full antisymmetric Levi-Civita tensor, which satisfies D, E4’?? = 
0. Using Eq. (2.4), and imposing the Bianchi identity (d’?B = 0), we get the equation of 
motion for the axion field 
L gee 
A, (e? /=G gt” 0,.A) — = ——= [2Wyra V,.° + Fun Foo] = 0. (2.8) 


The reduced action then becomes 
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We are interested in fluctuations around a homogeneous background with y = y(t), 
Gv = (— 12? ©) 6,020) Sa), LoS Leas (es ee eee all other fields = 0. 


In the following we will also use the metric g,., = (—a?(7), a7(7)6;;, 2(7) Jac), Where we have 


introduced the conformal time 7 by dn = dt/a. 


Ill. TWO MODELS FOR THE BACKGROUND 


If the initial value of the string coupling is sufficiently small, it is possible for the Universe 
to reach the high curvature regime, where higher-derivative corrections are important, while 
the string coupling is still small enough to neglect loop corrections (g = expy/2 < 1). As 
discussed in the introduction, we will consider two extreme alternatives. In the first, a’ 
corrections “lock” the Universe in a string phase with a constant H and a linearly growing 
dilaton (with respect to cosmic time) [J]; in the second scenario, a’ corrections induce a 
sudden transition from a perturbative (+) branch solution to a perturbative (—) branch 
phase. We will refer to the latter as the dual-dilaton phase. 

We will thus consider a PBB cosmological background in which the Universe starts in 
the perturbative string vacuum, reaches the string curvature scale while in a dilaton-vacuum 
solution, goes either to the dual-dilaton phase or to the string phase, and finally enters the 
radiation era as a result of the back-reaction from the amplified quantum fluctuations. We 
now parametrize these two scenarios for the backgrounds, imposing the continuity of a,a’, 


DMs 


A. Intermediate dual dilaton phase 


Dilaton phase 


For —co < 7 < 75, with 7, < 0 we have 

















1 |n@=d)=n.["° 
et 1 
a(n) Hy, Ns 01s y) (3 ) 

— 1, 1 _ 6 _ Gi 2 Ba/(1—8) 2 
ba(7) = —H, Ns (7 1) ) ( ) 1) —e a ; (32) 
Ba Ns 

36-1 n(1—6)— 75 
= + PE tog PE . 3.3 
e(n) = 9st 575 7 (3.3) 
LS 35° + 2 Bee (3.4) 


where H, = a'(n;,)/a?(ns) is of order M,. We will consider the case 6 < 0 and 3, > 0, ice. 
a superinflationary solution with contracting internal dimensions. Because of the constraint 
between 6 and (3, if |6| < 1/3, some of the 3, must be non-vanishing. In what follows we 
will pick two extreme cases: i) the most isotropic case, with Gy = (1 — 382)/6, or ii) the 


most anisotropic one, with Gq = da1,/(1 — 367). In figures we shall denote these two cases 


by a subscript 6 and 1, respectively. 


Dual-dilaton phase 


For 75 <1) < m, with n, > 0 we take 

















/(1-@) 
_ if 1) (1 = 0) — Ds ' 
a(n) =-_o (3.5) 
€a/(1—@) 
1) — 1s l= —Ealls 
ba(n) — =H 1s ( Is) (1 = 6) = Gas ( ) 7 (3.6) 
Ea Ns 

30-1, |n@-8)—n 
P(N) = Ps + low : 3.7 
(7) i238 On. (3.7) 





where 30? + >, €? = 1 and we will fix 6 > 0 and & < 0, ie. a decelerated expansion 


for the external scale factor and a decelerated contraction for the internal ones. Again, we 
distinguish two cases, £4, = —,/(1 — 36) /6 or €, = —da1+/ (1 — 307). 
Radiation phase 


In the region 7, < 7] < eq, With Meq the time of equivalence between radiation and matter 


density, we write 








_ (n—m—ns) mA — 6) —7,|/0 - 
a(7) = Hoge ie —- 0 —" " , ( : ) 
y(n) = const. , ba(7) = const. (3.9) 


B. Intermediate string phase 


Dilaton phase 


We parametrize this phase exactly as before. Thus, for —co < 7 < n; < 0, Eqs. (B.1)) to 
(3.4) hold. 


String phase 


For 7, <n <m, with n, < 0 


a(n) =F ln) =const., ela) =e = 26 on (4), (3.10 


s 





hence a constant Hubble parameter for the external scale factor. 
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3 Radiation phase 


In the range 7 < 1) < Meq we have 


a(n) = : D (n — 2m), ba(7) = const. , y(n) = const. (3.11) 





An important property of these backgrounds is that the derivative of the field y is not 
continuous across the two transitions. This reflects the fact that we do not have as yet a 
satisfactory model for the transitions from one epoch to another. As discussed below, this 
discontinuity creates a technical problem, which has to be judiciously solved in order to 


correctly compute the spectrum of perturbations around this kind of backgrounds. 


IV. AMPLIFICATION OF VACUUM FLUCTUATIONS 


Let us consider a generic massless field, whose quadratic fluctuations are described by 


the action 
5S = / dn@ [(v')? -— (Vu , (4.1) 


where a prime stands for derivative with respect to conformal time 7 and a, the so-called 
“pump” field, is a homogeneous background field that depends on the particular perturbation 
under study. 

The safest way to analyse the amplification of the vacuum fluctuations of V makes use 
of a canonical Hamiltonian approach and leads to the derivation of certain duality 
symmetries of the spectra. We will use instead the simpler Lagrangian method and fix some 
ambiguity encountered in that approach by demanding agreement with the Hamiltonian 
treatment. We believe, of course, that our prescription can also be fully justified within the 
Lagrangian framework. 

The equation of motion for the Fourier components of W is 

ai! 
n+2> rth’ w, =0. (4.2) 


Introducing the canonical variable 


UL = a WU, ; (4.3) 


Eq. (#.2)) can be rewritten in the form 


1 da 
a dn? 


dv, 


ae [k?-U(n)| %=0, Ulm) = (4.4) 


In order to get general formulae for the spectrum we parametrize the pump field in the three 


epochs as follows] 








n\7 

i= (2) —o<n<yn, <0, (4.5) 

we == Dg |” 

a= Ns<1<™,™m>O0, (4.6) 
Mm Ns 








A. Analytic form for the Bogoliubov coefficients 


The solutions of the equation of motion (4.4) for the pump fields (f.5), (4.4) and (4.7) 


are respectively 


vg(n) = nl CH (kml) , (4.8) 


ve(n) = Vln — 2ns)| [Ay HL? (k|(n — 2ne)|) + A HP (h|(n — 2n5)|)] (4.9) 
oe(n) = [nl [By HO (klnl) + BHO (kln))] , (4.10) 

where 
v=|y-1/2|, w=|x-1/2|, p=|a—1/2| (4.11) 


and we have normalized (8) allowing only positive frequencies in the flat vacuum state at 
” — —oo, so that 


vel) + pe (4.12) 


! Tn order to simplify the final expression of the Bogoliubov coefficients, we have slightly changed 
the constant parameters appearing in the pump field in the three phases. With the original param- 
eters of Sect. 3, the Bogoliubov coefficients would just change by numerical factors O(1), but the 


spectral slopes and the “duality” symmetry (see sect. IV B) would still be the same. 
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and |C| = 1. For reasons explained below we impose the continuity of UV, and of its first 


derivative at 7;, 7, not the continuity of the canonical field vz. Using the relation 


Hy” (2) Hy? (2) — HD"(z) HP (2) = —4i/ (nz), 


bo 


we obtain 


Ay = O° (Ck) [HS (slne|) HO" Elnel) — HOM (elnel) HO (elnel)] + 
(7 nH (k|ne|) HO (klnel) } (4.13) 
A_ -o= [Célnsl) [A (elms!) AO" els) — "(el ns|) HO? (kinsl)| + 


ae 7) HL? (k| nel) HL? (k|nel)} , (4.14) 


and 


By = 7 r {ls Hy? (kml) + A- Hy (F Iml)] [(em) HP" Inal) + (® — a+) 
(klml)| — em) [As HO" ml) + A O"elm))]| HORII) }, (4.15) 
in 
B_=—— {[Ay Hi (kim) + A- BO (k Iml)] [(m) HS" (k ll) + (& — 2) 
HO (k|ml)] — em) [As HO" bl) + A- HO" bm))] HO(k Imp}, (4.16) 
where the prime stands for derivative with respect to the argument of the Hankel function. 


From the condition |C| = 1 we get |A,|? — |A_|? = 1 and |B,|? — |B_|? = 1, as needed for 


generic Bogoliubov coefficients. 


B. “Duality” of the Bogoliubov coefficients 


In this section we analyse the behaviour of the Bogoliubov coefficients B_ and A_ under 
the “duality” transformation y — —y, K — —k and a — —a, under which the pump fields 
are reversed. We will thus check that, with a careful choice of the matching conditions, the 
symmetry that can be shown to be exact in the Hamiltonian approach is preserved. 


In our context we need the following relations among Hankel functions (see e.g. [[18}) 





He @ se a, (4.17) 

z HE?) (2) + 2 HE? (2) = 2 HE (2), (4.18) 
d 

2 HE (2) +2He?(z) =€ HE? (2). (4.19) 


LT 


Independently of the range of frequencies we get 








A_(¥, 4) _ in 1 1 1 1 
eee) = = wl 2 | a ey = ee 4.20 
A498) in + y (fh +5]+ nt3| b | ° il) ae 
- a 2 2) sheen el ee Wap eee| Wl 4.21 
B(-7,-6,-a) ere (ee ae ele ea en ae an 


There are two important comments to be made on the above formulae. The first is 
that B_(—y,—«,—a) differs from B_(y,«,a) by just a phase. Hence the spectrum (being 
proportional to | B_|?) is identical for a given pump field or for its inverse. We stress that this 
duality property holds independently of the number and characteristics of the intermediate 
phases and thus, as argued in |[L6], is generally valid. The second observation is that duality 
depends crucially on having imposed the continuity of the field and of its derivative on WV; 
and not on the canonical field v;. The difference in imposing continuity of UV, or of vz arises 
from the discontinuous nature of the background itself (actually of ¢) and from the fact 
that WV, and vz, obey equations containing first and second time-derivatives of the pump 
field, respectively. This gives rise to 6-function contributions in the case of v,, making the 
requirement of continuity suspicious for that variable. 

One welcome consequence of “duality” is the fact that the antisymmetric tensor field and 
the axion have identical spectra since their pump fields are the inverse of each other (see 
below). This must be so since they are just different descriptions of the same physical degree 


of freedom. 


C. General form of the spectral slopes 


The parameters 7, and 7, in the formulae for B_ define two characteristic comoving 


frequencies, k, = |n.|~', ky = |m|~', which can be traded for two proper frequencies f, and 


fi by the standard relations 
i k; 
orf, = (=) Uf = (*) (4.22) 
a a 


It is easy to see that the two scenarios for the background, intermediate dual dilaton 
phase and intermediate string phase, lead to f, > f,; and f, < f;, respectively. In the 


case f < fs, fi (fluctuations that exit in the dilaton phase and re-enter in the radiation 
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Exponents Bogoliubov coefficient Leading contribution Power of f (ey) 


y > 1/2,a > 1/2, VK CisCa, Ca, Ca #0 Cy 1—|y| — |e 
y > 1/2, a < 1/2, VK C1,C2,Cs £0, C3 =0 C; ly — al 
7 < 1/2, a > 1/2, VK C1,C3,Ca £0, Co =0 C _ly — al 
y¥ <a, 7¥< 1/2, jal < 1/2, Vek Cy =0, Co,C3,Ca 40 Co —|y— al 
y>a,a<1/2, |y] <1/2, VK C1 =0, Co,C€3,C1 £0 Cs ay 
y < —1/2, a < —1/2, VK C=O: O.C.c.4 6 Ca t\5/—Jal 


TABLE I. Power of f in the Bogoliubov coefficient B_ for f < fi, fs 


phase), which is common to both scenarios, we can approximate the exact result (4.16) for 


the Bogoliubov coefficient B_ in the following wayf| 





BL =C,+Co+C3+Cya+-:-:- 














where 
-v —p Lb ML 
«= (sr) (on) le) + (F) | 429 
-v p Lu Le 
«= (sr) (on) le () +2 (F) | 2p 
a () 





vy 7 —P i fi a ' fs MU 

(sn) le (2) +4) | oe 
a fi l-v ra 1l—p : te pl ; 

=i (se) (aR) e (5) +t 


Since, by their definition (H.11]), v, > 0, C, gives the leading contribution unless the coef- 


(4.26) 


ficients appearing in front of it vanish. Table fl] shows which one of the C; is dominant for 
different choices of the background parameters. 


?We have used the following relations for v not integer: HY) = (14% cot va) Jy =i J_y, with 





—1)F . 
Jy = (ay aay mee eas assuming v # 0. 
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Exponents Bogoliubov coefficient Leading contribution — Power of f (ey) 


Sls, & > 172 Di, D2,D3,D4 # 0 Dy 1 — |y| — |r| 
y > 1/2," <1/2 Dj, Ds, Di 20; De=0 Dy -ly— kl 
1 <1/2,6>1/2 D1, D3, D4 £0,D2 =0 Di -ly— kl 
yee 1/2, el S172 Dp = 0, Ds, Ds, Dy 40 Dy -ly— x 
> RR =< L/2, |4| < 1/2 Dy =0, D5, D3, P47 0 D3 —|y— 4 
geil Rey Dy = 0, DD Die 0 Dy 1—|y|— |e! 





TABLE II. Power of f in the Bogoliubov coefficient B_ for an intermediate dual-dilaton phase 
andfi<f<fs 


In the case f; < f < f, (fluctuations that exit in the dilaton phase and re-enter in the 


dual-dilaton phase) we get instead: 


—p-V UV —p+y 2—p-v 
p=. (L)"sn(L\ "sn ( yn (Ly. aan 


Table [[]] shows the leading contribution to B_ in this case. The explicit form of the 














coefficients N;, C/ and D, for both cases is given in the appendix. 
Tables ({] and []) also show the leading power of f appearing in the Bogoliubov coefficient 
B_, in the two above-mentioned cases, i.e. re-entry in the dual-dilaton or in the radiation 


phase. We can summarize this behaviour as follows 


BoP eee. apis 1 Oars 1/0 or Helo a ea (4.28) 
Bag eee all other cases . (4.29) 


In the case of an intermediate string phase the Bogoliubov coefficient for f,<« f < fi 
(fluctuations that exit in the string phase and re-enter in the radiation phase) is given by 
Eq. (4.27) after the substitution y — K,« — a (hence v > pL, > p). 


The spectrum of fluctuations for a generic field T is 








1 dpr 87? ea pr 
= — = B 4.30 
Yt De dlog f Nr De ‘i | -| ’ ( ) 
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Particles (YT) Pump field (a) Spectral slope ny 



































re-entry dual phase re-entry radiation phase 
Gravitons ae ¢/? 4 3 
Axions ae?/? 4—4 os - 4 4-2 3- 25 
Heterotic photons e792 4—2 — = GO 4—2 5 5] 
Vig e 0/240 4-9 (Oe) = (8) 4-2 1 _ (0 -Ba) 
Ww esfton 4-2] Gg] 4 ofp 
Bap qe #/2-2¢ 4-4 ifs, — ft, 3- 7s 








TABLE III. Spectral slopes for an intermediate dual-dilaton phase in the range f < f, (re-entry 
in radiation phase) and in the range fi < f < fs (re-entry in dual-dilaton phase) 


where Ny is the number of polarization states. We have found it convenient to use a “spectral 


slope” parameter ny defined by the relation 


dlog Qy 
= —~ _— = 442 4.31 
ny dlog f EY , ( ) 


where ey is the exponent appearing in the f-dependence of |B*| (see Tables [] and [). The 
spectral slope, which is simply related to the usual spectral index by slope = (index — 1), is 
more convenient to describe the main property of the spectrum, since its sign tells us whether 
the spectrum is increasing or decreasing with f. We will now apply the above general results 


to various possible backgrounds and perturbations occurring in string theory. 


V. APPLICATION TO OUR SPECIFIC SITUATIONS 


We now discuss the explicit form of the Schrédinger-like equation (4-4) for the fields 
occurring in the action (2.9). This amounts to finding, for each perturbation, the relevant 
pump field and canonical variable. For gravitons and dilatons we refer to {fLI|[12]. For Vi, 


and W,, the equations of motion are 


On (V=ger¥ ee Ver") = 0, (5.1) 
Oj (V-ge" eB ee wee) =. 
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Particles (YT) Pump field (a) Spectral slope ny 




















Exit in dilaton phase Exit in the string phase 

6-26 ¢>3 

Gravitons ae /2 3 6 : 

2¢ C= 

Axions aevl? 4—2 3 _ “4 —2¢ 

Heterotic photons ene 4-2 5 — i 4 — 2¢ 
Vie eee 4=9|\1= 6) 4 —2¢ 
Wav ee/2-0 4—2/h— Gree) 4—2¢ 

_ 3 

Bap we v2 2 — tia ae: 

= 3 

2¢ aa 


TABLE IV. Spectral slopes for an intermediate string phase in the frequency ranges f < f; 
(exit in dilaton phase) and f, < f < fi (exit during the string phase) 


Using the gauge Wo, = 0 = Voq eliminates one unphysical degree of freedom. However, since 
the dilaton depends only on time, we can use the equations of motion to further require 
Vv: V, =0,V> W, = (0. The equations for the vector fields then take the form (4.1]) and their 


canonical variables are simply: 
j= Vie e/2t00 | (5.3) 
ie = Wie PPO. (5.4) 
The same procedure has been applied for heterotic photons in [13]. For the axion field the 
equation of perturbations around the zero field solution is [9] 
/ 
Ai +2— Ae +o Ag+ An =0, (5.5) 


and the canonical variable therefore is vu, = e?/2a Ax. It is straightforward to obtain the 
equation of perturbations for the B,,,-field and its canonical variable, i.e. vy = ae? a Bye 

Note that, since the pump fields of the axion and the antisymmetric tensor are duality 
related, the spectrum of their fluctuations will be the same. For the internal B-field we get 


instead vz, = ae~*/?-?° By. A list of all relevant “pump” fields can be found in Tables 
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FIG. 1. Spectral slopes for fluctuations that re-enter in the dual-dilaton phase when the latter 
is characterized by 0 = 1/\/3 (i.e. by constant moduli). 


and [V]. In the first we give the spectral slope for various fluctuations in the case of an 
intermediate dual-dilaton phase. The same is done in Table IV for an intermediate string 


phase. We now turn to discussing perturbations in the two scenarios. 


A. Intermediate dual-dilaton phase 


In this scenario, the super-inflationary phase ends at time 7 = 7,. Since we assume such 
a phase to have washed out any initial spatial curvature, the energy density must always 
be critical. At 7 = 7, the dominant source of energy is the kinetic energy of the dilaton, 
Pols) ~ Mp e*s. 

Consider now the energy stored in the amplified perturbations during the dual-dilaton 
phase. Figs. [i], 2] and [9 give the spectral slopes in various cases for the two relevant frequency 
ranges. Fig. f] gives the normalization of the spectra in the whole frequency range for the 


particular case @ = 1//3,5 = —0.3. Since all perturbations are of the same order at the 
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FIG. 2. Same as Fig. |1) where, instead of fixing 0, we fix 6 = —0.26 in the intermediate phase. 


maximal amplified frequency (here f,), perturbations with (the most) negative spectral slope 
dominate over all others. From the above mentioned figures we see that the spectral slope of 
axionic fluctuations re-entering during the dual dilaton phase is generally the most negative 
one (at least if we consider isotropic compactifications): we thus ignore contributions to the 
energy density from perturbations other than the axion’s. The basic idea is to assume that 
the transition from the dual-dilaton phase to the radiation phase occurs precisely when the 
energy density in the perturbations becomes critical and starts to dominate over the kinetic 
energy of the coherent dilaton field. 

Let us fix for simplicity 6 = 1/V/3 (i.e. frozen internal dimensions in the dual-dilaton 


phase) and then impose criticality at the end of the dual-dilaton phase in the form: 
M; H? ~ e* pa(m). (5.6) 


Using the equations of motion and assuming |7,| >> |7,|, we have 


(34+V3)/2 -V3 


s 


mM 


Ns 
Mm 


H,~ M, e*! ~ es 
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FIG. 3. Spectral slopes for fluctuations that re-enter in the radiation phase. For comparison 





we also show the experimental constraint from COBE [20]: n+1=1.2+ 0.3. 


Taking into account the results of Sec. [V] we get, apart from factors O(1), 


paind~ fein) (2) (A) = sa 


where we have restricted ourselves to the case n4 < 0 for the reasons explained above. 


4/(1—4) 
1s 


mM 


,na <0, (5.8) 








The dependence of the value of the dilaton background at 7 = 7, on the parameter 6 is 
completely fixed by the criticality condition Eq. (6.4). Indeed, inserting Eqs. (6.7) and (6.8) 
in Eq. (6.6), we obtain 
3+V3—4/(1—6) 








efi nw |S 5.9 
™ ae 

If we define an effective temperature Tyg at the beginning of the radiation era by 
palm) = Tee (5.10) 


we get 
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Ns 


T. 1-6 
mali (=<) (5.11) 


Ms; 








where we have assumed f,(7,) ~ M,, and thus 


1—6)(34+-V3)—4 
ies a) ) ) | 


7 (5.12) 


It is important to stress that this effective temperature may have nothing to do with the 
actual temperature of a relativistic gas in thermal equilibrium at 7 = 7,. In particular, if 
the coupling is still very small, axions may not thermalize at all, in spite of dominating the 
energy and of driving a radiation-dominated era. For the same reason, the fact that Tyg can 
be large in string units should not be a matter of concern. 

Let us now estimate the value of the frequencies f, and f; at present time. If we assume 
that the CMB photons we observe today carry the (red-shifted) energy of the primordial 


perturbations (in particular from axion decay), we have 


1 H? ay . 
Q(t -a— a = (2) 5.14 
(to) G(m)Mp, He \ao ( ) 
fi Gm) M3, H} H? (to) =e? H2 H? 0, (to) Ma,/M2, (5.15) 


where Ho and 2.,(to) (~ 10~“) are respectively the Hubble parameter and the fraction of the 
critical energy stored in radiation at the present time to. Using Eq. (6.7) and Eq. (6.11) we 





finally get 
T. (1—6)(3+ V3) /4 
fi ¥ HoMpie?"/4 (2.,(to))/4 (=<) ; (5.16) 
vis 6-1 
fut (G3) (5.17) 


Note that, if we choose Tx = 10'° GeV, corresponding to a relatively short dual-dilaton 
phase, and we fix 6 = —0.3 in order to have an almost flat axion spectrum in the low- 
frequency region (see Fig. ff), we get f, ~ 10° Hz, f, ~ 10°Hz and y, ~ —23,y,; ~ —11. 
Therefore, the value of the dilaton at the beginning of the radiation era is still far from the 


present value (yp) ~ —1). 
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FIG. 4. Spectrum for all the fluctuations considered in the case of a dual-dilaton interme- 
diate phase, with the following choice: 5 = —0.3, 0 = 1/V3, fi ~ 10°Hz, f, ~ 10° Hz, 


Ys ~ —23, yp. ~ —11, Tog = 10'° GeV. 


Typical spectra for all the fields we have considered are shown in Fig . In particular, 
for axionic fluctuations that re-enter in the dual-dilaton phase (f; < f < f,), we get a 


decreasing spectrum 


QA cS G(m) H? (1,(to) (4) (4) . (5.18) 


On the contrary, for fluctuations that re-enter in the radiation phase (f < fi < fs), we 


get 
; f nA fe 2(v+p) 
Oy © Gm) H2.04(to) (4) (4) | (5.19) 
~ (ta) (4) | (5.20) 


which includes the possibility of a scale-invariant flat spectrum. 
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As can be seen from Fig. ff, the Kaluza-Klein “photons” V,.“, can give sufficiently large 
seeds for galactic magnetic fields (Q > 10~* for fy & 107“ Hz [[9]) in this case, provided of 
course that the true electromagnetic field has a non-vanishing component along this direction 
in group space. Amusingly enough, this can be achieved in a range of moduli where axionic 


perturbations have a nearly flat spectrum. 


B. Intermediate string phase 


In this scenario the Bogoliubov coefficients are still expressed by Eqs. (4.13), (4.14), 
(#.15) and (4.16), 7, is the time at which the string phase starts, and we again assume that 
the radiation phase, dominated by the energy stored in the amplified vacuum fluctuations, 
begins at 7 = m. We recall that, in this case, f; > f,; and that we expect fi(71) ~ M,. Since 
axions have the most negative spectral slope, we impose again that their energy density 


becomes critical at the beginning of the radiation phase: 


H} = G(m) palm); (5.21) 
Using then 
pa(t) = film) (4) (5.22) 


and assuming again that the photons we observe today originate from the amplified vacuum 


fluctuations, we can fix the present value of f; to be 


fi(to) & V¥ HoMp eP1/* (O,(to))'/* , (5.23) 


and relate y~) to the duration of the string phase z, = a;/as (a free parameter) 





ePt mw 296, (5.24) 
If we define again 
palm) & Tek; (5.25) 
we obtain 
ae 2/¢ 
fe ; 5.26 
° Ca on) 
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FIG. 5. Some fluctuation spectra in the case of a string intermediate phase. The following choice 
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of parameters was made: ¢ = 0.08, 6 = —1/3, fi ~ 10'° Hz, f, ~ 8-10-! Hz, ys ~ —8,y1 ~ —5, 
To = 2 x 1018 GeV. 


With the choice Tog = 2 x 10'°GeV,¢ = 0.08, corresponding to a very long string phase, 
and fixing 6 = —1/3 in order to have a flat axion spectrum in the low-frequency region (see 


Fig. B)), we obtain 
fi ~ 10° Hz, fs~8-107'Hz ,y, ~ -8, yi ~—5. 


As in the scenario with a dual-dilaton intermediate phase, we find the unpleasant result 
that the dilaton is still far from its present value at the beginning of the radiation era. In 
Fig. [] we summarize the results of the spectra for some perturbations. The spectrum of 
the fluctuations that exit in the dilaton phase is given in the limit f < f,; < fi, using 
the coefficients C;, shown in Table []. For fluctuations that exit in the string phase we 
consider instead the limit f; << f < f;, and the Bogoliubov coefficients are expressed by 
the quantities D; (see Table [I] after substituting y — « and k > a). 


Note that, for fluctuations of the axion field that exit in the string phase, we have 
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nA 2(ut+p)—4 
O14 2 Om) H? (to) (4) (4) | 


ts ts 
ae 
ts 
Substituting the parameters of Table || we get a decreasing spectrum 
i 
Q4 ~ G(m) A} O,(to) (4) ; (5.28) 
1 


In this example, a long string phase produces a gravitational spectrum of order ~ 107° in 
the range of detection of LIGO/VIRGO, but a very steep spectrum of Kaluza-Klein photons 
V,,° at high frequencies and consequently a value of perturbations at fay ~ 10-4 Hz far below 


the lower limit necessary to seed the dynamo mechanism for galactic magnetic fields [19]. 


VI. DISCUSSION 


Our main results can be summarised as follows: Eqs. (4.28), (4.29), Tables [I] and _ [IV 


Figs. fl} PB] and } give our main conclusions concerning the spectral slopes of the various 
spectra in the two scenarios, while Figs. f] and ff illustrate the spectra of all perturbations for 
certain typical choices of the background’s moduli. Rather than discussing the fine details, 
we would like to draw some conclusions, which appear to be relatively robust with respect 


to (slight?) variations of the moduli. 


Our calculations are based on the use of the low-energy effective action both for the back- 
grounds and for the perturbations. Since in the pre-big bang scenario a high-curvature phase 
is necessary before any exit to standard cosmology can be achieved, such a procedure is of- 
ten criticized (see e.g. [RI]}) and requires some justification. We have seen in our explicit 
computations that the spectrum of long-wavelength perturbations, which exit and re-enter 
at small curvatures (in string units), does not depend on the details of the high curvature 
phase. Also, the use of higher-derivative-corrected perturbation equations has recently been 
shown not to change the low-frequency spectra by more than a number O(1). Thus 
predictions for the low-energy end of the spectra appear to be robust. Why? The physical 
explanation almost certainly lies in the freezing-out of super-horizon-scale perturbations. 


The occurrence of a constant mode at sufficiently large wavelengths can be shown without 
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reference to the low-energy approximation and, by a canonical transformation argument, 
should also apply to the constant-momentum mode. By contrast, the high frequency spectra 
are expected to depend quite crucially on the details of the strong curvature transition. We 


expect our naive formulae to give “lower bounds” for those parts of the spectra. 


The main result of our investigation is the confirmation of the suggestion found in ref. 
that positive spectral slopes are by no means a must in pre-big bang cosmology. By 
computing the spectra after re-entry, we have confirmed that axions do have, more often 
than not, negative slopes (decreasing spectra). However, other fields, such as KK gauge 
fields and scalars, can also exhibit negative slopes. A particularly promising case is the 
one shown in Fig. B since, in a region around the one with nine-dimensional symmetry 
(6 = +@, = —1/3), the axion spectrum and that of a KK scalar field are nearly flat, while 
the slope of the spectrum of some KK gauge field is positive but sufficiently small to produce 


large enough seeds for the galactic magnetic fields. 


Unfortunately, the promising results of Fig. | are somewhat spoiled when a long dual-dilaton 
or string phase is inserted in the background between the dilaton and radiation phases. In 
this case, the spectral slopes grow somewhat wild in the negative direction (see e.g. Fig. 
for the dual-dilaton case), making some of the spectra peak at very low frequency. The 
generic consequence of this phenomenon is a huge increase in the total, integrated energy 
density in the perturbations. If the string coupling (the dilaton) is not very small throughout 
the intermediate phase, the energy in these perturbations soon becomes critical and the 
intermediate phase stops. The only way to have a long intermediate phase is therefore to 
force the dilaton to be very perturbative until the end of the intermediate phase, be it the 
string or the dual-dilaton phase. In this case, however, at the beginning of the radiation 
phase the dilaton is still very much displaced from its present value (where supposedly the 
minimum of its non-perturbative potential is) and may have a hard time reaching it later. 
In other words, the most appealing possible scenarios appear to be those with a sudden 
transition between the dilaton and radiation phases occurring at “realistic” values for the 
string coupling (roughly 1/N, if N is the number of effectively amplified distinct species). 
Although this appears at present as some kind of fine tuning of the ratio of two moduli, it is 
not excluded that a better understanding of the initial conditions leading to PBB behaviour 


along the lines of Ref. {§| may tie together the initial values of the coupling and the curvature 
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so that such conditions are naturally realised. 


If the latter picture is adopted, it is possible to have a nearly scale-invariant dilaton/moduli 
spectrum. This could lead to an interesting mechanism to generate large-scale anisotropy 
along the lines given in Ref. [[4]. In the same region of moduli space one obtains reasonably 
large fluctuations of the KK gauge fields to provide sizeable seeds for the galactic magnetic 
fields. On the negative side, in this region of parameter space, the situation would be 
quite discouraging for generating a large enough gravitational-wave signal in the interesting 


frequency range. 


NOTE ADDED 


While completing this work we became aware of a paper by Brustein and Hadad which 
is also dealing with generic perturbations in string cosmology. Their method is somewhat 
different from ours: instead of working within a specific parametrization of the high-curvature 
phase, they have assumed the freezing of the fluctuation and of its conjugate momentum for 
super-horizon scales. Also, they have not imposed our criticality condition and thus have 
not obtained predictions on the value of the dilaton at the beginning of the radiation phase. 


We have checked that our results agree with theirs wherever a comparison is possible. 
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APPENDIX A: 


Here we give the explicit form of the coefficients entering the Bogoliubov formulae of 


Sec. [V G. In the case of the limit f < fi < f, we get: 
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_ 4§ PWPOTH) 
ars Tad+p) ’ 
Ci=(y-K+pt+y) (-atK+p-p), 





Cl=(y-K—pty) (a-K+p+p); 


__ § DWH) ee 
No = “ota [cos(7 p) — i sin(z p)] , 
C3 =(y-K +p +) (a-K-p-—), 


C3 =(y-K— p+) (-atK-—p+~); 


ee ete) cos(mv) —7 sin(mv 
Ns= gen ay roster) — 4 sin(ra)] 





C3=(y-K+u-v) (a-K-p +p), 
C3 =(-y+nh+uty) (a-K+ +p) ; 
P(u) Pv) Pp) 


8a TQ pA + yp) TQ + nH) TQ-v)TQ=p)’ 
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[@G=p)0d=p) + -2=etn pep) Taw 2= |, 
Ce=(y—K—-ptv) P(2—p)T2—-v) [((-2+a-K+p+ 9) 
P2+p)TA-p)+2+a-K+ptp) P+ p)P2-p)] ; 
while for fluctuations in the frequency region f; < f < f, we obtain: 
D, = -* e 2 (ete) (—y + nt pe —v) OT (w) Tv), 
Dy = pe PAH (yt wv) ep), 
D3 = -4 ei Qe ute) (yt ig + py) a (uw) (-v), 
Dy = pet cHte [((2-y+K+p—v) (l—p)+ 
2P(u) Pv) 
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Abstract 


We derive and solve the full set of scalar perturbation equations for a class of Z- 
symmetric five-dimensional geometries generated by a bulk cosmological constant and 
by a 3-brane non-minimally coupled to a bulk dilaton field. The massless scalar modes, 
like their tensor analogues, are localized on the brane, and provide long-range four- 
dimensional dilatonic interactions, which are generically present even when matter on 
the brane carries no dilatonic charge. The shorter-range corrections induced by the 
continuum of massive scalar modes are always present: they persist even in the case of a 
trivial dilaton background (the standard Randall-Sundrum configuration) and vanishing 
dilatonic charges. 
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1 Introduction 


The possibility, first discovered in the context of Horava—Witten (HW) heterotic M-theory 
i. A, that our Universe could lie on a hypersurface (a “brane” ) embedded in some higher- 
dimensional “bulk” space-time —the so-called brane-world scenario— has recently attracted 
considerable attention. In the original HW paper, our world is a 9-brane sitting at one of 
the boundaries of an eleven-dimensional bulk, while in a large class of M-theory models 
B A. in which six dimensions are compactified in a more traditional Kaluza—Klein (KK) 
way, one can envisage constructing fully consistent four-dimensional brane-world scenarios 
with, effectively, a five-dimensional bulk. Unfortunately, finding brane configurations which 
are consistent with all stringy constraints has proved to be a very hard, if not impossible, 
task. 


At a more phenomenological level, i.e. when problems with quantization of the higher- 
dimensional gravity theory are ignored, one can consider the dimensions orthogonal to the 
3-brane as either compact and large 6} (6, fA, or as having infinite proper size (8, OL, {10}. In the 
latter (so-called Randall-Sundrum (RS)) case, the bulk geometry is bent by an appropriate 
“warp-factor”, providing a crucial difference with respect to the “old” KK scenario, where 
the bulk geometry is simply the direct product of an “internal” and an “external” manifold. 
In particular, unlike the KK models, RS models are able to reproduce the four-dimensional 
Newton law at large distances on the brane by dynamically binding the massless gravitons 
to it [LQ]. 

As a consequence of the non-factorized structure of the metric in RS-type scenarios, 
previous approaches to the study of metric fluctuations in higher-dimensional backgrounds 
(tij-{r4], based on the isometries of a factorizable geometry, cannot be applied directly 
to the brane-world scenario. A new gauge-invariant formalism is required, like the one 
developed in 74. The classical and quantum analysis of metric fluctuations is of primary 
importance for understanding the possible localization of massless modes on the brane, as 
well as the nature of the orrections to the long-range interaction due to the continuum of 
massive modes that are typically living in the bulk. Until now, the study of this problem 
has been mainly focused on the structure of tensor (i.e. transverse-traceless) perturbations 


of the bulk geometry (see for a general discussion). 


In all string/M-theory models, however, the graviton enjoys the company of (perturba- 
tively) massless scalar partners (the dilaton, compactification moduli, etc.). These typically 
induce long-range interactions of gravitational strength (ig). and are therefore dangerous in 
view of the existing experimental tests (see for instance Pd). The standard way to solve 


this problem is to assume that these scalars get a SUSY-breaking non-perturbative mass 


(for alternatives see e.g. [21]). However, one may ask whether RS-type scenarios can offer 
an alternative solution to (or an alleviation of) this problem, e.g. by not confining scalar 
fluctuations on the brane. If this were the case, scalar interactions on the brane would be 
suppressed, or possibly become short-ranged, and brane-world scenarios would naturally 
solve one of the most serious potential problems with higher-dimensional or stringy exten- 
sions of the Standard Model and General Relativity. This particular aspect of brane-world 
scenarios has never been completely addressed, to the best of our knowledge, in spite of 


many studies recently appeared in the literature, and devoted to the perturbations of a 
brane-world background [23j-(Bd]. 


In this paper we present a detailed discussion of the localization of scalar metric fluc- 
tuations in a typical example of brane-world scenario. Unlike gravitons, which are decou- 
pled from matter fluctuations, the scalar fluctuations of the bulk geometry are in general 
non-trivially coupled to the matter sources. We shall thus consider a non-compact, Z- 
symmetric, five-dimensional background, generated by a positive tension 3-brane and by a 
bulk dilaton field coupled to the brane and to the (negative) bulk energy density. We shall 
restrict ourselves, in particular, to the gravi-dilaton solutions discussed in (hereafter 
called CLP backgrounds, for short), which generalize the AdS5 RS scenario in the pres- 
ence of a bulk scalar field, and which are already known to guarantee the localization of 
tensor metric fluctuations Bij. 


By extending the analysis of the perturbations, and by using an appropriate gauge- 
invariant formalism (7, we find that the same class of CLP backgrounds that localize 
massless tensor perturbations on the four-dimensional brane also localize massless scalar 
perturbations (i.e. the dilatonic interaction). However, the short-range corrections to the 
scalar interactions, due to the massive modes propagating in the extra-dimension, are in 
general different from the higher-dimensional corrections affecting the pure tensor part of 
the gravitational interaction. We also find that, in general, scalar metric fluctuations exhibit 
a non-trivial, “self-sustained” spectrum of solutions, even for a trivial dilaton background. 
This implies that long- and short-range gravitational interactions on the brane are effectively 
of the scalar-tensor type, in agreement with previous results Ba. and are therefore subject 


to strong phenomenological constraints. 


The paper is organized as follows. In Section 2 we present the action and the classical 
equations of motion for a 3-brane non-minimally coupled to a five-dimensional gravi-dilaton 
background, and we retrieve the whole class of CLP solutions Bij. In Section 3 we give the 
full set of scalar perturbation equations in the so-called “generalized longitudinal gauge” 
(4. and we find the four independent canonical variables diagonalizing them. In Section 


4 we discuss the localization of massless modes, and determine the class of backgrounds 


admitting long-range dilatonic interactions confined on the brane. In Section 5 we present 
the general spectrum of solutions for the massive modes that propagate throughout the 
bulk, and determine the relative magnitude of their amplitudes. In Section 6 we evaluate, 
in the weak field limit, the leading-order corrections to the effective gravitational potential 
generated by a static source with a point-like mass and dilatonic charge, confined on the 


brane. The main results of this paper are finally summarized in Section 7. 


2 Background equations 


We shall consider a five-dimensional scalar-tensor background {g4p,¢}, possibly arising 
from the bosonic sector of a dimensionally reduced string/supergravity theory, and non- 
trivially coupled to a negative cosmological constant A and to a 3-brane of positive tension 
T3: 


fap 1 
S = Sbuk + Sbrane = M3 f x \g| (-R+ 59° Oad0Bo — 2er* 
T3 4 af A B a2o 
— $f eyh [1° daX49gX¥gane™? — 2) . (2.1) 


Here Ms is the fundamental mass scale of the five-dimensional bulk space-time, and the 
parameters a1, a2 control the coupling of the bulk dilaton to A and to the brane (partic- 
ular values of these parameters may simply correspond to the rescaling of the minimally 
coupled o-model action in the canonical Einstein frame Bl. but here we allow in general 
for non-minimal couplings). The brane action (see for instance B4)) is parametrized by 
the coordinates X4(€) describing the embedding of the brane in the bulk manifold, and 
by the auxiliary metric tensor yg(€) defined on the four-dimensional world-volume of the 
brane, spanned by the coordinates €%. Consequently, 0X4 is a short-cut notation for 


OXA(E)/OE*. 


Conventions: Greek indices run from 0 to 3, capital Latin indices from 0 to 4, lower-case 
Latin indices from 1 to 3. For the bulk coordinates we use the notation «4 = (t, 2", z). 
The metric signature is (+,—,—,—,—), and the curvature tensor is defined by Rin ap= 
OuUna? +0 yp? wal — (MN), Rva = Runa™. 


The variation of the action with respect to gap, ¢, X“ and Yap gives, respectively, the 


Einstein equations (in units such that M3 = 1): 
1 1 
G4p =5 (2*san6 - =580000°0) + NeM°58 + 


31 4 5 af A C a2d 
Ss goo | Eq/ |y|0? (a — X)y?? Og. X Og.X” €%?”, (2.2) 
2 vig 


the dilaton equation: 





T: 
Vuv b+ 2a, Ae%? + = Es aq f tev [5° (2 — X)yFO,X40g XP gape? = 0, (2.3) 
the equation governing the evolution of the brane in the bulk space-time: 


aa (y/lrh180X? gane**) = aV hiya XP 3X Oa (snce*)| xe? 24) 


and the induced metric on the brane: 


Yap = Oa X4OgX? gape??. (2.5) 


We now specialize these equations to the case of a conformally flat bulk metric, with a 
warp factor a and a dilaton ¢, both of which only depend on the fifth coordinate z. Also, 
we shall look for Z)-symmetric solutions, describing a flat brane rigidly located at z = 0, 


and we set 
=a = Xo =o 2.6 
JAB =4 (z)naB, b= (2), ie : ( ‘ ) 
where 7,48 is the five-dimensional Minkowski metric. The induced metric thus reduces to 
Yop = 6068 GAB E02? (2.7) 
while the brane equations (2.4) are identically satisfied thanks to the Z symmetry. 
The dynamical equations are obtained from the dilaton equation (2.3), which becomes 
/ 
3-4! + ¢" — 2a; Aa72e? — 2a9T3a€e??65(z) = 0, (2.8) 
a 


and from the (a,) and (4,4) components of the Einstein equations (2.2), which give, 


respectively, 


" 12 
T: 
oe e + Aa®e™? + 07 5(2), (2.9) 
12 12 
6 = o + Aa2e™? (2.10) 
a 


(a prime denotes differentiation with respect to z). The last three equations are not inde- 
pendent: the dilaton equation, for instance, can be obtained by differentiating eqs. (2.9), 
(2.10), as a consequence of the Bianchi identities. 


No general solution is known for arbitrary values of a1,a2,73 and A. However, if we 


fine-tune these parameters by choosing: 


8 
a, =4ag, 1T3=8/A/A, a =A+s, (2.11) 


where the last equation defines A, we recover the four-dimensional sector of a known, one- 
parameter family of exact domain wall solutions Bal, which can be written in an explicitly 


Zo-symmetric form. For A = —2 the solution is: 





=e. ei [zal k? = —2A, (2.12) 
otherwise (A # —2): 


(A +2)?A 


2a 
a(z)=(1+ hz), MO +A) BP, =O 


(2.13) 

We shall choose & > 0 so that the z coordinate, transverse to the brane, may run 
from —oo to +oo (the proper size of the transverse dimension is finite, however, unless 
A = —8/3). In that case, the solution corresponds to a brane of positive tension, T3 > 0, 
provided A < —2. This range of A guarantees a positive tension and also avoids the presence 
of naked singularities Bil. On the other hand, the reality of a, requires A > —8/3. In the 


rest of this paper we shall thus assume 


8 
k > 0, Te (2.14) 
We may note that in the limit A = —8/3 the dilaton decouples and becomes trivial, and 
the solution reduces to the well studied pure AdSs background , originally introduced to 
localize gravity on a 3-brane {19}. 


In the following section we will obtain the canonical equations governing the evolution 


of scalar (metric + dilaton) fluctuations around the above CLP background solutions. 


3 Scalar perturbations 


We now perturb to first order the full set of bulk equations (2.2)—(2-5), keeping the position 
of the brane fixed, 6X4 = 0. It is known, indeed, that the brane location can be consistently 
assumed to remain unchanged, to the relevant linear order, when perturbing a background of 
the type we are considering 7) (see for a study that includes, instead, a non-vanishing 


deformation of the brane). We thus set 
Sgap=hap, dg*? =—h*?, bp=x, 5X4 =0, (3.1) 


where the indices of the perturbed fields are raised and lowered by the unperturbed metric, 


and the background fluctuations h4p, Vv are assumed to be inhomogeneous. 


The perturbation of the background equations (2.2)-(B.5) gives, respectively, the lin- 


earized equations for the Einstein tensor: 
ig = = oe + 04g6Onx + cw _ 78 (20 aux — hM dy.60n6) 
+Aa,xe™?o4 pee se tev ri (a — X)y* A. yX*93XC e a2e 
x ie + 9BC (per + 5 ow oF von) 
+2 sas dé] 716° (@ — X)OaX 40g XCe2% 5, (3.2) 
for the dilaton: 


Viv xs Vin wom go Oad + ot Aye™? 
MN 
T. = 
+ = d*€4/|y|6°(@ — X)yP Og X40gX 8 gape? 


1 1 
x (2 a gt Ow +f any) 
a2T3 1 


2 Vig) 


for the brane: 


iL 
Oo. {Vv lyl0eX 7 eo? [5° oan +7? hap +7 gap (ax - x Fw) | \ = 
= + \/n1a XP GgXC (59°? $ 29 °Bl bey ) — (gece%?*) 
2 = e 2 me OxA =X €) 


+7 aa (hace* + o2rx9pce™®) | 


+ 





dE |718° (@ — X)OnXA9gX 7c? (gandy” + hay’) = 0, (3.3) 





=| cl 


and for the induced metric: 
Sap = Oo X*gX Pe? (hap + a2xGAR) - (3.5) 


Here all geometrical quantities, such as the perturbed connection 6 4p, the perturbed 
scalar curvature 6R = —h4? Rap + g®5R AB, and so on, are computed to first order in 
hap. 

By expanding around the background (B.4), it is now easy to study the propagation 


of the spin-2 physical degrees of freedom on the brane, represented by the transverse and 


traceless perturbations ee 
haB = a 5S hi;, h i 0, V'hij = 0. (3.6) 


In the linear approximation, the tensor fluctuations h;; are decoupled from the scalar and 


matter fluctuations. We can consistently set y = 0, and find that the dilaton and the 


brane equations are trivially satisfied; in addition, the right-hand side of the Einstein equa- 
tions (B.2) is identically vanishing, and the linearized Ricci tensor leads to the well known 
covariant wave equation for gravitons: 


7 0? 0? 0? 3a’ 0 \ — 
shy (Fe De® aE 3) hig = 0, oe 























where 0; = VyV™ is the five-dimensional covariant d’Alembert operator, describing free 


propagation in the warped bulk geometry. 


In this paper (also in preparation of future cosmological applications) we are primarily 
interested in the scalar fluctuations of the bulk metric, which are coupled to the dilaton 
fluctuations. Thus, we shall keep 6¢ = x # 0, and we shall expand around the background 
(2.6) in the so-called “generalized longitudinal gauge” [17], which extends the longitudinal 
gauge of standard cosmology to the brane-world scenario. As discussed in aie in five 
dimensions there are four independent degrees of freedom for the scalar metric fluctuations: 
in the generalized longitudinal gauge they are described by the four variables {y, v,T, W}, 
defined by 


hoo = 2ya", hig = 2a diz, 
haa = 20 0°, hoa = —Wa’. (3.8) 
(Off-diagonal metric fluctuations have been taken into account also in a recent study of 


linearized gravity in a brane-world background Ba: in that case, however, there are no 


scalar sources in the bulk, and no long-range scalar interactions). 


By inserting the explicit form of the background (2-6) and of the metric fluctuations (B-8) 
into the perturbed equations (B.9)-B.5), we obtain the full set of constraints and dynamical 
equations governing the linearized evolution of the five scalar variables {y, ~,T, W, x}. Let 
us give them in components, starting from the Einstein equations, and using eq. (6.5) for 


the perturbations of the induced metric. 


Equation (0,0) gives: 




















! ! ! " 12 
Vb + 30" 4 V0 +92! — 3297 og 6—-T ae 
a a 2 a 2 
1 
—a*e™? Aayy — aan (T + 2a2x) 6(z) = 0. (3.9) 
Equation (7,7) gives: 
! ! ! ’ ’ " 12 
pga Wins hol a ae Pe 
a a a a 2 a 2 
2,010 1 2a2¢ = 
—a“e™? Aayx — ae T3 (T + 2a2x) 6(z) = 0. (3.10) 


Equation (7,7), with i 4 7, gives: 


O;0; (y = w = Tr) =0. (3:11) 


Equation (4,4) gives: 




















/ 
=V'e=— 30 +2V' v= sty) = “Wy + 9% cy’ eo x! 
d”” 
eres Pl ae? Aanx = 0. (3.12) 
Equation (7,0) gives: 
W' 3 
a; (+5 2w +254) = 0. (3.13) 
Equation (4,0) gives: 
/ 
5VW - Sy! +3— tT +x a0. (3.14) 
Equation (4,7) gives: 
W ! ! 
6, | yl og 37 ey | 2. (3.15) 
2 a 2 
The dilaton equation gives: 
2 a'¢! 
5X dy! g'W 3¢'y gl’ 6—_T = 2¢"T 
a 
+2a7e™? Naty + 2ae??T3a9 (T + 2a2x) 6(z) = 0 (3.16) 


(the dots denote differentiation with respect to Minkowski time on the brane). Finally, the 
brane perturbation equation gives a constraint at z = 0 which is always satisfied because 
of the Z. symmetry. A similar set of equations was already derived in [17]. We have no 


contributions from the time derivatives of the background, since our background is static. 


In the absence of bulk sources with anisotropic stresses, we can now eliminate y from 


eq. (« #7), thus reducing to four scalar degrees of freedom, by setting: 
pou+tl. (3.17) 


As a consequence, we immediately find that the variable W decouples from the other fluc- 
tuations. The combination of the time derivative of eq. (4,7) with the z-derivative of eq. 
(i,0) and with eq. (4,0) leads in fact to the equation 














1 12 
sW=3 (= = =) W. (3.18) 


Thus W is decoupled but, because of the non-trivial self-interactions, it does not freely 


propagate in the background geometry like the graviton, eq. (8.7). 


In order to discuss the dynamics of the remaining variables ~,T and y, it is now con- 
venient to recombine their differential equations in an explicitly covariant way, to obtain a 
canonical evolution equation. To this aim, we can use eq. (8.17) and eq. (4,2) to eliminate 
y and W in eqs. (i,i), (4,4) and in the dilaton equation (8.16). We then combine the 
simplified version of eqs. (4,4), (7,2) with eq. (0,0), and obtain the following system of 


coupled equations, where the source terms depend only on [ and y: 


q!’ ae 

















Osy = -2—T + ie + 261? Aary 
1 2a2h 
= paces (C+ sass 6(z), (3.19) 
N 12 It 
Os = -21+s—r-—¢7Tr+¢"yt OF 2 etibAony 
a a a 
2 
= zoe 7°Ts (+ 2a9x) 6(z), (3.20) 
Osx = 2¢"T — d?y — 2a7e%?Aa2y 
— 2ae?2?Ta (T + 2a27) 6(z). (3.21) 
This system can be diagonalized by introducing the fields 
w, = 2v+T, wa = bao + x, w3 =I — 2agx, (3.22) 
relations that can be inverted as: 
i a _ 2AaQW2 + W3 = 2agqWw2 + ws 
2 (1+ 1203)’ (1 + 1203) 
Ww. — 6a2W3 
a3) 
In terms of these new variables, the perturbation equations (B.19)—(B.21]) reduce to 
Osu, = O, (3.24) 
Osu. = O, (3.25) 
og" 2 ad (= :) 2 a1¢ | 
Oo = 2S = = =D 1PA 
i | 202 e Qa2a = 302 a ae “a 
2 
+ (5 - 403) ar 5(2) W3. (3.26) 


Together with eq. (8.18), and the constraints (8.13)—(8.15)), the above decoupled equa- 
tions describe the complete evolution of the scalar (metric + dilaton) fluctuations in the 
CLP brane-world background (R.13), (2.19). Two variables (w,,w2) are (covariantly) free 


on the background like the graviton, while the other two variables (w3,W) have non-trivial 


self-interactions. 


In all cases, we can introduce the corresponding “canonical variables” W, wee = 12,3); 
which have canonically normalized kinetic terms Bel in the action, simply by absorbing the 


geometric warp factor as follows: 
W =Wa?/?, w; = Ga~7/?, (3.27) 


The variables W, @,; are required for a correct normalization of the scalar perturbations to a 
quantum fluctuation spectrum, as they satisfy canonical Poisson (or commutation) brackets. 
When the general solution is written as a superposition of free, factorized plane-waves modes 
on the brane, 

W =W,,(z)e— PH, B; = Vi (zee, (3.28) 


they define the inner product of states with measure dz (ial. as in conventional one- 


dimensional quantum mechanics, f dz|W(z)|?. 


The allowed mass spectrum of m? = nY’ ppv, for the scalar fluctuations on the brane, 
can then be obtained by solving an eigenvalue problem in the Hilbert space L?(R) for the 
canonical variables V,,, U;, satisfying a Schrédinger-like equation in z, which is obtained 


from the equations (B.18), (8.24)—(B.26) for W and w;, and which can be written in the 


conventional form as: 


iW i 
w+ (ne? - =) Uv, =0, wy + (ne? - =) U; =0. (3.29) 
WwW 
Here, by analogy with cosmological perturbation theory Bd), we have introduced four “pump 
fields” €,,,&;, defined as follows: 


a 


bw = a, &= a, 
3 3 1 3 
Bw = —5 Pi = ba = 5; Bg = —5(1 + 3a7) =—5(4 +3). (3.30) 


The effective potential generated by the derivatives of the pump fields depends on (i, /;, 
and contains in general a smooth part, peaked at z = 0, plus a positive or negative 6-function 
contribution at the origin. We may have, in principle, not only volcano-like potentials, 
which correspond to the free covariant d’Alembert equation with 3 = 3/2 (and which 
are known to localize gravity (9, [1§]), but also potentials that are positive everywhere and 
admit no bound states. The possible localization of scalar interactions on the 3-brane, for 


the given background and perturbation equations, will be discussed in the next section. 
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4 Localization of the massless modes 


The general solutions of the canonical perturbation equations (8-29) are labelled by the 
mass eigenvalue m, by their parity with respect to z-reflections, and by the parameters 
Bw, 0;, which depend on the type of perturbation. The massless scalar modes correspond- 
ing to bound states of the effective potential fid, (13, will describe long-range scalar 
interactions confined to the four-dimensional brane. Concerning z-reflections, we shall fol- 
low the perturbative formalism developed in consistently, restricting ourselves to a 
perturbed background that is still Z.-symmetric, namely to Z2-odd solutions for W, and 
to Zo-even solutions for w;. To describe a bound state, we shall further restrict such so- 
lutions to those with a normalizable canonical variable w.r.t. the measure dz, namely to 
WU(z) € L?(R). Among the acceptable solutions, we shall finally select those satisfying the 
constraints (B.19)-B.19) derived in the previous section. The above set of conditions will 
determine the class of brane-world backgrounds allowing the four-dimensional localization 


of long-range scalar interactions. 


For m = 0 the exact solution of the canonical equations (8.29), for a generic pump field 


€(z), can be separated into an even and an odd part, Yt and W~, as follows: 


WE) =e), Wo) =e-€(2) f ae’E*, (4.1) 
where c; and c_ are integration constants. In order to parametrize the solutions for dif- 


ferent values of A and ( (and also in view of subsequent applications to the massive mode 


solutions), it is now convenient to introduce the two indices v and 1, defined by 


A 1 28 iis 
V= —— SSS eo * 
a= ASD) Y= 9 3(A42) 
For the three possible values of (,,, 3; (see eq. (B-30)), they are related by 
3 
paisa B= bw =-5, 
3 
v=, B=Bia= >, 
3 
y=2—, B= fps =—Z(A+3). (4.3) 


We recall that, in the class of backgrounds we are considering, the parameter A is con- 
strained in the range —8/3 < A < —2 (because of the conditions of positive tension, 
absence of naked singularities and reality of the dilaton couplings). As a consequence, the 


index vp can range from 2 to +00. 


Let us first discuss the limiting case vy = vp = ov, corresponding to A = —2. For a 


generic pump field, with exponent (3, the massless solutions are: 


V5 00(2) = ct je sR, V0 00(2) = Coo 8en{ z} (es*rI — e Sr) ; (4.4) 
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In our background k > 0, so that the fluctuations W and w3, both with G = —3/2, are 
not normalizable. The even solutions of the free d’Alembert equation, with 3 = 3/2, are 
instead normalizable, so we have acceptable solutions for w; and wg. However, from the 
constraint (i,0) of eq. (B.13), w1 is forced to vanish when W = 0, unless the fluctuations are 
static, w; = 0. All the other constraints (using also the background equations) are instead 
identically satisfied by wo. It follows that, for A = —2, there are two independent massless 


modes localized on the brane: one, w2, is propagating and the other, w}, is static. 


The same is true for the case A < —2, i.e. finite vg. In that case the massless solutions 


can be written in the form 


WE (2) = ob, (1+ hlal)?”, 
Wo (2) = ep psen{z} [(1 + blz] 24” — (1+ Alz|)2-"]. (4.5) 


The solutions for W and ws always correspond to v < 0, and are not normalizable. The 
even d’Alembert modes, with vy = vg, are normalizable for vy > 1, ie. A > —4, so that 
w , and wy are always acceptable in our class of backgrounds, for which A > —8/3. Again, 
however, the constraint (8-13) implies w, = 0, unless w,; = 0, while the other constraints 
are identically satisfied by we, so we are left with non-trivial massless solutions only for a 


propagating fluctuation, wy, and for a static one, wy. 


We may thus conclude that all backgrounds of the class defined by the conditions (2.14) 
localize on the brane not only the massless spin-2 degrees of freedom (long-range tensor 
interactions), but also one propagating massless scalar degree of freedom (w2), corresponding 
to a long-range scalar interaction generated by the dilaton field. In the longitudinal gauge, 
the canonical representation w2 of such a scalar interaction is associated not only with 
the dilaton fluctuation y, but also with the four-dimensional “Bardeen potential” ~, and 
with the “breathing mode” T of the dimension orthogonal to the brane (see eqs. (B.23)). 
In addition, we have a second independent massless degree of freedom localized on the 
brane (w,), which is not propagating (w; = 0), but is essential to reproduce the standard 


long-range gravitational interaction in the static limit, as we shall discuss in Section 6. 


The localization of the scalar interactions does not impose any further constraints on 
the background, besides those of eq. (2.14). Also, in the limiting case of a pure AdSs5 
solution (A = —8/3, v9 = 2, a; = 0 = ae) the dilaton background disappears, and the 
dilaton fluctuation ~ = w2 decouples from the others. The only (static) contribution to the 
scalar sector of metric fluctuations comes from w,, which generates the long-range Newton 
potential ¢ = w on the brane (see Section 6). However, even in the case A = —8/3, 
the propagating dilaton flucutuation w2 is non-vanishing, and remains there to describe a 


(possibly dangerous) long-range scalar interaction. By contrast, no propagating massless 
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scalar modes appear in the “pure-gravity” models without bulk scalar fields in the action, 


as the AdSs brane-world scenario discussed in [10]. 


5 The massive mode spectrum 


The massive part of the spectrum of the canonical equations (B.29) is not localized on the 
brane; it may induce higher-dimensional (and short-range) corrections to the long-range 
scalar forces (just as in the case of the pure tensor part of the gravitational interaction 
(9), (19, Bij). Such corrections thus provide physical effects from the fifth dimension on our 


brane. 


In order to determine the massive modes able to survive the constraints of Section 3, 
and to evaluate the corresponding short-range corrections, we shall first present the exact 
solutions of the massive canonical equations (B.29), distinguishing, as before, the even and 
odd parts under z-reflections. For m 4 0, A = —2 (i.e. v9 = co), and a generic pump field 


with power (3, such solutions can be written as follows 





a 
Wihcol2) = = (qeosale| ~ Fksin lel) 


Winjco(2) = —4 = sin qz, (5.1) 


1/2 
q= [w? — <) ; (5.2) 


For A < —2, ie. finite v9, the solution can be written as a combination of first- and 
second-kind Bessel functions J, and Y, 8}, of index v given by eq. (4-2): 


Wi pl2) = Ome Bal [Ya (2) Jey) — a (2) Hw], 
Vol) = eno seuteh/t+mel |e (2) L- 1 (Z)Hw]. 63) 


Cia (= E (=) ae (my : y= =(l +k|z]). (5.4) 


Note that in the above equations we have adopted the 6-function normalization of the contin- 


where 


where 


uum modes, as for plane waves in one-dimensional quantum mechanics. As a consequence, 


WV, is dimensionless (unlike in Bij. where a different normalization is adopted). 


It is important to note that modes with negative squared mass (tachyons) are not 


included in the spectrum, as they would not correspond to a normalizable canonical variable 
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(W would blow up in z). This can be regarded as a direct check of the stability of the given 
class of CLP backgrounds against scalar perturbations, since tachyonic modes would also 
blow up in time, and would destroy the assumed homogeneity of the four-dimensional brane. 
Another consequence of the normalization condition is the mass gap (m? > k?/4, see eq. 
(5.2))) between the localized massless mode and the massive corrections, in the limiting 


background with vp = co (already noticed in Bul for the case of pure tensor interactions). 


We shall now impose the constraints (8.13)—(B.15) following from the perturbed back- 


ground equations. It is convenient to introduce the four amplitudes A;, A,,, defined by 


a—3/2 A, ; a—3/2 Ay é 





Wy = wget We = m,V0 ene 
Cm,vo—1 Cm,vo—1 
—3/2 4 —3/2 4 
a a 
w3 = Who (ze, W=—— "(ze em", (5.5) 
Cm,1—vo Cm,1—vo 





where W~ are the above normalized solutions. Plugging this ansatz into the constraint 
equations (8.13)-@.15), we find that, in contrast with the massless case, none of the four 
scalar fluctuations is forced to vanish. However, only two amplitudes are independent. By 
taking, for instance, wy and w3 as independent variables, we can indeed express A; and 
Aw in terms of Ay and As, for all values of vo, in such a way that all the constraints are 


identically satisfied. For a generic mode of mass m and momentum p, we find, in particular, 


2 


V2 —1 
Aj ean ial as ( 3 (VY = 2) Ag + 3V 21 -— TAs ‘ 


~ 9m2 + 6p? vy—1 


. 2 2 —T 
Ay = AP VD (80 —2)42 +3VBH=TAs), (5.6) 


9m? + 6p2 sw — 1 


which also hold when vp — oo. Note that a single combination of Ag and A3 determines 
both A, and A,,. 


For such backgrounds we thus have four types of higher-dimensional contributions to 
the scalar interactions on the brane, arising from the massive spectrum of w; and W. The 
exchange of such massive modes generates corrections to the four-dimensional scalar forces. 
The corrections are in general different from those of tensor interactions, arising from the 
massive spectrum of a variable satisfying the free d’Alembert equation, like wy. In the 
weak field limit, however, the leading-order contributions to the non-relativistic potential 
generated by a static scalar sources have the same qualitative behaviour as in the case of 


tensor interactions, as will be illustrated in the next section. 
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6 Static limit and leading-order corrections 


To make contact with previous works, and for future phenomenological applications, we 
shall now compute the effective scalar-tensor interaction induced on the brane, in the weak 


field limit, by a static and point-like source of mass M and dilatonic charge Q. 


In our longitudinal gauge (B.4), 8.3), in which the decomposition of the metric fluctu- 
ations is based on the O(3) symmetry of the spatial hypersurfaces of the brane, the energy 
density of a point-like particle only contributes to the scalar part of the perturbed matter 
stress tensor (with Too as the only non-vanishing component), and provides a 6-function 
source to the (0,0) scalar perturbation equation (8.9). Similarly, the charge Q acts as a 
point-like source in the dilaton perturbation equation (8.16). 


As a consequence, we obtain three 6-function sources in the equations for the three w; 
fluctuations, 9;6°(a — x’)(z), with three scalar charges S;, which are “mixtures” of M and 
Q, while no source term is obtained in the static limit for the W fluctuation (in agreement 
with the fact that W = 0, in the static limit, according to the constraint (i,0)). The effective 
sources 5; for the massless and massive w; fluctuations are defined by the combination of 
eqs. (4,4), (2,2), (0,0), and by the dilaton equation (8.14), as follows: 


M 
S,=M, So = Q+ 2a2M, S3 = 3 — 2a2Q. (6.1) 


The exact static solutions of eqs. (B.24))—(B.26), with the above point-like sources, can 
be easily obtained using the static limit of the retarded Green function evaluated on the 
brane (z = 0), ie. 

w,(v,x, 2°) = —S;G;(v,2, 2’), (6.2) 


d?p 


2 2 
Cwene 2-2 =0) =f oat ee [¥t0)| 
TT 


dm—.—_- 6.3 
p? mo p + m2 ( ) 


(see also [BY], BY, B9]). Here v = vp for i = 1,2, while v = 2—vo for i = 3, and Vov(2), aw) 
(including the case v = 00) are the exact solutions (1.4), (4-5), (6.1), (6.3), obtained in the 
previous sections. The first term in the integrand corresponds to the long-range forces 
generated by the massless modes, the second term to the “short-range” corrections due to 
the massive modes, and mo is the lower bound for the massive spectrum (mo = k/2 if 
Vy = 00, while m, = 0 if vp < 00, see eqs. (6.1), (6.9)). 


We should note that in the w1,w2 case we have to include both the massless and massive 


contributions, while in the ws case only the massive ones survive (indeed, we recall that 
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for m = 0 the ws modes are not normalizable, and that the massless sector of w;, in the 
static limit, is not eliminated by the constraint (7,0), see Section 4). We also note that the 
amplitude of the massless solutions (4), (5) has to be fixed by the correct normalization, 
i.e. 


aaa halsay fy = [atv — 1)”. (6.4) 


V 


Let us start with w1, for which vy = vo, and with the limiting background A = —2, Le. 
v = oo. By setting G = 3/2, and using eqs. 4) and 6.1) for V0 and Weds respectively, 


we obtain 
1/2 
ee k 2 [edm[{ 4 k ae 
wily = 00) = Si, b+Z 2 (m -4 e | ; (6.5) 


where r = |% — Z’|. The same integral had already been obtained in [81] when discussing 
the localization of tensor fluctuations, and the associated leading-order corrections (in the 


large-distance limit) are known to be of the form e~*"/2(kr)~3/2, 


In the case A < —2, ie. v = Vy < 00, we shall use instead eqs. (1.5) and for 
0, py and UF ai respectively. Also, we shall estimate the contribution of the massive modes 
by expanding the Bessel functions in the small-m regime (which is relevant at the long 
distances typical of the weak field limit). The small argument limit of J,, Y, then gives 

9 1 m \ 20-3 
[WF ve (0)| | (=) (6.6) 
and we are led to 


= Un — 2V9—2 
wi(v < 00) = -3, Heo) f et eee (<) | (6.7) 


(here [ obviously represents the Euler function, not to be confused with the g44 component 


of the metric fluctuations). 


Exactly the same results (6.5), (6.74) are obtained for w2, which satisfies the same free 
d’Alembert equation as w,, with the only difference that S; has to be replaced by So. 


Let us then compute w3, for which vy = 2 — 19, and which has only the massive mode 
contribution to the Green function. For A = —2, i.e vy = 00, we shall use eq. (5.1) for 
ape At z = 0 the solution however is G-independent, and we obtain the (massive part) 


of the result already given in eq. (6.5) (with S; replaced by $3). 


In the case A < —2, i.e v < 00, we shall use wt from eq. (p.3). In the large-distance 


m,2—Vo 


(small-m) regime, however, the contribution at z = 0 to the Green function is exactly the 


same as that of eq. (6.6), so that we obtain 
k(v — 1) I'(v — 1/2) 1 


2V9—2 
w3(v < oo) = he sary (=) , (6.8) 
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We are now ready to estimate, in the static limit, the dilaton and metric fluctuations 
x,0,w,y. We shall explicitly consider the case v9 < oo, for an easy comparison with 
previous results relative to an AdSs background, for which 19 = 2. Defining 


k(v = 1) 
Ay = = ae. 


_ Pw -1/2) 
By = “nlas) : (6.9) 


we first rewrite the w; solutions in compact form as: 


Si Avy 1 219 —2 
ee eB 
r (=) 


S2Auy ( i a 
= ———_|1+ B,, | — ; 
ma Tr °\ kr 


S3A, (i ase 
w3 = amero (=) (6.10) 





We may note, as a check of our previous computations, that the relative amplitude of 
the massive corrections, in the weak, static limit, is controlled by the correspondig scalar 
charges, which satisfy the relation (from eq. (6.]})): 


1 
S3 + 2a2S>) = (5 + 43) S\. (6.11) 


By eliminating a2 in favour of A according to eq. (2.11), and A in terms of vg, according 
to eq. (4.2), we obtain 


Si= — ; Frac — 2)(2v9 — 1)S2 + (2% — 1)5: (6.12) 


which exactly reproduces, in the static limit m?+ p? — 0, the general relation (6.4) between 





the massive amplitudes. 


It is convenient, at this point, to explicitly introduce the four-dimensional gravitational 


constant M,, 2 by noting that 


A= Meo) = 4 [vit.,()] = ~ | di a°(2)| ~, (6.13) 


The above normalization integral, when expressed in terms of a new bulk coordinate y, 
with dy = a(z)dz, represents the warped extra-dimensional volume that controls the ratio 


between the four- and five-dimensional gravitational constants (1 [LO], Le. 
M; - M3 [ dy a*(y) = M3 [ az a*(z). (6.14) 
It follows that, in units such that M3 = 1, 
Ay = (4nMz)~' = 2G, (6.15) 
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where G is the Newton coupling constant. The scalar and dilaton fluctuations (B.23), using 
the static solutions (6.10), can then be written in the form: 
GM 2a2 Q 4 i202 
= | reece ee A) hee 
+ Ty 1203 Gag a2) +5 4 =) 


GM 2a2 8) ) 2 ( i _ 
=~ a 2 3 Bu = : 
% r 1+ 1202 (= i °\ kr 








GM | 4ag Q 2 1240-2 
Fe a 28 te 
r |1+ 1202 Get a2) +5 » (F 
GQ 2 M i es 
Se aa 6.16 
ar reer al ag) + » (=) ae 





It should be noted that the short-range corrections induced by the massive scalar modes 
have the same qualitative behaviour as in the tensor case, discussed in [81], in spite of 
the fact that the massive scalar modes have different spectra. The dimensional decoupling 
(i.e., the suppression of the higher-dimensional corrections) is thus effective for all scales of 
distance r such that kr >> 1, where k = (M3/M?)(vo —1)~! is the mass scale relating the 


five- and four-dimensional gravitational constants, in our class of backgrounds. 


The limiting case A = —8/3, i.e. ag = 0 and 1 = 2, corresponds to a pure AdS5 
background, if there are no scalar charges on the brane. In that case w2 exactly corresponds 
to the dilaton fluctuation x (see eq. (B.2J)), and can be consistently set to zero (toghether 
with the dilaton background) if we want to match, in particular, the “standard” brane-world 
configuration originally considered by Randall and Sundrum (£9). In this limit, Bz = 1/2, 


and we exactly recover previous results for the effective gravitational interaction on the 


brane [B23], i.e. 
GM 2 GM 1 
eo" (tga) v= (1+ gpa): eat 











The massless-mode truncation reproduces in this case the static, weak field limit of 
linearized general relativity (note, however, that for Q 4 0 there is no way to get rid of the 
long-range scalar interactions). The massive tower of scalar fluctuations, however, induces 
deviations from Einstein gravity already in the static limit (as noted in Bj), and is the 


source of a short-range force due to the “breathing” of the fifth dimension, 


GM 1 
al ar Ukr)’ en 





even in the absence of bulk scalar fields, and of scalar charges for the matter on the brane. 


In a more general gravi-dilaton background (A 4 —8/3, ag 4 0), the static expansion 


(6.16) describes an effective scalar-tensor interaction on the brane, which is potentially 
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dangerous for the brane-world scenario, as it contains not only short-range corrections, but 
also long-range scalar deviations from general relativity (and, possibly, violations of the 
Einstein equivalence principle), even in the interaction of ordinary masses, i.e. for Q = 0 
(similar results have been recently obtained also in the context of a multibrane scenario Eq)). 
This seems to offer an interesting window to investigate the effects of the bulk geometry on 


the four-dimensional physics of the brane. 


7 Conclusions 


In this paper we have analysed the full set of coupled equations governing the evolution of 
scalar fluctuations in a dilatonic brane-world background, supporting a flat 3-brane rigidly 
located at the fixed point of Z2 symmetry. We have diagonalized the system of dynamical 
equations, and found four decoupled but self-interacting variables representing, in a five- 
dimensional bulk, the four independent degrees of freedom of scalar excitations of the gravi- 


dilaton background. 


We have then restricted our discussion to the class of background solutions characterized 
by a brane of positive tension, by a decreasing warp-factor as we move away from the 
brane, and by the absence of naked singularities Bij. Such a class of backgrounds can be 
characterized by a real parameter A ranging from —8/3 to —2 or, alternatively, by a real 
parameter vp ranging from 2 to +oo. The limiting case A = —8/3, vo = 2, corresponds to 
the “pure-gravity” AdSs background (td). 


We have presented the exact solutions of the canonical perturbation equation for all the 
scalar degrees of freedom, and we have discussed, in this class of backgrounds, the effects 
of their massless and massive spectrum for the scalar interactions on the brane, taking into 
account the appropriate parity under Z 2 symmetry, the normalization condition for the 
bound states of the spectrum, and the first-order differential constraints arising from the 


dynamics of scalar perturbations. 


We have found that, for all backgrounds, there is one propagating massless mode lo- 
calized on the brane, associated with a long-range dilatonic interaction in four dimensions. 
Only very exceptionally (i.e. for a RS background and vanishing dilatonic charges) this “fifth 
force” disappears. This interaction is always affected by higher-dimensional corrections, due 
to the scalar massive modes that are not confined on the brane and can freely propagate in 
the bulk space-time. The amplitudes of such massive modes are constrained by the scalar 
perturbation equations and, in general, only two amplitudes can be independently assigned. 
The scalar fluctuation spectra are in general different from the corresponding spectra of the 


spin-2 degrees of freedom. In the weak and static limit, however, the leading-order short- 
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range corrections to the scalar force have the same radial dependence as in the case of pure 


tensor interactions. 


In particular, we have found a non-trivial massive spectrum of scalar metric fluctuations 
even in the pure Randall-Sundrum scenario with AdS;5 metric {Lo}. In more general back- 
grounds we have found that there are also scalar contributions to the long-range interactions 
of two massive bodies, even in the absence of specific “dilatonic” charges, with a resulting 
effective scalar-tensor interaction on the brane. In this sense, the bulk geometry seems to 
affect not only the radial dependence, but also the spin content of the effective gravitational 
forces. We believe that this effect is potentially interesting for further applications of (and 


constraints on) the brane-world scenario. 
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Abstract 


We present the results of a detailed study of how isocurvature axion fluctuations 
are converted into adiabatic metric perturbations through axion decay, and discuss the 
constraints on the parameters of pre-big bang cosmology needed for consistency with 
present CMB-anisotropy data. The large-scale normalization of temperature fluctua- 
tions has a non-trivial dependence both on the mass and on the initial value of the axion. 
In the simplest, minimal models of pre-big bang inflation, consistency with the COBE 
normalization requires a slightly tilted (blue) spectrum, while a strictly scale-invariant 
spectrum requires mild modifications of the minimal backgrounds at large curvature 
and/or string coupling. 


It is well known that, in the framework of pre-big bang cosmology (see fi. for recent 
reviews), the primordial spectrum of scalar (and tensor) metric perturbations is character- 
ized by a steep positive slope BI. Since the high-frequency normalization of the spectrum 
is fixed by the ratio of the string to the Planck mass, the amplitude of metric fluctuations 
turns out to be strongly suppressed at large scales, and thus unable to account for the CMB 
anisotropies observed by COBE Al and by other satellite experiments [5] (unless one accepts 
rather drastic modifications of pre-big bang kinematics, as recently suggested in (i). 


A possible solution to this problem could be provided, a priori, by the fluctuations 
of another background field of string theory, in particular of the so-called Kalb—Ramond 
axion o (the dual of the NS-NS two-form appearing in the dimensionally reduced string 
effective action fa). As first pointed out in ISI axionic quantum fluctuations of the vac- 
uum are amplified by pre-big bang inflation, yielding a final spectrum whose index n, can 
vary, depending on the evolution of extra dimensions. The scale-invariant value of ng = 1 
is attained, amusingly enough, for particularly symmetric evolutions of the nine spatial 
dimensions in which critical superstrings consistently propagate. 


Indeed, even if no axion potential is present in the post-big bang era, a (generally non- 
Gaussian) spectrum of temperature anisotropies can be induced by the fluctuations of the 
massless leh axion field, at second order, through the so-called “seed” mechanism fia]. 
The same is true for a massive light axion that has not decayed yet (2). Unfortunately, while 
the model is capable of reproducing the low-multipole COBE data A. it clearly appears 
to be disfavoured with respect to standard inflationary models when it comes to fitting 
data in the acoustic-peaks region 6. 


An interesting alternative possibility, first suggested in i. and recently discussed in 
detail (and not exclusively within a string cosmology framework) in (4-fa, uses a general 
mechanism originally pointed out in (ig). It is based on two basic assumptions: i) the 
constant value of the axion background after the pre-big bang phase is displaced from the 
minimum (conventionally defined as o = 0) of the non-perturbative potential V(c) gener- 
ated in the post-big bang epoch; ii) the axion potential is strong enough to induce a phase 
of axion dominance before its decay into radiation. Under these two (rather plausible) as- 
sumptions, the initially amplified isocurvature axion fluctuations can be converted, without 
appreciable change of the spectrum, into adiabatic (and Gaussian) scalar curvature pertur- 
bations until the time of horizon re-entry: these can then possibly produce the observed 
CMB anisotropies. 


Various aspects of this new mechanism have already been discussed in for the string 
theory axion, and in (t5|- 7) (mostly in the context of conventional inflationary models) 
for the case of a generic scalar field, dubbed the “curvaton” in [15] (see also [18] for a 
possible application of this mechanism to the ekpyrotic scenario). Here, after providing 
an explicit derivation and computation of the conversion of axion fluctuations into scalar 
curvature perturbations, we shall discuss the constraints imposed by the CMB data, and 


its possible consistency with the small-scale normalization and tilts typical of pre-big bang 
models. It will be argued, in particular, that a strictly flat spectrum is only compatible with 
non-minimal models of pre-big bang inflation. A detailed account of this work, including 
numerical checks of the analytic arguments and estimates given here, will be presented in 
a forthcoming paper [RO]. 


The conversion of the axionic isocurvature modes (amplified during the pre-big-bang 
phase) into adiabatic curvature inhomogeneities takes place in the post-big-bang phase, 
where we assume the dilaton to be frozen and the axion to be displaced from the minimum 
of its potential. The relaxation of the axionic field towards the minimum of its potential is 
determined by the following evolution equations (units where 167G = 1 are used) 


V l V f V 1 V 1 Vv 1 
Ry, = =0,,it = glu + 5009 o+ 3 ou lv = 3(V10)| 3 
OV 
V Vio + — =0, 1 
Le a+ Oa ( ) 


where T),, is the stress tensor of the matter sources, which we assume to be dominated by 
the radiation fluid. In the case of a conformally flat metric, g,, = a Nyy; the time and space 
components of such equations, together with the axion evolution equation, can be written 
(in conformal time and in three spatial dimensions) respectively as 


6H? =a? (p, + po), 4H! + 2H? = —a? (p, + po); (2) 
o 22a + ov = 0, (3) 
Oo 


where H = a’/a = d(Ina)/dn, p, = 3p, is the energy density of the radiation fluid, and 


1 


ll —V(o). (4) 


i 
po = 50" + V(0); Po = 


The combination of Eqs. (B}) and ®) leads to the conservation equation for the radiation 
fluid, ie. p}. + 4Hp, = 0. 


While the background is radiation-dominated, at least at the onset of the post-big- 
bang phase, the initial large-scale inhomogeneities are dominated by the (isocurvature) 
perturbations coming from the pre-big bang amplification of the quantum fluctuations of 
the axion. In order to study the conversion of isocurvature into scalar curvature (adiabatic) 
modes, the background Eqs. (2) and ®@) should be supplemented by the evolution equations 
of the scalar inhomogeneities, following from the perturbation of the Einstein equations (i). 


Thanks to the absence of anisotropic stresses, the i 4 7 components of the perturbed 
Einstein equations imply that the scalar metric fluctuations can be parametrized in terms of 
a single gauge-invariant variable, the Bardeen potential ® Pi}. The full system of perturbed 
Einstein equations can then be written as 


1 1 
0 + HO = qxo + ZU Pri (5) 


1 
V2 = 3H (' + H®) = ra (Pr dr + Podc) ; (6) 


1 1 
&” + 3HO! + (2H + H?) 2 = qe (Sends + Spe ; (7) 
av OV 
x" + 2Hy' — V?x + a® — x = 40'6' — 20? — 4, (8) 
Oa? Oo 


where the gauge-invariant variables x, 6p,;, vp are, respectively, the axion, radiation density 
and velocity potential fluctuations [with our conventions, in the longitudinal gauge the 
velocity potential is defined by 67° = (p, + p,)0;v,], and where the following variables 











Or = Or / Pr, bo = bPo/Po; 
a'y’ OV 
6 o> —® o a) B_X 
p (Po + Po) + 3 + BOX 
a'y’ OV 
} oc —® o ao) 7 Soa 
Pp (Pc + Po) oe oe (9) 


have been defined (we have also assumed dp, = 6p,/3). By using the above perturbation 
equations, together with the background relations and ®). two useful equations for 
the evolution of the radiation density contrast and of the velocity potential can be finally 
obtained: 
/ / 4 2 / it 
O, = 4 + 3V Urs Up = qo + ®. (10) 


We now suppose to start at t = ¢; with a radiation-dominated phase in which the 
homogeneous axion background is initially constant and non-vanishing, o(t;) = o; 4 0, 
o'(t;) = 0, providing a subdominant (potential) energy density, po(t;) = —po(ti) = Vi 
< H? ~ p,(t;). The initial conditions of Eqs. (f)-(8) are imposed by assuming a given 
spectrum of isocurvature axion fluctuations, y;(t;) 4 0, and a total absence of perturbations 
for the metric and the radiation fluid, ®(t;) = 6,(t;) = v,(t;) = 0. The initial values of the 
first derivatives of the perturbation variables are then fixed by enforcing the momentum 
and Hamiltonian constraints, i.e. Eqs. (ff) and (@). 


Before discussing the origin of curvature fluctuations we must specify the details of the 
background evolution. The axion, initially constant and subdominant, starts oscillating 
at a curvature scale Hos. ~ m (as can be argued from Eq. (3), and eventually decays 
(with gravitational strength) into radiation, at a scale Hy ~ m? /M2 < Hosc (a process 
that must occur early enough, not to disturb the subsequent standard evolution). When 
the axion is constant, pz behaves like an effective cosmological constant, while during the 
oscillatory phase its kinetic and potential energy density are equal on the average, so that 
(po) = 0, and (p,) ~ a~? behaves like dust matter. Thus the radiation energy is always 
diluted faster, p, ~ a~*, and the axion background tends to become dominant at a scale 
H(t) ~ J/Vo(t)). 


For an efficient conversion of the initial y and 6, fluctuations into ® and 6, fluctuations 
it is further required (14) [£4], as we shall see, that the decay occur after the beginning of 


the axion-dominated phase, i.e. when H, > Hg. Depending upon the relative values of H, 
and Hosc (i.e. depending upon the value of o; in Planck units) we have two different options 
which will now be discussed separately. In order to perform explicit analytical estimates, 
we shall assume here that V(c) can be approximated by the quadratic form m?oa?/2. This 
is certainly true for 0; < 1, but it may be expected to be a realistic approximation also for 
the range of values of o; not much larger than 1 (which, as we shall see, is the appropriate 
range for a normalization of the spectrum compatible with present data). Actually, for the 
periodic potential expected for an axion the value of |o;| is effectively bounded from above 


[4]. 


(1) If o; <1 then Hz < Hose, and the axion starts oscillating (at a scale H ~ m) when 
the Universe is still radiation-dominated. During the oscillations the average potential en- 
ergy density decreases like a~?, i.e. the typical amplitude of oscillation decreases, following 
an a~3/? law, from its initial value o; to the value ogom at which H = Hz ~ mogom. During 
this period a ~ H~'/? (as the background is radiation-dominated), so that odom ~ o, 
and H, ~ mo}. Finally, the background remains axion-dominated until the decay scale 
Hy ~ m3 /M@. This model of background is thus consistent for H; > Hose > Ha > Ha, 
namely for 


1 > 0; > (m/Mp)'/?, (11) 


which allows for a wide range for o;, if we recall the cosmological bounds on the mass 
following from the decay of a gravitationally coupled scalar Pz (typically, m > 10 TeV to 
avoid disturbing standard nucleosynthesis). 


(2) Ifo; > 1, and then H, > Hosc, the axion starts dominating at the scale H, ~ moj, 
which marks the beginning of a phase of slow-roll inflation, lasting until the curvature drops 
below the oscillation scale Hog. ~ m. Such a model of background is consistent for H, < My, 
namely for 

Hy/m>o;,>1, (12) 


where H; (fixed around the string scale) corresponds to the beginning of the radiation- 
dominated, post-big bang evolution. During the inflationary phase the slow decrease of the 
Hubble scale can be approximated (according to the background equations (Q) and ()) 
by H(t) = amo; — 3m?(t —t,), where a and ( are dimensionless coefficients of order 1. 
Inflation thus begins at the epoch t = tz ~ 1/mo;, and lasts until the epoch t = tm, ~ 
(0; —1)/m ~ o;/m. 


Finally, if 0; ~ 1, He ~ Hose ~ m, and the beginning of the oscillating and of the 
axion-dominated phase are nearly simultaneous. Let us now estimate, for these classes 
of backgrounds, the evolution of the Bardeen potential generated by the primordial axion 
fluctuations. 


It is convenient, for this purpose, to introduce the gauge-invariant variable ¢ representing 
the spatial curvature perturbation on uniform density (or equivalently, at large scales, on 
comoving) hypersurfaces. For purely adiabatic perturbations ¢ is conserved (outside the 


horizon), and can be written for a general background as Pi: 


_ HO! + H?® 


(==2 H2 —H! 


(13) 


Outside the horizon, Eq. gives 46 = 6,; the sum of the two background equations 
for the denominator H? — H’ and the Hamiltonian constraint (6) for the numerator 
H®’ + H?®, allow ¢ to be rewritten in the convenient form 


_ Poba(k) — (3/4)(06 + Po)5r(K). aa 


¢ 
: Ap, + 3(po + Po) 


This expression has been obtained by neglecting the contribution of spatial gradients in Eqs. 
(5)-(8). Numerical integration shows [Pq] that the corrections coming from these terms are 
indeed negligible for the large-scale modes leading to the anisotropies in the CMB. 


Consider now the beginning of the post-big bang phase, when the radiation dominates 
the background while the axion dominates the fluctuations. In this case Eq. (14) gives 


immediately: 

1 po5e(k) 1 OV 1 a? OV 4 

—_ = —Xrk = Sa ; 15 
A by 4p, Oo Xk = 94H? Oo XE XO 8) 
where we have used the fact that, in the initial phase, o is approximately constant. Since 
also ®; will behave like a‘, it is easy to find its relation to ¢ using, inside (13), ®' = 4H® 


and H! = —H?, with the result: 





Ck = 


2 _ Jt Po (k) 


1 
26k id. oe (16) 


In order to proceed further, two alternatives (already discussed in the context of the back- 
ground evolution) should now be separately examined: 


(1) If o; < 1, during the oscillating (but still radiation-dominated) phase, ¢ can still be 
obtained from Eq. (14), but now pz ~ dp, ~ a7, and ¢ will evolve like a ~ n ~ t'/?. Since 
a changes by a factor (m/H,)'/? ~ (0;)~?, we end up with a value of ¢; at t, given by: 

Ce (to) ~ Xx(ti) oj, <1. (17) 

OF 

On the other hand, using again Eq. (13) and the appropriate relations in the oscillating, 
radiation-dominated phase, we find ®;(t,) = —C;(t,)/2. In the final phase, dominated by 
an oscillating axion, p, is negligible, the (average) axion pressure is zero, and (the average 
of) ©, is constant, as well as the average of ¢,, which oscillates around a final amplitude 
of the same order as ¢;(t~) given in eq. (17). This implies, through Eqs. (5), (@) and (10), 
6,(k) = —20;, = —(1/2)6,(k), so that, from Eq. ({13) we are led to 


5 


(Gx) = 2 (x) = 2608), (18) 


where (...) refers to averages over one oscillation period. We have checked the validity of 
this result by an explicit numerical integration (the same result has already been presented 
in [15], using different notations). 


(2) If o; > 1, then Eq. (14) can still be used until t, = 1/mo;, where we find: 


ts) = —— — 
Ce(to) Ap, Be = 


During the period of axion-dominated slow-roll inflation, Eq. (14) is still valid. However, 
since py soon becomes subdominant with respect to pg + pz, it should be appreciated that 
at the end of the slow-roll period the latter term is of order m?, and the resulting estimate 


will thus be: ic. 
_ Xk eee 
Ce(tm) = 7a rr a Xalts)ou, o,> 1. (20) 
Note that this formula is in (qualitative) agreement with Eq. (ig), if we use dpg ~ 
m yz (ti)oi and pg ~ m?. No further amplification is expected in the course of the subse- 


quent cosmological evolution. Similar expressions hold for the amplitude of ®;, related to 
G, by Eq. (18). 


It is amusing to observe that the results (17), (20), which determine the amplitude of 
the Bardeen potential in the oscillating (axion-dominated) phase preceding the moment 
(t = tg) at which the decay occurs, can be summarized by an equation that holds in all 
cases, namely 


(x (ta)) = —xe(ti) F (0%), f(a) = (as. +24 cs) (21) 


where cj), C2,c3 are numerical coefficients of the order of unity. A preliminary fit based on 
numerical and analytical integrations of the perturbation equations gives c, = 0.129,co = 
0.183, c3 = 0.019 (see [20] for further details). The function f(o;) has the interesting feature 
that it is approximately invariant under the transformation 0; — 0; | and, as a consequence, 


has a minimal value around o; = 1, a result we shall use later on. 


The generated spectrum of super-horizon curvature perturbations is thus directly deter- 
mined by the primordial spectrum of isocurvature axion fluctuations y,, according to Eqs. 
17}) and (Bd). The axion fluctuations, on the other hand, are solutions (with pre-big bang 
initial conditions) of Eq. @) in the radiation era (no additional amplification is expected, 
for super-horizon modes, in the axion-dominated phase), computed for negligible curvature 
perturbations (® = 0 = ©’), evaluated in the massive, non-relativistic limit (where we are, 
eventually, in the oscillating regime) and outside the horizon. The exact solution for xx, 
normalized to a relativistic spectrum of quantum fluctuations (amplified with the Bogoli- 
ubov coefficient c,) has already been computed in [Lo}. Setting « = n/2a, a = mH,a?, 
b = —k?/2a, it can be written in the form 


eee ( e a aia.) (22) 


a \2a 


where yo is the odd part of the parabolic cylinder functions B3). Outside the horizon 
(—ba? < 1) and for non-relativistic modes (—b < 27), the solution can be expanded, to 
leading order, as yo ~ « = nV2a. By inserting a generic power-law spectrum, with cut- 
off scale k, = Hja, and spectral index n, i.e. |c,| = (k/k1)—>/?, we finally obtain the 
generated spectrum of curvature perturbations: 


P _ HM, 2 k n-1 
OP = Po bul =o) (4) (FE) k<k (23) 
Mp ky 
(we have absorbed into the definition of k, possible numerical factors of order one connecting 
the cut-off scale to the string mass). 


Note that we have re-inserted the appropriate Planck mass factors, keeping o; dimen- 
sionless. It may be useful to recall that the spectral index n depends upon the pre big-bang 
dynamics Al. and that for an isotropic 6-dimensional subspace it can be written in the form 


[3 
4+ 6r? — 23 + 6r? 
= —_—_—_ (24) 
1+ 3r? 
where r = (V6V3)/(2V6V3) accounts for the relative rate of variation of the six-dimensional 
internal volume Vg and of the “external” (usual) volume V3. As already mentioned, the case 





of a flat spectrum (i.e. n = 1) corresponds to r = +1. Otherwise, n increases monotonically 
with r? from the value n = 4 — 2/3 ~ 0.53 when internal dimensions are static (r = 0), to 
n = 2 for the case of a static external manifold (r — oo). 


The result (23) is valid during the axion-dominated phase, and has to be transferred to 
the phase of standard evolution, by matching the (well-known [21]) solution for the Bardeen 
potential in the radiation era (subsequent to axion decay) to the solution prior to decay, 
which is in general oscillating. The matching of ® and ©’, conventionally performed at the 
fixed scale H = Hy, shows that the constant asymptotic value (Bi) of super-horizon modes 
is preserved (to leading order) by the decay process, modulo a random, mass-dependent 
correction which typically takes the form 1 + €sin(m/Hq), with € a numerical coefficient of 
order 1, and m/Hg > 1. Such a random factor, however, is a consequence of the sudden 
approximation adopted to describe the decay process, and disappears in a more realistic 
treatment in which the axion equation (8) is supplemented by the friction term +To’/a 
(leading to the term +I'o*/a? in the equation for pz), and a corresponding antifriction 
term —I'o’”/a? in the radiation equation. The axion fluctuations will follow the background 
and decay with a similar term, +IT’/a, in the perturbation equation (9). 


The previous analysis performed up to t = tg remains valid for the modified equations, 
since for [ < H the decay terms are negligible. We have checked with a numerical integra- 
tion Pd] that the decay process preserves the value of the Bardeen potential prior to decay, 
damping the residual oscillations; ¢ itself follows the same behaviour and is finally exactly 
a constant. When the axion has completely decayed, and the Universe is again dominated 
by radiation, we can properly match the standard evolution of ® in the radiation phase 


to the constant asymptotic value of Eq. (Ri). The expression we obtain for the (oscillat- 
ing) Bardeen potential, valid until the epoch of matter—radiation equality (denoted in the 
following by meq), can be written in the form 


cos (kes) _ sin (kes) 


Px (7) = —3®x (Na) 5 ae Nd <1 <Neq: (25) 
(kes) (kes) 


where c, = 1/V3 and ©,(nq) is given in Eq. (2]). 


The above expression for the Bardeen potential provides the initial condition for the 
evolution of the CMB-temperature fluctuations, and the formation of their oscillatory pat- 
tern. Standard results (see also 25}) imply that the patterns of the CMB anisotropies 
(and, in particular, the position of the first Doppler peak) are related to the sum of two 
oscillating contributions, with a relative phase of 7/2. Denoting by ngec the decoupling 
time, the first contribution oscillates like A cos [krs(Naec)], while the second one oscillates 
like Bsin [krs(Naec)], where 1s(Naec) is the sound-horizon at 7 = Naec- The value of ®; for 
1 <KMNeq < Ndec determines, in particular, the relative phase of oscillation of the two terms. 
In our case, from Eq. (25), ®4(m) = constant and ©/,(mj) ~ 0, where nq < mi < Meq, and 
kn, < 1. This implies B = 0, so that the temperature anisotropies (AT/T), will oscillate 
like [24] ®;.(7j) cos [kr's(Maec)], as is generally the case for adiabatic fluctuations. The op- 
posite case, ®;(n;) ~ 0 and (7) = constant, corresponds instead to isocurvature initial 
conditions 2d), producing a peak structure that is clearly distinguishable from the adiabatic 
case and, at present, observationally disfavoured. 


After checking that the above scenario leads to the standard adiabatic mode, producing 
the observed peak structure of the CMB anisotropies, we still have to discuss the possibility 
of a correct large-scale normalization of the spectrum, compatible with the COBE data. We 
start from the observation that the final amplitude of the super-horizon perturbations (B3), 
just like the spectral slope, is not at all affected by the non-relativistic corrections to the 
axion spectrum ia, in spite of the crucial role played by the mass in the decay process (see 
also |14]]). The mass dependence reappears, however, when computing the amplitude of the 
spectrum at the present horizon scale wo, in order to impose the corrected normalization to 
the quadrupole coefficient Cy determined by COBE, namely 


Cz = af, f? (0%) ( ie ) (2)" oe a pe as —_ (5) 


2 
ae) os “Release 


where PQ] C2 = (1.9 + 0.23) x 1071°. 





The present value of the cut-off frequency, w;(to) = Hj a,/ao, depends in fact on the 
kinematics as well as on the duration of the axion-dominated phase (and thus on the axion 
mass), as follows: 


wi(to) = Ay (=) (=) == (=) , aj<1, (27) 
Go/rad \Ad/ mat \4eq/ 3g \ 40 7 mat 








= (2) (2g Dal) (Bag 04 
Ga/ rad \Gosc/ inf \ 4d / mat \Geq/ 44 \ 40 7 mat 


Using Hp ~ 10H, ~ 10-®! Mp we find 


-1/2 —1/3 
al Cc = a 29 
wi (a (=| a ee) 
Hy\-¥2 ( m \-¥3 
~ 10-29 ( ) (=) Z, =a 
ia (err We o>, (30) 


where Z, = (dosc/@,) denotes the amplification of the scale factor during the phase of 
axion-dominated, slow-roll inflation. The COBE normalization thus imposes 


H. (5—n) /2 —(n—-1)/3 

2.2 2(n—4)/3 1 m —29(n—1) —10 

1 ~1 4 <1, (81 

C501, 0; (=) (7) 0 ia a, < 1, (al) 
7 H, \ ©-2)/2 7 m \—(n-0)/3 

2 27n-1 (5 n)/2 ( 1 ) ( ) 1 —29(n—1) ~ 1 —10 ji 1. 2 

cjay,Zy 0; ie We 0 Qo", ay > 1, (22) 


We can notice, as a side remark, that the contribution of the gradients appearing in Eqs. 
)-) follows the same hierarchy of scales as provided by Eqs. (B9), (80) and this is the 
reason why, ultimately, the contribution of the gradients can be neglected as far as the 
evolution of large-scale modes is concerned. 


The condition (Bl) is to be combined with the constraint (LI), the condition (62) with 
the constraint (12), which are required for the consistency of the corresponding classes of 
background evolution. Also, both conditions are to be intersected with the experimentally 
allowed range of the spectral index. Finally, in the case o; > 1 we are also implicitly 
assuming that the axion-driven inflation is short enough to avoid a possible contribution 
to Cy arising from the metric fluctuations directly amplified from the vacuum, during the 
phase of axionic inflation. This requires that the smallest amplified frequency mode w,, 
crossing the horizon at the beginning of inflation, be today still larger than the present 
horizon scale wo. This imposes the condition w(to) = H,(ac/ao) > wo, namely 

5/6 
Ze S100; (=) (33) 
to be added to the constraint (12) for o; > 1. It turns out, however, that this condition 
is always automatically satisfied for the range of spectral indices we are interested in (in 
particular, for n < 1.7). 


The allowed range of parameters compatible with all constraints is rather strongly sen- 
sitive to the values of the pre-big bang inflation scale H,. In the context of minimal models 
of pre-big bang inflation [Bl] we have H, ~ M,, and a flat spectrum (n = 1) is inconsistent 
with the normalization (Bi), (B2). A growing (“blue”) spectrum is instead allowed, and by 
setting for instance c2a,H,/Mp = 10-2, using (as a reference value) the upper bound 


n < 1.4, and considering the case o; < 1, we find a wide range of allowed axion masses, 
but a rather narrow range of allowed values for o;, namely 1 = 0; 2 10~°/2, and of allowed 
values for the spectral index, n ~ 1.22-1.4. In the case o; > 1 the results are complemen- 
tary for the spectral index, but there are much more stringent bounds for o;, because the 
inflationary redshift factor Z, grows exponentially with o?, in such a way that the COBE 
normalization (Ba) cannot be satisfied, unless the upper value of o; is strongly bounded. 
This means that the apparent symmetry between the o; < 1 and the o; > 1 cases is broken 


by the requirement of the CMB normalization, which forbids too large values of o;. 


The allowed region may be further extended if the inflation scale H, is lowered, and 
a flat (n = 1) spectrum may become possible if czan Hi S 107° Mpo;, for oj < 1, and if 
C10, H, S 10-°Mp/o;, for o; > 1 (see Eqs. (81) and (B2)). This possibility could arise in 
a recently proposed framework Bd according to which, at strong bare coupling e%, loop 
effects renormalize downwards the ratio M,/Mp and allow M, to approach the unification 
scale. In addition, a flat spectrum may be allowed even keeping pre-big bang inflation at 
a high-curvature scale, provided the relativistic branch of the primordial axion fluctuations 
is characterized by a frequency-dependent slope, which is flat enough at low frequency (to 
agree with large-scale observations) and much steeper at high frequencies (to match the 
string normalization at the end-point of the spectrum). 


A typical example of such a spectrum can be parametrized by a Bogoliubov coefficient 
with a break at the intermediate scale k,, 


n—5+6 
lar = (=) ks <k < ky, 
ky 


n—5+06 n—5 
(BY (AY keke a 
1 Ss 


where 6 > 0 parametrizes the slope of the break at high frequency. Examples of realistic 





pre-big bang backgrounds producing such a spectrum of axion fluctuations have been al- 
ready presented in [12]. Furthermore, a steeper axion spectrum at high frequency could 
also emerge if the exit from pre-big bang inflation occurred at relatively strong bare cou- 
pling, where various quantities may become dilaton-independent as argued in Boh, and the 
renormalized axion pump field should approach the canonical pump field of metric pertur- 
bations. Quite independently of the effective mechanism, it is clear that the steeper and/or 
the longer the high-frequency branch of the spectrum, the larger the suppression at low- 
frequency scales, and the easier the matching of the amplitude to the measured anisotropies 
(in spite of possible o;-dependent enhancements). 


Using the generalized input (84) for the spectrum of yz, the amplitude of the low- 
frequency (k < k,) Bardeen spectrum (23) is to be multiplied by the suppression factor 
A = (k,/k,)® <1, and the normalization condition at the COBE scale becomes 


Hy \? (wo\"" _ 
wa(dip) (AY <0m nck 
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Figure 1: Plot of the COBE normalization condition for 0; = 1, f(1) = 0.33, m = 10!° 
GeV, ki/ks = ki/ Req ~ 10?” (H,/Mp)!/2(m/Mp)*/3, and for various values of the inflation 
scale H,. The four curves correspond, from left to right respectively, to log(H,/Mp) = 
—4,-3,—2,-1. 





o;H 2 wo n—-1 7 
ac ( Me ) (=) ~ Cn,A7}, a> L, (36) 


A strictly flat spectrum is now possible, even for aj H, = a,;M, ~ 10~?Mp, provided 


A (co? ~ c3o;”) = 107%: (37) 


i 
It thus becomes possible, in this context, to satisfy the stringent limits imposed by the most 


recent analyses of the peak and dip structure of the spectrum at small scales Bil, which 
imply 0.87 < n < 1.06 (see also (BQ). 


In order to illustrate this possibility, let us specify further Eq. (B4) by identifying k, with 
the scale k.q of matter—radiation equivalence, in such a way that n will denote the value of 
the axion spectral index for the scales relevant to CMB anisotropies, while n+6 provides the 
(average) axion spectral index in the remaining range of scales, up to the cutoff k;. Then, 
after imposing the COBE normalization condition a? f?(0;)(H1/Mp)?(wo/w1)? = Co, we 
plot in Fig. 1 curves corresponding to some given values of the ratio H;/Mp ~ M,/Mp. 
We have done this choosing the values a; = 1 and m = 10!° GeV, but for n around 1 the 
curves are very stable, even if we change m by many orders of magnitude, provided we stay 
at o; of order 1 (i.e. near the minimum of f). A look at the figure shows immediately that 
the phenomenologically allowed range for n is theoretically consistent even for M,/Mp as 
large as 0.1, provided we allow for a small break in the spectrum, 6 ~ 0.2. Conversely, 
we can allow having no break at all in the spectrum (6 = 0), if we are willing to take 
M,/Mp ~ 1073, ie. a string mass close to the GUT scale. 


We conclude that, in the context of the pre-big bang scenario, a “curvaton” model based 
on the Kalb—Ramond axion is able to produce the adiabatic curvature perturbation needed 


11 


to explain the observed large-scale anisotropies. The simplest, minimal model of pre-big 


bang inflation seems to prefer blue spectra. A strictly scale-invariant (or even slightly 


red, n < 1) spectrum is not excluded but requires, for normalization purposes, non-minimal 


models of pre-big bang evolution leading to axion fluctuations with a sufficiently steep slope 


at high frequencies. 
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Abstract. Bouncing cosmologies, suggested by String/M-theory, may provide an 
alternative to standard inflation to account for the origin of inhomogeneities in 
our universe. The fundamental question regards the correct way to evolve the 
scalar perturbations through the bounce. In this work, we determine the evolution 
of perturbations and the final spectrum for an arbitrary (spatially flat) bouncing 
cosmology, with the only assumption that the bounce is governed by a single physical 
scale. In particular, we find that the spectrum of the pre-bounce growing mode of 
the Bardeen potential (which is scale-invariant in some limit, and thus compatible 
with observations) survives unaltered in the post-bounce only if the comoving pressure 
perturbation is directly proportional to the Bardeen potential rather than its Laplacian, 
as for any known form of ordinary matter. If some new physics acting at the bounce 
justifies such relation, then bouncing cosmologies are entitled to become a real viable 
alternative for the generation of the observed inhomogeneities. Our treatment also 
includes some class of models with extra-dimensions, whereas we show that bounces 
induced by positive spatial curvature are structurally different from all bounces in 
spatially flat universes, requiring a distinct analysis. 


PACS numbers: 98.80.-k, 98.65.Dx, 98.80.Es, 11.25.Wx 
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1. Introduction 


The occurrence of singularities in classical General Relativity (GR) may be the symptom 
of the existence of a more general physical frame, where GR is embedded as a particular 
low curvature limit. In such a frame, that we will generically call “new physics”, one may 
expect that singularities are cured by the existence of a natural physical cutoff, i.e. a 
scale where the new physics comes into play, replacing GR. Presently, the only consistent 
example of such a general theory is String theory, or its 11-dimensional generalization 
M-theory, where this cutoff is naturally provided by the string length /,. 

Following this reasoning line, in a cosmological context, it is natural to expect that 
the new physics would prevent the Big Bang singularity predicted by GR, allowing 
a continuation of the cosmological solutions before the Big Bang. This idea, firstly 
proposed by Veneziano and Gasperini [I], has found several alternative implementations 
and recurrently emerges in independent attempts to build consistent cosmological 
models from String-M/theories [2] [8} [4] [5]. All these models, when formulated in 
the Einstein frame, share the same general behavior: the universe starts from an 
asymptotically flat state and undergoes a contraction that pumps the space-time 
curvature up to the new physics scale. At this point, the new physics masters the 
transition to an expanding phase and the standard Friedman-Robertson-Walker (FRW) 
universe begins. In the present literature, such models are generically called bouncing 
cosmologies. 

The interest in bouncing cosmological models comes from the fact that an 
accelerated contraction seems to solve the flatness and horizon problems as efficiently as 
a standard inflationary phase. Then the question opens whether a bouncing cosmology 
may replace standard inflation once and for all. In order to achieve this fascinating 
objective, a bouncing cosmology should provide its own mechanism of generation of the 
inhomogeneities of the universe, in such a way that all present constraints are satisfied 
at the same accuracy level of standard inflation. The most stringent observational 
constraint comes from CMB anisotropies, which require the initial power spectrum of the 
Bardeen potential (encoding the information on all scalar cosmological perturbations) 
to be (nearly) scale-invariant. Is this obtainable or not in a bouncing cosmology? The 
first studies in the Pre-Big Bang scenario gave a negative answer [6], indicating that the 
inhomogeneities must have an independent origin. For example, they can be generated 
in an axion-dominated era through the curvaton mechanism [7]. 

On the other hand, the authors of the Ekpyrotic/cyclic scenario [3] claimed that 
a scale-invariant spectrum can be generated in a slow contraction era and transmitted 
across the bounce. This has risen a considerable debate {8} [9] about the correct way 
to describe the evolution of perturbations through a bounce, but, after several years of 
investigation, it seems quite difficult to draw a general conclusion, valid for all models 
of bouncing cosmologies. 

The evolution of perturbations in a bouncing cosmology can be summarized very 
quickly as follows: in the pre-bounce phase, the Bardeen potential has a growing 
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mode, endowed with a red spectrum (becoming scale-invariant in the limit of very slow 
contraction [3]) and a decaying mode with a blue spectrum (becoming scale-invariant in 
the limit of dust-dominated contraction [4]). After the bounce, we have two alternatives: 
either the spectrum of the growing mode is inherited by a constant mode in the post- 
bounce or the growing mode simply decays in the post-bounce and some other constant 
mode with a more blue spectrum dominates at horizon re-entry. 

If the first possibility occurs, then the Ekpyrotic/cyclic models would become a 
complete alternative to standard inflation. Otherwise, a curvaton mechanism or some 
other one must be implemented to make such models compatible with observations. 
All studies of specific (spatially flat) toy models, where perturbations are explicitly 
calculable, show that the pre-bounce growing mode decays in the post-bounce and 
the Bardeen potential is finally dominated by a blue spectrum, incompatible with 
observations [10 [TT] (12) [13] (the incorrect conclusions reached in Refs. [14] are 
revised in Ref. [13] and reconciled with all other studies; also the model presented in 
Ref. is a particular case of the general model presented in Ref. [13], with two perfect 
fluids with w, = 1/3 and wy = 5/3). However, the investigation of specific models does 
not allow to infer any general conclusions, since the possibility that some still unknown 
new physics may intervene at the bounce, producing different effects, remains open. 
Indeed, bounces induced by positive spatial curvature show a different behavior, with a 
generic mixing between growing and decaying modes [17] [T8). 

The description of the evolution of scalar perturbations through a bounce has 
acquired an independent interest that goes beyond the Ekpyrotic/cyclic models, thanks 
to the mathematical complexity of the problem, which poses several questions and issues 
of general theoretical interest. 

In this work we present a completely analytical study of scalar perturbations in 
spatially flat bouncing cosmologies, making the only assumption that the bounce is 
governed by a single physical scale. In this way, we are able to establish a univocal 
relation between the final spectrum of perturbations and the form of the total energy- 
momentum tensor. We thus introduce a sort of golden rule for scalar perturbations in 
bouncing cosmologies. 

In Sect. 2 we define the generic bouncing cosmology, stating the hypotheses that 
we need to deduce our general result. In Sect. 3 we elaborate our hypotheses, describing 
the background cosmology. In Sect. 4 we write the linear perturbation equations. In 
Sect. 5 we derive the general form of the effective energy-momentum tensor, including 
the high energy corrections driving the bounce. In Sect. 6 we compute the evolution 
of perturbations in the pre-bounce, in the bounce and in the post-bounce. In Sect. 7 
we illustrate the general results of Sect. 6 by some numerical examples. In Sect. 8 we 
consider possible extensions to models with extra-dimensions and analyze the differences 
between bounces in spatially flat universes and bounces in spatially closed universes. 
Sect. 9 contains the conclusions. 
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2. The generic bouncing cosmology 


Let us start by enumerating our hypotheses: 


(i) We assume that it makes sense to define a four-dimensional metric tensor, both 
in the GR regime and in the new physics regime. Then it is possible to write the 
four-dimensional Einstein equations with an effective energy-momentum tensor on 
the right hand side, encoding all the corrections dictated by the new physics. 


(ii) The universe is homogeneous, isotropic and spatially flat, thus being described by 
the FRW metric. 


(iii) There is a unique physical scale ng governing the bounce. We will set our units in 
such a way that c= 1, 8tG =1, np = 1. 

(iv) In the GR regime far from the bounce (|n| >> 1), the energy momentum tensor is 
characterized by a constant equation of state and a constant speed of sound, with 
p/p > —1/8. 


In Sect. 8, we will comment on models with extra-dimensions which may fit into 
hypothesis (i) and discuss the differences with positive curvature bounces. 
Now let us work out these hypotheses. The metric, including scalar perturbations, 
is 
ds* = a*(n) {(1 + 26)dn? — 2B ,dndz' — [(1 — 2) 6,; + 2E | dx'da! \ mae 


where we have used the conformal time 7. The scale factor is a(7), while B, E, w and 
@ are scalar perturbations. 
The total energy-momentum tensor reads 


TH, = ( p+op —(p + p)Va | (2) 
(p+p)Vi —(p + dp) big — & 33 

where dp is the energy density perturbation, dp is the pressure perturbation, V is the 
velocity potential and € is the anisotropic stress. Note that these expressions do not 
require GR, but are just dictated by the symmetry of the problem (hypothesis (ii)). 
Thus, also in the bounce regime, the new physics corrections encoded in 7“, will 
respect this symmetry and contribute to its components, both at the background and 
at the perturbative level. Since this tensor stays on the right hand side of the Einstein 
equations, it must be compatible with the Bianchi identities, thus it must be covariantly 
conserved: T,.,, = 0. 

The independent background Einstein equations and the energy-momentum 
conservation give the Friedman equations 


3H? = a’ p 
H? + 2H' = —a"p 
p +3H(p +p) =0, 


hie ae a ae a 
o -F WwW 
ee 
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where the prime denotes derivative w.r.t. 7 and H = a’/a is the conformal Hubble rate. 

In a spatially flat universe the Null Energy Condition (NEC), which amounts to 
require p + p > 0, must be necessarily violated during the bounce. Of course, this 
violation cannot be achieved by ordinary matter, but requires the intervention of the new 
physics. One may object that this implies the presence of ghosts at the quantum level. 
While the majority of explicit bouncing cosmologies in the literature indeed contain 
ghosts, there are at least two counterexamples. The first is the model by Gasperini, 
Giovannini and Veneziano [Ii], where the NEC violation is performed by a potential for 
the scalar field involving integration on the spatial volume of the universe. The second 
is the model by Biswas, Mazumdar and Siegel [5], where the generalized gravitational 
action is an analytic function of the D’Alembert operator acting on the curvature scalar 
without poles. In both cases there are no ghosts in the theory. In any case, the possible 
existence of ghosts for a finite time interval may not be a problem at all [19]. 


3. Background 


Now let us determine the background evolution far from the bounce, using hypothesis 
(iv). In the pre-bounce we have p = w_p and in the post-bounce p = wp, with 
constant w_ and w,. The restriction w, > —1/3 excludes the possibility of a post- 
bounce inflation, which would spoil the results of the bounce. On the other hand, a 
pre-bounce deflation, excluded by the restriction w_ > —1/3, would make the setting 
of initial conditions in the asymptotic past problematic. 

We set 7 = 0 at the bounce, defined as the time where a‘(7) = 0. The bounce 
duration scale must be of the same order of the curvature scale, according to hypothesis 
(iii). Otherwise, there would be two independent scales. So, the bounce will last from 
Ho = =l io yy = 

Then, the pre-bounce background functions have the power law behavior 


a(n) = |n| (6) 
ee (7) 
1) 
3q7 
pe BF is 
2 
i 9 
nn (9) 


where we have chosen all constant of integration in such a way that the space-time 
curvature at the onset of the bounce 7 ~ —1 is of order 1. 

In the same way, we can write the post-bounce behavior of the background 
functions, which will be analogous to Eqs. (@)-(@) with all “—” in the subscripts replaced 
by “+”. 
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4. Perturbations equations 


We will write the perturbations equations in terms of the following gauge invariant 
variables 


U=W+H(E —B) (10) 
C=Pp+HvV (11) 
Spy =dp—p'V (12) 
dpy = dp — p'V, (13) 


plus the anisotropic stress €. V is the Bardeen potential, ¢, dpy and dpy are respectively 
the curvature, energy density and pressure perturbations on comoving hypersurfaces. 
In the following we will drop the subscript “V” from all variables. Then, from now on, 
dp and dp must be intended as comoving energy density and pressure perturbations. 

Using the component (02) of the Einstein equations to eliminate ¢, the (00), (77) 
and (ii) components become 


2 
joe ave (14) 
2 20 _ H') ! 
= a ee 1 
dp — V°E 2H S (15) 
gee a 2 = 
2 | a le ASST PO 1 
a2HE a + + (16) 


Some of the coefficients of these equations become singular at the bounce (H = 0) 
or at the NEC violation time (H? — H’ = 0). In order to check the regularity of our 
variables, we may resort to the regular gauge argument used in Ref. [13]. If a gauge 
exists where all components of the metric and energy-momentum tensor stay finite, 
then we can explicitly check the regularity of our gauge invariant variables, expressing 
them in this gauge. As shown in [13], WV is regular while ¢ is not. However, we may 
construct ¢ = (H? — H’)¢, where the extra factor compensates the possible divergence 
of V at the NEC violation, allowed by the fact that it is the combination (p + p)V that 
appears in the energy-momentum tensor and is guaranteed to be regular by the regular 
gauge hypothesis. dpy has no divergences (since p’ = 0 at the NEC violation time, 
thanks to the continuity equation), while for dpy we should use the regularized variable 
Opy = (H? — H’')dpy. Dealing with regularized variables is absolutely necessary in all 
numerical applications, because no integrator can step through a divergence. However, 
for our analytical arguments, it is completely equivalent to discuss the equations ([4)- 
(iG) or their regularized counterparts. We choose the unregularized variables only 
because they have an immediate physical interpretation, but we would get exactly the 
same results with the regularized variables. 

Going back to our equations, Eq. (14) represents the analogous of the Poisson 
equation, relating the Laplacian of the gravitational potential to the perturbations in 
the energy density (this is not a dynamical equation). Eq. (5) is a first order equation 
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in ¢, which depends on the sources dp and €. The anisotropic stress also enters as a 
source in the first order equation for UV (IG). It is easy to verify that the perturbations 
of the continuity equations give no new independent equations. 

All the dynamics of scalar perturbations is contained in these three equations. In 
order to solve them, we need to specify the sources dp and € for the energy-momentum 
content of our universe. This is easy for the pre-bounce and post-bounce phases. In 
fact, if they are dominated by a perfect fluid or a scalar field with some potential, the 
sources are 


pcp L£=0; (17) 


with s being “—” or “+” in the pre-bounce and post-bounce respectively. If the squared 
speed of sound c? is equal to ws, we have a perfect fluid, otherwise we have a fluid with 
some intrinsic isocurvature mode [13]. In particular, a scalar field with a potential has 
always c? = 1, whatever the equation of state induced by the presence of the potential. 
In any case, with these sources, Eqs. (I4)-(26) can be combined into a second order 
equation for ¢ or W, suitable for vacuum normalization. Expanding the variables in 
Fourier modes of wavenumber k as usual, in the asymptotic past we have 


a, aL ec 
(= Cae vil BH) (18) 


where C is a normalization constant of order 1, H{” is the Hankel function of the first 
kind and v = 1/2 — q_. 

We are interested in modes that are well outside the horizon at the bounce, thus 
having k < 1. For such modes, in the range —1/k < 7 < —1, we can use the expansion 
of the Hankel functions for small arguments and Eq. (£5) to determine V. Discarding 
all numerical factors of order one, we have two modes for each variable 


a (19) 
Win hel] RY, (20) 


WV is characterized by a growing mode with a red spectrum (becoming scale-invariant 
in the limit g_ — 0) and a constant mode with a blue spectrum. ¢ is characterized 
by a mode that is growing for gq_ > 1/2 and decaying otherwise. This mode has a 
spectrum that is blue for g_ < 2 and red otherwise, being scale-invariant in the limit of 
dust-dominated pre-bounce [4]. The second mode is a blue constant mode. 


5. General form of the energy-momentum tensor of perturbations 


In order to discuss the evolution of perturbations through the bounce, we need to specify 
the form of the sources. In the ignorance of the new physics governing the bounce, we 
can still select all admissible forms of the pressure perturbation and the anisotropic stress 
and make a complete discussion of what can be expected at the end of the bounce. 

Firstly, let us deal with the pressure perturbation, leaving aside the anisotropic 
stress for the moment. 


General solution for scalar perturbations in bouncing cosmologies 8 


The pressure perturbation can be a generic linear combination of dp, V, ¢ and a 
certain number n of additional internal variables dy;, with time depending coefficients. 
Of course, the pressure perturbation may also depend on the time and space derivatives 
of these variables. Now, through Eq. ([4), any dependence on 6p can be read as an 
additional dependence on WV and its derivatives. 

For each internal variable it is necessary to specify an independent linear differential 
equation in order to close the system. We are not interested in any new spectral 
dependence whose origin is different from vacuum normalization of the original scalar 
degree of freedom. Indeed, if such spectral dependences are carried by these internal 
variables, they may play an important role, giving rise to additional isocurvature modes 
in the post-bounce, as in the model discussed in Ref. [13]. They depend on the specific 
model and must be carefully considered in any complete treatment. However, our 
question is more general and only involves the fate of the original spectrum of V and 
¢. The internal variables may acquire this spectrum only if ¢, VW and their derivatives 
explicitly appear in their equations of motion. But then their feedback on dp would 
be an effective renormalization of the coefficients of ¢, UV and their derivatives in the 
expression of dp. 

dp is then just a linear combination of WV, ¢ and their derivatives with time- 
dependent coefficients. However, dp is scalar under spatial rotations and thus it must 
contain only scalars. The time derivatives of scalars are still scalars under spatial 
rotation, but the spatial derivatives must be combined with themselves or other vectors 
of the theory in order to produce scalars. More specifically, the spatial derivatives can 
only appear as V? or A*d;, where A’ is a generic 3-vector of the theory. However, since 
the background is homogeneous and isotropic, all 3-vectors in the background must 
be zero. So, spatial derivatives can only appear in a Laplacian or a function of the 
Laplacian. 

Summing up, the most general — for dp is 


= = Pal n, O eC + 5 Gal iO ew, (21) 


where we have supposed that the dependence on the Laplacians is analytic and allows a 
regular power expansion and we have introduced the factor 2/a? for later convenience. 
Using the Fourier mode expansion, the Laplacians have been written as —k?. With the 
same arguments, a similar expression should also hold for the anisotropic stress 


=a 7, On)RONG + 3 Kal 1), On kW. (22) 


Of course, any possible crossed dependence ee dp and € can be easily solved at 
the linear level. 

Then the physics of the model is completely encoded in the time-dependent 
operators Fi,(7, O,), Gn(7, On), In(, On), Kn(n, O,). Let us make some examples. 

For a single perfect fluid or a scalar field, as mentioned before, the only non- 
vanishing operator is G; = —c?. In the bounce induced by two perfect fluids or scalar 
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fields, studied in Ref. [13] and containing the models by Peter & Pinto-Neto [14], 
Finelli [15], and Allen & Wands [12], two internal variables are present. Taking into 
account their dependence on ¢ and W, the final expression for the effective energy- 
momentum tensor only contains two non-vanishing coefficients: Fo, and G, i.e. the 
pressure perturbation only depends on ¢ and k?W, while the anisotropic stress is zero. 
The model by Gasperini, Giovannini and Veneziano [I] is simpler, since it contains no 
internal variables and the only non-vanishing operator is G = 4(H' — H?)/y, where 
y is the dilaton field in their model. Cartier’s model has a very involved effective 
energy-momentum tensor with a non-vanishing anisotropic stress. Using the expressions 
in the appendix of his work, we find that the covariant conservation is fulfilled only in 
the trivial case F = 1/2, a’ = 0, indicating that some misprint may be present in the 
expressions published therein. So, we renounced to identify our operators F,, Gn, Jn 
and K,, in this otherwise interesting model. 


6. Evolution of perturbations 


In this section we shall study the evolution of scalar perturbations through all 
cosmological eras, making no assumptions on the specific form of the energy-momentum 
tensor, thus retaining all terms in the general expressions (2I), (22). 

In Ref. [13] an easy way to find the evolution of perturbations outside the horizon 
was proposed. It amounts to write the first order differential equations in their integral 
form and write the solution as a recursive series. The integral form of Eqs. (15)-(i@) is 





v= * ao dy i cin + / Pra (23) 
a7'H aH 2 
= ext) =| cope) eo can] (24) 


where c,(k) and co(k) are two integration constants. 

With these equations it is very easy to find the evolution of perturbations in any 
phase. In fact, using the general expressions of dp and €, we can recast the set of 
equations in the following form 


X(n,k) =X (nk) + An, b) f BO, An, b)X (0, Ban, (25) 


where X = (W,C) is the vector of variables, X = (c,(k)H/a?,co(k)) is the vector 
containing the decoupled solutions and A(n, k) and B(n, 0, k) are two coupling matrices 
that can be deduced from Eqs. and (24), once we use the proper form of the sources 
as functions of ¢ and WV. The general solution to Eq. (25) is 


Lay, (26) 
i=0 


where X is determined by X“-) as 
XO = An, k) f Bln, Oy, kX (y, ban, (27) 
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So, starting from the decoupled solution X©), we can construct the full solution of 
the system. Of course, this only works for modes outside the horizon, where we can stop 
to the first few terms of the series because the higher order terms contain extra-factors 
of k? <1 or k?7? <1. Let us examine the solution in each phase. 


6.1. Pre-bounce 


In the pre-bounce, the soulution assumes a very simple form. In fact, there we have 
Op = —2c? k?W/a? and € = 0, while the explicit expression for all background functions 
in terms of powers of 7 is given by Eqs. (@)-@). So, it is very easy to perform all 
integrations. Discarding all numerical factors of order one, we start from the decoupled 
solution, which assumes the following form in the power law regime 


WO = hFea(k) nl 2 (28) 

C = c(h); (29) 
the first recursion gives 

UW = c(k) (30) 

CO = ex(k) [nO , (31) 
and the second recursion gives 

Uw = ex(h) || (32) 

6) = kco(k)|n)?. (33) 


We can see that the second recursion gives the same modes already present in the 
decoupled solution, multiplied by k?7?. Since we are considering the evolution outside 
the horizon, this factor is much smaller than one and we can safely neglect the second 
and all higher order recursions. We are thus left with 


W_~ kM ex(k) |g] + ealk) (34) 
C-~ ex(k) n+ €2(K). (35) 
Comparing this solution with the expansion of the Hankel functions for small arguments, 


given by Eqs. (£9) and (20), we can make the identifications c,(k) = k”, co(k) = k7”, 
recovering the two integration constants in terms of the vacuum normalization. 


6.2. Bounce 


Now let us turn to the core of our work. It must be said that the specific shape of 
the solution during the bounce is not our concern, since we just want to know the final 
spectrum of scalar perturbations when they reenter the horizon. However, as we shall 
see in the next subsection, in order to construct the post-bounce solution, we need to 
evaluate the integrals appearing in Eq. (2%) in a domain covering the whole bounce 
phase, which ranges from 7 ~ —1 to 7 ~ 1 in our normalized units. It turns out that 
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the evaluation of the bounce integrals is very easy, since the k and 7 dependences are 
always factored. In fact, the generic integral has the form 
1 1 
J fle nddn = felk) [ fr(nan = fal), (36) 
“1 A 
The last equality is crucial. It comes from the fact that the only scales in our 
problem are 7, k and the bounce scale ng that we have set to 1. Since we have factored 
the k dependence, the only scale left in f, is 7 itself. But integrating over 7 from —1 to 
1, whatever the dependence of the primitive function on 7, the final result will lose the 
only scale it contained, and would thus be of order 1. It cannot depend on any other 
scale, unless the bounce is actually governed by two or more scales. In that case, we 
cannot solve the integrals in such a trivial way, except in some special limits. 
Since we are going to use several integrals over the bounce phase in the next section, 
we give their explicit derivation in Appendix A. 


6.3. Post-bounce 


In order to build the solution after the bounce, at every recursion we must evaluate 
integrals of the form 


‘ f(k,)dn. (37) 


The integration domain can be split in three parts, covering the pre-bounce, the bounce 
and the post-bounce phase, respectively. We thus have 


/ i(k, n)dn = [ senens f seesmans f se.nven (38) 


For the pre-bounce integrals, it is sufficient to use the pre-bounce solutions evaluated 
at 7 ~ —1. For the bounce integrals, we will exploit the explicit forms calculated in 
Appendix A according to the prescription given in the previous subsection. The post- 
bounce integrals can be easily evaluated using the asymptotic background solution in 
the post-bounce phase, where all background functions are replaced by powers of 7. For 
a generic function f(k,7) = f.(k)|n|*, we have 


Jf feC)Inltan ~ fa) [Ink +4), (39) 


where we have discarded all numerical factors of order 1, as usual. 

We are now ready to construct the post-bounce solution. Once more, we start from 
the decoupled solution, that in the post-bounce era again assumes the explicit power-law 
form 


yp) = keY—? |p| 324+ (40) 
CO = KY, (41) 
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Then, the first recursion gives 





YO = |e [ “(n/t + 1) + ic 6+ [400 <a] (42) 


cM) = k’(|n|?- 49+ 41) y+ [sn nan + fn Edn, (43) 


where the bounce integrals can be read from the appendix. 
The second recursion gives 


Se em [np + In)? +1) 
+[{a0 fa(n)op© ine [iio (nEOd 7 (lige ae 1) 


. : f(Medn + f on (44) 


CO) = PP ([| 24 + |? + 1) 


+k (/ frlm oO + 7 rue (\n|*74* +1) 


1 
1 


1 
+f foln)dpPan +? f fal n)eMan, (45) 
“1 =f 

No further recursions are needed, since all new terms are negligible for superhorizon 
perturbations. At the end, according to Eq. (26) we can sum up all contributions to 
build the full post-bounce solution. A careful analysis reveals that almost all terms 
coming from the bounce integrals are of the same order of other terms already present 
or are negligible for perturbations outside the horizon at the bounce. Then, the final 
post-bounce solution takes the amazingly simple form 


Wy wk [nit 2 4 oY + kY + Gok’? (46) 
Cy ee Bape pe ke? Gok’, (47) 
where the constant Go is set to 1 if the corresponding operator defined in Eq. (2]) is 
non-vanishing; otherwise we have Gp = 0. In other words, this term is present only if 


dp is directly proportional to V or its time derivatives, without k? factors, during the 
bounce. 


6.4. Discussion 


The whole history of perturbations in a bouncing cosmology is contained in Eqs. (19) 
and (20) for the pre-bounce phase, and (46), (£4) for the post-bounce phase. 

Let us start our discussion from the pre-bounce. The Bardeen potential in the pre- 
bounce is dominated by the growing mode k”~?|n|~1~24-, endowed with a red spectrum 
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becoming scale-invariant in the limit of slow contraction q — 0. This mode comes 
from the decoupled solution of Eq. (IG), going as H/a? and is destined to decay in the 
post-bounce phase, where it takes the form k’~?|n|~!-2% in Eq. (46). There is also 
a subdominant constant mode k~”, which plays no role in this phase. ¢ couples to V 
through a Laplacian and thus has a mode going as k”|n|!~2% in Eq. (19), where the 
potentially scale-invariant spectrum is multiplied by a k? factor. This mode dominates 
for a fast contraction g_ > 1/2 and is subdominant w.r.t. the constant mode k~”, coming 
from the decoupled solution of Eq. (15), in the case of slow contraction q_ < 1/2. 

Now let us examine the post-bounce phase. The role of the bounce is to upset the 
scalar perturbations for a finite time and to determine the initial conditions for the post- 
bounce phase. Immediately after the bounce, in Eq. (46) we have the decoupled mode 
k’~?)n|-!~24+, carrying the potentially scale-invariant spectrum, two constants modes k” 
and k~” that are always present with a blue spectrum, and possibly one more constant 
mode with the k”~? spectrum. This additional mode is present only if the comoving 
pressure perturbation is proportional to WV or its time derivatives without Laplacians. 
Recalling that we are in the limit k < 1, this constant mode will dominate undisturbed 
until horizon re-entry and will determine the spectrum of scalar perturbations seeding 
the inhomogeneities of the universe. 

In the other case (i.e. if dp is related to WV only through Laplacians), the Bardeen 
potential is initially dominated by its decaying mode. But at horizon re-entry, this 
mode has decayed by a factor 77,'~?4, where 7,-¢ is the time of horizon re-entry. Setting 
Nre ~ k-+, we have different possibilities. After a slow contraction in the pre-bounce 
phase, the larger constant mode is k~”. Then, the decaying mode will still dominate 
only if qi < q_, ie. if the expansion in the post-bounce is slower than the pre-bounce 
contraction. Otherwise, the constant mode dominates. However, in a realistic cosmology 
the relevant modes for CMB enter the horizon in the radiation or dust-dominated era, 
with gq, = 1 or 2, respectively. Then, the spectrum would be totally determined by the 
blue constant mode k~”, that in the very slow contraction limit q_ < 1 gives a spectral 
index n, = 3. The final possibility is that the universe has undergone a fast pre-bounce 
contraction g_ > 1/2, so that the largest constant mode is k”. In this case, the decaying 
mode dominates when the expansion is slow (q; < 1/2), while is negligible otherwise. 

The modes dominating at horizon re-entry in all cases are summarized by the 
following diagram 


Go=1—= Vn hk’? 

i> eS Vek” (48) 
= 1/2 g<12SVer ye 

i Sly = Ved 


Go = 0 





At the same time, we see that there is a direct correspondence between the modes 
present in W and those in ¢, so that an analogous discussion is valid also for ¢. It is 
interesting to note that a dependence on W or its time derivatives in the anisotropic stress 
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does not produce any sizeable effects on the scalar perturbations. The anisotropic stress 
enters without Laplacians in the equation for V, where, at most, it may renormalize the 
amplitude of the decaying mode. In the equation for ¢ it comes through a Laplacian, 
thus being completely ineffective. 

A very important caveat to keep in mind is that the presence of a dependence 
on W in dp is just a necessary condition for the persistence of the k”~? spectrum in 
a post-bounce constant mode. In fact, bounces with particular symmetries may bring 
to special cancellations in the integrals, erasing the lowest order contributions to the 
constant mode and leaving space to higher order (most blue) contributions. 

Another possibility is that the internal variables of the new physics at the bounce 
may provide new modes characterized by alternative spectra with a different physical 
origin w.r.t. quantum fluctuations in the initial vacuum state. These modes may 
contribute to the constant mode at the end of the bounce, providing another possible 
alternative source for phenomenologically acceptable scalar perturbations. However, in 
such case, the phenomenology would completely rely on the high energy physics at the 
bounce, whereas it would be preferable that the final spectrum is as independent as 
possible of the unknown bounce physics. 

Our conclusions seem quite similar to those reached by Durrer and Vernizzi in 
Ref. [9], where the bounce is replaced by a spacelike hypersurface and the evolution of 
perturbations through the bounce is determined by Israel conditions. In fact, they find 
that the persistence of the growing mode of the Bardeen potential in the post-bounce 
era is very general, while its decay occurs only if the bounce hypersurface coincides 
with the uniform energy density hypersurface, which corresponds to force the surface 
tension to be proportional to k?V. Reinterpreting the surface tension as an integral of 
the pressure perturbation during the bounce, this would correspond to tune Gp = 0 in 
our expression for dp. Thus, the two approaches seem in complete agreement. 


7. Numeric testing on toy models 


Our golden rule for scalar perturbations through bouncing cosmologies is based on a 
fully analytical derivation. However, it is useful to visualize the main conclusions on 
some toy models of bouncing cosmologies, so that they can be touched “by hand”. In 
order to make things as simple as possible, we have considered a bounce with two perfect 
fluids: the first dominating the pre-bounce and post-bounce eras and the second, being 
characterized by negative energy density, representing the new physics effective tensor 
inducing the bounce. For a bounce with two perfect fluids, the Friedman equations 
are also integrable in terms of hypergeometric functions [15], though we will not use 
the analytical solutions. So, in this section, pq is the energy density of the first fluid 
and p, is the energy density of the second fluid. The two fluids have equations of 
state Ppa = WaPa; Pb = WoPo, With wa < Wp, in order to let the secondary fluid become 
negligible far from the bounce. According to Eq. (9), we have g- = q, = q. A slow 
contraction followed by a slow expansion (q < 1/2) takes place for wa > 1, while a fast 
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contraction followed by a fast expansion (q > 1/2) takes place when w, < 1. As for all 
other models already present in the literature, in this model the post-bounce phase is 
the time-reversal of the pre-bounce phase. We are thus unable to directly investigate a 
fast contraction followed by a slow expansion or a slow contraction followed by a fast 
expansion. Such asymmetric bouncing cosmologies require the implementation of decay 
of the pre-bounce matter and creation of new matter at the bounce, which would make 
the model much more complicated, though not impossible to treat. 

After the background is determined, we have to specify the form of the energy- 
momentum tensor for perturbations. We choose 


bp= Sk? W + 3(wy — Wa)(ps + po)6 + Gols + po) Y oa 
€ =0. ey 


In the comoving pressure perturbation dp we have included three terms. The 
first one is the classical adiabatic perturbation of the first fluid, which is necessary 
to reproduce the ordinary physics in the pre-bounce and post-bounce phases. The other 
two terms are multiplied by the density of the secondary fluid, which becomes negligible 
far from the bounce. The term proportional to ¢ is the same that one would have by the 
requirement that the perturbations in the secondary fluid vanish in the gauge w = 0. 
This choice is not essential and has been made just for computational reasons. The last 
term is a “new physics” term directly proportional to UV. We will switch it on or off by 
setting Go = 1 or Go = 0, respectively. Here we only present a model with vanishing 
anisotropic stress, as this plays no role in the final result, apart from a renormalization 
of some modes. Of course, we have checked that this is actually the case, testing some 
models (not to be presented here) with non-vanishing anisotropic stress at the bounce. 

With this choice for the energy-momentum tensor of perturbations, the equations 
of motion are simply 


“ J G 

C' + (1+ 3w,)He = —w,Hk?v + ZH + pp) (51) 
2H? — H! ¢ 

wy! {.——  . o2 

oY, HW (52) 


As anticipated before, it is safer to use € = (H? — H’)¢ in all numerical applications, 
since this variable is guaranteed to be regular throughout the bounce if any regular 
gauge exists. 

Imposing the vacuum normalization as the initial condition, our toy model is well 
defined and we can choose different values of wa, w, and Go in order to test the 
conclusions reached analytically. The results are summarized in Fig. [I] where we have 
plotted log |W| and log |¢| as functions of Sign[7] log a, which is now a common practice 
for the visualization of the behavior of perturbations in bouncing cosmologies {12} [T3. 

For Fig. [Ih, we have chosen w, = 1.5 (implying g = 0.36), w, = 2.5 and Gy = 0. 
For Fig. [Ib, we have wa = 1/3 (implying g = 1), wy = 1 and Gp = 0. For Fig. [if, we 
have wz = 1.5, w, = 2.5 and Gp = 1. These three cases illustrate almost everything we 
can expect in a bouncing cosmology. The spectral index n, of the perturbations can be 
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Figure 1. The three possible behaviors of scalar perturbations in bouncing 


cosmologies. (a) dp ~ k?W, with q < 1/2 (slow contraction and slow re-expansion); (b) 
dp ~ k?W, with q > 1/2 (fast contraction and fast re-expansion); (c) 6p ~ W, with any 
value of q. 
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Figure 2. The same case as Fig. [If with a different relation between dp and WV. Here 
we have chosen dp ~ (pp + pp)el/?oU. 


evaluated at any time, evolving at least two Fourier modes with different / and fitting 
the power law k"s~'. The exponent of the n-dependence is extracted by the logarithmic 
time derivative of the modulus of the perturbation. In this way we can compare the 
analytical predictions for the k and 7 dependences with the numerical results in all 
phases. 

For the pre-bounce, we just have to distinguish q < 1/2 (slow contraction) from 
q > 1/2 (fast contraction). In both cases, V is dominated by the growing mode with the 
red spectrum k’~?|n|~'~24-, as can be seen in all three plots in Fig. ¢ is dominated 
by the constant mode k~” in a slow contraction (Fig. [Ih) and by the growing mode 
k’\n|'~*4- in a fast contraction (Fig. [Ib). However, when Go = 1, we see in Fig. [IF 
that the pre-bounce constant mode (we are in a slow contraction) is taken over by a 
mode going as k”~?|n|~2~3'+“»)4— at, some time before the bounce. This mode is induced 
by the direct coupling of ¢ to VW that starts to be effective during the approach to the 
bounce. In fact, in the model presented here, even if the term proportional to WV in 
dp is suppressed by (p, + pp), VY grows so large that the Go-mode starts to dominate 
already some time before the bounce. Indeed, choosing a function going to zero faster 
than (p,+ pp) far from the bounce, we can delay the growth of ¢ as much as we like. For 
example, choosing (py + pp)e!/”?, the growth of ¢ practically starts right at the bounce, 
but the post-bounce result is essentially unchanged, as shown in Fig. P] 

The post-bounce scalar perturbations essentially depend on the presence of a direct 
proportionality between dp and WV. If we set Go = 1, we see from Fig. [if that 
immediately after the bounce both ¢ and V are dominated by a constant mode carrying 
the pre-bounce spectrum of WV, ic. k”’~?. We want to stress that this outcome is 
completely independent of the expansion and contraction rates and of the specific form 
of the background function that appears in the coupling of dp to V. Choosing (py + po), 
(p» + pp»)e'/?> or any other function gives exactly the same result, apart from numerical 
factors of order 1. 
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If the Gp-mode is completely absent, then the pre-bounce growing mode of the 
Bardeen potential is entirely converted into a decaying mode, leaving no trace in the 
constant modes. Then, at horizon re-entry it may still dominate or it may be negligible 
w.r.t. some constant mode, depending on the contraction and expansion rates. In Fig. 
fh we have a slow contraction followed by an expansion with the same rate. We see 
that at horizon re-entry the decaying mode of W is of the same order as the constant 
mode of ¢, in agreement with the diagram (48), where this case is marginal between 
the dominance of k~” and the dominance of the decaying mode. In Fig. [Ib we have a 
fast contraction followed by an expansion with the same rate. In agreement with the 
diagram (48), the decaying mode is taken over by a constant mode with a spectrum k”. 


8. Remarks on bounces induced by spatial curvature and extra-dimensions 


In hypothesis (ii) we have excluded the presence of spatial curvature. Indeed, this would 
introduce another scale in our problem and in order to be compatible with hypothesis 
(iii), we have two possibilities. 

The first is that the curvature scale is very low compared to the bounce scale. 
Then the universe is practically spatially flat and we can neglect the spatial curvature 
to follow the treatment of this paper. 

The second is that the curvature itself determines the bounce so that the curvature 
scale at the bounce is actually what we have called ng = 1. Spatial curvature may induce 
a cosmological bounce only if it is positive, because it enters the Friedman equation 
as a perfect fluid with negative energy density and equation of state w = —1/3. The 
remaining source-matter may keep satisfying p+p > 0, since the effective NEC violation 
is performed by the spatial curvature. In order to let the curvature become negligible 
before and after the bounce, we need @ > 0, i.e. decelerated contraction and accelerated 
expansion. For example, the pre-bounce and the post-bounce phases may be dominated 
by sources with equations of state w < —1/3. This contradicts our hypothesis (iv) and 
the initial conditions would be problematic without another early transition from an 
accelerated contraction in the far pre-bounce. This possibility was considered by several 
authors [17] as a toy model for a bouncing cosmology. 

However, even relaxing hypothesis (iv), there is a structural difference between 
a bounce induced by spatial curvature and all other bounces with negligible spatial 
curvature scale. In fact, the Laplace-Beltrami operator in a positively curved space has 
a discrete spectrum k? = n(n+2) (recall that the curvature scale at the bounce has been 
set to 1). Then, all modes are in the situation k > 1, that means that all modes are inside 
the horizon at the bounce. Then our recursive solution of the integral equation would 
require an infinite number of terms and is completely useless. In practice, all modes 
re-enter the horizon during the pre-bounce deflation and oscillate in the approach to the 
bounce. During the inflationary phase after the bounce, they exit the horizon again, 
stopping the oscillations. This behavior has been put in evidence by Deruelle [18], who 
has described the oscillations analytically by hypergeometric functions. Then, it is not 
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surprising that mode mixing after the oscillations is a generic outcome of such scenarios. 

We have to conclude that bounces with positive curvature have a substantially 
different physics and cannot be used as a step to investigate bounces in spatially flat 
universes. Then it is difficult to believe that they could be useful for any physically 
motivated models. 

However, there is one remarkable feature of spatial curvature that deserves to be 
mentioned. We have already noted that spatial curvature behaves as a perfect fluid with 
equation of state p = —p/3 at the background level. At the linear perturbation level, 
we may try to recast all equations in such a way that they look like Eqs. ([4)-(£@) with 
some effective energy-momentum tensor containing the curvature terms. After some 
manipulation, we find the following form for the perturbations induced by the spatial 
curvature in the comoving gauge 


6 


2 2 1 

dp = ae Oe (54) 
1 

c= rs =i). (55) 


Spatial curvature thus represents a very interesting example of some “new physics” 
with a pressure perturbation directly proportional to V and its time derivative without 
the Laplacian. So, even if spatial curvature is not useful for realistic bouncing 
cosmologies by itself, it encourages the conjecture that the new physics driving the 
bounce may contain terms directly proportional to the Bardeen potential in the effective 
energy-momentum tensor of perturbations. 

Perhaps an even more interesting surprise comes out from extra-dimensions. In 
some particular cases, in fact, it is possible to recast D-dimensional field equations in the 
form of 4-dimensional Friedman equations with some effective energy-momentum tensor 
containing the dynamics of the extra-dimensions. One example is the case in which the 
spacetime is factored into a 4-dimensional FRW metric and an internal homogeneous 
manifold, where none of the metric components depends on the coordinates spanning 
the internal space. For example, consider a five-dimensional spacetime with the metric 


— 6°(n)(1 + 21)dy? — 2Wadtdy, (56) 


with the assumption that all scalar perturbations do not depend on the internal 
coordinate y (ie. we are only including zero modes and neglecting excitations of the 
extra-dimensions). This metric was used by Battefeld, Patil and Brandenberger [20] to 
study bounces with extra-dimensions. It is easy to show that the background equations 
have the form of 4-dimensional Friedman equations with an effective contribution to the 
total energy-momentum tensor coming from the extra-dimension 


/ 


b b” b’ 
Peatra = —3Ha*=, Peatra = a (5 =F ni) , (57) 
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where the (yy) component of the Einstein equations has been used to eliminate Ts. 

In the same way, examining the perturbations equations, we can re-obtain Eqs. 
(14)- (1) with effective dpertra, OPertra and Eertra Containing terms depending on W, ¢ T 
and their derivatives (W decouples from other perturbations). Thus, I’ plays the role of 
internal variable of the model. Its dynamical equation is given by the perturbed (yy) 
component, with T°; as a source. 

We will not present the complete expressions of the perturbed effective energy- 
momentum tensor here, but the important lesson is that the presence of terms directly 
proportional to WV in dp is generic in this class of models as well. Then, bounces with 
extra-dimensions may be able to transfer the pre-bounce spectrum of V to the post- 
bounce. This is in agreement with the conclusions of Ref. [20]. 

The fact that extra-dimensions perturbations contribute to the pressure 
perturbation was already noted by Giovannini I]. Coherently with the behavior 
of scalar perturbations, he also finds that vector perturbations in multi-dimensional 
bouncing universes preserve the red spectrum acquired in the contraction phase, 
in contrast with 4-dimensional bouncing universes, where the red spectrum is only 
transferred to the decaying mode [23]. 

Nevertheless, a complete analysis of scalar perturbations in multi-dimensional 
bouncing universes that also takes into account non-zero modes is still missing. Their 
relevance certainly deserves some investigation, but they cannot fit into the effective 
four-dimensional picture presented in this paper. Further extensions of our methodology 
are certainly possible. 


9. Conclusions 


In this paper, we have presented the general solution for scalar perturbations in bouncing 
cosmologies, i.e. models of the universe where the present expansion is preceded by a 
contraction phase. This solution has been derived solving integral equations where the 
only assumption on the bounce is that it depends on a single physical scale. The “new 
physics” ruling the bounce has been encoded in an effective energy-momentum tensor, 
for which we have made no a priori assumption. 

The final spectrum of the Bardeen potential in the expansion phase depends on 
the presence or absence in the new physics energy-momentum tensor of a direct relation 
between the comoving pressure perturbation and the Bardeen potential, not mediated 
by a Laplacian, as in all known forms of ordinary matter. If such term is present, the 
pre-bounce growing mode of the Bardeen potential persists in the post-bounce constant 
mode and it is possible to have a phenomenologically acceptable scale-invariant spectrum 
in Ekpyrotic-like cosmologies (i.e. models with very slow contraction in the pre-bounce). 
If such term is absent, the pre-bounce growing mode of the Bardeen potential decays 
in the post-bounce and becomes negligible w.r.t. a blue constant mode, unless the 
post-bounce expansion is slower than the pre-bounce contraction. 

The negative conclusion reached by all regular models of 4-dimensional spatially 
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flat bounces studied up to now is due to the absence of such dependence in the energy- 
momentum tensor. Then, in order to support our conclusion, we have presented a 
numerical study of a toy model with dp « W which transfers the spectrum of the pre- 
bounce growing mode of WV to the post-bounce growing mode. 

Bounces induced by spatial curvature are structurally different from spatially flat 
bounces, since all modes are inside the horizon for some time interval centered at the 
bounce. Our treatment cannot be applied to this distinct category of bounces, whose 
study is anyway useless for the understanding of bounces in spatially flat cosmologies. 
However, spatial curvature provides a remarkable example of an effective energy- 
momentum tensor where the pressure perturbation is proportional to the Bardeen 
potential without Laplacians. The same key property is also possessed by models 
of bounces with extra-dimensions where the dependence on the coordinates spanning 
the internal space is neglected. These multi-dimensional models can fit into our 
effective four-dimensional scheme. However, before drawing a positive conclusion, a 
more rigorous and complete treatment (taking into account non-zero modes) should be 
envisaged for multi-dimensional bounces. 

It thus seems not impossible to conjecture a form for the new physics driving 
the bounce that realizes the Ekpyrotic dream. The problem now is not in matching 
conditions or any technical issues about the evolution of perturbations, which are now 
definitively settled by this work. The missing ring of the chain is just the existence 
of some explicit model with the required property of the effective energy-momentum 
tensor and that is physically motivated by a consistent high energy theory like string or 
M-theory. When this explicit model is found, then it will be possible to say that a real 
alternative to standard inflation exists. 

On the other hand, a more prudent attitude suggests the possibility that there might 
exist some important physical reasons precluding the possibility that an effective energy- 
momentum tensor of the required form is allowed at the bounce and then the way for 
bouncing cosmologies would be definitively barred. However, it seems very hard to us to 
find any physical reason to forbid an effective pressure perturbation directly proportional 
to the Bardeen potential. Moreover, the explicit examples of spatial curvature and 
extra-dimensions seem to indicate that this possibility is actually open for high energy 
theories. 
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Appendix A. Bounce integrals 


The calculation of all bounce integrals according to the prescription of Sect. is 
straightforward, though a bit boring. Though we need to calculate a relatively large 
number of terms for the second recursion, luckily most of them are similar to other 
terms coming from the pre-bounce or post-bounce phases, so that they are irrelevant 
for the final post-bounce spectrum. 

The starting point is the decoupled solution 


0) pot 


e (A.1) 
CO =k. (A.2) 


Note that we do not specify the shape of a and during the bounce phase. Then, 
indicating by f,(7) a generic function of 7, the integrals involved in the first recursion 


are 
1 
/ fa(n)COdn = k-” (A.3) 
= 
1 
J fois )EOdn = _ 3 (gas ae Re) (A.4) 
n=0 
oo 
/ fy(n)6pdn = D> (Fark? + Gak? 2") , (A.5) 
= 4 n=0 


where the first and the second integrals enter VU, while ¢“ needs the second (multiplied 
by k?) and the third. We have used the expressions (21) and (@2) for dp and €©. By 
the symbols F},, G,, Jn, Kn we generically indicate the results of all integrals involving 
the corresponding operators defined in Eqs. (21) and (22). Of course, these integrals, if 
present, are of order 1, according to the argument in Eq. (86). We will keep the symbols 
Fy, Gn, In, Kn just to remember that these terms are present only if the corresponding 
operators are not zero. At the end it will be sufficient to put these symbols to 1 or 0 to 
consider models where these operators are present or absent, respectively. 
In the second recursion we need the integrals 


n=0 


ll 

/ faln)OPdn = - (Rie + Gk 742" 4 Tee tee Kk?) (A.6) 
-1 
1 


| fol) (n)é EOdn = _ LK ko Ope ~ CAs alae iC eee 


n,m=0 


iy a At ee i 
4K é ae Kou temten 4 Kin K oo (A.7) 


[400 ip Ody = YG, pre ten 3 (Fn FB kovtomtin yp pun 2+2mt2n 


n,m=0 


General solution for scalar perturbations in bouncing cosmologies 23 


Lhe Perea 4 Fok ere 
a Oe ae ois Ca Rake nr) ; (A.8) 


These integrals are those used in Sect. [6.3] to derive the post-bounce solution for 
scalar perturbations. 
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ABSTRACT 


Motivated by recent investigations of near-forward Planckian energy collisions, we 
compare various approaches giving the same leading eikonal approximation. We stress 
the need of going beyond this approximation in order to control impact parameters b ~ 
GE which are crucial for understanding S-matrix singularities (t Hooft poles) and the 
physics of gravitational collapse (black hole formation). We point out a few problems that 
alternative methods have to tackle in order to improve on the direct calculations that we 


have discussed elsewhere. 
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Introduction 

A revival of interest has recently arisen in the study of small angle gravitational 
scattering at Planckian energies /s = 2E > M,. This regime is characterized by a 
strong effective coupling ag = Gs > 1 which makes any simple perturbative expansion 
unwarranted. 

Different approaches have been proposed in the last few years —*) which take into 
account all orders in ag. In this note we will show how and why they all coincide in the 
leading approximation, which has a semiclassical effective metric interpretation, while most 
of them fail in providing the non-leading terms under which new classical and quantum 
gravity effects are hiding. 

To be more precise, leading contributions to the scattering at a given impact parameter 
b= J/E contain all powers of ag. The non-leading ones contain additional powers of the 
Newton constant G in the two dimensionless combinations* ) 

AG % @s Re Xx 

an i i ine 
which are small as long as b is much larger than the Planck length \, and the gravitational 
radius R = 2GE. 

The leading result for the S matrix $(b, £) — valid for 6 >> A,, R— is the same in all 


approaches and has the semiclassical form 


S(b, E) _ e726 0(b EB) 


1 
5o(b, E) = —S hog, O) 


where we have omitted, as usual, the unobservable, infrared-singular Coulomb phase. 

Let us comment briefly on each one of these approaches**) 

’t Hooft“) obtained this result by solving for the scattering amplitude of one particle, 
seen as a test body, in the background metric of the other particle, an Aichelburg—Sexl® 
metric. 

Muzinich and Soldate’?) obtained an equivalent result by an eikonal approximation to 
reggeized graviton exchange and recognized that, for b approaching R, the b-representation 


fails in general to diagonalize and fulfill unitarity. 


. . . . ! 2 
*) In the case of string theory, quantum string corrections of relative order ie = 7 are 


also present, and have been computed), 
**) We follow the order of submission, noting that the first three papers were submitted 


within ten days in July 1987! 


Our derivation) was based on the resummation of the string loop expansion at high 
energies. This gave the leading result, Eq.(1), and allowed the identification and compu- 
tation of corrections in \,/b °) and in R/b “). The semiclassical relation between impact 
parameter and scattering angle also suggested, at leading level, the interpretation in terms 
of an effective Aichelburg—Sexl metric. 

In a recent paper“), E. and H. Verlinde reobtained the leading result of Eq.(1) by 
studying the Einstein action in a gauge that separates g,, in longitudinal and transverse 
components with respect to the beam direction. In this gauge, they split the action in two 
terms: the first one can be treated classically at high energies, while the second, although 
exhibiting a strong coupling, can be dealt with thanks to its topological structure in the 


two longitudinal directions. 


The eikonal amplitude 

In order to understand better the leading approximation, one would like to rewrite it 
in the momentum transfer t = —q? representation. In principle, this requires knowledge of 
the amplitude $(6, £) for all impact parameters, including the dangerous region b < R. 

Fortunately, the latter region is irrelevant at small angles 6? = ce < 1, for which 
the most important contribution comes from 6 ~ x >> R. Therefore, the small angle 
amplitude can be safely obtained either by a saddle point method) or, more simply, by 


extending) up to b = 0 the eikonal expression (1). In this last way one obtains 





1 . e2t60(b,E) 
= getk _ We —4 db wbqe _— 
5 (s,—q") / © 22 
4 -—iaG T 1 _ 4 0 
_ STAG a PQ staa) (q = 2?Fisin ~). (2) 
q \@ T(1 + tag) 2 


The saddle point evaluation yields the same result, apart from the [ functions ratio, which 
for real s is a g-independent, hence irrelevant, phase factor. 

It is interesting to notice that, for pure graviton exhange in four dimensions, the 6 
transform — with the above definition of g — diagonalizes unitarity, as proven in Appendix 
B of ref.4.. The alternative definition of g used in ref.2 explains the different unitarity 
properties of low partial waves in these two approaches to the leading eikonal. Thus, if 
the dynamics only comes from generalized ladders of pure gravitons, Eq. (2) is valid at all 
angles, a property of Coulomb-like interactions known to experts. 


This observation is confirmed by the partial wave projection of Eq.(2), which yields: 
SAGs) = 80" = ( 


=yine (J +1—iag) 
81 


4) T(J+1+iaa)’ (3) 





expression that coincides, up to a J-independent phase, with the ultra-relativistic limit of 


the relativistic Coulomb amplitude (without fine structure corrections) 


e2ibg _ T(J T 1 —_ i£a) 


= TE pa VE 4 
T(J +1+i£a)’ mu 4) 





after replacing a by aq. 

The above coincidence allows an interpretation of the ’t Hooft poles of A” at iag = 
is = N =1,2,.... They correspond to the J-plane poles of Eq.(3) at J =taq@—n—-1 
and are thus nothing but the k — oo limit of the Regge trajectories J,(k) = —n—1+ iad, 
interpolating the Coulomb bound states at ky, = (1 + 0($5)). 

Note that the ’t Hooft poles originate from the 6 > 0 singularity of A°*(b, E) in 
Eq.(1), and thus from the short distance behaviour of the Coulomb interaction. If this is 
softened, as for instance in the string approach, the poles disappear“). A simple illustration 


of this fact is given by the replacement 


~ 1 
69 > 60 = 506 log(b? + 03), (5) 
which yields 
1 ~, 1l6raq q rag~h 
= Aetk _q?) — _t K a b 
5 (s, q ) rd +iag) (+) Ly a ( 0g), (6) 


which is an entire function of ag. Eqs.(6) and (2) have the same behaviour in the small 
angle region ag > Ooq, i.e. if the saddle point value of 6 exceeds bg. By contrast, for 
tag =1, Ae?® is finite at finite qbo. 

In conclusion, we stress the crucial importance of understanding the b = 0(R) region 
in order to reach finite angles and to study the singularity structure of the amplitude at 


large energies. 


Beyond the eikonal 
In our previous work?) we have computed the first nonleading contributions, which 


could be embodied in a generalized eikonal representation for the elastic S matrix 


S(b, E) _ er5ot br F824...) (7) 
where a = (+) and a = 0 (42), We found™), for pure gravity, 
6 G’s G? 8? 
O41 = — ay 108 S, Reds = 2 (8) 


As discussed before, 69 represents the physics of pure graviton exchange (i.e. the 
generalized ladders of Fig.1). On the other hand 6, originates from the one-loop radiative 
corrections of the type shown in Fig.2 and 62 from the ”H diagram” of Fig.3 and other 
two-loop contributions. This last correction is important in the ”classical” regime R > Ap: 
it shows an increase of the Einstein deflection, and thus of the gravitational interaction, 
for b~ R. This may be the first sign of a gravitational instability that could build-up from 
the resummation of higher orders in sae 

From the metric point of view, 69 comes from semiclassical scattering in the 
Aichelburg—Sexl metric) 


ds” = dx4dx_ — dx? + 4GE6(x+)(dx4 )? log x? (9) 





where x = (21, #2) are the transverse coordinates and r4 = xp £3 the longitudinal ones. 





On the other hand, 6, and 6, are related to gravitational emission and thus cannot be 
directly interpreted in terms of an external metric. Rather, they provide a rough estimate 


of the quantum fluctuations around the metric (9), as follows 


65 6 
6g?) ~ enw sen. 1 


A more precise description of graviton emission associated with gravitational scat- 


8, 


tering (Fig.3) is obtained by a suitable generalization'**-*) of Weinberg’s soft graviton 


formula. Choosing the two physical (transverse, traceless) polarizations 


1 1 
= Fafetel tehet), ei = Aobel eel), ay 
where the vectors ek(er) are longitudinal (transverse) to the beam and orthogonal to the 


graviton mementum qg,, we find that both are emitted, with amplitudes in the ratio 
AM /A® — tan Ap . (12) 


Here qi, q2 are the momentum transfers defined in Fig. 3, with q = q; + qe. In the soft 
limit q — 0 the ratio (12) vanishes, showing that polarization (a) contains the dominant 
infrared singularity, in agreement with Weinberg’s results. We have seen) how such a 
singularity has a Bloch—Nordsieck interpretation and cancels in computing Reé2, which 
gets finite contributions from both polarizations. 

Admittedly, our method for computing non-leading terms is as tedious and cumber- 


some as a typical higher order field theory calculation. This makes it unlikely that we will 


4 


be able to go beyond the present two-loop stage. It is thus natural to ask whether the 
other approaches can be extended in any simple way in order to investigate non-leading 
corrections. We shall illustrate why, unfortunately, this is not the case, at least for the 
most naive extensions. 

We have already discussed the inadequacy of the external metric approach“) in dealing 
with the non-linear graviton interactions, which are responsible for corrections involving 
powers of sia = (a). 

At first sight, Verlinde’s) approach of separating longitudinal and transverse degrees 
of freedom through a gauge choice appears more promising. Unfortunately, a careful 
analysis shows that the salient features of the quantum fluctuations cannot be handled 
without modifying that framework. 

In fact, the leading IR polarization e, which is crucial for determining both Iméy 
and Redz cannot be described in the Verlinde gauge gz7 = 0. Metric fluctuations of the 
type et), which are necessary to describe a real emission process, cannot be brought to 
block-diagonal form by any diffeomorphism égyy = €nqv + vgn because )), 7 dgire\) = 0. 

This observation can be traced back to the fact that, at least around flat space time, 
the gir = 0 gauge has a non-trivial zero mode €; = qi, €r = —qr. Thus diffeomorphisms 
have three essential parameters, instead of four. The fact that this gauge is not appropriate 
for describing fluctuations around flat space-time has already been noted in Ref.(5). Our 
point here is that precisely these fluctuations determine the value of non-leading correc- 
tions. 

Furthermore, the second physical polarization ¢), which is already block-diagonal, 
has equal DL and TT amplitudes in contrast with the idea that the corresponding quantum 


fluctuations have different scales. 


Finally, even if one could reduce the quantum problem to an effective action with two 
. . . r r r . 
couplings of different magnitudes on = Zz ~aGg, gi, = e ~ sf, the two dynamics could 


not be disentangled in order to produce the subleading correction a ~ sia ~ 95/91 

In conclusion, while we think that the crucial difference between longitudinal and 
transverse modes is present in the semiclassical (leading) approximation — only longitudinal 
gravitons coupled to the fast external sources — we see that all modes contribute on an 
equal footing to the higher order interactions which are responsible for the physics at 
b~ O(R). 

We still hope that an effective eikonal approach could be constructed also for the 
nonleading contributions. Perhaps, the shock-wave nature of the classical field may be 


used to define an effective action for the longitudinal modes, in which quantum fluctuations 


5 


of the other components are integrated out (for a step in this direction, see Ref.10). To 
do so, however, we first have to cope with an all-order definition of the asymptotic states 


(infrared gravitons) and we also have to treat all metric fluctuations on the same footing. 
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Figure Captions 


Fig.1 Graviton-exchange diagrams providing the leading eikonal approximation. 
Fig.2 A typical diagram giving a quantum correction to the eikonal. 


Fig.3 Diagrams giving the lowest order classical correction to the eikonal. 
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Using a recently proposed gauge invariant formulation of light-cone averaging, together with 
adapted “geodesic light-cone” coordinates, we show how an “induced backreaction” effect emerges, 
in general, from correlated fluctuations in the luminosity distance and covariant integration measure. 
Considering a realistic stochastic spectrum of inhomogeneities of primordial (inflationary) origin we 
find that both the induced backreaction on the luminosity-redshift relation and the dispersion are 
larger than naively expected. On the other hand the former, at least to leading order and in the 
linear perturbative regime, cannot account by itself for the observed effects of dark energy at large- 
redshifts. A full second-order calculation, or even better a reliable estimate of contributions from 
the non-linear regime, appears to be necessary before firm conclusions on the correct interpretation 
of the data can be drawn. 


PACS numbers: 98.80-k, 95.36.+x, 98.80.Es 


I. INTRODUCTION 


The so-called concordance (or ACDM) model, based on a suitable combination of dark matter, dark energy and 
baryons for an overall critical density, has become the reference paradigm for the late — i.e. post-equality epoch — 
evolution of our Universe (see e.g. [1]). It accounts equally well for the CMB data, the Large Scale Structure and, 
even more significantly, for the supernovae data in terms of a cosmic acceleration [2]. 

Strictly speaking these three tests of the concordance model are not at the same level of theoretical rigor. While 
the first two have to do, by definition, with the inhomogeneities present in our Universe, the third is based on an 
ideal homogeneous and isotropic Friedmann-Lemaitre-Robertson-Walker (FLRW) geometry. It is clear that a better 
treatment of cosmic acceleration should take inhomogeneities into account, at least in an average statistical sense. Only 
when this is done we can establish in a convincing way whether ACDM gives a simultaneous consistent description of 
the above-mentioned body of cosmological data. 

This realization has led to a vast literature about averaging cosmological observables in realistic inhomogeneous 
cosmologies (see e.g. [3] for recent reviews). The conclusions, however, are still rather controversial: according to 
some authors [4] present inhomogeneities might explain, by themselves, cosmic acceleration without any need for 
dark-energy contributions; according to others [5] the effect of inhomogeneities is, instead, completely negligible. The 
truth may lie somewhere in between, in the sense that a quantitative understanding of inhomogeneities effects could 
be important in order to put precise constraints on dark-energy parameters, such as the critical fraction of dark-energy 
density, Q,, and the time evolution of its effective equation of state, wa(z). 

In the first papers studying the dynamical effects of averaging, the problem was approached mainly following 
Buchert’s prescriptions [6], namely averaging inhomogeneities over spacelike hypersurfaces and computing the ensuing 
“backreaction” on the averaged geometry. Nonetheless it is clear that a proper treatment of cosmic acceleration — 
which is indeed revealed through the experimental study of the luminosity-distance to redshift relation [2] — needs 
to consider the backreaction of averaged inhomogeneities along our past light cone, which is a null three-dimensional 
hypersurface. 

While a number of papers have emphasized the importance of light-cone averaging (see e.g. [7—9]), a fully covariant 


and gauge invariant formulation of such a procedure was only given recently [10], by generalizing to null hypersurfaces 
an analogous prescription previously derived for spacelike hypersurfaces [11, 12]. Actually, it turns out that the 
physically meaningful (covariant and gauge invariant) average of a scalar over a null hypersurface reduces to averaging 
over an appropriate two-dimensional surface a scalar object which is non local, as the integrand itself contains integrals 
along lightlike geodesic curves lying on the given null hypersurface. Nonetheless, we shall simply refer to this procedure 
as “light-cone averaging” [10]. 

The aim of this paper is to apply such an averaging procedure to the luminosity distance of a light source lying 
on our past light-cone, in order to compute the possible backreaction of inhomogeneities on the luminosity-redshift 
relation. We will show the emergence of an effect — called hereafter “induced backreaction” — which arises from a generic 
correlation between the inhomogeneities present in the variable we want to average (e.g. the luminosity distance) and 
those appearing in the covariant integration measure!. We stress immediately that our induced backreaction accounts 
only for a part of the total effect of inhomogeneities. As we shall discuss in detail below, the leading-order induced 
backreaction can be computed in terms of linear perturbation theory, while a complete leading-order calculation (left 
to future work) would require perturbation theory up to second order. 

We will use a simple phenomenological model of inhomogeneous geometry based on a spatially flat FLRW metric 
which includes, to first order, scalar perturbations of primordial (inflationary) origin. Such perturbations are often 
conveniently parametrized in the longitudinal (or Newtonian) gauge [13]. However, we will take advantage of the 
gauge invariance of our formalism to use an adapted system of coordinates defining the so-called “geodesic light-cone” 
(GLC) gauge introduced in [10]. In that gauge the light-cone averages of luminosity distance and redshift take very 
simple, exact expressions that keep all the required degrees of freedom for being applicable to general geometries. 

By further taking the ensemble average of the inhomogeneous terms, and using the stochastic properties of our 
model of perturbations, we will compute to leading order the induced backreaction on the luminosity distance, and 
the corresponding variance. If we limit ourselves to first order computations in the range of scales where linear 
perturbation theory is reliable, we find that the induced (second-order) corrections to the luminosity-redshift relation 
of the homogeneous CDM model, although much bigger than one could have naively expected, are not large enough 
to mimic a sizable fraction of Q,. However, our formalism suggests that other second-order corrections could be 
even larger, thus confirming the importance of performing a full second-order calculation or, even better, a reliable 
calculation in the non-linear (short scale) regime. 

The paper is organized as follows. In Sect. II we recall definition and basic properties of GLC coordinates and 
give exact, non-perturbative expressions for the redshift, the luminosity distance and the light-cone average of the 
latter at constant redshift. In Sect. III we give the linear order transformations expressing the metric of a perturbed 
FLRW geometry in GLC form, starting from the more commonly used Newtonian gauge. We then express the 
luminosity distance as a function of the redshift and of the angular position of the source, to first order in the given 
perturbed geometry. In Sect. IV we take the light-cone average of the computed luminosity distance and we show 
how backreaction effects automatically emerge, in general, from correlations between the averaged variable and the 
covariant integration measure. We explicitly define such an induced backreaction and the cosmic variance, to leading 
order, taking into account the stochastic properties of our model of perturbations and thus including the appropriate 
ensemble average of the inhomogeneous corrections. In Sect. V we implement analytical calculations of the induced 
backreaction terms and of the dispersion, and in Sect. VI we present the corresponding numerical results for a specific 
spectrum of primordial scalar perturbations and for a given model of transfer function. Our main conclusions are 
finally summarized in Sect. VII. We also present, in Appendix A, a sample of the analytic manipulations needed for 
reducing our (light-cone plus stochastic) averages to the form of a one-dimensional integral over the wavenumber k 
labelling the scalar perturbation spectrum. 


II. THE GLC GAUGE AND THE AVERAGED LUMINOSITY-REDSHIFT RELATION 
A. Reminder of the GLC gauge and of its main properties 


Our purpose, in this paper, is to compute the light-cone average of the luminosity distance as a function of the 
redshift by applying the gauge invariant procedure introduced in [10]. One of the main virtues of using a gauge 
invariant formalism is the freedom of choosing a gauge particularly adapted to the problem at hand. In the case 
of spacelike averaging, for instance, a convenient coordinate system corresponds to a gauge where the averaging 


1 As discussed in [10], this integration measure will also induce “backreaction” terms of the type usually discussed in the literature [é], 
namely terms that arise from (generalized) commutation rules between differential operators and averaging integrals. 


hypersurfaces are identified with constant-time hypersurfaces. In many applications the averaging hypersurfaces are 
chosen indeed as the ones associated to a class of geodesic observers corresponding to constant values of the time 
parameter ¢ of the synchronous gauge (see e.g. [14]). 

Similarly, for light-cone averages, it is convenient to identify the null hypersurfaces with those on which a null 
coordinate takes constant values. For this reason we have introduced in [10] an adapted system of coordinates 
— defining what we have called a “geodesic light-cone” (GLC) gauge — where the averaging prescription greatly 
simplifies, while keeping all the required degrees of freedom for applications to general geometries. Furthermore we 
are also able to identify the timelike coordinate of the GLC gauge with the cosmic time t of the synchronous gauge. 
As a consequence we can easily introduce a family of geodesic reference observers which exactly coincide with the 
static ones of the synchronous gauge. 2 

Let us first recall, as discussed in [10], that the coordinates x" = (7,w,@%), a = 1,2, specifying the metric in the 
GLC gauge correspond to a complete gauge fixing of the so-called observational coordinates, defined e.g in [7, 15, 16]. 
The GLC metric depends on six arbitrary functions (YT, a two-dimensional “vector” U% and a symmetric matrix 7a»), 
and its line element takes the form 


ds?y4¢ = Y?dw? — 2Ydwdr + Yas(db* — U%dw)(d° — U'dw). (2.1) 


In matrix form, the metric and its inverse are then given by: 


=> 





22 <9 1 ae ee 
a = -T TAO 0. | ote = -Y! 0 0 P (2.2) 
or —U? Yab —(U*)T /T gr yr? 


where 0 = (0,0), Uy = (Ui,U2), while the 2 x 2 matrices 74, and y* lower and raise the two-dimensional indices. 
Clearly w is a null coordinate (i.e. 0,,w0“w = 0), and a past light-cone hypersurface is specified by the condition w = 
const. We can also easily check that 0,,7 defines a geodesic flow, ie. that (0”7) V, (0,7) = 0 (as a consequence of 
the relation g™7 = —1). 

In the limiting case of a spatially flat FLRW geometry, with scale factor a, cosmic time t, and conformal time 
parameter 7 such that dy = dt/a, the transformations to the GLC coordinates and the meaning of the new metric 
components are easily found as follows [10]: 


T=, w=r+yn, T = a(t), 
U%=0, —-Yand0°d0” = a?(t)r? (dO? + sin? 6d¢?). (2.3) 


Even though we will be mainly using the GLC gauge for a perturbed FLRW metric in the Newtonian gauge, it is 
important to stress that the equality between the coordinate 7 and the proper time t of the synchronous gauge holds 
at the exact, non perturbative level: it is always possible, in fact, to choose the GLC coordinates in such a way that 
7 and ¢ are identified like in the above FLRW limit. 

In order to illustrate this point let us consider an arbitrary space-time metric written in the synchronous gauge 
(with coordinates X“ = (t, X*), i,j =1,2,3), where the line element takes the form: 


dsq = —dt? + higdX'dX!. (2.4) 


Let us impose the condition t = 7, and check whether we run into any contradiction with the exact metric transfor- 
mation 


- OX? OX”? 
al )= Dak dgv gare): (2.5) 


Using Eq. (2.2) for the GLC metric, and considering the transformation for the Gia components, we then obtain the 
conditions 





“ dX 
Géq = {-1,0} = — [0, + Y7*(Ow + U%Oq)] X" = uO, X" = oe (2.6) 
where u,, = —O,7 is the four-velocity of the geodesic GLC observer, and where 4 denotes an affine parameter along the 


observer world-line. So the requirement 7 = t boils down to the statement that along the geodesic flow of the vector 
field u the SG coordinates X* are constant. This clearly defines the coordinate transformation in a non-perturbative 
way, and also shows that the geodesic observer uw, = —0,7 of the GLC gauge corresponds to a static (and geodesic) 
observer in the synchronous gauge. It follows that the identification t = 7 can always be taken for any space-time 


metric, and that this simple connection between GLC and synchronous gauge has validity far beyond the particular 
FLRW case or its perturbed generalizations. 

We also remark that, in GLC coordinates, the null geodesics connecting sources and observer are characterized by 
the simple tangent vector k” = g#”0,w = gt” = —6#Y—!, which means that photons reach the observer travelling at 


constant w and 0%. This makes the calculation of the area distance and of the redshift particularly easy. Consider, 
for instance, a light ray emitted by a static geodesic source at the intersection between the past light-cone of our 
observer, w = wo, and the spatial hypersurface 7 = 7,, and received by such static geodesic observer at T = To > Ts. 
The associated redshift z, is then given by [10]: 


(kh uz) s (O" WOLT)s T(wo, 70, 0%) 
1+ Zs) = = = ~ 3 2.7 
( ) (kup )o (OH WOnT)o (wo, Ts, 9%) ( ) 





Ter) 


where the subscripts “o” and “s” denote, respectively, a quantity evaluated at the observer and source space-time 
position. The expression for the angular distance will be explicitly derived in Sect. IIB. 

Let us finally recall that, in GLC coordinates, the covariant average of a scalar quantity S(7, w, 6%) over the compact 
two-dimensional surface 1, defined by the intersection of our past light-cone w = wo with the spacelike hypersurface 
T =Ts, is simply given by [10]: 

(s) _ Ju Uay/—G 5(w — wo)d(7 — Ts) S(T, w, 0") |O, TO" w| 
os Jy Ba /—gG 5(w — wo)d(7 — Ts) |O,7O"w| 


7 d0,/y(wo, Ts, 0%) S(wo, Ts, 0%) (28) 
f d204/y(wo, Ts, 0%) 


where y = det yap. In the case of interest for this paper, namely light-cone averages on surfaces of constant redshift 
Z = Zs, one then obtains [10] 











J @26y/y(wo,7 (2s, wo, 6%), 6) S(wo,7 (Zs, Wo, 07), 0) 
J POy/y(wo,7 (2s, wo, 6%), 6) 


where T(zs, Wo, 67) has to be determined by solving the redshift equation (2.7) for 7, as a function of wo, 7, Zs and 


6°. This general result will now be applied to the case in which S is identified with the luminosity distance dz. 








(5) wo,zs = ’ (2.9) 


B. Light-cone average of the luminosity distance 


Let us first recall that the luminosity distance dz of a source at redshift z is related in general to the angular 
distance d4 of the source (as seen from the observer) by the so-called Etherington (or reciprocity) law [17]: 
dy = (1+2)*d,. (2.10) 
In the particular case of an unperturbed, spatially flat FLRW background, and for a source with redshift z,, the 
distance d4 is simply given by 
dig es) = Ass = As(N0 — Ns), (2.11) 


where a, = a(7s), while no — 7, denotes the conformal time interval between the emission and observation of the light 
signal. For the unperturbed metric, on the other hand, we have 1 + z = ag/a(t), and dn = dt/a = —aj‘dz/H, where 
H = d(Ina)/dt. Hence: 


-1/2 


ape (,) =(1+2)a0 f dn =(1+%) [ 2 = 14% I dz |S [Qno(1t2PGrwr) (2.12) 
? o H(z) Ho Jo A 








In the last equality we have used the standard (spatially flat) Friedmann equation for H (see e.g. [18]), assuming 
that the given homogeneous model has perfect fluid sources with present fractions of the critical density Qn o and 
barotropic parameters w,. Expanding in the limit z, + 0 we also obtain the expression 


dl 1 
dELRW (2) ~w i c er ( Tmo) z+ O(23) 











= ” :. | (1 wo)e3 + 0(29)), (2.13) 


which shows the well known sensitivity of the term quadratic in z, to the composition of the cosmic fluid through the 
deceleration parameter qo. 

Let us now discuss how this well known result for dy is modified when including generic inhomogeneities. We recall, 
to this purpose, that in a generic metric background the angular distance d4 can be computed by considering the null 
vector k# = dx“ /dX tangent to the null ray connecting source and observer (i.e. belonging to the congruence of null 
geodesics forming the observer’s past light-cone). Here is an affine parameter along the ray trajectory, chosen in 
such a way that 4 = 0 at the observer and \ = A, at the source position. The expansion O of the congruence of null 
rays is then given by 8 = V,,k", and the corresponding angular distance d, is defined by the differential equation 
[15, 19]: 


d (S) 

— (Ind4) = — 

dy (nda) = 5 

Consider now a generic metric in the GLC gauge, and the null vector k, = 0,,w such that k” = dx/d\ = —d¥ TY. 
We have, in this case, 


1 L 
= 5Vuke. (2.14) 


Vuk ==—T 70, (Ina/y) = < (In /7), (2.15) 
where y = det yq,, and the integration of Eq. (2.14) gives, in general, 
d4(A) = eV), (2.16) 


where c is independent of 4. In order to fix the constant c we may recall the boundary conditions required to guarantee 
that the null rays generated by k“ belong to the past light cones centered on the world line of our observer. In the 
limit d4 — 0 (or A > 0), where 6° > 6° (see in particular next section, Eq. (3.8)), such conditions require in 
particular that [15] 


fi ain ane’ (2.17) 
430 d4 


where, in the last equality, we have used the already mentioned fact that 6° is constant along the null geodesic. This 
clearly fixes c = 1/sin6', and uniquely determines the angular distance as 


da(d) = 71/42) (sind*) al (2.18) 


Inserting this result into Eq. (2.9) we finally arrive at an exact expression for the light-cone average of the luminosity 
distance, as a function of z,, in the GLC gauge: 





pl ee 711? (wo, 72s, wo, 8%), 6)da(wo, 720, wo, 6%), 0), 


dr) w Zq = 1+ Zs D 92). gl 
(di) woz. = ( f d20 71/2(wo, (Zs; Wo; 0%), 0°) 


(2.19) 


This equation, being exact, can be applied in principle to any given highly inhomogeneous cosmology. Specifically, 
it can be applied to a Lemaitre-Tolman-Bondi (LTB) model [20] even in the case of a generic observer shifted away 
from the symmetry centre of the isotropic geometry. In this paper, however, we shall be mainly interested in working 
out the consequences of light-cone averaging for a particular model of perturbed FLRW Universe. Since we know 
how to describe the latter, for example, in the Newtonian (longitudinal) gauge, we need in general to connect such a 
coordinate system to the GLC gauge. 


III. LUMINOSITY DISTANCE IN A PERTURBED FLRW GEOMETRY 
A. First-order coordinate transformation from the Newtonian to the GLC gauge 


Let us consider the scalar perturbations of a conformally flat FLRW background to describe the particular model 
of inhomogeneous geometry we are interested in this paper. Choosing in particular the so-called longitudinal or 
(conformally) Newtonian gauge (NG), using spherical coordinates (r, 0%) = (r,0,@), and going up to the first order in 
perturbation theory, it is well known that the model is parametrized by the following (inverse) metric tensor [13]: 


gna =a *(n) diag (—1 + 26,1 + 2U, (1 + 20) 46°). (3.1) 


Here 
vee = diag (o* a een 8) 5 (3.2) 


and ®, W are the usual gauge invariant Bardeen potentials [13], general functions of n,r,@ and ¢. We will assume, for 
simplicity, that the matter sources have vanishing (or negligible) anisotropic stress, so that ® = WV. 

For the subsequent computations — in particular, for the application of the simple average prescription given 
previously — we need to re-express this metric in GLC form, finding the transformations from the NG coordinates 
y4 =(n,r,9,¢) to the GLC coordinates x” = (rT, w,6', 07), and computing the reparametrized metric as 
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To this purpose we will introduce the useful (zeroth-order) light-cone variables 74 = 7 +7, such that 

1 1 
n= 5 (m4 +1-) r=5(14+—1-) ; (3.4) 
with corresponding partial derivatives 
0 1 

On = O-+0_ , O, = O04 -—O_ , Ge a er (3.5) 





Using these variables we solve the three differential equations obtained from Eq. (3.3) for the components gZ7,¢ = 
-1, 92%c = 9, 94 c = 0, by imposing the boundary conditions that i) the transformation is non singular around the 
observer position at r = 0, and iz) that the two-dimensional spatial sections r = const are locally parametrized at 
the observer’s position by standard spherical coordinates, i.e. 6°(0) = 0° = (0,¢). The sought for transformation can 
then be written, to first order in W, as follows, 


n 
T= dn!a(n’) (1+ U(n',7,0%)] , (3.6) 
Nin 
qe aA 
w = net f dx ti(ny,2,6%) (3.7) 
n+ 
na a 1 zab a . + a 
oe = += dxig’(nz,2,0°) | dyAW(ni,y, 4) , (3.8) 
2 Ing n+ 


where U(n,7_,0%) = U(n,1r,0%), 9? (n4,n_, 0% = y(n, 7, 0%) and nin represents an early enough time when the 
perturbation (or better the integrand) was negligible. We can easily check that, to zeroth order in V, we recover the 
homogeneous transformation (2.3) as expected. 

To first order in V we can use again Eq. (3.3) to compute the non-trivial entries of the GLC metric (2.2), and 
obtain: 


T = a(n) 
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The term (ns, 4, 6°), appearing in the general equation for YT, denotes (at any 7) the value of the perturbation 
potential evaluated at the tip of the light-cone connecting the origin (r = 0) to the point y“ = (7,7, 6°) (namely, 


W(n4,74,0°) = U(n + 1,0, 6%)). 


The above transformations can be immediately applied to obtain an explicit expression for the redshift parameter 
zs. By inserting the result (3.9) into Eq. (2.7) and considering that the source is located on the past light-cone of the 
observer (identified by the equation w = wo = 7), we obtain: 
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where J = I, — I,, and where: 
ne : UT) 
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We have defined 7. = 7ns+rs, Vs = Uns, 0 — Ns, 0%), Vo = Vo, 0, 0%) and we have used the zeroth-order light-cone 
condition 7{ = nf =o. It should be stressed, however, that while the integrals appearing in J, are evaluated at 
constant r (namely along timelike geodesics), all the other integrals are evaluated at fixed n+ (i.e. along null geodesics 
on the observer’s past light-cone). 


The contribution associated to J, can also be rewritten as 





I, = (0; — Uo) +’, (3.15) 


where 7 is the unit tangent vector along the null geodesic connecting source and observer, and where 
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are the “peculiar velocities” of source and observer associated to a geodesic configuration perturbed up to first order 
in the NG gauge. In a realistic situation one should add to Eq.(3.12) similar terms taking into account a possible 
intrinsic (non-perturbative) motion of source and observer, unless our theoretical predictions are compared with data 
already corrected for these latter Doppler contributions. Note also that our first-order expression for the redshift 
(3.12), valid in general for any given scale factor a(7), is in full agreement with the expression obtained in Eq.(38) of 
[21], where z, is computed for the particular case of a CDM-dominated model. 


B. The luminosity distance including first-order scalar perturbations 


We now apply the above coordinate transformation to find, in the Newtonian gauge and to first order in perturbation 
theory, the other relevant quantities for this paper. Let us start with the determinant y appearing in the angular 
distance (2.18). For a source emitting light at time 7, and radial distance r, we obtain from Eq. (3.11), to first order?, 











yl (As) = det y(A5) = (a2r? sin )~? [1 +40, + 452(z5, 6*)| , (3.17) 
where: 
Tr i a= sab/(,s a * Ty (nS a 1 m ay — Ns | 42 : =) a2 / / ga 
J2= a dx Yo (nL, 2,0 ) dy 0.0 (ni, y, )= dn [a3 + (sind) 03] U(n',no — n!,8 ) 
A Ins nt to— Ns Jn, To —7 
(3.18) 
(the latter equality follows upon a simple integration by parts). Hence, from (2.18): 
ae 
~ sin 6! 
da(As) = asrs [1 WU, i] ( 7 (3.19) 


2 Note that, to first order, we have y~! = (7117722)~!, and that, for these diagonal matrix elements, the operator 0, commutes with nye. 
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The last factor can be easily computed, to first order, by using Eq. (3.8) and the fact that the 0% are constant along 


the null geodesic. It is easy to check that it amounts to a redefinition of Jz, and that the above angular distance 
becomes 


da(As) = asr's [1 — Us — Jo(zs5,0%)] , (3.20) 


where: 











= [tn ® [0b + cot 0d + (sin 8)-208 W(n',n0 —7',6%) = — pant B aw (3.21) 
To —1s Jn,  Mo—nk? : To —Ns Ing MO —7 


(here Ag is the two-dimensional Laplacian operator on the unit two-sphere). 

For the full explicit expression of the luminosity distance dz at constant redshift what we need, at this point, is 
the first-order expansion of the factor a,r, = a(7s)rs appearing in Eq. (3.20). To this purpose we start from Eq. 
(3.12), considering z, as a constant parameter localising the given light source on the past light-cone (w = wo) of our 
observer, and we look for approximate solutions for 7, = 75(2s, 9°). 


Let us first define the zero-order solution no through the exact relation 

















ans) (3.22) 
ao 1+ 2, 
where ao = a(7o). Expanding (3.12) with respect to the parameter 67 = 7, — we then find: 
0 
—- atte Dt 4+ My 6n— Je0.8)] = alt + Had Ie") (3.23) 
where H, = d(In a(n”) Jan, so that: 
Hs 6n = J(zs, 9°) . (3.24) 
On the other hand, by applying Eq. (3.7) to the light-cone w = wo at the source position, we readily obtain 
wo = 1, — 2AnVay = No, (3.25) 


where we have introduced the zero-order quantity An = no — 7? , and denoted by Wa, the average value of UV along 
the (unperturbed) null geodesic connecting source and observer: 


ne 7 no 
dew 20°) = -2 f dn! U(n', no — 7, 0°) = —2AnWay. (3.26) 
ny s 
Combining this result with Eq. (3.24) we can then determine, to first order, the value of the radial coordinate r,(z5, 0°) 
corresponding to the given redshift z,: 








J (Zs, 0° 
1's(Zs,0%) = Wo — n (zs) — 6n + 2AnWVay = An |1— I(2s, 6°) +2U,,]. (3.27) 
H,An 
Proceeding in the same way for a, we obtain, from Eqs. (3.12), (3.22), 
A,(Z,9%) = a(n) [1 + F(z, 0%)] , (3.28) 
which, in turn, allows us to compute the value of a,r, on the constant-z, 2-surface: 
1 
[asrs](2s, 07) = a(n )An 1 +O, + (1 a =) J.,6)| ; (3.29) 
The angular distance (3.19), for a source at redshift z,, can now be written as® 
1 
da(z5,0°) = a(n) An 1 +2W,, 4 (1 rT =a) J — V(ns, No — Ns, 9°) — | : (3.30) 


3 Let us note that in the first order terms we can always safely identify 7, with its unperturbed value ©. 


The (first-order, non-homogeneous, non-averaged) expression of dz in our perturbed background, referred to the 
unperturbed value (2.12), is finally given by: 
dz(zs, 0%) = dz (zs, 0°) 
(1+ 2s)aoAn  dp?RW(z,) 








1 
= 1—WV(5,No — Ns, 0°) + 2Vay 1- J — Jo. 3.31 
(a0 = 188) +2046 + (1= A) I= Je (3.31 


If we apply this general result to the particular case of a CDM-dominated Universe we find almost full agreement 
with the result for the luminosity distance at constant redshift computed in [21]. After several manipulations, in fact, 
it turns out that our dz is equivalent to the one found in [21], modulo a term which can be written as Uo - fi (in the 
notations of Eq. (3.15)). Such a term gives a subleading contribution to the backreaction and can be neglected with 
no impact on our final results. 

It should be noted, however, that by expanding the above expression in the small z, limit, and comparing the 
result with the analogous expansion of the homogeneous distance (2.13), we could easily introduce a redefined value 
of Hy, say Hj°", such that its inverse corresponds to the coefficient of the linear term in z, for the perturbed relation. 
With such a “renormalized” Hubble parameter we have that Hg°"dz; tends smoothly to Hoate’ for z; > 0, and 
we recover full agreement with [21] provided the same renormalization is applied there. Such a renormalization of Ho 
is also suggested by (and closely related to) the first-order computation of the scalar expansion factor V,,u" for the 
flow wordlines u,, = 0,7 of a local geodesic observer. 

At this point we could go on by taking the average of Hj°"dz(zs, 0%), computing the associated backreaction, and 
evaluating the corrections to the standard homogeneous relation given by Hodf""?W (z,). We have performed that 
exercise, but we have found that the contribution of the renormalization terms give large z,-independent contributions 
to the variance. Furthermore, we think that renormalizing Hp at z, = 0 is physically incorrect since, at very small-z,, 
the backreaction is dominated by short-scale inhomogeneities which are deeply inside the non-linear regime (where 
even the concept of a Hubble flow becomes inappropriate). We could instead try to renormalize Ho at some small but 
finite z,, e.g. at a redshift corresponding to the closest used supernovae (say z, ~ 0.015, see e.g. [22]), but then the 
results (although much better behaved) would depend on the choice of the particular “renormalization point”. Thus, 
it seems best to consider just the full “unrenormalized” expression (3.31) in a limited region of z, where one can trust 
the approximations made, and use that expression for a phenomenological parametrization of the backreaction effects 
which could possibly include a redefinition of Ho. 


IV. COMBINING SPACE-TIME AND ENSEMBLE AVERAGES 


In the following sections the inhomogeneous deviations from the standard FLRW quantities are sourced by a 
stochastic background of primordial perturbations, satisfying UV = 0, V2 4 0, where the bar denotes statistical (or 
ensemble) average (see Sec. V). Hence, if we limit ourselves to a first-order computation of d,, we immediately obtain 
dy = qa, Non-trivial effects can only be obtained from quadratic and higher-order perturbative corrections, or 
from the spectrum of the two-point correlation function dz(z,0*)dz(z’,6’%) (discussed in detail in [21]). 

In this paper we will consider the ensemble average not of dz but of (dz), where the angular brackets refer to the 
light-cone average defined in Eq. (2.19) (see e.g. [23-25] for previous attempts of combining ensemble average with 
averages over spacelike hypersurfaces). We will see that the light-cone average automatically induces quadratic (and 
higher-order) backreaction terms, due to the inhomogeneities present both in dz and in the covariant integration 
measure, and since the ensemble average of such terms is non-vanishing we obtain, in general, (dz) ~ ge 

We will start this section with some general considerations on how to combine space-time and ensemble averaging, 
and how to isolate those terms in (dz) that we may genuinely call “backreaction” effects, i.e. effects on averaged 
quantities due to inhomogeneities. We shall also discuss how to estimate the variance around mean values due to such 
fluctuations*. Many of these considerations can be certainly found elsewhere, but are nonetheless presented here for 
the sake of being self-contained. 

Let us consider a typical average over the compact surface © (topologically equivalent to a two-sphere) embedded 
on the past light-cone w = wp at constant z,. We simply denote such an average by: 


= Sn Pus 
Jn?” 





(S)s (4.1) 


4 The importance of the cosmic variance for a precise measurement of the cosmological parameters, taking into account backreaction 
effects from averaging on domains embedded in a spatial hypersurface (according to [6]), has been recently pointed out also in [26]. 


10 


where d?, is the appropriate measure provided by our gauge invariant prescription (see Eq. (2.9)) and S' is the 
(possibly non local) scalar observable (dz in our case). We can conveniently extract, from both d? and from S, a 
zeroth-order homogeneous contribution by defining: 


Py = (Pp) (1+ p), S=SO(1+0), (4.2) 


and use the possibility of rescaling both integrals in Eq. (4.1) by the same constant, in order to normalize f (d?u) = 1. 
We then easily get: 





( Ss \ = fee eet) _ (d+H)+4))o (4.3) 
SO/~  F(@WOA+n) +t 


where we have dropped, for simplicity, the subscript of the averaging region =, and where we have defined by (...)9 
averages with respect to the unperturbed measure (d?1)( (we shall drop the subscript 0 hereafter). 

Let us now perform the ensemble average, denoted by an overbar, paying attention to the fact that ensemble 
averages do not factorize, ie. AB 4 A B. A simple calculation leads to: 








(S/S) = 1+ ((a) + (uo) )(A + (u))~* (4.4) 


This last equation is supposedly exact but, as such, pretty useless. It becomes an interesting equation, though, if we 
can expand the quantities 4 and o in a perturbative series: 


w= Db o= 9, (4.5) 


and we further assume that the first order quantities 41,0; have vanishing ensemble averages (as it is the case for 
typical cosmological perturbations coming from inflation). In that case we can easily expand the result and obtain, 
for instance: 


(S/S) =1+ (02) + IBR2 + (03) +IBR3 +... (4.6) 


where 





IBR2 = (101) — (441) (01), 
IBR3 = (H201) — (M2)(o1) + (Hig2) — (Ma)(o2) — (Ha) (Hio1) + (M1) (M1) (01), 











and where we have used again the non-factorization property, i.e. (441)(01) A (u1) (01), and so on. We see that 
the result contains, to a given order, both terms that depend on expanding S$ to that order (but not on the precise 
averaging prescription), and “induced backreaction” (IBR) terms that depend on correlations between the fluctuations 
of S and those in the measure. These latter terms only depend on lower-order perturbations of S and the measure 
separately. In particular, our first-order calculation provides the full second-order IBR effect that comes from the 
above interplay of j4; and oj, although the full second-order result needs also the harder computation of a2 (but not 
of 2). Note also that, whenever the fluctuations of S and d? are uncorrelated, all IBR effects drop out. We will see 
below how to apply the above general reasoning to the particular case of dr. 

Let us now discuss instead the issue of the variance, i.e. of how broad is the distribution of values for S/S) around 
its mean value ($/S$()). This dispersion is due to both the fluctuation on the averaging surface and to those due to 
ensemble fluctuations. Let us thus define: 








Var[ S/S] = (s/s es (5) ") = ((5/SM)2) — ((s75)) (4.9) 


Inserting the definition (4.2) we get, after a little algebra: 








Var[$/S = (o2(1+ (+e) — (WOOF m+) - (4.10) 
If we now make the same assumptions as before on expanding ys and o, we find that the second term in (4.10) is at 
least of fourth order. Therefore, for the leading term in the variance we find the amazingly simple result (see also 


[26]): 


Var[ S/S] = (02). (4.11) 
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As in the case of IBR2 we only need to know the first-order perturbation, but this time the effect is completely 
independent of the averaging measure. As we shall see, the dispersion (which is actually the square root of the 
variance) turns out to be larger than the averaging corrections due to IBRg. 

We may note, at this point, that we could have also considered the dispersion of the angular average (9/5) due 
to the stochastic fluctuations, namely: 





SD eee 
Var’ [S/S] = ((s/5) 2 (5/S®)) = ((8/8))? — ((5/5)) (4.12) 

which, after calculations similar to the ones above, gives 
Var’ [S/S] = (01)2. (4.13) 


Such a quantity is much smaller than the previous one, as can be inferred from Section VI, indicating that the main 
reason for the dispersion lies in the angular scatter of the data rather than in their stochastic distribution due to the 
ensemble. 

Let us finally identify the quantities appearing in IBRg, for our particular case. To this purpose let us stress that, to 
describe the real impact of inhomogeneties on the observational data, we should consider the scalar S corresponding 
to the true observed quantity. In the case of the supernovae data [2] this quantity should be the received flux of 
radiation, which is proportional to ~ as. On the other hand, if we consider the average of S = dz instead of the 
average of the flux, the difference is only of second order in our perturbative expansion °. Since in this paper we will 
not evaluate such genuine second-order contribution to the average we can limit ourselves, for the sake of simplicity, 
to consider hereafter S = dz(zs, 0%). 

In such a case, from Eq. (3.31) we immediately find 


0, = A, + Ag+ A3 + Ag+ As, (4.14) 


where we have defined: 


1 1 
Ay = -Ws; Ap = 2Way ; =(1-~—_ Ji; =-{1-~—]i,; So. Ae 
1 2 A3 (1 a) Ty Ay (1 a) I As J2 (4 15) 


On the other hand, in our particular case, the general measure d?,1 will be given by Eq. (2.9): 





au = LO) y(wo, T(Zs, Wo, 4%), 0%) . (4.16) 
We need to transform the integral in 20 (over the “2-sphere” ©) to the standard polar coordinates d?6 = déd¢ of 


the Newtonian gauge. To first order, it is easy to check (by taking into account the Jacobian determinant of the 
transformation 0% — 0%, see Eq. (3.8)) that: 


pei - [aoa sin 0 ([asrs|(Zs,0%))” (1 — 2W,) . (4.17) 


The normalized unperturbed measure is then given by (d?1)( = d?Q/47, where d?Q = déd@ sin 6. Proceeding as in 
the previous section, and using in particular Eq. (3.29), we also obtain: 





fy = —2U, 4+ 4U,, +2 (1 ) J(2s5,0%) = 2(A, + Ag + Ag + Aa). (4.18) 


1 
H An 
The second-order induced backreaction IBR2, and the variance of dz /d¥*®”, can now be obtained by inserting 
the results (4.14), (4.18) into Eqs. (4.6) and (4.11), respectively. Their explicit evaluation, first analytic and then 
numerical, will be presented in the next two sections. 


5 Since the flux is proportional to dl (aes 0“) the distance modulus (see Sec. VI) should be computed as a function of (a7) rather 





than of (dz). Up to the second order the difference between the two is shown in the following expressions: 


(GYM? = apeRY (14 (oa) + 1BRa — Bo) (dz) = aFERW (14 (oa) + IBR2). 
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V. INDUCED BACKREACTION AND DISPERSION: ANALYTIC CONSIDERATIONS 


This section will be devoted to a systematic evaluation of the various terms contributing to the induced backreaction 
IBRz2 defined in the previous section, as well as to the variance associated to the (angle and ensemble)-averaged value 
of dr(zs, 8°). 

Let us start by noting that the simplest way to implement the ensemble average of our stochastic background of 
scalar perturbations W is to consider their Fourier decomposition in the form: 


U(n, 2) = oar / Pko®*U,(n) E(k), (5.1) 


where — assuming that the fluctuations are statistically homogeneous — E is a unit random variable satisfying E* (k) = 
E(—k) as well as the ensemble-average condition: 


=> 


E(k1)E(k2) = 6(ky + ke). (5.2) 


According to the results of Sec. IV, all corrections we need to compute are bilinear terms in the potential VU 
always occurring in the combination (A;A;) or (A;)(A;), where the quantities A;, A; are defined in Eq. (4.15). Let 
us illustrate a typical computation with one of the simplest contributions associated to A; = —W,. Following the 
notations of Sect. [V we will denote with the angular brackets the integration over the two-surface ©) embedded on 
the light-cone (at w = wo, z = 2s). The measure of integration is the unperturbed normalized one, i.e. d?Q/47. We 
then obtain: 














wy = [ oe ERE) [SE [etre] [eee] 
=f Be watmre ff MeO [sean e-taneen 
a Gora [Wu ? = [OF Polen (5.3) 
ww) = | BOF awee)| | ricer] | Seen) 
=f BE muons [fe ensnone| [f* Meee?) enone 
=f EE imetnae (BRP) = PE retry (BEY, (5.4) 


where in the second line of both terms we made use of isotropy (i.e. WY; only dependent on k = |k|), and defined 
6 and 6’ as the angles between k and # = r& and between k’ and x = rz’. We have also introduced the (so-called 
dimensionless) power spectrum of W, defined in general by: 


k3 
Pu(kyn) = 5—5|Wa(n)/’. (5.5) 


More complicated examples, that contain almost all the subtleties of these computations, will be presented in Appendix 
A. 

In general we have many contributions like the above ones, appearing in both the induced backreaction and the 
variance, and generated by all the A; terms of Eq. (4.15). In this paper we will consider the particularly simple 
case of a CDM-dominated background geometry, with a time-independent spectral distribution of sub-horizon scalar 
perturbations, 0,Y; = 0. In such a case all the relevant contributions can be parameterized in the form 





°° dk 


(AiAj) = A = Pulk)Cis(k, m0, Ms), (5.6) 
CANA) = [ S Po(kyCi(b, moss) C(k, none) (5.7) 


0 
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(where C;;,C; are constant spectral coefficients), valid for any given model of (time-independent) scalar perturbation 
spectrum. With such parametrization, the leading-order induced backreaction, called IBRz in the expansion (4.6) of 


(dz) /dk"?W , can be written as 





4 5 ae 4 5 
IBRs = 2) > [(AiAj) - CAi(4p)] = | * Pu(k)2 >>> [Cis(ks no. 16) —Ci(Rs no, M6) Ci(bsnons)] (5.8) 


i=1 j=l i=1 j=1 


The dispersion (from Eq.(4.11)) takes instead the form: 





ee 1/2 1/2 
d 1/2 a B © dh 5 O66 
(var | sere | = (0?) = |S) 0 Ap) = | =, Pull) >) >) Cis (hs M0. 8) ; (5.9) 
L i=1 j=l i=1 j=l 


We have analytically computed all the required coefficients C;;,C;, and their final values are given in Table I for 
Ciz(k, 70, 7s), and in Table II for C;(k,70,7s). In Table I we also show the small-k limit (kAn < 1) of C;; and of the 
products C,C;. For notational convenience we have introduced in the tables the dimensionless variable 1 = kAn, and 
we have used the definition: 


1 
sinkat(l) = ee, (5.10) 
0 « 





TABLE I: The spectral coefficients Cj;(k,70,s) for the (A;A;) terms defined by Eq. (5.6). We also give the kAn < 1 limit 
(up to leading order in kAn) of C;; and of the products C;C,; for the coefficients defined in Table II. 






































































































































(Ai A;) Ciz(k, "0, Ns) Ci; for kAn <1 C; Cj for kAn <1 
(Ay Ay) 1 1 at 
(Ay Ap) —2SinInt(J) =7es 9-57 
aa) (Ti) | (wi) | Usd) 
(ArAa) (1 ais) Ai [eos! — 5] Ay G am) 5 is G am) 3 
(A; As) -2)1- =] ae 0 
(A> Ao) § [1+ cos! + ISinInt(1)] oe L=3P 
(Ap As) 0 0 (=a) 5 
(AzAa) 2(1- wtag) eee - BO) lott (1— ate) | & (1 aheg) 30 
(Ap As) er [4+ (4+0) cos! + Isinl + PSinInt (I)] ia 0 
(A3As) a(4 nis) i — 3] (1- a) - (1- ao) ia 
(A3Aa) (1 ae). fonts [cos HO] forte (1 Si 5 # (1 ei 
(dss) 2 (1 sian) [1- | ~ (= aaa) § 0 
TAgAa) (1 =) [ee zB 2fols (2cos + (-2+7)4)| =a) (1 aaa) 5 (By (1 ae) 5 
TAiAs) (1 =o) fot8fs cog] + Lo=fs sin! + (Se Lfe i rsiatontt) fo-fe (1 ax) C 0 
(A5As) saw [-24 + 201? + (24 — 21? + I*) cos(I) C 0 

+1(—6 + 1?) sin(1) + 1? SinInt(1)] 





It should be noted that the computation of some of the above terms requires the explicit expression of the scale 
factor a(n). In those cases we have assumed a dust-dominated scale factor with a(n) = a(no)(n/no)?, and we have 
defined 





We. ay). Me Ws 1 
— cla ~ 310.5 5.11 
I. Talo) 3, 3 (5.11) 


(recall that in satisfies, by definition, min < 70,5). Using such a CDM-dominated model also imposes the following 
(zeroth-order) relation between z, and An: 





An= [1 - (1+2)7/2] (5.12) 


ag Ho 
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TABLE II: The spectral coefficients C; for the (A;) (A;) terms defined by Eq. (5.7). 














Ai Ci(k, no, Ns) 
Az — 2SinInt(1) 








Az (1 ax) (1 -) 
Ag (1 ax) & (cos1 sint) 
As 0 























This relation will be used in section VI when performing the numerical integration over k as a function of zs. 

In order to proceed with some qualitative and quantitative considerations it is important, at this point, to specify 
the properties of the power spectrum Py(k). Limiting ourselves to sub-horizon perturbations, and considering the 
standard CDM model, we can simply obtain WV; by applying an appropriate, time-independent transfer function to 
the primordial (inflationary) spectral distribution (see e.g. [27]). The power spectrum of the Bardeen potential is 
then given by 


Py(k) = (2) agrtw A2 =A (K)" (5.13) 


where T(k) is a constant transfer function which takes into account the sub-horizon evolution of the modes re-entering 
during the radiation-dominated era, and pe is the primordial power spectrum of curvature perturbations, amplified 
by inflation, outside the horizon. The typical parameters of such a spectrum, namely the amplitude A, the spectral 
index n, and the scale ko, are determined by the results of recent WMAP observations [28]. In our computations we 
will use, in particular, the following approximate values: 


A=2.45 x 107°, ns = 0.96 , ko/ag = 0.002 Mpc! . (5.14) 


Finally, since we are mainly interested in the overall magnitude of the transfer function, it will be enough for our 
needs to approximate T'(k) with the effective shape of the transfer function for density perturbations® with no baryon 
oscillations, namely T(k) = To(k), where [29]: 


Lo 731 k 


ee ee Cr ae Cx aid S22 5.15 
pera eet tees Co +Ty605q° 9" 134ikey’ a) 


To(q) 


and where keq is the scale corresponding to matter-radiation equality. We can easily see that the above transfer 
function goes to 1 for k < keg, while it falls like k~* log k for k >> keg. In the next section we will numerically evaluate 


the coefficients of Tables I and II, and we will discuss the corresponding backreaction effects on (dz), together with 
its dispersion, for the scalar perturbation spectrum described by Eqs. (5.13) and (5.15). 


VI. INDUCED BACKREACTION AND DISPERSION: NUMERICAL RESULTS AND DISCUSSION 


In the following computations we will set ag = 1, Qn = 1, and we will use h = Hp /(100kms ‘Mpc ') = 0.7. In 
that case we obtain [29] keq ~ 0.036 Mpc~", and we can more precisely define the asymptotic regimes of our transfer 
function as Ty ~ 1 for k S 107? Mpc7', and Tp ~ k7? logk for k 2 2.5Mpc~'. This second scale is already deep 
inside the so-called non-linear regime, roughly corresponding to k 2 0.1hMpc7! (see e.g. [30]) . 

Let us start by comparing the behaviour of the power spectrum with the behaviour of the coefficients in Table I and 
II. As shown in Table I, all the coefficients C;,; and C;C; will go at most as O(1) while their combination C;; —C;C; will 
vanish at least as O(k?An?) in the IR limit kAn < 1. As a consequence, the infrared part of the terms in the induced 
backreaction and in the dispersion will give a subleading contribution, and we can safely fix our infrared cut-off to be 
k = Ho — i.e. we can limit ourselves to sub-horizon modes — without affecting the final result. 


6 The relation between density perturbations and metric perturbations is of course fully under control in the linear perturbative regime, 
but could be unreliable in the high-k non-linear regime. 
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Furthermore, as can be seen in Table I and IJ, all the coefficients C;; and C;C; will go at most as O(k? An?) in the 
UV limit kAn > 1. As a consequence, all the integrals involved in the induced backreaction and in the dispersion 
will be UV-convergent and their main contribution will come from the range 1/An < k < 2.5Mpc™". In this range, 
some of the backreaction coefficients grow as positive power of k while the transfer function is not yet decreasing 
as logk/k?. In particular, there are only two leading contributions corresponding to the integrals controlled by the 
coefficients C44 and Cs5 (this is the reason why the dispersion of the angular average of dz, (4.13), is smaller than the 
one of dy itself (4.11)). For such coefficients we have, in fact, the following behaviour for kAn > 1: 


ie k2 

~ {1- : = 

Ca ( oar (Jo Fe) 3° 

k3 Ar? 
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(6.1) 





C55 & SinInt(kAn) . (6.2) 


From the above expressions it is easy to understand that (A4A4) will give the largest contribution for z; < 1 (see 


Fig. 1), while (As As) will give the largest contribution for z, >> 1 (see Fig. 2). 

It is also clear that both the induced backreaction IBRz and the dispersion depend in principle on the UV cut-off kyy 
eventually used to evaluate the integrals. On the other hand, when kyy is taken inside the regime where the spectrum 
goes like (log k)?/k*, the dependence on the cut-off will not be too strong. In particular the leading contribution to 
IBRz2, given by 2(A,A4), depends very weakly on the particular value of kyy. The leading contribution to the 


dispersion (5.9), controlled by (AsAs5), has a somewhat stronger dependence on kyy (because of the extra power of k 


in the integrand of (AsAs5)). The numerical integrations of (A,A4) and (A5As5) are presented in Figs. 1 and 2, where 
we illustrate the magnitude of the backreaction effects as a function of the redshift (in the range of values relevant 
to supernovae observations), and as a function of its dependence on the cut-off (ranging from kyy = 0.1 Mpc! to 
kyy = +00). We should emphasize that the two abovementioned contributions have a clear and distinct physical 


meaning in the Newtonian gauge. Going back to their explicit expressions it appears that (A,A,4) represents a Doppler 


effect while (A;A5) is associated with lensing, both in qualitative agreement with previous claims in the literature 


[19, 21]. Note that the latter term can only appear in the variance, because it contributes to 07, while (A,A4) appears 
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FIG. 1: The result of the numerical integration of Eq. (5.6) for (A4A.) is plotted as a function of z, for three different values 


of the UV cut-off: k = 0.1 Mpc™! (thick blue line), k = 1 Mpe~* (thin purple line), k = +00 (dashed red line). Also shown (by 
the corresponding dotted curves) is the plot of the contribution to IBR2 (AaAa) — (A4)(Aa). 
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also in IBR» since Ay is present in both jp, and o;. In Fig. 1 we have also plotted the full contribution to IBRa, 
namely (A4A4) — (A4)(A4) (see Eq. (5.8)): we can see that the difference from the behavior of the (A4A4) term is 
very small, with no qualitative effect on our discussion. 
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FIG. 2: The result of the numerical integration of Eq. (5.6) for (As As) is plotted as a function of zs, for three different values 
of the UV cut-off: k = 0.1 Mpc~? (thick blue line), k = 1 Mpc™+ (thin purple line), k = -+-oo (dashed red line). 


It is important to stress that, although all considered backreaction contributions are (at any redshift) UV-finite, 
they can induce relatively big effects at the distance scales relevant for supernovae observations (see Figs. 1 and 2), 
provided the given spectrum is extrapolated to sufficiently large values of k. We also stress that the decoupling of 
the small-distance (i.e. high-k) scales from the considered large-scale backreaction is due to the efficient suppression 
of the linear perturbation modes inside the horizon, an effect well described by the transfer function (5.15). 

Let us now sum up all contributions to the induced backreaction (5.8) and to the dispersion (5.9), and compare the 

b doDM 772) 





results for (dz) J (0?) with the homogeneous luminosity-distance of a pure CDM model and of a successful 


ACDM model. We will include into (dz) only the IBR2 contribution (4.7), namely we will set (dz) = df?™ (1+IBR2). 
It is clear that a full computation should include additional contributions, of the same order as IBRz2 or even larger, 
arising from second-order perturbations of dz (we are referring to the term called (a2) in Eq. (4.6)). Nonetheless, 
we believe that (modulo cancellations) our computation may estimate a reliable “lower limit” on the strength of the 
possible corrections to the luminosity-redshift relation in the context of our inhomogeneous geometry. 

The comparison between the homogeneous and inhomogeneous (averaged) values of dz can be conveniently illus- 
trated by plotting the so-called distance modulus m — M = 5log,)dz or, even better, by plotting the difference 
between the distance modulus of the considered model and that of a flat, linearly expanding Milne-type geometry, 
used as reference value (see e.g. [18]). In such a case we can plot, in particular, the following quantity: 


A(m — M) = 5log [(az)] — 5logig [ores] : (6.3) 


The results are illustrated in Fig. 3 for the case of a cut-off kyy = 0.1 Mpc~?, and in Fig. 4 for kyy = 1 Mpc’?. 
The averaged luminosity-redshift relation of our inhomogeneous model is compared, in particular, with that of a pure 
CDM model and with that of a ACDM model with Q, = 0.1 and with Q, = 0.73. We have also explicitly shown the 
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(7) (bounding 


expected dispersion around the averaged result, by plotting the curves corresponding to (dz) 4 





the coloured areas appearing in the figures). 
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FIG. 3: The distance-modulus difference of Eq. (6.3) is plotted for a pure CDM model (thin line), for a CDM model including 
the contribution of IBR2 (dashed blue line) plus/minus the dispersion (coloured region), and for a ACDM model with Qa = 0.73 
(thick line) and Qa, = 0.1 (dashed-dot thick line). We have used for all backreaction integrals the cut-off k = 0.1 Mpc7!. 
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FIG. 4: The distance-modulus difference of Eq. (6.3) is plotted for a pure CDM model (thin line), for a CDM model including 


the contribution of IBR2 (dashed blue line) plus/minus the dispersion (coloured region), and for a ACDM model with Qa = 0.73 
(thick line) and Qa = 0.1 (dashed-dot thick line). We have used for all backreaction integrals the cut-off k = 1 Mpc7’. 
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Let us stress again that the choice of the cut-off may affect (even if not dramatically) the final result when the 
values of kyy are varying in the range (0.1 — 1) Mpc7!, while the precise choice becomes less important at higher 
values of kyy. We should recall, however, that the inhomogeneous model adopted in this paper is fully under 
control only in the linear perturbative regime, and that the spectrum cannot be extrapolated at scales higher than 
about k ~ 1Mpc~! without taking into account the complicated effects of its non-linear dynamical evolution. The 
approximate coincidence between the above limiting value of kyy and the scale marking the beginning of the non- 
linear perturbative regime is not only a particular consequence of the transfer function adopted in this paper (see Eq. 
(5.15)), but also an avoidable property of realistic non-linear perturbations spectra (see e.g. [31]). 

As clearly shown by the two figures, the corrections induced by IBRz2 on the luminosity distance of a homogeneous 
CDM model, even taking into account the expected dispersion of values around (dz), cannot be used to successfully 
simulate realistic dark-energy effects. In the figures we have also plotted, for illustrative purposes, an example of 
standard ACDM model with Q, = 0.1, which seems to be compatible (within the allowed region defined by the 
dispersion) with the prediction of our simple CDM+IBR2 model, at least for sufficiently high values of the cut-off 
scale (see in particular Fig. 4). However, we warn the reader that it would be wrong to conclude that our backreaction 
can mimic a fraction of dark energy of the order of Q, ~ 0.1, because a similar conclusion might be reliably reached 
only by averaging inhomogeneities on a background which already includes a significant amount of dark energy from 
the beginning. 

Let us conclude this section with some important comments. First, as already stressed, a consistent second- 
order computation of the backreaction should include the contribution of (2). This requires a full treatment of 
metric perturbations and coordinate transformations up to second order (work is in progress on this point [32]). 





Nevertheless, we can easily see from Eqs.(2.18) and (2.19) that (a2) contains, among others, contributions of the type 


(AsA5) already computed in this paper. The behaviour of this term, in the asymptotic regime kAn > 1, is very 


different from the behaviour of terms like (A,A4) which give the leading contribution to IBR2: the contribution of 


(As As), in particular, grows at large redshifts, as illustrated in Fig. 2. Using our results for (As As) — and barring 
cancellations — we can obtain, for instance, the following numerical estimates: with an UV cutoff kyy = 1 Mpc we 
expect |(72)| 2 1.5 x 107° at z = 1 and |(o2)| 2 4 x 10-3 at z = 2. These expectations do not change much if we 
increase further the UV cutoff: they only go up by about a factor two even if we send kyy arbitrarily high (at least 


within our form of the power spectrum). 





These examples suggest that a full computation of (02) could strongly enhance the overall backreaction effects 
at large z,, with respect to the effects due to IBR2 discussed previously. Hence a full second-order computation, 
possibly joined to a reliable estimate of contributions from the non-linear regime’, appears to be necessary before 
firm conclusions on the correct interpretation of the data can be drawn. Also, the different behaviour of the different 
backreaction contributions, at small z, and large z,, could represent an important signature to distinguish the effects 
due to averaged inhomogeneities from the more conventional dynamical effects of homogeneous dark energy sources. 

The second comment is that, although a reliable estimate of the full backreaction on the averaged luminosity 
distance requires a full second-order calculation, some suitable linear combinations of averages of different powers of 
dy only depend on the first-order quantity o1 (defined by the expansion of dz). As an example, one can show that 
the following equality holds at second order for any value of the real parameter a: 





(de fARERWY") — ad JARTAMY = 1 — 9 + SO Vey (6.4) 
This quantity can be plotted for a given inhomogeneous model, and compared with its (deterministic) value in a 
ACDM model, for various values of a. The result is that the two models disagree for generic a, leading to the 
conclusion that realistic inhomogeneities added to CDM lead to a model that can be distinguished, in principle, from 
the conventional ACDM scenario. In practice, however, we only have a single quantity measured by the supernovae 
experiments (basically the received flux of radiation), and one cannot exclude that the two models happen to give the 
same result for that particular observable. 


VII. CONCLUSIONS 


Let us briefly summarize the main ideas and results of this work. Using a previously introduced gauge invariant 
light-cone averaging prescription, as well as an adapted coordinate system, we were able to write down an exact 


” The importance of such a non linear regime was also recently underlined in [33], following a different approach to describe the impact 
of inhomogeneities on the supernovae observations. 
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expression for the averaged luminosity distance dz(z) (or any function of it) as a function of the redshift z. In 
principle such an expression can be used to study the effect of inhomogeneities even outside the domain of cosmological 
perturbation theory. In this paper we have only attempted a first study of the leading-order effect generated by 
stochastic perturbations of the type produced by inflation on top of a pure CDM model. 

We have then been able to separate two distinct contributions to the backreaction. The first, that we called 
induced backreaction (IBR), is sensitive to our specific averaging prescription and originates from correlations in the 
fluctuations of the luminosity distance and those in the integration measure. As a consequence, IBR can be computed 
to second order (giving what we have called IBR2) by using results from linear perturbation theory. The second 
contribution is insensitive to the averaging prescription but needs a full computation of second order perturbations in 
the luminosity distance itself, something that we are leaving to future work. Linear perturbation theory also allows 
to compute the expected variance on the (angular and ensemble) average of dz,(z). 

Our final integrals for these quantities are nicely behaved both in the infrared (showing explicitly that perturbations 
on scales much larger than the source’s distance do not contribute) and in the ultraviolet, provided short-scale 
perturbations behave roughly as in simple, realistic models for the matter power spectrum. This does not mean, 
however, that the final result is insensitive to the detailed structure of inhomogeneities in the non-linear (or even 
non-perturbative) regime. 

Although the power spectrum has an overall normalization of order 10~° (from CMB data), it induces a backreaction 
which is strongly enhanced by phase-space factors of order (k,/Ho)? (with p a power that can be as big as 2 or 3), 
where k,. is some typical scale appearing in the power spectrum. These enhancement factors can bring the IBR effects 
many orders of magnitude higher. However, if we use a rather low momentum cutoff (by insisting on staying inside 
the linear regime), IBRg2 effects turn out to be way too small to mimic an appreciable cosmological constant (see 
for instance Fig. 3). The total backreaction could instead be larger, but a reliable determination of its magnitude 
depends on being able to carry out the full second-order calculation mentioned above, as well as on having some 
knowledge about the non-perturbative (short-distance) contribution to dz. 

We have also noticed that the expected (angular) dispersion of dz is quite large (see Figs. 3 and 4), particularly at 
small and at high z, (with a minimum in the region of intermediate z,, i.e. z, = 0.3-0.6), something that one should 
be able to check quite precisely once more data become available. 

We note that the dominant contribution to the dispersion at small z comes from the (A4A4) term, and is therefore 
associated with “Doppler-type” contributions, since the quantity I, is related to the source and observer velocities. 
This is in agreement with the claims made in [19]. By contrast, the main contribution at large z comes from (A; As), 
i.e. from terms usually referred to as “lensing” contributions. Again, this is in agreement with the literature (see 
[21)). 

The size and the nice IR and UV behaviour of our gauge invariant quantities can be contrasted with what happens 
if one approaches the backreaction problem using averaging on spacelike hypersurfaces, as in [25, 34]. In that case the 
calculation of the average expansion rate is UV convergent and practically cut-off independent. In a reasonable range 
of cut-off values it gives a backreaction of order 10~° for the concordance model. However, for other quantities such 
as the variance of the expansion rate or the deceleration parameter, terms like ~ (0?W)? appear, giving UV-divergent 
integrals and a backreaction of O(1) for relatively low cut-off. In our case, considering a UV cut-off equal to 1 Mpc’? 
we obtain a backreaction effect (estimated from (A;A5)) of the order of 107? for z ~ 1, namely 2 orders of magnitude 
bigger than the result presented in [25, 34]. Furthermore, there is no qualitative difference between the calculation 
of the induced backreaction and the one of the variance. They are all given by nice IR and UV-convergent integrals 
which never produce numbers of O(1) even for very large momentum cutoffs. 

Finally, by suitably combining averages of different functions of dz, we can again obtain results that, like the 
variance, only depend on linear perturbation theory. They show that, in principle, an inhomogeneous CDM model 
can be neatly distinguished from a homogeneous ACDM model. It remains to be seen whether any such combination 
is accessible to observations. Nonetheless, in the light of this last observation, it would appear quite unlikely that 
one will be able to fully account for the supernovae data in terms of inhomogeneity effects. Rather, depending on 
the full contribution of the second-order terms and, possibly, on the one from the highly non-linear regime, the effect 
of inhomogeneities could be relevant for future precise determinations of the critical fraction and equation of state of 
dark energy. In this spirit we plan to extend the calculations presented here to the (only slightly more complicated) 
case of generic ACDM models. 
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Appendix A. Other examples of backreaction integrals 


Here we present a detailed computation of some of the terms contributing to the induced backreaction and to the 
dispersion associated to the light-cone average of dz (zs, 0%). Such computations also define the corresponding spectral 
coefficients appearing in Table I and Table II. We will start with (A2A5) and (A2) (As) as illustrative examples. We 
will then consider the two leading contributions given by (A4A4) and (A;A5) (and, for completeness, the associated 
terms (Ay) (Ay) and (As) (As)). 

Using equations (3.21), (3.26), (4.15), and working in the hypothesis of time-independent U;,, we obtain: 
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In the second lines of Eqs. (A.1) and (A.2) we have applied Eq. (5.2) to remove the integration over k’, and we have 
used the isotropy of the scalar product ke @. 

We move now to the terms representing the two leading contributions to IBR»g and to the dispersion. Starting from 
Eq. (3.14), and using the same hypotheses as in the previous calculations, we have 
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Then, according to the definitions (4.15): 
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In the same way we obtain: 
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Following a similar procedure Eq.(3.21) leads us to 
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Note that, for the same reason for which (Ag) (As) = 0, ie. for the fact that the integrand of As gives zero when 
averaged over the angles, we finally also obtain (As) (As) = 
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Abstract 


We combine old ideas about exact renormalization-group-flow (RGF) 
equations with the Vilkovisky-De Witt (VDW) approach to reparametriza- 
tion invariant effective actions and arrive at a new, exact, gauge-invariant 
RGF equation. The price to be paid for such a result is that both the action 
and the RGF equation depend explicitly upon the base point (in field space) 
needed for the VDW construction. We briefly discuss the complications orig- 
inating from this fact and possible ways to overcome them. 


The idea of renormalization, originally introduced to remove infinities 
from perturbative calculations, has evolved into a powerful tool that helps 
understanding the global behaviour of quantum and statistical systems under 
changes of the observation scale[1, 2]. 

The search for new, non-perturbative methods to handle problems out of 
the reach of perturbation theory has prompted in recent years a renewed and 
growing interest [3, 4, 5, 6, 7| in the “old” subject [1, 8] of “exact” renor- 
malization group (RG) equations. One typically defines a scale-dependent 
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effective action, [,, which interpolates between the classical (bare) action S 
at k = A (the UV cutoff) and the effective action [ at k = 0. The free term 
is modified by the introduction of a suitable (but largely arbitrary) cutoff 
function that effectively kills the contribution to the functional integral from 
momenta below the running scale k. The implementation of such a procedure 
for gauge theories poses however a major problem: the presence of the cutoff 
function prevents the possibility of defining a gauge invariant [;, (see [9] for 
earlier attempts to circumvent this problem). 

In this letter we follow the spirit of Ref. [1, 8], that of direct integration 
over successive shells of degrees of freedom, and combine this idea with the 
geometrical approach pioneered by Vilkovisky and De Witt [10, 11] (see also 
[12]) in order to define a gauge-invariant (more generally a reparametrization- 
invariant) effective action. The final outocome will be an exact, gauge- 
invariant, RGF equation that, to the best of our knowledge, has never ap- 
peared before in the literature. It contains an explicit dependence upon the 
base-point (in field space) that enters the VDW construction, a price that 
we believe to be inevitable for achieving the goal. We shall comment at the 
end on the possible complications due to such dependence when one applies 
it to specific problems. As for the derivation of the equation itself, it will 
be oulined, for pedagogical reasons, in three steps. We first present a new 
(and in our opinion more transparent) derivation of basically known results 
for scalar theories. The main new results follow as we turn to the case of 
reparametrization-invariant effective actions a la VDW and their exact RGF 
equation. The final step, going over to the case of gauge theories, is then 
straightforward, as often emphasized by Vilkovisky. 

We thus begin by defining IT’, for a simple scalar field theory. If A is 
the UV cutoff, we introduce the notation ¢4 for the field, to indicate that 
it contains “modes” in the range [0, A], and write the classical (bare) action 
as S[éA]. For any given scale k, we divide ¢} into the “low-frequency” and 
“high-frequency” components, $* and ¢4 respectively, where $* contains the 
modes ¢, with 0 < p< k, and ¢} those in the range [k, A]. Even though for 
the scalar theory it is always possible to define the RG flow in Fourier space, 
it is well known that the notion of RG flow is much more general. Neither 
k nor A must necessarily have the meaning of momenta (this observation is 
important for the following where we have to implement a gauge invariant 
flow for gauge theories). 

Let us now introduce the notion of “shell”, described by 6k, denote 


the fields ok-**, ok_s, and ¢4 by ¢., ¢, and $,, respectively, and use de 
Witt’s [11] condensed notation whereby an index such as i denotes all in- 
dices (Fourier, Lorentz, spinor, space-time coordinate xz, ...). Repeated in- 
dices will denote summation over internal indices as well as integration over 
space-time (or momenta). The components of ¢, and @, will be indicated 
by #° and ¢* (same for #), and differentiation w.r.t. any ¢' (¢’) by a comma 
followed by the index 7. Later on we will also use A, B,... to denote fields 
with components in the slightly larger interval [Ak — 6k, A]. 

The effective action I'[¢], a functional of the “classical” (or “mean”) fields 
@, can be defined as the solution of the functional-integral equation: 


eT = / [Dole “SHO -F TTA (1) 


The scale-dependent generalization of (1) that we propose to use, and 
later generalize, is simply obtained from (1) after inserting under the integral 
a product of d-functions, IIf5(¢, — dp), i-e.: 


eT eld] — [(De,]eS 65 ]+(¢7- 6? 0 [Pla : (2) 


This very natural definition of a scale-dependent effective action clearly in- 


terpolates between the classical and the quantum action, P',/¢] = S[¢] and 
T'o[¢] = I'd], and can be obtained by a partial Legendre transform [13] of a 
functional W;[¢*, J] in which the low-frequency fields ¢f are kept as param- 
eters, while the high frequency degrees of freedom are Legendre-transformed. 
We now derive some identities that will be useful in the following. By dif- 
ferentiating I, in Eq.(2) w.r.t. 6%, we find (for a non-singular 2nd-derivative 
matrix of [;) 
<p >= ¢", (3) 
where the average is computed with the weight in Eq. (2). Thus, as we 
expect, 67 is the mean value of ¢*. Differentiating Eq.(3) w.r.t. ¢° we get: 


Oz, bs b, ),s(P* == 6") ee 
= Ty < (¢° — 6°)(¢* — 6%) >=Tass(Veta) 5 (4) 


where —(I',.4a)~' is the propagator for modes above the shell. A second useful 
relation comes from differentiating Ty, w.r.t. °: 


< S($.1bs51%s),s gi Di, s : (5) 


/\ 
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Finally, differentiating [, once more w.r.t. ¢°, and making use of Eq.(4), we 
obtain the relation: 


So Dig Oat Se Se 
= Vs, ss! —_ Vx, lene pee : (6) 


Let us consider now the effective action I’; at a slightly lower scale k — 6k. 
From Eq.(2) we have : 


eTi—onld4] — [Dojo Pa 20” ; (7) 


where z _ 
Y= [Dd Je Bets toHo FT a sea (8) 


We are interested in computing the difference between [, and [',_5, to O(dk) 
and thus start expanding to first order P,x_5,,q around [',, in Eq.(7). At the 
same time we expand S[¢_,¢,,¢,] around ¢, = ¢,. Denoting the fluctua- 
tions (* — ¢°) and (¢* — ¢*) by 7° and 7° respectively, we get: : 

Vea 


sul sys! 2 a 
oY = elk & e800 +95, 29/0 +... tok —aetn] (9) 








where the (omitted) arguments of S', and S.,, are [6., d,, d,]. 

Following the classic arguments of [8], we know that, in order to collect 
all terms up to O(dk), we only need to keep terms up to O((7°)?), and thus 
we neglect the ellipses. The r.h.s. of Eq.(9) can be now computed using the 
identity 





(e~f) a pei eg RF seer). (10) 


Thanks to (3), the last term in (9) can only contribute O((dk)*), so we 
also neglect this term. Then, with the help of the relations (5) and (6), we 
immediately compute the r.h.s. of Eq.(9) and find that (7) becomes : 


oe Pk-sk = e Tk [Daglesteet ear (11) 
where AT;,, = Px-ox,s —Ue,s and Ks, is nothing but the r.h.s. of Eq.(6), 


Le. : 
K 5s) = Ty, ss! Vy, Pe brees uma : (12) 


As AT; , is O(6k), it would contribute an O((dk)*) term after performing 
the gaussian integral. Neglecting again this higher order term, we finally find 
that the difference between [',_5, and T', (evaluated at the same values of 
their arguments) consists, to O(dk), of just a determinant, i.e. 


1 
Cyes = Tet ai In Kg. (13) 


Using standard properties of determinants, Eq. (13) can be rewritten in a 
form that will be more useful for our subsequent generalizations, i.e. 


1 detI’;, AB 
Tp_sp —~T, = =! ——_—_— 14 
k—6k k 5) Nn cane ) ( ) 


where we recall that the capital indices (A, B) span the region |[k — 6k, AJ, 
while (a,b) are for the region |k, A]. 

Eq.(13) was already derived in [14] for the case of a spin hamiltonian 
H (op) (where op is the Fourier component of the spin field) following a dif- 
ferent, though equivalent, line of reasoning. The derivation presented above 
is new and, furthermore, is more suitable for extension to the more general 
cases we shall consider below. This is why we have presented the different 
steps in great detail*. 

Let us now discuss how one can extend our results to the general case, 
including gauge theories. It was first noted by Vilkovisky [10] that the usual 
definition of the effective action, Eq.(1), is in general not invariant under a 
reparametrization of the classical fields. Obviously this holds true also for 
our definition (2) of [, at any scale k. He also pointed out that, in the case 
of gauge theories, the gauge dependence of the off-shell effective action is just 
a manifestation of such a reparametrization dependence. 

The origin of the problem can be seen easily from the definition of the ef- 
fective action (1). Let us think of the (field) configuration space as a manifold 
M endowed with a metric g;; and assume that I’, like S, is a scalar field on 
M. While the functional integration measure can be made reparametrization 
invariant through the introduction of a \/g, the second term in the exponen- 
tial has bad transformation properties since the gradient is a covariant vector 
while the “coordinate difference” (¢—@) is a contravariant vector only if the 


4Note also that a rederivation of Eq. (14), equation that already appeared in a previous 
version of the present paper, was given in [15]. 


@’s are euclidean coordinates in a trivial (flat) manifold. In the case of gauge 
theories there is an additional complication coming from the fact that the 
physical space is the quotient space M/G (G is the gauge group) rather than 
M. We'll came back on this point later. 

Vilkovisky and De Witt have shown that a meaningful definition of the 
effective action can be given also in the general (curved) case in terms of 
geodesic normal fields, o*[y,, 4], based at a point y, in M[10, 11]. The 
o'l~., ¢] are the components of a vector tangent at y, to the geodesic from 
yx to d. Its length is the distance between the two points along the geodesic 
itself. Under coordinate transformations o'[y,,¢] transforms as a vector 
at vy. and as a scalar at ¢. A useful property of the o fields is that any 
scalar function A{é] can be expanded in a covariant Taylor series[10, 11] (the 
semicolon denotes covariant derivatives w.r.t. @) : 


Mo. gin, (15) 


neces (Pld. 


=Ie 


Alé] = Aly..o] =o A 


As emphasized before, the definitions of the upper space, of the shell, and 
of the lower space are completely general and can be obtained with the help 
of any mode decomposition of the fields. From now on we denote by A 
these generic modes. As before we introduce the notation o' = (02,05, 0,). 
The submanifold spanned by a, we denote by M, and the one spanned by 
(o,,0,) by M,. The metric in o coordinates is related to the original metric 
by : sa) 
O¢' O 
dm(On2) = Soo 04(9) (16) 





The induced metric on M, (M,) is just the restriction of g,,, to the appro- 
priate set of indices, 9,, (Gap). 

Given the arbitrary coordinates (fields) ¢’, the base point y., and the 
gaussian normal coordinates o’ in M, we can now define, following [11], the 
scale (i.e. A)-dependent effective action, Ty, as : 


eo tales al = (Po. lVge —S+(0%-G *Palerele (17) 


where g = detg,,. S is the classical action expanded as in (15), where, 
as in the analogous Eq.(2), the o. are replaced by the mean values o- 
S = Slip.;F2,0,,0,]. Since vy, is kept fixed, the steps that lead from Eq.(2) 
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to the RG equation (14) can be now repeated with almost no changes. The 
only modification is due to the presence in Eq.(17) of the non-trivial metric 
factor \/g (compare with Eq.(2) where the metric is trivial). The impact of 
this term can be easily seen from the r.h.s. of Eq.(9), where it contributes 
the additional O(dk) term: 


1 1 
~ 9 (in detg,, — In detg,,) = 5 (in detg“? — In det.g*”) (18) 


The final result is then: 


ES A 1 detI’) Ae 
Tr 2 O/=T\ly.,¢] + =In | —_ ], 19 
salen] =Bylena]+ zim (FE (19 
where the indices are raised with the help of the corresponding induced met- 
rics on each submanifold that appear in Eq.(18)°. 
We now wish to rewrite Eq.(19) in general coordinates. Define: 


a A =) A 


D, [ye 4] = [¢+,0(G &)] =, [%s, @] - (20) 


It is rather straightforward, though tedious, to connect the partial derivatives 
of I with respect to the a’s to the partial covariant derivatives of T with 
respect to the ¢’s (both taken, of course, at fixed y,). Consider first these 
relations at the level of the full effective actions [' and I. 

For the first derivatives the result is simply: 


Ty= Dit, (21) 
where, following [11], we have introduced: 


Oa* 
a 22 
ar (22) 


The bi-vector D* has the property that, once contracted with a covariant 
vector at y,, converts it into a covariant vector at ¢@, as exemplified indeed 
in (21). 

>To be precise in Eq. (19) the determinants of the metrics appear under an expectation 


value sign rather than being computed at the expectation value of the field. We expect 
the difference to be insignificant. 


The relation connecting second derivatives can be put in the form: 


A . 


Pg *) CD eae (23) 


where 


Vig = Tsay — oy(D VT x (24) 
is a second-rank tensor at @. The quantity al, has a covariant expansion [11] 
in the distance between y, and ¢. 

The above formulae can be easily generalized to the case in which the 


derivatives are restricted to lie on the M, (or M,) manifold. Indeed the 
derivatives of I , with respect to a® will be related to the derivatives of Ty 


with respect to generic coordinates €* on M, by exactly the same formulae 
(21), (23) where now: 


4 OO" 
Using Eq. (16) we obtain our final result: 
< = 1 det’) Ae 
Palen] Talend] + 51m (SEP4e (26) 


where indices and covariant derivatives are all now defined in terms of the 
induced metrics g4g and ga, on the corresponding submanifolds. 

Let us stress, already at this point, an important feature of (26): It was 
important, for our derivation, to carry out our differentiations at fixed y,. 
In other words, we have been forced to work with T'y[y,,¢]. We believe, 
instead, that no closed RGF-equation holds for the original Vilkovisky-De 


Witt effective action I’,,,,,,[¢] =I'[¢, ¢]. This is probably related to the fact 


that, unlike C'[y,, 4], [,,,,[¢] does not generate 1PI vertex functions [11, 16]. 
Since these vertex functions are related to operators that depend explicitly 
on y,, it is not surprising that the same is true for the RGF equation. This 
is indeed apparent through the second term appearing in the definition (24) 
of [';;. Note that the presence of this term, one of the main novelties of our 
paper, is not required by reparametrization invariance: both terms in (24) 
are fine from this point of view. It is required instead by y,-dependence and 
thus, we believe, it is a necessary price to pay for the whole procedure to 
work. 


Let us see now how the previous steps can be repeated in the case of a 
gauge theory. As it was shown by Vilkovisky and DeWitt [10, 11], we first 
need to reduce the gauge theory to a “non-gauge” one. Let us indicate as 
before by M the field space, by ¢' the gauge fields, with g;; the associated 
metric, by o” a complete set of gauge-invariant coordinates, and by R’, the 
generators of the gauge transformations: 


6¢' = Ride , (27) 


where €* are coordinates on the gauge orbits. The metric decomposes into 
the block diagonal form [16] 


ds” = hmndo™do” + Yagdede® , Yog = Fok, (28) 


where ; : 
2 OOOP a: 
mm Oa™m Oar 9? 


and we defined the projector on physical orbit space 





(29) 


I = 6) — guRhy? Ri, . (30) 


Although the o™ were so far arbitrary, we used an important result of [10] 
to take them as gaussian normal coordinates both in the induced metric 
Amn and in the full space (provided geodesics are defined, in the latter, with 
respect to Vilkovisky’s connection [10}). 

Instead of using «* to parametrize points on orbits one can start with the 
“eauge fixing” coordinates yx° and write the definition of the effective action 
a la Faddeev-Popov: 


os b a a Ox® = am” —o™ med 
ete d = [iD¢i] yg6(x") det (35) eSO)HO™—O"OYANm (31) 


Changing integration variables to a”, €* we get 


et ly. 6] _ (po) [De*|VAV75(x°) det (3) eS (G0) Ho" —™ Pym 
E 


/ [Do™] VheS@nevHo™—2 Pom (32) 


where 


2 1 
S=S- gn det(y) . (33) 


With the gauge effective action written in this form we can directly apply 
the procedure followed from (17) to (19) and obtain, as before, 


A _ A _ 1 det ie a 
ike » F/=T,|y., =ln | ————_ ] . 34 
salen?) =Fylena) + 3m (SEO (34) 


We can now repeat the steps (20)-(26) and, following [10, 11, 12], write (34) 
in arbitrary coordinates ¢ as 


lil patna (35) 


Pale =P ,lee 8+ 5 | sop ERP) 


where I is defined as in (24) in terms of the Vilkovisky connection, IT stands 
for the projector on the physical space (30), and P, (P_) is a projector on M, 
(M.). Eq.(35) is our desired gauge-invariant RG-flow equation for Ty [p., ¢]. 
As we already stressed in the non-gauge case, no closed RGF-equation is 
expected to hold for the original VDW effective action. 

As a check of (35) we can compute the one-loop effective action and 
compare it with [12]. Within this approximation we can set [ = S on the 
rhs of the definition (24) of I. Noting that S is only a function of ¢, we have 
the freedom to set y,. = ¢, yielding [';; = S.;; in (35). We finally integrate 
the evolution from \ = A to \ = 0. Using Py = S, together with (33), we 
get: 

k ol Td 
ry =S+ 1 det S17) 
2 det 
in agreement with the one-loop result of [12]. 

Beyond one-loop, our evolution equations should be useful in a variety of 
problems pertaining to non-abelian gauge theories and to quantum gravity. 
In practice, one will necessarily have to resort to some form of truncation of 
I, so that our exact equations become approximate RG-flow equations for a 
finite set of gauge-invariant low-energy parameters. A potential complication, 
at this stage, is represented by the explicit appearance, in the definition of I’, 
of the base point y, and of the geodesic coordinates built around it. It is not 
excluded, however, that this can be turned to one’s advantage by a judicious 


(36) 
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choice of y,. Work is now in progress in addressing this kind of questions 
within specific examples such as non-linear o-models, gauge theories, and 
quantum gravity. 
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Abstract 


The causal entropy bound (CEB) is confronted with recent explicit en- 
tropy calculations in weakly and strongly coupled conformal field theories 
(CFTs) in arbitrary dimension D. For CFT’s with a large number of fields, 
N, the CEB is found to be valid for temperatures not exceeding a value of 
order Mp/N d=, in agreement with large N bounds in generic cut-off the- 
ories of gravity, and with the generalized second law. It is also shown that 
for a large class of models including high-temperature weakly coupled CFT’s 
and strongly coupled CFT’s with AdS duals, the CEB, despite the fact that 
it relates extensive quantities, is equivalent to (a generalization of) a purely 


holographic entropy bound proposed by E. Verlinde. 


I. INTRODUCTION 


Recently, there has been growing interest in, and proliferation of, various kinds of entropy 
bounds. Much of this interest stems from the idea of holography [fl], a bold conjecture that 
some dynamical systems in D space-time dimensions can be completely described in terms 
of degrees of freedom living on their (D —2)-dimensional boundary. Maldacena’s AdS/CFT 
correspondence [f] is the prototypical example realizing such a conjecture. A necessary 
condition for holography is that the number of degrees of freedom of the system does not 
exceed the area of the (D — 2)-dimensional hypersurface surrounding it in units of some 
fundamental area, usually taken to be Planck’s. Consequently, the validity of holography 
hinges upon, although it is by no means guaranteed by, a holographic bound on entropy. 

Many systems seem to obey a holographic entropy bound. For instance, limited-gravity 
systems whose size RF is larger than their gravitational radius R > R, = 2GyE (£ is the total 
energy of the system), satisfying Bekenstein’s bound S < Sp, Sp ~ ER automatically 
satisfy the holography bound sinc] ER = RP? Rip? < (R/lp)?-? = Syor. The 
real challenge to holography, therefore, is associated with its application to strong-gravity 
systems, such as the whole Universe. 

Bekenstein himself [f] proposed an extension of his bound to cosmology by identifying the 
linear size R appearing in his bound with the particle horizon. For regions much larger than 
the particle horizon, or after reheating at the end of inflation, the cosmological Bekenstein 
bound becomes too loose. Instead, it could become too strong if one tried to apply it to 
sufficiently small regions. Fischler and Susskind (FS) [ph] applied holography to cosmology, 
and proposed that the area of the particle horizon should holographically bound the entropy 
on the backward-looking light cone. It was soon realized, however, that the FS proposal 
requires modifications, since violations of it were found to occur in physically reasonable 

‘We will use units in which c = kg = h = 1, define Planck’s length by eo = Gy, and often 


ignore numerical factors of order unity. 


situations, such as a closed, adiabatically contracting FRW universe. Several attempts were 
made to mend the FS proposal, which finally resulted in a covariant proposal by Bousso 
involving entropy on suitably constrained forward and/or backward-looking light-cones [§]. 
Bousso’s proposal is defined such that it can be applied to more general space-times and not 
just to cosmological ones. 

In parallel, several groups tried to modify the FS proposal by bounding entropy inside 
space-like regions. This resulted in various proposals [ff], [B], [], [LO], all roughly identifying 
the maximal scale over which holography applies with a scale of about the Hubble radius 
H~'. This line of reasoning resulted in the so-called Hubble Entropy Bound (HEB), bound- 
ing entropy density by HI3?. Eventually, these ideas were synthesized in an improved 
covariant form through the introduction of a causal bound on entropy in a generic space-like 
region (CEB) [IJ]. 

Interestingly enough, both Bousso’s proposal and CEB appear to follow from the same 
underlying bound (of the kind first proposed by Flanagan et al. [[2]) on a local entropy 
current. Bousso’s proposal is obtained by projecting along an arbitrary null vector and 
CEB by projecting on an arbitrary time-like vector. HEB, CEB, and the local bound on 
entropy current, all scale with the square root of the energy of the system and thus lie 
around the geometric mean between Sg, which scales as Sg ~ E', and Syoz, scaling as 
Suot ~ E°. 

Recently, E. Verlinde [13] argued that the radiation in a closed, Radiation- 
Dominated(RD) Universe can be modeled by a CFT, and that its entropy can be evaluated 
using a generalized Cardy formula, which, in some cases, can be derived using the AdS/CFT 
correspondence [14]. On the basis of this entropy formula, Verlinde proposed a new, entirely 
holographic bound on entropy stating that the subextensive component of the entropy (the 
“Casimir entropy”) of the entire closed universe has to be less than the entropy of a black 
hole of the same size. The well-known square-root appearing in Cardy’s formula, reminis- 
cent of the square-root occurring in the above-mentioned geometric mean of Sz and Syoz, 


prompted Verlinde to point out a close connection between HEB and his new proposal. But, 


in spite of their close similarity, Verlinde’s new bound still holds for cases for which HEB 
appears to be violated. 

Subsequently, Kutasov and Larsen (KL) [5] (see also [[6]) have shown, by explicit 
weak-coupling, high-temperature CFT calculations, that Verlinde’s generalization of Cardy’s 
formula is not always correct and that, consequently, his proposed bound between two 
holographic quantities cannot be generally valid. 

In this paper we try to shed some (hopefully bright!) light on this rather puzzling state 
of affairs. In Section II we give a generalization of CEB to arbitrary D and then, in Section 
III, we check it against the CFT calculations of Refs. {f15j, [16]. We find that CEB passes 
the CFT test provided temperatures are kept below a certain scale A which differs from 
Mp by a D-dependent factor scaling as an inverse power of the number of species N in the 
CFT. We also present, in Section IV, a modification of Verlinde’s bound between holographic 
quantities which evades the KL criticism and show that the new bound, within the CFT 
framework, is exactly equivalent to CEB. We finally point out the reasons why the naive 


HEB is problematic, as pointed out in Ref. [3], while its CEB improvement is not. 


II. CEB IN D DIMENSIONS 


As mentioned in the introduction, CEB is an improved, covariant version of HEB, which 
is applicable, in principle, to any space-like region. Before extending CEB to any dimension 
D, let us briefly recall the basic ideas behind its predecessor, HEB. HEB was motivated by 
the following reasonable assumptions [7] (see also [8-{10]) 

(i) entropy is maximized by the largest stable black hole that can fit in a given region of 
space. This is because the merging of two black holes into a larger one always results in an 
entropy increase. 
(ii) the largest stable black hole in a cosmological background is typically of size comparable 
to that of the Hubble horizon. This assumption is qualitatively supported by previous 
calculations 


In cosmological backgrounds, CEB refines HEB by defining more precisely the “horizon” 
concept through the identification of a critical (“Jeans”-like) causal connection scale Roo, 
above which perturbations are causally disconnected, so that black holes of larger size, very 
likely, cannot form, and by putting the resulting entropy bound in an explicitly covariant 
form. 

The causal-connection scale Rec is found by looking at perturbation equations in D 


dimensions. For gravitons, in the case of flat universe, one finds [21] 


D—-2 _ D _ D-A 
Roe = ——Max |H + —H?,-H + ———H?| . (1) 
2 2 2 
If H >> H, RcC « H7! and one recovers HEB with a D-dependent prefactor scaling 


as,/D(D — 2). The above result generalizes to the case of a spatially curved universe in the 


form 


A covariant definition of Rec is obtained by expressing (Q) in terms of the “00” components 


of curvature tensors. One easily finds: 


D-2 1 2D—5 
———- Max |G Roo| = 47G yn | =p — 
XD —1) ax | 00 + oo] TG Nn P—P, D-1 





Roo = a4 p+? (3) 


where, to derive the second equality, we have used Einstein’s equations, G,,, = 8tGnTjp 
and a perfect-fluid form for the energy-momentum tensor. 

The Bekenstein-Hawking entropy of a Schwarzchild black hole of radius Rgy in D di- 
mensions is given by S = A/4/?~*. The generalization of Sopp for a region of proper volume 


V is therefore 


V A 
ScrR = G22 = 3p 4 
CEB = 2ny °F Reo) aa ( ) 


where ny = ~*~ is the number of causally connected regions in the volume considered 
V(Roc) ? 


V(a) denotes the volume of a region of size x, and (3 is a fudge factor reflecting current 


uncertainty on the actual limiting size for black-hole stability. For a spherical volume in flat 


5 


space we have V(r) = Qp_24?-!/(D — 1), with Qp_» = 2nY-Y/? /T (25), but in general 
the result is different and depends on the spatial-curvature radius. 
Following Ref. [II], the expression for Scgp in D dimensions can be rewritten in the 


explicitly covariant form 





Scrp = Bip?) | a? 2/=G6(r)\/Maxs[(G,, + Ry)O"rd"7] = 
o<0 





B(8r)21nP 2) f d4a./—g6(r),| Max. (higee Lag = = y T)0"r0"T| , (5) 
P lu py + >In 


a<0 
where o < 0 defines the spatial region inside the t = 0 hypersurface whose entropy we are 
discussing, and T’ is the trace of the energy-momentum tensor. 

The prefactor B can be fixed by comparing eqns. (M) and (6). In fact, consider the 
expression (ff) in the limit Roc << a, where a is the radius of the Universe: in this case, over 
a region of size Rog we may neglect spatial curvature and write V(Roc) = Qp_2Réq'/(D—- 
1), and the area of the black hole horizon as A = Qp_2R27’, thus giving (apart for negligible 
terms of order (Roc /a)’) 


D1 
4 


2(D-1 _(D- 
a eee, (6) 


VRailp” =B = 


Sces = 2 


F 2: Dap 
This fixes B = \/——,-—> 8. 

Since (§}) applies to any space-like region, it can be rewritten in a local rather than 
integrated form by introducing an entropy current s,, such that S = f{d?x,/—g6(rT)s,0"T. 


Then (}) becomes equivalent to (with A“ a arbitrary time-like vector): 


7 1 
5," < Ip??? (8m)? By | Max lee £ Tw F 5 T)"| (7) 


In the limit of a light-like vector \ we get one of the conditions proposed by Flanagan 





et al. [12] in order to recover Bousso’s proposal. Their bound corresponds (in D = 4) to 
b= 4 and could be used to fix 3 (assuming that it is D-independent). 
Specializing now to the case of a RD universe, for which p = (D — 1)p, the 00 equation 


for the scale factor becomes 


2, 167Gn _ 167Gn 
eS 2 Dono =a O= 10 = 0 


pRpa?, «= +1,0, (8) 
and, in terms of the conveniently rescaled conformal time 7, defined by a(7)dn = (D — 2)dt, 


the solutions can be put in the simple form 


fsin (n/2)|° = 1 


co 167G ypoRP 2 
a(n) =AP)  (n/2)"7 ak =0, AR a 


(D—1)(D—3)’ a=F 5° (9) 
[sinh (7/2)|° «= —-1 

As can be seen, the qualitative behavior of solutions does not depend strongly on D. 

In a (closed, open or flat) RD universe one always has Roo = Goo, therefore Roz = 

p= (-H + PtH? + Dads). The behaviour of Scgp is easily derived from the explicit 


solution for the scale factor and Roc. In the case D=4 it is shown in Fig. []. 


III. CEB VS. CFT 


E. Verlinde proposed that a radiation-dominated closed Universe in D space-time 
dimensions can be modeled by a D-dimensional CFT, and that its entropy is given by a 


generalization of Cardy’s formula (we will denote it by Scy for Cardy-Verlinde): 


OIC foaee 
= Scv = D-1 2EcER, (10) 


where R = a is the radius of the finite closed universe, and Eg and Eg are the extensive 





and sub-extensive components of the energy. The sub-extensive (Casimir) component, Ec, 


is conveniently normalized by 
Eo =(D-1)\(E-TS+pV) = DE-(D-1)TS~V/R?, (11) 


so that the total energy F is given by EF = Eg + sEc, and Ej, is purely extensive. 
Verlinde motivates his proposal from the AdS/CFT correspondence and provides an 
example, taken from [4], of strongly coupled CFT’s which have AdS duals and satisfy (IQ). 


Indeed, for such systems, 


c V 


ec = 1 i? V 
D5 ag (: * =) [PHI 
1 LP? 


where c is the central charge of the CFT. The validity of the CV formula can be explicitly 
verified. 

Next Verlinde proposes a new, purely holographic, entropy bound stating that the en- 
tropy associated with Ec, Soc = 2aREc/(D — 1), must be bounded by the entropy of a 


black-hole filling the whole Universe, Spy = (D— 2) woz: 
é 
So < Spy. (15) 


This bound is indeed satisfied in the specific cases he considers. We shall come back to 
Verlinde’s bound in Section IV. 

Kutasov and Larsen [15] pointed out that, in general, the CV formula (IQ) is not valid 
in weakly coupled CFTs. Instead, the free energy F’, the entropy S, the total energy FE, and 


the Casimir energy Ec can be expanded at weak coupling and large x = 27 RT , 


~FR= fla) = >) ape ho (16) 
$= 2nf'(a), 7 
ER = (x0, — 1)f(2), (18) 
EcR= » —2nap_mr? "+... . (19) 


where the dots represent non-perturbative contributions. It is clear that, unless some special 
relation holds between ap and ap_2, the CV formula ({10)) cannot be generally valid. 

We can explicitly check under which conditions the entropy of weakly coupled CFT’s 
obeys CEB, S < Scpp = 4B /7tVEVIpC””. In the limit TR > 1 we find 


S? TapD? 


Zee 20 
San BND — 1p CMPD) ee) 


Thus, CEB is obeyed provided that 


(ry <2 


— 21 
z —. (21) 


where K(D) is a D-dependent (but CFT independent) constant. We conclude that CEB is 
obeyed as long as temperatures are below Mp by a factor ap? Since ap is proportional to 
the number N of CFT-matter species, we obtain a bound on temperature which, in Planck 
units, scales as N -D=3, We can also explicitly check under which conditions strongly coupled 


CFT’s possessing AdS duals as considered by Verlinde obey CEB. In this case, in the limit 
R/L~TR> 1 we find 


S _ 1 Cc lp a (22) 
Sten  4(D—-1)B712\ L 
and thus CEB is obeyed for 


1 C ( ArT yo 2a (23) 
4(D — 1)B?12 \DMp , 


Since the central charge c is proportional to the number of CFT fields N, we obtain a bound 
on temperature which, in Planck units, scales as N ~D=2, exactly as previously obtained for 
the weakly coupled case. 

For the case ER ~ ap (which corresponds to RT ~ 1) KL have argued that the bound 
proposed by Verlinde has further problems, which they attributed to its relation with Beken- 
stein’s bound. We notice that CEB is fine also in this case, its validity guaranteed by a 
condition similar to eq. (2])). 

Finally, we would like to show that CEB holds also when ER ~ 1. In this case 
SceB ~ 4BYm/V/RIp?” scales as (4) = As noted by KL the appropriate setup for 
calculating the entropy is the microcanonical ensemble with the result S ~ logap ~ log N; 


thus S < Sopp is guaranteed for a macroscopic Universe as long as 


D—2 


(=) ~ > log N. (24) 
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In a quantum theory of gravity we expect the UV cut-off A to be finite and to represent 
an upper bound on T (Cf. the example of superstring theory and its Hagedorn temperature) 
and a lower bound on R (Cf. the minimal compactification radius). Thus conditions (PI), 

on . A \D-2 
(23) for the validity of CEB are satisfied as long as (sth) < 1/N. A bound of the 
same form was previously proposed in ff] and [I7], and independent arguments in support 


of bounds of this sort have also been recently put forward [[L§}, [19]. 


IV. CEB AND A NEW PURELY HOLOGRAPHIC BOUND 


The entropy of all CFT’s that we have considered so far could be expressed in terms of 


the superextensive entropy Sp = 27RE/(D-— 1), and a subextensive entropy Ssyz 


Scrr = V2SpSsus. (25) 


Since Sp is super-extensive and Spr is extensive, eq. (25) can be taken as a definition for 
sub-extensive entropy Soup scaling as V/R?. 
Our claim is then simply that in this context, CEB is equivalent to the following holo- 


graphic bound: 


(D—2)(D-1)? V 


Ssup < (3 3 Rie’ 
P 


(26) 


which replaces Verlinde’s bound for any CFT. Recall that (@ is a numerical factor introduced 


in the definition of CEB (4). The proof of our claim should be obvious by now, by writing 


EV 
ScEe = = B,| lor [D- 5) 
$01) og a - (27) 


For systems obeying the CV formula, Ssyg = Sc(1 — Sc/2Sp) so CEB coincides, up to a 


SCEB as 


multiplicative factor, with the holographic entropy bound proposed by Verlinde (neglecting 


terms of order Ec /E). In this case the equivalence of the two bounds, which can also be 
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FIG. 1. Scep compared with Sy and Sp in the expanding phase of a closed D = 4, RD 


D-2 


Universe. Here we set 3 = 5. 


visualized in D = 4 using the diagramatic representation of Verlinde (in this context Scrp 
is proportional to the cord subtended by 7), can be checked explicitly by looking at their 
evolution in a RD closed Universe if, following Verlinde, we write (15) as a combination of 


Bekenstein’s and Hubble Entropy Bound, according to the value of the parameter H R: 


S< Sp HAR<l 
for (28) 


p< Sy HAR>1 , 


where Sy = (D— 2) (here we set 6 = 2=2, in such a way that the normalization is 
the same of Verlinde). As can be seen in Figure [l, CEB and bound (28) are parametrically 
equivalent throughout the whole evolution of the Universe. 


Consider instead HEB; as noted in [13], Sz can be expressed as 


Sz = V Spu(2Sp — Seu). (29) 


Clearly, CEB and HEB are of the same order of magnitude as long as Spy < 2S. However, 
while in the regime we have considered Sg < 2'z (assuring the validity of CEB), Spy < 2S, 
is not always true. When this happens (e.g. at the turning point), it is possible to violate 
HEB while respecting CEB. In retrospect we could have expected problems with HEB since 
it makes a non-covariant split between intrinsic and extrinsic curvature and uses just the 
latter for the bound. By contrast, CEB uses the full covariant curvature tensors which, 
through the Einstein equations, can be directly related to the energy-momentum tensor of 


the matter fields. 


Ae 





FIG. 2. Entropies in a closed RD Universe with D = 4. 
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Abstract 


A large class of string-cosmology backgrounds leads to a spectrum of relic stochastic grav- 
itational waves, strongly tilted towards high frequencies, and characterized by two basic 
parameters of the cosmological model. We estimate the required sensitivity for detection of 
the predicted gravitational radiation and show that a region of our parameter space is within 


reach for some of the planned gravitational-wave detectors. 


CERN-TH/95-144 
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1 Introduction 


It is notoriously difficult to find accessible experimental signatures of fundamental strings 
because of their small Planckian size. Possibly, an interesting exception to this rule is rep- 
resented by the cosmological predictions of string theory, since these originate from physics 
of the Early-Universe, when space-time curvatures may have been of Planckian strength. 
In order to arrive at some concrete, yet generic, predictions of string cosmology, we shall 
consider a large class of models in which a period of dilaton-driven inflation [], 2} B] is 
followed by a stringy epoch, during which the curvature remains of the order of the string 


scale \;?, and then finally, after possibly a short dilaton-relaxation era, by the standard 


(radiation then matter dominated) cosmology. As discussed in detail in [M], the presence 
of a high-curvature stringy epoch appears to be unavoidable for a viable inflationary string 
cosmology scenario. Additional support to this point of view was given in ff]. 

Recently, in collaboration with V. Mukhanov [f], we have discussed the main properties 
of metric perturbations in a dilaton-driven background. Particular attention was given to 
the correct treatment of scalar perturbations which, in a standard treatment, appear to grow 
too large for the applicability of linear perturbation theory. By carefully “gauging down” 
certain growing modes, we were able to show that both scalar and tensor perturbations can 
be treated perturbatively and that they exhibit very similar spectra. A characteristic feature 
of these spectra is that, unlike the spectra of the standard inflationary scenarios, they are 
not flat but strongly tilted towards higher frequencies, as originally noted in [ff]. 

In this note we will concentrate on tensor perturbations, those associated with gravita- 
tional waves (GW), at frequencies which may be accessible to earth-based GW detectors. 
Quite amazingly, their spectrum turns out to be rather independent of most of the details of 
the above string cosmology scenario. As shown in the first part of this paper, the spectrum 
can be completely given in terms of two parameters, the value g, of the string coupling pa- 


rameter at the end of the dilaton-driven phase (equivalently, at the beginning of the string 


epoch), and the total red-shift z, occurring during the string era. The theoretical advantage 
of considering GW signals stems from the fact that, unlike the electromagnetic perturba- 
tions which underwent a complicated history until recombination, gravitons decoupled since 
right after the Planck era. As a consequence, their present spectrum should be a faithful 
portrait of the very early Universe. On the other hand, the detection of a cosmological 
background of GW requires extremely precise length measurements, typically at least of the 
order of 6L/L < 107?! [§]. In the second part of this paper we will show that the expected 
range of g, and z, includes a region which should be accessible to future gravitational wave 
experiments. 

Throughout this paper we shall be working in the so-called String-frame, in which weakly 
interacting strings move along geodesic surfaces. Identical results would follow by adopting 
the more conventional Einstein frame in which the curvature is canonically normalized, but 
we believe the physics to be more transparent in the former frame. In the String frame the 
string length parameter which is the short-distance cut-off of string theory, A, = Va’h, is 
constant, while the Planck length, Ap = /Gwh, evolves in time as \p = e®/?X, in a time- 
dependent dilaton background. In our scenario, the background evolution starts from the 
string perturbative vacuum [3], therefore \p grows from a very small initial value to a value 
gsXs reached at the beginning of the stringy era and, finally, to its present (very large!) value 


of about 10~* cm at the beginning of the radiation dominated era. 


2 Primordial gravitational-wave spectra 


Let us consider, for the moment, an isotropic, (3 + 1)-dimensional, spatially flat cosmology. 
Following [9] (see also [6]) it is easy to show that the canonical variable ~ associated with 


tensor perturbations is related to the String-frame metric gj, via 


g 
Spr = (Nar + Ry) = 2 (tw + Lye), (2.1) 


where a(t) is the isotropic scale factor, 1, is the flat Minkowski metric and g = exp(@/2). 


The Fourier modes of each of the two physical, transverse-traceless, polarizations satisfy the 


following simple wave equation [J 


at [ke —V(n)]v. = 0, V(n) = (g/a)(a/g)" (2.2) 


where a prime denotes differentiation with respect to conformal time 7 (adn = dt) and k is 
the comoving wave number, related to the physical one, w, by k = wa. Note that, since a/g 
has power-like behavior in 7 during the dilaton-driven phase [I], 2, BJ, V(7) grows like n~? 
during that epoch reaching a maximum at 7 = 7, i.e. when H7! ~ na, ~ A, = My!. We 
expect V(7) to keep growing during the stringy era and then to fall rapidly to zero at the 
onset (7) = 7) of the radiation-dominated era since, in that phase, a/g ~ 7. 

A given mode k will be well inside the horizon initially, then hit the potential barrier 
V(m) at some “exit” time 7. ~ k~', and leave the barrier at some later “reentry” time 


1 =Nre ~ Mm. The approximate solutions of eq. (2.9) in these three regimes are given by 


Wk = ra a ; 1 < Nex (2.3) 
a nap f OW 
Ve = 9 Apr By | dn (2) > Nex <7 < Nre (2.4) 
re i a 
De = Te [ee(b)e + e(eM"] 0 > tre (2.5) 


Equation (2.3) enforces the proper normalization of the primordial vacuum fluctuations. In 
the regime described by eq. (2.4) the perturbation is frozen outside the horizon and the 
two terms appearing there correspond to the freezing of h and of its canonically conjugate 
momentum, respectively. Finally, in (2-5), the magnitude of c_ (so-called Bogoliubov coeffi- 
cient) gives the amplification of the GW with respect to a minimal vacuum fluctuation. The 
actual value of |c_| can be easily obtained by matching the above solutions and their first 


derivatives at each transition time, 


Yen) Ce 
2kn1|c_(k)| ~ ——— 
” | ( ) | Gre] Ore 





l+kn ( sf + k(Gex/ Gen)” ie dn ia (2.6) 


Oca) Ces Nex 


At this point we have to insert some information about the background evolution. In the 


simple case at hand of a D = 3+ 1 isotropic cosmology with static extra dimensions, the 


dilaton-driven inflationary background is simply given by 
aoe 
a(n) = (—n) 8, on) =-V3In(-n),  a/g~ (—)"?, -00< <0 (2.7) 
while, for the string era, we will assume that H and 0,¢ are approximately constant and 
of order AZ'. Limiting our attention for the time being to those scales which crossed the 


horizon during the dilaton-driven phase, we thus arrive at the following estimate 
2kmyle_(k)| = (k/e)"/224(go/91) [1+ 25°(g1/9s)® + In(he/k) +1], k<hky — (28) 


where we have denoted for convenience a,.¢/a; © a/a; = zs. In eq.(B.8) kyt ~ n, ~ (Hea) 
is the last scale exiting during the dilaton-driven phase, g; = exp(@,/2) is a number of order 
unity which may be determined in term of the (known) present value of the ratio A,/Asz [10], 
and I is the k-independent quantity 


m/ns qd 
raf GIO 1 4 25 %(a1/05) (2.9) 


s (gs/as)? 
The r.m.s. perturbation amplitude over a comoving length scale k~' (see for instance [6]) is 


given, in general, by |oh,()| ~ k?/2|hy| = (g/a)k?/?|u,|. For 7 > m1, we then find 


H k\*? ¢, 1. (k- : 
|5hx(n)| & — (z) Bo 1+5n(F) +28(4) (2.10) 


a(n) Mp \ks 91 
Equation (2.10) is the main result of this section and we will use it subsequently to estimate 








the required sensitivity for detection. 

It is worth stressing that the leading term in |c_| comes from the integral appearing 
in eq. (2.4), associated with the freezing of the momentum variable conjugate to h. This 
unusual result is due to the fact [B] that, in the Einstein frame, the scale factor is ag = a/g, 
and our background corresponds to a contracting, rather than expanding, Universe. The 
amplification of tensor perturbations in a contracting Universe was first considered long ago 
in (12). 

In spite of the presence of a high-curvature regime, we expect our estimates to be valid 
for scales that went out of the horizon in the dilaton-driven phase, since they follow from 


the general physical principle that a perturbation and its canonically conjugate momentum 
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should remain frozen while outside the horizon. The perturbations thus evolve in a purely 
kinematical way, giving rise to the logarithmic term in (2.8) from evolution during the 
dilaton-dominated phase and to the second term J from the stringy epoch. 

Finally, let us digress a moment to show the stability of the result (2.10) with respect 
to O(d,d) transformations which connect different homogeneous string cosmologies. A 
simple derivation of this nice feature is obtained by working in cosmic time and by using 
directly the amplitude h [defined in eq. (B.1)] rather than the canonically normalized per- 
turbation w. It is straightforward to check that, in arbitrary O(d, d)-related Bianchi I-type 
backgrounds (including possible dynamical internal dimensions and an antisymmetric tensor 


B,), the Fourier modes of h satisfy the following simple equation (see also [M]) 
hig — bly + why = 0 (2.11) 


where dots denote derivatives with respect to cosmic time and ¢ = ¢ — In|detg,,|!/? is the 
so-called shifted dilaton, invariant under O(d,d) transformations. Using the fact that, in 
any dilaton-driven vacuum cosmology, ¢ ~ —Int, we easily obtain, for perturbations well 
outside the horizon, 


h(t) ~ In 








~ In |wt| , (2.12) 


ex 


showing that the spectrum of GW is independent of the chosen string-cosmology background, 
and increasing our confidence that eq. (2.10) is indeed the generic GW spectrum of a 
large class of string cosmology models. Note, incidentally, that this is not the case for the 


electromagnetic perturbations discussed in [14]. 


3 Observability 


In order to discuss the observability of our signal it is useful to rewrite our main result (2.10) 


in terms of present, red-shifted proper frequencies w = k/a. One easily finds 


[Fi 1/2 1 : ° 
|Shuy| ay ted 9s%s (=) 1+ 5 in (=) + a (4) | 5 tS ie (9.1) 


= hyo = Zoq 4 HoM 2, * = z71w,~ zy'g1710"'H (3.2) 
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where Zeq = @/deq ~ 10* takes into account the transition from radiation to matter dominance 
at t = teg, W1 = Hya,/a ~ 10"'Hz is the maximal frequency reached during the string phase, 
M, = A; ~ Hi, and Hp ~ 107~'8Hz is the present value of the Hubble scale. 

It is also convenient to rewrite our results in terms of another commonly used quantity, 
the fraction of critical density, Ncw = paw/pc, stored in our GW per logarithmic interval 


of w. Defining dQew /(dInw) = w*|c_|?/(M,H)? we have 


2 2 
i, 2 
1+—=In (=) +2,° sas ~ (=) \Shw|?, w<w, (3.3) 
2 Ww) Is Ao 


It emerges from eq. (B.3)) that w, plays the role of an effective temperature in the sense 





dinw “78 


dQagw 7 8 (= 
Ws 





that, below w,, the spectrum is Planckian (up to logarithms of w). The normalization of the 
spectrum, however, is different from Planck’s because of the further amplification due to the 
stringy phase. Also, we do not expect the spectrum to stay Planckian above w, (see below), 
but rather to keep growing and to reach its maximum at w, before falling exponentially. 
Finally we give, with the appropriate caveats, the generalization of the above results to 
frequencies whose exit occurred during the stringy phase, i.e. to the high frequency part 
Ws <W < Ww ,. Weare aware of the possible dangers in using field theoretic methods to discuss 
perturbations in this regime. However, in the absence of a full string theoretic calculation, 
we shall present our results as an indication of what a possible outcome might be. One finds, 


after straightforward calculations, 


[Ho _ i \e art 
\ohw| ~ gi ve (=) +(=) | (3.4) 


Q 6-28 28 
aie ~ Grey (=) + (=) | 5 Wy w= Wy (3.5) 


dlnw Wy 
where 3 = — log(gs/g1)/ log zs is also the average value of g/(gH), which we have assumed 
to vary little during the string phase. We have also used the fact that during the string phase 
the curvature stays controlled by the string scale A, so that, in the String frame, the metric 
describes a de Sitter-like expansion with z, = a1/a; = s/m (see (5) for further details, and 
for a different derivation of the same spectrum in the Einstein frame). 
We would like to discuss now the prospects of observing our spectrum in gravitational 


wave detectors. Our main emphasis will be on the planned large interferometers LIGO [14 
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and VIRGO [17], which are expected [}] to start operating at sensitivities (for detection of 
a stochastic GW background) of dQgw/dlnw = 10~° in a frequency band around a few 
hundred Hz, and have set the ambitious final sensitivity goals of dQgw/dInw = 107'° in 
a frequency band around w; = 100Hz. It may well be, especially in the first stages of 
operation, that coincidence experiments between bars and interferometers [1§] could also 
be able to reach similar sensitivities at frequencies around 1 KHz. We will mention later 
other possible devices which seem to have some good potential sensitivity, especially in the 
higher frequency range, but which have not yet matured into concrete operating systems. 
Detection of stochastic GW backgrounds at frequencies below 1 Hz does not seem accessible 
with current technologies, and we therefore limit our attention to the range above 1 Hz. 

We are interested in finding the regions in our {zs,g,} parameter space that may be 
accessible to experimental detection. From eq. (B.2) we can immediately see that the 
accessible region requires large values of z,. We may distinguish values of z, in the range 
z, < 10° (i. e. ws > wy), in which the observable spectrum at wy; comes mainly from 
perturbations that crossed the horizon during the dilaton-driven era, from those in the range 
23 > 10° (w, < wy) in which the observable spectrum comes mainly from those perturbations 
that crossed the horizon during the stringy era. The predictions in the range z, > 10° 
should be considered as less robust than those in the range z, < 10%. In addition, we may 
distinguish values of g, in the range g,<q; in which the dilaton does not change much during 
the stringy phase, from those in the range g, < g; in which the dilaton changes by a large 
amount during the stringy epoch. 

In all cases we have to impose the bound following from pulsar-timing measurements [[19J, 
which implies dQgw/dInwS10~° at wp = 10-°°Hz. We also accept the bound NegwS0.1, 
imposed by standard nucleosynthesis 0]. Moreover, we have derived the spectrum in the 
linear approximation, expanding around a homogeneous background. We have thus to im- 
pose, for consistency, that the amplified perturbations have a negligible back-reaction on 
the metric, namely dQgw/dInw < 1 at all frequencies and times. This, together with the 
nucleosynthesis bound, requires a range of parameters corresponding to a spectrum which is 


growing also in the stringy phase, 0 < 3 < 3, namely (g,/g:) < 1 and (g,/9,) > 27°. 


Inserting the appropriate numbers in eqs. (B.3)), (B.5)) we find, respectively, the following 
conditions for detectability in interferometers, i. e. dQgw/dlInw > 107! at w; = 10?Hz 


(assuming that the design goals would actually be achieved), 


1 2 
no. E ~~ 9 In 2s + £5(96/ 91) > 07"; (3.6) 
for z; < 10°, and either 
fu 1 i 
logo a < (5 + is logy si) lopig Zs; B<3/2 (3.7) 
or 
91 8 1 
logig a > (= at logo 9?) Ke ane-ae Bp>a/2 (3.8) 
for z, > 10°. 


It may be useful to list approximate forms of the GW spectral distribution, dAgw/dlnw, 


in different regions of parameter space, which we do in Table 1, 


ee er ee 
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Table 1. Approximate forms of (€Qgw/dInw) in various regions of parameter space, Ws = W1/Zs, 0 = 
—log(9s/91)/ log 2s. 
Actually, if one considers also the amplification of electromagnetic (EM) perturbations in 
this scenario [i4]. one finds an even stronger bound following from the condition Qgy < 1, 
ie. (gi1/gs) < 22. Such a constraint washes out completely the allowed region of parameter 
space corresponding to the lower row of Table 1. The condition 2 < 1 has to be imposed, 
however, for the validity of the linear approach, but it could be evaded in a more general, 
inhomogeneous model of background, in which the evolution of fluctuations is treated non- 
perturbatively. 

In Figure 1 the allowed region of parameter space, corresponding to the possible detec- 
tion of the spectrum appearing in the upper row of Table 1, and compatible with the various 


bounds on the parameters, is plotted by taking g; = 1 as a reference value. Also shown are 


the parameter intervals in which other detectors may be useful, for the range corresponding 


to the upper left corner of Table 1. 


5 5 -1 Log) 9(@s / Hz) 


9s 





01 








6 9 12 Log] Zs 


Microwave cavities Interferometers 


Figure 1. The allowed region in {Z,s, 9s} parameter space corresponding to the first row in Table 1 is the shaded 
region defined by the various constraints. The dashed lines mark the regions in which various detectors may be useful, for the 
range Zs < 10° ana 3 < 3/2. 

We now turn to discuss in more detail the observability of our spectrum as function of 
frequency, limiting our attention, for sake of simplicity, to the frequencies leaving the horizon 
during the dilaton-driven phase [eqs.(B.1]), (B.3)]. This spectrum is pictorially described in 
Fig. 2 for the case 3 < 3/2, in terms of the quantity |dh,,| (denoted h, in [§]), which 
represents the characteristic amplitude of a stochastic background. The odd-shaped region 
in Fig. 2 shows detection sensitivities for the so called “Advanced LIGO” project, in 
terms of the quantity h3,,, defined as the amplitude necessary for detection of a stochastic 
background at the 90% confidence level in a 1/3 of a year (see [§] for exact definitions). In 
Fig. 2 we can observe clearly that larger amplification goes together with larger red-shift 
for this region of parameter space. For a given red-shift z,, the higher amplitudes, for all 
regions of parameter space, are at higher frequencies. 

In addition to interferometers and bars, microwave cavities may be operated as gravity 
wave detectors for the high frequency range 10° — 10° Hz. For the MHz range specific 
suggestions 21], 22] were actually implemented P3]. As can be seen from Fig. 2, the required 


sensitivity for detection of gravity waves in the MHz region is |dh,| ~ 10~*°, corresponding 


to h3/y, of the same order. We leave to experts to study whether or not such a sensitivity 
is accessible with current technologies and may be reached in a near future, with microwave 


cavity detectors or with other experimental apparatus. 


oh 


(0) 


10722 


10726 


10730 








1 102 10° 1010 


Frequency in Hertz 


Figure 2. The characteristic spectral amplitude of gravitational waves \5 fs. The solid lines show several individual 
: = ; , ; z jm : 
spectra for different values of 2, and Gg = 1. The thick dashed line shows the maximum amplitude \d as | as a function 
of Z; for Js = 1. The dashed lines are lines of fixed Gs and therefore lines of constant energy density. OQow is roughly 
the maximal amount of gravitational energy density at a given value of J;. Also shown in the figure is the odd-shaped region 


marking the sensitivity goals for the detection of a stochastic background according to “Advanced LIGO” project. 


4 Conclusion 


We showed that a rather generic string cosmology scenario leads, naturally, to the production 
of an amplified quasi-thermal spectrum of gravitons during the dilaton-driven phase. This 
spectrum is very stable under modifications of the background and in particular under O(d, d) 
transformations. The slope of the spectrum may change for modes crossing the horizon in 


the subsequent string phase, but remains in general characterized by an enhanced production 
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of high frequency gravitons, irrespective of the particular value of the spectral index. 

We showed, in particular, that it may be possible to detect such a relic GW background 
with large interferometers for a range of the two parameters characterizing our class of mod- 
els. We would like, however, to encourage the study and the developments of gravitational 
detectors with enhanced sensitivity in the high frequency, KHz - GHz, range. This frequency 
band should be in fact all but a “desert” of relic gravitational radiation that one may expect 
on the grounds of the standard inflationary scenario or from ordinary astrophysical sources. 
Our string cosmology scenario is unique in predicting a strong signal in this range of fre- 
quencies. In general, a sensitivity of Q ~ 10-4 — 107° (which is not out of reach, in the KHz 
region, for coincidence experiments between bars and interferometers [[1§]), could be already 
enough to detect a signal, so even a null result at that level of sensitivity would already con- 
strain in a significant way the parameters of the string background, while detection would 
provide a first glimpse at some new and exciting Planckian physics. 

As we stressed, many of our results are independent of details of the string cosmology 
scenario. However, it would be worthwhile pointing out again that, although some ideas 
have been put forward [24], a solid string-theoretic treatment of the stringy phase, which 
we propose as the necessary bridge between the dilaton-driven and the standard decelerated 
era, does not yet exist. Recent progress on the interpretation of singularities in string 
theory, as simply a failure to describe physics in terms of the original set of massless fields, 
may shed light on the resolution of this issue. The understanding of singularities in string 
theory would certainly help putting our string cosmology scenario on a firmer basis, and 


may even provide a framework for the calculation of the parameters g, and 2s. 
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There has been growing interest, recently, in the question of whether or not inflationary 
cosmology can be accommodated naturally in superstring theory and arguments in both 


directions have been presented. 





On one hand, dilaton interactions appear to inhibit inflationary evolution [1],/2]. This 
observation is based on the standard assumption that inflatiénary evolution is driven by a 
non-vanishing potential energy density. Since the dilaton couples necessarily to any kind 
of energy density, a dilaton potential is induced. The induced potential turns out to be so 
steep that the dilaton kinetic energy dominates over the potential energy leaving nothing 
to drive super-luminal expansion. Some attempts have been made to overcome this fact by 
assuming that inflation occurs after the dilaton has settled down to its minimum or invoking 


anthropic-like arguments about the initial conditions of the dilaton [3]. Neither of these seem 





to be completely satisfactory. 

On the other hand, the duality-like symmetries that characterize the equations of string 
cosmology [4], [5] suggest a totally different mechanism [4], [6] for inflationary evolution. 
Rather than relying on potential energy ps source for inflation it involves a novel and inter- 
esting interplay between the dilaton anwW/the metric. This mechanism is based on the fact 
that cosmological solutions to string dilaton-gravity come in duality-related pairs (branches) 
connected to a sign ambiguity in solving a quadratic equation. We will thus call them the 
plus, (+), and the minus, (—), branch. The (—) branch can be connected smoothly to a 
standard Friedman—Robertson— Walker (FRW) decelerated expansion of the universe with 
constant dilaton, while the (+) branch, even in the absence of a dilaton potential, has so- 
lutions of the accelerated inflation type (so called superinflation [7]), in which the Hubble 
parameter increases with time. Duality related cosmologies are actually part of a larger, 
continuous family of O(d,d) related solutions [8] which involve the antisymmetric tensor as 
well. For the purpose of this paper, this larger family does not appear to play an important 
role. 

The mere existence of duality related solutions does not provide per se an answer to the 
questions raised in [1] and [2]. The real question, that we set out to answer, is whether or not 


the dynamics itself likes to pair duality-related solutions in a single, continuous history of the 


universe taking place in cosmic time. In other words, we would like to understand whether 
string cosmology allows the inflationary phase to end and to connect smoothly to a FRW 
expanding universe’. So far such a picture was seen to emerge either by invoking an ad-hoc 
symmetry principle (self-duality) or by using quite contrived forms of dilaton potentials [6]. 
Neither of these appears to be completely satisfactory. 

Here we use the low energy effective field theory approach to set up the problem. We 
assume therefore, throughout our analysis, that curvatures and derivatives are small in string 
units. We also assume that quantum corrections are not too large, i.e., we work in a region 
where string theory is weakly coupled. This is consistent with the standard view of string 
theory whereby the gauge coupling constant at the string scale is related, in our conventions, 
to the string-loop expansion parameter by e?= Tering ~ Ipauger The present value of the 
dilaton is therefore reasonably perturbative and we shall assume that it had never been 
much larger than that in the past. As we shall see below, this fits very well with the whole 
scenario. 

The transition between inflationary evolution and a FRW expanding universe is usually 
referred to as “graceful exit” from inflation and it is a well known problem to be faced by any 
model of inflation. The possibility of graceful exit from accelerated inflation is closely related, 
in our setup, to the question of whether the two branches can be smoothly connected to one 
another. Incidentally, the notion that small curvature solutions with different characteristics 
(e.g. topology) can be smoothly connected to one another as some parameter is varied 
continuously is not new in string theory [10]. What is new in our context is that the 
parameter should represent physical (cosmic) time. If such “branch changes” can occur 
dynamically, the following appealing scenario can be easily imagined. The dilaton starts 
somewhere in the weak coupling region and, initially, the Hubble parameter, H, is also 
very small. Both then evolve as in the (+) branch solution. The universe inflates and the 
dilaton evolves toward stronger coupling. This evolution is essentially unaffected by the 
dilaton potential or by matter or radiation sources. At some later time a “branch change” 


occurs. The potential and sources become important, the universe evolves as a regular FRW 


1In pure Brans-Dicke theory a related analysis was carried out by Weinberg [9] 


Universe, reheats and the dilaton settles down at a minimum of its potential. 

We will find that smooth branch changes do occur if the dilaton potential has certain 
generic properties. We also find, however, that, it is not possible to find a solution which 
describes a complete, graceful exit from accelerated inflation. The analysis points to the 
possibility that strong curvature effects may play an essential role in allowing graceful exit 
from accelerated inflation. Analysis of exact (to all orders in a’) stringy solutions should 
give a definite answer concerning the viability of the whole idea and encouraging results in 
this direction have been recently obtained [11] 

There are different “frames” in which one can describe Brans-Dicke (BD) type theories. 
These are related by local field redefinitions which, supposedly, do not affect physical ob- 
servables (see e.g. [12]). Here we perform the analysis in the BD (string) frame because the 
physics interpretation is simpler in such frame [13],/2] and the arguments are more transpar- 
ent. 


The relevant terms in the superstring effective action below the Planck scale are: 





Sete = 
ff 1670’ 


[tev=ale*|R+ 4,604] Vea) + (1 
where we have assumed to be in the critical number of dimensions (central charge c = 10 with 
the aid of some passive coordinates or internal degrees of freedom) while all the interesting 
dynamics takes place in ordinary 4-dimensional space-time. 

Our conventions are those of Weinberg [9]. Note that the dilaton (¢) kinetic term has 
the “wrong” sign, corresponding to a BD w parameter equal to —1, as required by duality 
[4]. The origin of the dilaton potential V(¢) is expected to be non-perturbative, related to 
supersymmetry breaking, and derived from the superpotential of the theory in the standard 
way. There will be also perturbative and non-perturbative corrections to the coefficients of 
the other terms in the action, but they are expected to be small because of the assumption 
that the theory remains weakly coupled throughout the cosmological evolution. As will 
become clear, the details of the shape of the potential are not particularly important for our 


analysis. Finally, the dots stand for terms involving other fields, more derivatives etc. 


The equations of motion resulting from the action (1) are 


1 1 1 
Ry _ 5 Iw R 7 I POP + Iu DD" 7 Du Die 7 390 (%) -— 9 


2 
R+ DieD*¢—2D,D.d—U(d) = 0 (2) 
where U(¢) = e?V(¢). We look for solutions of the above equation in which the metric is of 


the isotropic, FRW type with vanishing spatial curvature (we will discuss later more general 


cases) and the dilaton depends only on time. 


ds” 
¢ = (t) (3) 


—dt? + a*(t)da,dx’ 


The Hubble parameter, H, is related to the scale factor, a in the usual way, H = a 
After some algebra one obtains two independent first order equations for the dilaton and 


H [A|. The original dilaton equation is a consequence of these two equations, which read 


, 1 
H = +HV3H? +U — <0" 
6 = 3H+V3H?+U (4) 











The (+) signifies that either a (+) or (—) is chosen for both equations simultaneously. These 
equations are the starting point of our analysis. 

The solutions to the equations (4) belong to two branches, according to which sign is 
chosen. Another twofold ambiguity is related to the sign of H. For simplicity, we start by 
discussing the solutions in the very simple case in which there is no potential. The four 
solution one obtains in this case are related to one another by scale-factor-duality, time 
reversal, or both. The (—) branch is a regular, negative feedback, branch. The solution 
{H), d-)} as functions of time is simply given by 
1 1 


J/3t — to 
SO = d+ (eVB-1)Im(t—te) , tte (6) 





HO) =4+ 








This solution describes decelerated expansion (H > 0, H < 0) or decelerated contraction 


(H > 0, H< 0) depending on the initial sign of H. Correspondingly, the evolution is towards 


4 


strong or weak coupling, respectively. As we show explicitly later (see Eqs.(12) below) this 
branch can be joined smoothly to an ordinary FRW radiation-dominated expanding universe. 
Provided the dilaton potential has a minimum with vanishing cosmological constant and 
suitable sources are added, the dilaton will eventually settle down at it vacuum expectation 
value and standard cosmology will follow. 

The (+) branch has instead some unusual and quite remarkable properties [4],/6]. In the 


absence of any potential the solution for {H,¢} is now given by 


- 1 1 
~\/3t — to 
b> = do t(£tV3—1)In(to-t) , t <to (6) 


HO = 7 











This solution describes either accelerated expansion and evolution from a cold, flat and 
weakly coupled universe towards a hot, curved and strongly coupled one [6] or accelerated 
contraction and evolution towards weak coupling. In general, the effects of a potential on 
this branch are quite mild. The dilaton zooms through potential minima. It is impossible, 
in this branch, for the dilaton to sit at a minimum of its potential. Inflation, in this solution, 
is driven, not hampered, by the dilaton’s kinetic term, thanks to the negative value (—1) of 


the BD w parameter. 


The following table should help clarifying the difference between the two branches 


[eet | Oa 
iaafa<0, 6<0|f>0, 3-0 
| 





|H>0|) H>0, é>0|H<0, ¢>0 


Table 1. Classification of two branches of solutions as functions of time. 


The above analysis becomes quite complicated when one considers non-vanishing poten- 
tial and matter contributions. Since Eqs.(4) are first order equations we found that it is best 
to represent their solutions as trajectories in the phase space {H,¢}. In Figure 1. some (+) 


and (—) trajectories are shown. The units on the vertical H axis are arbitrary. 








Figure 1. The potential U(¢) and trajectories of (+) and (—) branches. 


The (—) branch settles down at a minimum of the potential. 


From Eqs.(4) we see that a branch change can occur only if the potential V(¢) becomes 
negative for some range of ¢. This is because the only points allowing a continuous transition 


from one branch to the other are those where 
3H? + U(¢) =0 : (7) 


or else there will be a discontinuity in d. Similarly, continuity in H will imply that, of the 
four solutions of Table 1, only those with the same sign of H can turn into one another. It is 
clear that these correspond to pairs of solutions related by the product of scale-factor-duality 
and time reversal, since the combination of the two operations does not reverse the sign of 
A. 

Since H? > 0 we have to have U(¢) < 0 to allow for solutions to Eq.(7) to exist. The 
locus of points satisfying 3H? + U(@) is a curve in phase space. For potentials for which 
V(¢) < 0 in some bounded interval the shape of the curve resembles an egg and we will 
therefore refer to it from now on as the “Egg”. We assume that the “Egg” lies in the 
mild-coupling region. In Figure 2 a typical dilaton potential and the corresponding “Egg” 


are shown. In supergravity theories it is a generic property that the global minimum of the 


potential is negative. Moreover, if one considers a generic potential induced by field theoretic 
non-perturbative effects in superstring theory, it does indeed have the property that it has 
an Egg and the Egg is completely in the weak (mild) coupling region (see e.g. [1]). 

It turns out that a negative potential is not a sufficient condition for inducing a branch 
change. We turn now to explain the additional condition that ensures that a branch change 


does indeed occur. Consider a trajectory in phase space near the Egg. We can compute its 





direction in phase space, ao as compared to the direction of the Egg, @ |p , for the two 
gg 
branches 
dH dH 1 1U' 
ae t5e|1 - sal + O(2) (8) 
dp do | Egg 3 2U 
where the prime denotes derivative with respect to ¢ and « = ,/3H? + U(¢@) is a measure 


of the distance of the trajectory from the Egg. Note that « > 0 always. Consider the (+) 

branch and H > 0 so the trajectory is above the Egg as in Figure 2. If U’ is negative and 

large such that the quantity [1 — 15 is negative (recall U < 0) the trajectory is attracted 

to the Egg, touches it and then has to turn into the (—) branch by continuity. If the quantity 
1U! 


| — 15] is positive the trajectory is repelled from the Egg and a (+) — (—) branch change 


will not occur. Consider now the (—) branch and H > 0 so the trajectory is above the Egg. 


If the quantity [1 — id is positive the trajectory is attracted to the Egg, then touches the 


Egg and then has to turn into the (+) branch by continuity. If the quantity | — 1g] is 
negative the trajectory is repelled from the Egg and a (—) — (+) branch change will not 
occur. When the trajectory is below the Egg, a similar analysis can be carried through with 
the result that branch changes indeed occur, depending on the value of | — 15]. 

In Figure 2. a (+) — (—) branch change induced by a negative potential is shown. The 


units on the vertical H axis are arbitrary. 











Figure 2. The dilaton potential and corresponding “Egg”. 
A branch change induced by negative potential. 


To our surprise we discovered that, although branch changes can be induced by a negative 
potential, it does not provide a useful way of achieving a graceful exit from accelerated 
inflation because branch changes occur in pairs. Let us start explaining this point using 
the following example. Suppose that a branch change from (+) to (—) has occurred at a 
point ¢ = ¢o for a positive value of H(¢@o) (as in Fig.2) and we are interested in finding out 
whether another one will occur again or not. Define A‘-)H(¢) = H‘)(¢) — Hugg(¢). If, 
for any ¢ in the Egg, AH“) is positive, then there will be no second hit and the two (-) 
branch evolutions shown in Fig. 1 and in Fig. 2 can join smoothly to provide a graceful exit. 
If instead, AH vanishes somewhere in the Egg region, there will be another branch change 
back to the (+) branch and no exit occurs. It is possible to compute AH‘) using Eqs.(4) 

ang) = fag 2 wdansfe-gPIOe@ —®) 
Assuming, as we observed to be the case for many potentials, that « remains small for a 
trajectory that touched the Egg (recall that ¢ is always positive), we may estimate A‘) H 


by assuming that ¢€ is constant 
1 a 
ACH(4) = —< [asl soe 7) 
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= -3 (?— $0) -—= 








li a al (10) 


At the rightmost point of the Egg, ¢,, U(¢1) = 0. Therefore, for any point ¢o there will be a 
another point, ¢*, for which A(-) H(¢*) = 0 and also U’ > 0. In that case the trajectory will 
touch the Egg again and a branch change back to the (+) branch will take place. There are 
of course variations on this theme, possibilities of multiple hits bellow and above the Egg. 
We have analysed the problem numerically for a wide range of potentials and possibilities. 
We have not been able to construct any explicit counterexample. Although this is not an 
absolute no-go theorem but only a a “very-hard-to-go theorem” we are convinced that this 
is not the way to proceed. Rather, we suggest later what we view as a more attractive 
possibility for finding a solution to the graceful exit problem. 

We have tried, of course, to go beyond the simplest model just illustrated in order to 
search for possible ways out of this conclusion. We mention here, in particular, 

1. Adding classical sources in the form of a perfect fluid. 


This modifies the system of equations (4) into: 
. 1 1 
H +HV3H2 +U + e€%p su se? 
o¢ = 3H+V3H?+U +e%p 


p + 3H(p+p)=0 (11) 











These equations allow us to illustrate a point made earlier. If the potential has a minimum 
with vanishing cosmological constant (where U = U’ = 0) then such point acts as an attractor 
for the the dilaton in the (—) branch (for radiation-like matter sources, p = 1/3p). Indeed, 


in such case, the standard radiation-dominated cosmology 
a=t/? | d=const. , p=a?* (12) 


is a stable solution, as one can easily check by looking at small perturbations around it. 
By contrast, in the (+) branch, nothing can keep ¢ from growing as long as the universe 
expands. 

Coming back to our problem, since for a stringy fluid the ratio p/p can be anywhere 


between —1/3 and +1/3, we have taken it to be some constant in this range during the 
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Egg-hit epoch. Unfortunately, irrespectively of that ratio, equations similar to (9) and (10) 
still hold and force a second hit. 

2. Adding extra compact dimensions. 

This is a rather natural choice since we may expect that some compact dimensions 
evolve and eventually stabilize with string-size radii. In this case the potential is expected 
to depend both on the internal-dimension radii and on the effective 4-dimensional coupling, 
Q4 = é = ef, where V is the volume of the compactified space. We assume, for simplicity, 
that there are three non-compact spatial dimensions with common scale factor a and n 
compact dimensions characterized by a common radius 6. We can then define the internal 

b 


analog of the Hubble parameter H, K = ;. With U = U(¢,b) and y = ¢— nln}, the 


resulting generalization of Eqs.(4) now becomes: 





H = +HV3H?24+nK24+U ey 

















2 Ay 
1 0U 
K = +KvV3H? Kk? = 
: . " 2 Ologb 


¢ = ¢—-nK =3H+V3H?4+nK?4+U (13) 





In this case, the Egg becomes a two-dimensional surface allowing intuitively more chances 
for avoiding a second hit. Alas, this turns out not to be the case (at least we have found 
no example where graceful exit does occur). We have even tried combinations of 1) and 2), 
again without success. 

We thus appear to be forced to the conclusion that a graceful exit from an accelerated 
inflation era to a standard FRW cosmology is not possible in the weak curvature regime 
for any sort of (semi) realistic dilaton potential. The remaining possibilities lie therefore in 
the strong curvature (large derivatives) regime, in which the full extent of string corrections 
should be felt. 

It\is perfectly conceivable that the strong curvature regime inducing the branch change 
is encountered while the string coupling is still tiny, since a constant dilaton shift is always 
allowed as long as the potential is negligible. Within this hypothesis, our problem becomes 


that of\searching for conformal field theories endowed with suitable duality symmetries for 
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describing an interesting cosmological scenario. In particular, one should select backgrounds 
which go to the (+) and (—) duality®time-reversal-related branches at large negative and 
positive cosmic times, respectively, with an intermediate stringy regime at small times. It is 
quite easy to find ad hoc modifications of Eqs.(4) with terms O(H*) and to achieve a very 
gracious exit this way. The challenge is to find a truly conformal background that does the 
same job! 

We are grateful to Maurizio Gasperini, Elias Kiritsis, Costas Kounnas and Paul Stein- 


hardt for useful and stimulating comments. 
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